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Abstract In this paper, the theory of linear time-variant

systems is applied to multipath channels and, in particular,

to ionospheric channels. Some useful formulas in time and

frequency domains are given for both deterministic and

random linear time-variant systems and multipath chan-

nels. The fundamental parameters of a multipath channel

are the delay and the gain coefficient of each path, and the

number of significant paths. We propose a methodology for

estimating path-delays and path-coefficients and its appli-

cation to the ionospheric channel estimation. Also, if path

coefficients are stationary random processes, the power

spectral density of the coefficients can be estimated from

measured data of real (actual) channels. Finally, exhaustive

computer simulations have been realized for testing the

algorithms and a sample of the results is provided in the

paper; also, estimation results for an actual narrowband HF

ionospheric channel are provided, where up to four sig-

nificant paths (rays) are detected with a Doppler spread

lower than 0.2 Hz.

Keywords Linear time-variant systems � Multipath

channels � Ionospheric channels � Path delay � Doppler

spread � Fading channels � Gaussian spectrum

1 Introduction

The characterization of linear time-variant channels has

been done more than 50 years ago [1–3]. Zadeh [1]

established the frequency analysis of ‘‘linear variable net-

works’’ (linear time-variant systems) by defining transfer

functions (depending on frequency and time) as a gener-

alization of transfer functions of ‘‘linear fixed networks’’

(linear time-invariant systems). Kailath [2] studied the

statistical characterization of random channels using the

two-dimensional impulse response of time-variant systems.

Bello [3] defined different input–output relations in time

and frequency domains applied to linear time-variant sys-

tems, conveying different types of transfer functions; also,

he extended this study to random channels by defining the

corresponding correlation functions of those transfer

functions. In [4], Bello extended the tapped delay line

model of narrowband channels presented in [3] to ultra-

wideband mobile channels.

Watterson et al. [5] analyzed high frequency (HF) ion-

ospheric channels from measured data, and they simulated

those channels by transversal filters (tapped delay lines)

with time-variant coefficients, concluding that for nar-

rowband channels (up to 12 kHz) the hypotheses about the

Gaussian characterization of the coefficients (Gaussian

processes and Gaussian spectra) are fulfilled. Also, in [5], a

physical interpretation of the results is given in terms of

ionospheric layers and magnetoionic components. In [6], a

new simple narrowband HF ionospheric channel model is

introduced by modeling independently delay and Doppler
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effects. On the other hand, models for wideband (up to

1 MHz) HF ionospheric channels are presented in [7, 8].

As is well known, a radio HF link using ionospheric

reflections is an important alternative to satellite link when

cost, confidence and security of communications are con-

sidered. However, the HF link implies a dramatic distortion

that has to be compensated by means of sophisticated

communication systems. Although HF communications

decreased sharply in the civil field after the second half

of the twentieth century, HF communications systems

remained in use for military applications due to the tech-

nological challenge for strategic communications, and as an

attractive alternative to other radio communications. After

some years, most of this technology has been unclassified,

being allowed civil applications. Presently, there is a large

expertise in this field for both civil and military applica-

tions; for example, (a) strategic communications related to

data transmission or coded voice between static stations

and/or mobile terminals, (b) multi-user communications

between vessels or terrestrial vehicles (dealing with no line-

of-sight in long-distance links) as an alternative or back-up

system to the satellite links, (c) point-to-point communi-

cations for establishing a specific data or voice link as an

alternative to a rented satellite link.

In this paper, we consider a general multipath channel

model, where path delays and path-coefficients are time-

dependent (model useful for both narrow- and wide- band

channels). The challenge here is the reliable estimations of

the path parameters from measured data. In fact, we have

a matrix of data (two-dimensional data) that corresponds

to frequency and time, as it will be seen later. Then, the

problem is reduced to the estimation of sinusoidal signals

(amplitudes, phases and frequencies). This is a classical

problem in spectral analysis [9, chap. 16], but the well-

known Prony’s method does not work adequately under

noisy data [9, pp. 1193], and other methods based on

eigen-structures (based on estimations of the correlation

matrix) are not applied here due to the non-stationary

character of the problem. Consequently, we propose a new

methodology for this estimation problem to cope with

noisy data and non-stationary signals. Our methodology

estimates path delays at a first stage, and, then, estimates

path coefficients after incorporating delay estimations.

Algorithms for solving this estimation problem have been

developed by the authors of this paper and some results

will be shown later. Note that once the parameters of a

real ionospheric channel are estimated, one can implement

(simulate) a controllable model of the real channel in

order to test communication systems or to improve the

design of systems to be used over those actual channels.

Note that the proposed estimation methodology is valid

for any multipath channel and, in particular, for iono-

spheric channels.

The paper is organized as follows. In Sect. 2, we start with

the idea of time convolution integral in a linear time-variant

system, conveying to a frequency convolution integral (see

Appendix 1); also, we provide some new interesting for-

mulas for the determination of the output power spectral

density (see Appendix 2). In Sect. 3, we present a method-

ology for estimating the parameters of a multipath channel

by estimating the path delays and path-coefficients (apply-

ing to noisy data and non-stationary signals). Section 4

shows estimation results for modeled channels and, Sect. 5,

for actual ionospheric channels. Finally, Sect. 6 summarizes

the main conclusions of the paper.

2 Multipath channel model

Any linear time-variant system can be characterized by the

convolution integral as follows [1, 10, 11]

yðtÞ ¼
Z1

�1

hðs; tÞxðt � sÞds; ð1Þ

where x(t) is the input signal, y(t) is the output signal and

hðs; tÞ is the unit-impulse response of the time-variant

system, i.e. the response of the system at time t to a unit

impulse (a Dirac delta function) located at time t - s. If

hðs; tÞ does not depend on t, we have the well-known linear

time-invariant system. In Appendices 1 and 2, we develop

some formulas in time and frequency domains applied to

time-variant systems and related to the content of this

paper. In the sequel, we are working with the equivalent

low-pass complex-envelope signals.

According to [4], the impulse response hðs; tÞ of a

general multipath channel may be modeled by

hðs; tÞ ¼
XK

k¼1

akðtÞ � g s� skðtÞð Þ; ð2Þ

where K is the number of paths between the transmitter and

the receiver, ak(t) is the complex coefficient of the kth-path

and sk(t) is the corresponding path delay, g(t) is the

equivalent impulse response of the transmitter filters. (The

effect of the receiver filters will be included later).

Now, taking Eqs. 2 into 29 of Appendix 1, we obtain the

transfer function Hðjx; tÞ of the multipath channel

Hðjx; tÞ ¼
XK

k¼1

akðtÞe�jx�skðtÞ � GðjxÞ; ð3Þ

where G(jx) is the equivalent transfer function of the

transmitter filters. If sk(t) is independent of time t, from

Eq. 34 of Appendix 1 with mk = 0, we have

YðjXÞ ¼ 1

2p

XK

k¼1

AkðjXÞ � GðjXÞXðjXÞe�jX�sk
� �

; ð4Þ
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where symbol * means convolution operation, X(jX) and

Y(jX) are the Fourier transforms of the input signal x(t) and

the output signal y(t), respectively. The path-input spec-

trum G(jX)X(jX) suffers a linear-phase change and a

spectral spread due to the convolution by the spectrum

Ak(jX) of each coefficient ak(t). The effects of the receiver

filters R(jX) should be consider now, and it is supposed that

the passband of the receiver is wide enough so that

RðjXÞ � YðjXÞ � YðjXÞ; furthermore, the additive noise of

the channel is filtered by the receiver filters R(jX).

For stationary multipath channels, the autocorrelation

function of h(s; t) defined in Eq. 2, can be obtained from

Appendix 2 (see Eq. 38), and it is given by

rhðDs; DtÞ ¼
XK

k¼1

XK

l¼1

E a�kðtÞalðt þ DtÞ
� �

� rg Dsþ sk � slð Þ;

ð5Þ

where a�kðtÞ is the complex conjugate of ak(t). In Eq. 5, it is

supposed that sk does not depend on t, and that rgðDsÞ is the

autocorrelation function of the impulse response g(s) of the

transmitter filter, i.e.

rgðDsÞ ¼
Z1

�1

g�ðsÞgðsþ DsÞds ð6Þ

Supposing that path kth is independent of path lth, Eq. 5

can be written as

rhðDs; DtÞ ¼
XK

k¼1

rak
ðDtÞ � rg Dsð Þ; ð7Þ

where rak
ðDtÞ is the autocorrelation function of the path

coefficient ak(t), supposed stationary. Now, taken Eqs. 7

into 40 of Appendix 2, we have

Shðjx; jXÞ ¼
XK

k¼1

Sak
ðjXÞ � GðjxÞj j2; ð8Þ

where Sak
ðjXÞ is the power spectrum of path coefficient

akðtÞ;GðjxÞ is the transfer function of the transmitter filters

and Shðjx; jXÞ is the two-dimensional Fourier transform of

rhðDs; DtÞ.
Finally, taken Eq. 8 into 39 of Appendix 2, we have

SyðjXÞ ¼
1

2p

XK

k¼1

GðjXÞj j2SxðjXÞ
h i

� Sak
ðjXÞ; ð9Þ

where Sx(jX) and Sy(jX) are the power spectral densities of

x(t) and y(t), respectively. Formula Eq. 9 indicates that the

path-input power spectrum is widened at the output due to

the convolution with the power spectrum of each path

coefficient. Therefore, the computation of coefficient power

spectra is highly important in order to establish the degree

of distortion over the transmitted signals: the wider coeffi-

cient spectra, the larger distortion in transmitted signals.

3 New approach for multipath parameter estimation:

application to the ionospheric channel

Suppose we consider a multipath channel, defined by Eq. 2

or by the equivalent Eq. 3. Our purpose is to estimate

complex coefficients ak(t) and delays sk(t) from noisy

measurements of Hðjx; tÞ; then, Hðjxm; tnÞ; m = 1, 2,…,

M, and n = 1, 2,…, N, should represent Hðjx; tÞ. Also, it is

supposed that GðjxmÞ � 1 for m = 1, 2,…, M, i.e. the

frequency samples are inside the transmitter passband. (If

GðjxÞ 6¼ 1; we divide both sides of Eq. 3 by G(jx)).

Now, the estimation problem can be established as fol-

lows: Given a collection of noisy values Hðjxm; tnÞ;
m = 1, 2,…, M; n = 1, 2,…, N, find the best approxima-

tion to coefficients ak(tn) and delays sk(tn), k = 1, 2,…, K,

according to the following structure

Hðjxm; tnÞ �
XK

k¼1

akðtnÞe�jxm�skðtnÞ; m ¼ 1; 2; . . .;M; n

¼ 1; 2; . . .;N;

ð10Þ

where xm, tn, M and N are known beforehand, ak is a

complex parameter, sk is a real parameter and K is an

integer.

A good criterion to solve this problem is the minimi-

zation of the quadratic error, defined by

XN

n¼1

enðan; snÞ ¼
XN

n¼1

XM
m¼1

Hðjxm; tnÞ �
XK

k¼1

akðtnÞe�jxm�skðtnÞ

�����
�����
2

;

ð11Þ

where an ¼ a1ðtnÞ; a2ðtnÞ; . . .; aKðtnÞ½ �T and sn ¼ s1ðtnÞ;½
s2ðtnÞ; . . .; sKðtnÞ�T are column vectors.

Note that the minimization of the total error is equiva-

lent to the minimization of each isolated error enðan; snÞ;
n = 1, 2,…, N, defined in Eq. 11, because these errors are

independent of each other. In order to simplify the notation

in the process of minimizing enðan; snÞ; we will discard the

reference to time tn so that it can be written as

eða; sÞ ¼
XM
m¼1

emða; sÞj j2 ¼
XM
m¼1

e�mða; sÞ � emða; sÞ; ð12Þ

where

emða; sÞ ¼ Hðjxm; tnÞ �
XK

k¼1

ake�jxm�sk ; ð13Þ

being a ¼ a1; a2; . . .; aK½ �T and s ¼ s1; s2; . . .; sK½ �T , in fact

ak ¼ akðtnÞ; sk ¼ skðtnÞ; k = 1, 2,…, K.
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Equation 12 has a local or global minimum (or maxi-

mum) at a and s if

XM
m¼1

oemða; sÞ
oak

� ��
� emða; sÞ ¼ 0; k ¼ 1; 2; . . .;K; ð14Þ

Re

XM
m¼1

oemða; sÞ
osk

� ��
� emða; sÞ

( )
¼ 0; k ¼ 1; 2; . . .;K;

ð15Þ
where Re xf g means real part of x.

After some manipulations, Eqs. 14 and 15 can be

expressed in matrix notation as follows

M�
e � ðh�Me � aÞ ¼ 0; ð16Þ

Im Me � diagðaÞð Þ� � diagðxÞ � h�Me � að Þf g ¼ 0; ð17Þ

where * stands for complex-conjugate transpose, Im xf g
means imaginary part of x, and

Me ¼

e�jx1s1 e�jx1s2 � � � e�jx1sK

e�jx2s1 e�jx2s2 � � � e�jx2sK

..

. ..
.

� � � ..
.

e�jxMs1 e�jxMs2 � � � e�jxMsK

2
664

3
775 ð18Þ

vector h ¼ h1; h2; . . .; hM½ �T ;, where hm ¼ Hðjxm; tnÞ; and tn
is fixed in the minimization process; vectors a ¼ a1;½
a2; . . .; aK �T ; s ¼ s1; s2; . . .; sK½ �T are defined above, and

x ¼ x1;x2; . . .;xK½ �T . Finally, diagðvÞ is a diagonal matrix

with the components of vector v in the main diagonal.

Equations 16 and 17 are nonlinear in vectors a and s;

consequently we cannot solve them analytically. On the

other hand, any standard (gradient, genetic, etc.) minimi-

zation algorithm applied to Eqs. 12 and 13 does not work

adequately because of the large amount of local minima.

Also, the global minimum of Eq. 12 is very critical and

sensitive with respect to vector s. In the following, we

present a new algorithm for solving this estimation problem.

We describe the algorithm useful for estimating vectors

s and a that minimize Eq. 12. First, note that if vector s is

known, vector a can be obtained by solving Eq. 16, i.e.

a ¼ M�
e �Me

	 
�1�M�
e � h ð19Þ

Therefore, the problem is to estimate the delay vector s;

and the solution will be done iteratively.

3.1 First estimation of path delays

The idea for estimating the delays s ¼ s1ðtnÞ;½
s2ðtnÞ; . . .; sKðtnÞ�T is as follows: suppose we know

Hðjx; tnÞ in the passband of the measurement system, and

that WBðjxÞ is a frequency window narrower than the

system passband; now, take the inverse Fourier transform

of Hðjx; tnÞ �WBðjxÞ and consider the modulus of the

result (in the s-domain), i.e.

hðs; tnÞ � wBðsÞj j ¼
XK

k¼1

akðtnÞ � wB s� skðtnÞð Þ
�����

�����; ð20Þ

where zj j means ‘‘magnitude of z’’, wBðsÞ is the inverse

Fourier transform of WBðjxÞ; and � means convolution

operation. Therefore, to detect adequately sk by a peak

detector, the separation among delays sk; k = 1, 2,…, K,

must be greater than the time window length wBðsÞ which

is the inverse value of the frequency window length

WBðjxÞ; also, the side-lobe aliasing and the noise of the

measured data perturb the estimation of sk. In fact, for

separations among path-delays greater than the length of

the time window wBðsÞ; the peak detector over Eq. 20 is a

quasi-optimum detector under white Gaussian noise,

because the referred approach is related to the matched

filter applied to each kth-ray (k = 1, 2,…, K). It is

important to use an adequate frequency window WBðjxÞ
for minimizing time-aliasing and noise effects on expres-

sion Eq. 20. In our application, we have used a Kaiser

window for WBðjxÞ with a shape parameter b ¼ 2 (see, for

example, [9]).

In order to estimate sk in Eq. 20 at time tn; we use a

threshold for detecting possible intervals of s-values that

contain several close (neighboring) sk’s. The threshold

should be estimated from the noise level, and set ade-

quately in order to prevent noise-peak detections. If the

length of a detected interval is lower than the window

length of wBðsÞ; it is supposed that there is one sk in the

middle of the referred interval. If the length of the detected

interval is greater than a wBðsÞ window length, and lower

than two delay-window lengths, then it is supposed that

there are two sk’s out of K in the referred interval, and so

on. Therefore, with this method, multiple sk’s can be

estimated inside a detected peak-interval, depending on the

interval length, resulting in a delay resolution lower than a

half of the delay-window length wBðsÞ.
Furthermore, for very close paths, it is difficult to

detect the paths with low intensity (say, lower than a

tenth of the largest intensity). For these cases, we have

proposed a procedure to cope with this problem of ray

masking, which consists on to remove all the strongest

rays after they have been estimated (i.e. subtracting them

from the data), and then to estimate successively the

lower rays. Consequently, our algorithm incorporates a

first estimation of the strongest rays: some sk’s and the

corresponding ak’s by applying 19; then, these rays are

subtracted from the data in accordance with the structure

of Eq. 10. Hence, the algorithm proceeds with the esti-

mation of the lower rays, repeating the above process

with the residual data, and so on until extracting the

lowest ray (ray #K).

Finally, the left-hand side of Eq. 20 is realized by

applying the inverse fast Fourier transform (IFFT) to the
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frequency samples of Hðjx; tnÞ �WBðjxÞ with enough zero-

padded values to represent continuous-time signals by

means of discrete-time signals (sequences). The resulting

estimation of path delays is very good and robust under

noisy data; in fact, we have obtained good results in our

simulations for signal-to-noise ratio below zero decibels.

See Sect. 4 about simulation results for the details.

3.2 First estimation of path coefficients

Once the delays sk (k = 1, 2,…, K) have been estimated,

where K is the maximum number of detected sk’s, the

corresponding coefficients ak (k = 1, 2,…, K) can be

computed from Eq. 19. Note that in fact, we have skðtnÞand

akðtnÞ at time instant tn; and we have to repeat the esti-

mations for all time instants tn, n = 1, 2,…, N.

Finally, a precise estimation of vectors a and s for a

fixed tn can be done if we apply an optimization gradient

algorithm after the first estimation given above. The details

are given below.

3.3 Refining estimations of path-delays

and path-coefficients

Suppose we have an initial approximation sð0Þ to s that

corresponds to a minimum in Eq. 12; from Eqs. 16 or 19,

we compute an initial approximation að0Þ of a that corre-

sponds to the minimum of Eq. 12, i.e.

að0Þ ¼ M�ð0Þ
e � Mð0Þ

e

� ��1

�M�ð0Þ
e � h; ð21Þ

where matrix Mð0Þ
e is computed from Eq. 18 for s ¼ sð0Þ

For i ¼ 1; 2; . . .; I compute sðiÞ from sði�1Þ and aði�1Þ

according to the gradient algorithm:

sðiÞ ¼ sði�1Þ � l � rði�1Þ
s eða; sÞð Þ ð22Þ

and aðiÞ in accordance with Eq. 19, as follows

aðiÞ ¼ M�ðiÞ
e �MðiÞ

e

� ��1

�M�ðiÞ
e � h; ð23Þ

where sðiÞ is the value of s for the iteration i; l is the step

parameter that controls the convergence speed and the

stability of the algorithm, and column vector rðiÞs eða; sÞð Þ
is the gradient of eða; sÞ with respect to vector s for a ¼ aðiÞ

and s ¼ sðiÞ; i.e. rðiÞs eða; sÞð Þ ¼ rs eða; sÞð Þ½ �a¼aðiÞ; s¼sðiÞ and,

after some manipulations,

rs eða; sÞð Þ ¼ 2Re

XM
m¼1

oemða; sÞ
os

� ��
� emða; sÞ

( )

¼ 2Im Me � diagðaÞð Þ��diagðxÞ � h�Me � að Þf g
ð24Þ

and matrix MðiÞ
e is computed from Eq. 18 for s ¼ sðiÞ. The

other parameters are given above from Eqs. 16 to 18. The

stopping value I (last iteration) is considered when sðIÞ is

close enough to sðI�1Þ (for example, by considering a rel-

ative difference less than 5%). Also, note that Eq. 17 can

be obtained from formula Eq. 24 equaled to zero.

Finally, it is important to note that the estimation

refinement is possible if the measured data are not too

noisy (e.g. from our simulations: signal-to-noise ratio

greater than 10 dB); otherwise, the first estimation of path

delays given above in Sect. 3.1 can not be improved by the

refining Eq. 22. Our algorithm realizes a test to accept or

reject the computed refinements according to the computed

errors Eq. 12 for estimated values s ¼ sðiÞ and a ¼ aðiÞ.

Anyway, the first estimations sð0Þ and að0Þ given in Sects.

3.2 and 3.3, respectively, are fairly good for noisy data.

To summarize the estimation process, the first path-

delay estimations s are realized by a peak detector over the

band-limited impulse response shown in Eq. 20 of Sect.

3.1; then, the first path-coefficient estimations a are com-

puted from Eq. 19. It is important to emphasize that low

intensity rays (paths) are detected by the algorithm after

removing the strongest rays from the data. So, the number

of significant paths K can be determined in an easy way

and, then, the initial approximations sð0Þ and að0Þ are

obtained. Refined estimations of s and a from the initial

approximations sð0Þ and að0Þ are shown in Sect. 3.3; these

refined estimations are based on an iterative ‘‘s� gradient

and a� computation’’ algorithm, controlled by an error

test and a stopping rule.

After the path delays skðtnÞ and the path coefficients

akðtnÞ for k = 1, 2,…, K, have been estimated at time

instant tn; we have to repeat the estimations for every time

instants tn, n = 1, 2,…, N. This fact gives the possibility of

applying the algorithm to non-stationary signals. Also, we

can plot skðtnÞ versus tn for each k, realize histograms of sk

(if it does not depend on tn) or obtain statistical character-

istics of skðtnÞ. As for akðtnÞ; we can plot the magnitude and

phase versus tn for each k, obtain the spectral characteristics

(e.g. power spectrum) of akðtnÞ; n = 1, 2,…, N for each k,

etc. We will see these possibilities in the next sections.

The algorithm described above has been applied to a

real ionospheric channel in the High Frequency (HF) band

(carrier frequency of 14.8 MHz). The number of frequency

samples is M = 73 in an equivalent baseband channel of

bandwidth 2,700 Hz approximately. The separation

between two consecutive frequency samples is 37.5 Hz.

The number of time samples is N = 5,400 taken with a

sampling rate of 33 ms. The observation time is about

3 min. It is important to note that with a bandwidth of

2,700 Hz, it is only possible to have a delay resolution

about 0.2 ms in close rays with identical strengths.

Wireless Netw (2011) 17:1461–1473 1465

123



4 Simulation results

In order to test the proposed algorithm of Sect. 3 under

simulated models, two cases have been studied. The first

case corresponds to a deterministic multipath channel with

additive noise and the second case corresponds to a random

multipath channel with additive noise. The channel is the

equivalent low-pass time-variant system Hðjx; tÞ; sampled

at a rate T = 33 ms (tn ¼ nT ; n = 1, 2, … , N) and discrete

frequencies: xm ¼ 2pfm with fm ¼ fm�1 þ 37:5, m = 1, 2,

… , 73 and f0 ¼ �37:5 � ð73� 1Þ=2 ¼ �1; 350 Hz, over a

bandwidth of 2,700 Hz approximately. The problem to

solve in this section consists on the estimation of the

channel parameters from simulated data.

4.1 Simulated deterministic channel

As a first case, consider a deterministic multipath channel

with additive noise, and try to estimate the channel

parameters. Suppose, we have an M 9 N matrix Y of

complex noisy data, modeled as follows

Yðm; nÞ ¼
XK

k¼1

akðnÞe�jxm�skðnÞ þ gðm; nÞ;

m ¼ 1; 2; . . .;M; n ¼ 1; 2; . . .;N;

ð25Þ

where gðm; nÞ is a complex random sequence of white

Gaussian noise of unit power per component (or power 2

for gðm; nÞ).
Our algorithm works for any values of K, M and N.

Different sets of parameter values have been used for

testing the algorithms. However, for an easy graphical

presentation, we use K = 3, M = 73 and N = 100 in our

simulation. Now, in order to show the algorithm resolution

for delays sk, we take the following path delays (in sec-

onds): s1ðnÞ ¼ 0; s2ðnÞ ¼ 5 � 10�4; s3ðnÞ ¼ 2n � 10�5 þ
10�3 for 1� n� 50; and s3ðnÞ ¼ 1:5 � 10�3 for

50\n� 100; represented in Fig. 1 as dotted lines.

Also, in order to show the algorithm capacity for

detecting paths, we consider that the path coefficients

are a1ðnÞ ¼ 4 � ejh1ðnÞ; a2ðnÞ ¼ 1 � ejh2ðnÞ; and a3ðnÞ ¼ 2:5½
� cosð3p � n � 10�2Þ� � ejh3ðnÞ; being h1ðnÞ ¼ �h2ðnÞ ¼
p
6

sign cosð3p � n=100Þð Þ þ p
3
, and h3ðnÞ ¼ 0. The magnitude

and phase representation of the coefficients can be seen in

Fig. 2(a) and (b), respectively, as dotted lines. Note that the

input signal-to-noise ratio (SNR) for coefficient akðnÞ is

defined as SNRðakÞ ¼ akj j2
.

2; i.e. SNRða1Þ ¼ 9 dB,

SNRða2Þ ¼ �3 dB; and for coefficient a3ðnÞ: 0 dB\SNR

ða3Þ\8 dB.

In Figs. 1 and 2, we show the estimations of skðnÞ and

akðnÞ for k = 1, 2 and 3, as continuous lines, from the

knowledge of Yðn;mÞ obtained in accordance with model

Eq. 25. Figure 1 shows the three noisy lines of skðnÞ;
k = 1, 2 and 3, where most absolute errors from the cor-

responding exact values are less than 0.05 ms. Figure 2(a)

shows the three noisy curves of the akðnÞ-magnitude:

akðnÞj j; k = 1, 2 and 3, where most absolute errors from

the corresponding exact values are less than 0.25 (the same

value for all curves). Figure 2(b) shows the three noisy

lines of the akðnÞ-phase angle (in degrees): hkðnÞ; k = 1, 2

and 3, where most absolute errors from the corresponding

exact values are less than 3 degrees for h1ðnÞ; less than 5

degrees for h3ðnÞ; and less than 10 degrees for h2ðnÞ; i.e.

phase errors are inversely related to the coefficient mag-

nitudes. Also, although it is not shown here, if the coeffi-

cients akðnÞ (k = 1, 2 and 3) of the model Eq. 25 are

multiplied by 2, corresponding to an increasing of 6 dB in

the input SNR, the coefficient estimation errors are divided

by 2, but the delay estimations only improve slightly.

Finally, a post-estimation smoothing can be applied in

order to reduce more the noise in the delay and coefficient

curves.

Now, some comments about the selection of the

parameters should be provided. The estimation algorithm

of path delays and coefficients works efficiently for any

number of paths, and delays between 0 and 30 ms with a

delay resolution about 0.2 ms (a half of the inverse of the

transmission bandwidth, approximately). The signal level

corresponding to each path can be below the noise

(SNR = -3 dB), as is the case of path k = 2, in the sim-

ulation presented above. Note that if at any time instant n0

it occurs s1ðn0Þ ¼ s2ðn0Þ ¼ s3ðn0Þ, then the algorithm

considers only one delay s1ðn0Þ and only one coefficient

a1ðn0Þ corresponding to the sum of the other tree

Fig. 1 Path delays versus time evolution (sample number) for the

three paths of the deterministic model case: skðnÞ; k = 1, 2, 3 and

1� n� 100. Estimations (continuous lines) and exact values (dotted
lines). The theoretical parameters of the channel are given in Sect. 4.1
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coefficients. So, we do not allow this possibility or any

other ambiguity in our deterministic model in order to

facilitate curves’ presentation.

As it can be seen from Figs. 1 and 2, estimations of

skðnÞ and akðnÞ are very good for the first and third paths

(see above for values), but not so good for the second

path (ray) for two reasons: the first ray masks (hides) the

second one, and the second ray has a level below the

noise. Finally, it is worth noting that our algorithm first

estimates the most powerful rays and, then, theses rays

are removed in order to estimate the less powerful and

hidden rays, and so on, until the remaining ray peaks are

of the same level of the noise peaks. This approach

improves considerably the delay-resolution estimation. So,

in our deterministic case, once the first and third rays are

removed, the second ray is detected and, then, s2ðnÞ and

a2ðnÞ are estimated.

4.2 Simulated random channel

Now, consider that the model shown before in Eq. 25 has

random coefficients and constant delays, plus a random

sequence of white Gaussian noise. We suppose the path

delay sk is constant for each path k, and coefficients akðnÞ,
k = 1, 2,…, K, are complex Gaussian stationary random

sequences of zero mean, and Gaussian autocorrelation

function (or Gaussian power spectral density) given by

rkðnÞ ¼ E a�kðlÞ � akðlþ nÞ
� �

¼ Pk � e�2ðnT�prkÞ2 ;

k ¼ 1; 2; . . .; K; ð26Þ

where Pk is the power of coefficient akðnÞ, T = 0.033 s is

the sampling period, and rk is the coefficient Doppler

spread. Also, it is supposed that coefficients are mutually

independent. Then, the model is similar to that in Eq. 25,

but all sk’s do not depend on n, and akðnÞ are random

sequences.

For the simulation, we set K = 3, N = 50,000 samples

(or an observation time interval of 27.5 min). The path

delays are: s1 ¼ 0; s2 ¼ 0:5 and s3 ¼ 1:5 ms. The coeffi-

cient powers are: P1 ¼ 16;P2 ¼ 1 and P3 ¼ 4, and the

noise power is E g�ðm; nÞ � gðm; nÞf g ¼ 2; so the signal-to-

noise ratio (SNR) for each coefficient is SNRðakÞ ¼ Pk=2

i.e. SNRða1Þ ¼ 9 dB, SNRða2Þ ¼ �3 dB and SNRða3Þ ¼
3 dB. Also, we consider rk ¼ 0:1 Hz as channel Doppler

spread in Eq. 26 for k = 1, 2 and 3.

We try to estimate the path delays sk for k = 1, 2 and 3,

from the delay histogram. Also, we estimate the power

spectrum of the path coefficients by, first, estimating the

coefficients akðnÞ for k = 1, 2 and 3, and for n = 1, 2,…,

N; and, then, realizing a spectrum estimation for each

coefficient. The power spectrum estimation is based on

Welch’s method by averaging the periodogram over sub-

sequences of noisy coefficient estimations [9, pp. 1163].

In Fig. 3 we show histograms of the delay estimations,

where we can clearly see the three peaks (modes) of the

corresponding ray delays. The final delay estimations are

the medians (ŝk) over the corresponding intervals, each one

containing only one peak, and resulting in ŝ1 ¼ 6:5 �
10�6; ŝ2 ¼ 5:1 � 10�4 and ŝ3 ¼ 1:51 � 10�3 s. According to

our simulation results, it is required at least SNRðakÞ ¼
�12 dB to detect the corresponding kth-ray with a high

reliability by means of our estimation algorithm. The rea-

son of a so low SNR, required for detecting the corre-

sponding ray, is based on the histogram estimation: for

very low SNR, the corresponding histogram is very wide

but it does not lose the bell-shaped aspect, and the mode

value is well defined (i.e. ŝk is easily computed).

In Fig. 4, it can be seen the power spectral density of the

coefficients, where we have used a sequence of 50,000

samples: 100 sections with 500 samples each for the power

Fig. 2 Path coefficients versus time evolution (sample number) for

the three paths of the deterministic model case: a Path-coefficient

magnitudes: akðnÞj j; k = 1, 2, 3 and 1� n� 100; and b Coefficient

phases: hkðnÞ ¼ angle akðnÞ½ �; k = 1, 2, 3. Estimations (continuous
lines) and exact values (dotted lines). The theoretical parameters of

the channel are given in Sect. 4.1
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spectrum estimation; also, it is shown the exact power

spectral density for comparisons. Finally, if a more esti-

mation improvement is required, we have to increase the

sequence length for a better estimation resolution, and to

increase the number of sequence sections for a better

precision.

5 Experimental results: a real ionospheric channel

Finally, we consider a real (actual) ionospheric High Fre-

quency (HF) narrowband channel, and we try to estimate

the channel parameters from measured data. The mea-

surement system is a sounder based on an Orthogonal

Frequency-Division Multiplexing (OFDM) system, where

we are able to estimate a set of samples of the frequency

response over time.

5.1 Sounder description

The sounder we have used is an OFDM system where all

transmitted symbols are pilots. Although there are other

waveforms for this purpose, probably even more robust,

we have utilized the OFDM technique because we had

already designed and tested several modems for digital

voice and data transmission using this technique. Consid-

ering Software Defined Radio (SDR) principles, the com-

plexity of this new design has been the minimum one, just

considering that all transmitted symbols are known. In

Figs. 5(a) and (b), it is shown block diagrams of the

transmitter and the receiver sides, respectively. Let us

make some comments on some specific features of this

approach.

We point out that we require an accurate time and fre-

quency synchronization at the receiver side, in order to

guarantee the orthogonality property among the sub-carri-

ers, useful for the appropriate estimation of the frequency

response. The frequency correction block cancels the fre-

quency offset between transmitter and receiver local

oscillators, and it also cancels the mean Doppler shift of the

channel. So, analyzing a long probe signal, we can estimate

the Doppler spread of the channel. The synchronization

algorithm is strongly based on [12] where a full symbol as

a header of the transmission is included with a particular

feature, i.e. a time replicated structure that allows the

robust frequency and time estimation.

One terminal is in Madrid and the other is 1,800 km

away in Las Palmas de Gran Canaria (The Canary Islands).

Fig. 5 a Transmitter side of the Sounder Block-Diagram. b Receiver

side of the Sounder Block-Diagram. c HF measurement system:

platform of Madrid (MAD) and platform of Las Palmas (LPA)
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Fig. 3 Delay histograms of path-delay estimations for a three-path

channel with random path coefficients (50,000 samples of the delay

sequences). The theoretical parameters of the channel are given in

Sect. 4.2

Fig. 4 Power spectral density of each coefficient for a three-path

channel with random coefficients: estimation (continuous lines) and

exact value (dotted lines). The theoretical parameters of the channel

are given in Sect. 4.2
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Photographs of both platforms are given in Fig. 5(c).

Suppose, we have a M � N matrix: Yðxm; tnÞ �
Hðjxm; tnÞ; m ¼ 1; 2; . . .; M; n ¼ 1; 2; . . .; N of com-

plex data (complex envelope), measured by the HF modem

at a rate of 9,600 b/s with a carrier frequency of 14.8 MHz

and a bandwidth of 2,737 Hz. The Cyclic Prefix (CP) is

3.3 ms (Pre-CP and Post-CP). The multipath model is

given in Eq. 10. Our purpose is to estimate the number K of

ionospheric rays, the complex amplitudes akðtÞ and the

delays skðtÞ (k = 1, 2,…, K) from Eq. 10, considering the

following parameter values: tn ¼ nT ðn ¼ 1; 2; . . .; NÞ
with T = 1/30 & 0.033 s and N = 5,450 time samples (or

an observation time of 3 min, approximately), and xm ¼
2pfm; with fm ¼ fm�1 þ 37:5; m = 1, 2,…, M, and M = 73

frequency samples.

5.2 Experimental results

The matrix of data Yðxm; tnÞ � Hðjxm; tnÞ; m ¼ 1; 2;

. . .; M; n ¼ 1; 2; . . .; N was measured repeatedly 12

times in one day (24 h) and here we show the most

important results. The ionospheric link was established

between Madrid and the Canary Islands on the first of

April, 2008. Firstly, we have to say that at night (say, from

local time 22:00 to local time 6:00, approximately) no link

was possible (no path or ray has been detected). In the sun

times, some paths or rays are possible: a strong ray and

others slighter. In Figs. 6 and 7, we show results of one link

(at local time 14:00, approximately, for 3 min). Other

alternative results for links at different times can be seen in

[13] (link at local time 06:00 and link at local time 12:00,

approximately, for 3 min).

Specifically, Fig. 6(a) shows delay realization sections

of three possible paths, where estimation (median) delays

are ŝ1 ¼ 0:021; ŝ2 ¼ 0:47 and ŝ3 ¼ �0:25 ms (the stron-

gest ray indicates the reference delay, i.e. ŝ1 � 0). Note

that ray #3 arrives first, then ray #1 (the strongest ray)

and, then, ray #2. Note that there are some temporal

variations (deterministic and random) in delay estimations

skðnTÞ; being different for each k and, also, different for

each time of the day; eventually, these delay variations

are related to the motion of the ionospheric layers. Also,

Fig. 6(b) shows delay histograms for all possible path

estimations, and we can see up to four paths defined by

the corresponding delays, although path number four has

a signal level too low or much below the noise level

(according to the histogram, the number of detected cases

is about 15%). The temporal variations in delay estima-

tions skðnTÞ; appearing in Fig. 6(a), have little influence

in the histograms of Fig. 6(b); consequently, these varia-

tions cause slight modifications on the delay estimations

(median values).

Finally, Fig. 7(a) shows coefficient-magnitude realiza-

tions of the three strongest paths (rays), where the strongest

ray is about 4-times the second strongest one and 10-times

the third one. The estimated signal-to-noise ratio (SNR) for

each coefficient is approximately as follows: SNRða1Þ ¼
16 dB, SNRða2Þ ¼ 3 dB. SNRða3Þ ¼ �5 dB and SNRða4Þ
¼ �8 dB. In Fig. 7(b), we show estimations of power

spectral densities, where we have used a sequence with

5,400 samples (20 sections of 270 samples each one) for

each coefficient. All curves are bell-shaped with approxi-

mately zero-mean Doppler frequency and a Doppler-fre-

quency spread close to 0.1 Hz. Because the modem

receiver tunes automatically the mean received frequency,

it is not possible to estimate the mean Doppler frequency of

the path coefficients. Finally, according to our measured

results, the total power is about 12.1 units, and the powers

of the four rays are approximately: P1 ¼ 11; P2 ¼
0:6; P3 ¼ 0:1 and P4 ¼ 0:05; if we remove all the ray

signals from the received signal Eq. 10, it remains a flat

power spectrum that corresponds to noise and interference

with approximately a power of 0.3 units.
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Fig. 6 Path-delay estimations for a real (actual) ionospheric channel.

a Path-delay estimations versus time evolution (sample number) for

the three strongest paths: skðnÞ; k = 1, 2, 3 and 200\n\1600 (The

temporal interval between two consecutive samples is T = 33 ms).

(b) Delay Histograms for 3,400 samples of the delay sequences. The

measurement conditions are given in Sect. 5
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6 Conclusions

In this paper, the theory of linear time-variant systems has

been applied to multipath channels and, in particular, to

ionospheric channels. We have used the concepts of

impulse and frequency responses of linear time-variant

systems, and provided some useful formulas in the fre-

quency domain for both deterministic and random chan-

nels, derived from the two-dimensional Fourier Transform

of the impulse response.

Also, we have designed and implemented algorithms for

estimating path delays and path coefficients. These algo-

rithms have been tested exhaustively over deterministic

and random multipath channel models. The results have

shown very good path-delay estimations and good path-

coefficient estimations. Also, the algorithms have shown

high ability for detecting low intensity paths.

Our algorithms have been applied to parameter estima-

tions of real (actual) HF ionospheric channels, showing

high capability for ray detection, and performing precise

estimations (including temporal variations) of ray delays.

Finally, the power spectral density has been estimated for

each ray coefficient, resulting in bell-shaped curves with a

mean Doppler frequency close to zero and a Doppler-fre-

quency spread close to 0.1 Hz.

Finally, the analysis (carried out from real data) shows

temporal variations of the path coefficients and path delays.

Therefore, further research work is required to characterize

this time variability, in order to provide a satisfactory

Doppler spectrum model of the path coefficients, related to

the temporal variation of each path-delay sequence (cor-

responding to each ionospheric layer motion). Also, this

improved model will probably provide a better predict-

ability of the ionospheric propagation, and a better under-

standing of the suitability of different transmitting

waveforms.
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Appendix 1

Frequency response of linear time-variant systems

The convolution integral Eq. 1 of a linear time-variant

system can be expressed in equivalent ways as follows

yðtÞ ¼
Z1

�1

hðs; tÞxðt � sÞds ¼
Z1

�1

hðt � s; tÞxðsÞds: ð27Þ

If XðjxÞ is the Fourier transform of xðtÞ; we can write

from Eq. 27

yðtÞ ¼
Z1

�1

hðs; tÞ 1

2p

Z1

�1

XðjxÞejxðt�sÞdx

2
4

3
5ds

¼ 1

2p

Z1

�1

XðjxÞHðjx; tÞejxtdx; ð28Þ

where Hðjx; tÞ is the system function or the Fourier

transform of hðs; tÞ with respect to the first variable s
(delay variable), i.e.

Hðjx; tÞ ¼
Z1

�1

hðs; tÞe�jxsds ð29Þ

Formula Eq. 28 is important and has a similar

interpretation in linear time-invariant systems, where
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Fig. 7 Random coefficient realizations and coefficient power spec-

trum estimations for a real (actual) ionospheric channel. a Coeffi-

cient-magnitude estimations versus time evolution (sample number)

for the three strongest paths: akðnÞj j; k = 1, 2, 3 and 400� n� 1800

(The temporal interval between two consecutive samples is

T = 33 ms). b Power Spectral Density of each coefficient for the

four strongest paths: ak � spectrum. The measurement conditions are

given in Sect. 5
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Hðjx; tÞ does not depend on time t. As an example, it is

illustrative to consider the input signal xðtÞ ¼ ejx0t; then

from Eqs. 27 or 28, we have yðtÞ ¼ Hðjx0; tÞ � ejx0t that

can be interpreted as an amplitude modulation of the input

signal ejx0t by the system function Hðjx0; tÞ or, in the

frequency domain, the input spectral line 2pdðx� x0Þ is

spread out at the output according to the spectrum of

Hðjx0; tÞ.
Also, formula Eq. 28 can be expressed in the frequency

domain, as follows

YðjXÞ ¼ 1

2p

Z1

�1

XðjxÞ ~Hðjx; jðX� xÞÞdx

¼ 1

2p

Z1

�1

XðjðX� xÞÞ ~HðjðX� xÞ; jxÞdx; ð30Þ

where YðjXÞ and ~Hðjx; jXÞ are the Fourier transforms of

yðtÞ and Hðjx; tÞ; respectively, over time variable t. That is,

~Hðjx; jXÞ ¼
Z 1

�1
Hðjx; tÞe�jX�tdt

¼
Z 1

�1

Z 1

�1
hðs; tÞe�jðxsþXtÞdsdt: ð31Þ

Remarks Compare formulas Eqs. 30 and 27 representing

convolution integrals in the frequency domain and in the

time domain, respectively. Also, note that if hðs; tÞ ¼
h0ðsÞ; i.e. the system is time-invariant, then from Eq. 31
~Hðjx; jXÞ ¼ H0ðjxÞ � 2pdðXÞ; and from Eq. 30 we have

YðjXÞ ¼ XðjXÞ � H0ðjXÞ, being the well-known formula

applied to linear time-invariant systems.

Finally, from Eqs. 2 and 31, we have

~Hðjx; jXÞ ¼ GðjxÞ
XK

k¼1

Z1

�1

akðtÞe�jx�skðtÞ � e�jX�tdt: ð32Þ

Assuming that delay skðtÞ can be approximated as

skðtÞ � sk þ mk � t; then Eq. 32 could be expressed as

~Hðjx; jXÞ � GðjxÞ
XK

k¼1

e�jx�sk AkðjðXþ x � mkÞÞ; ð33Þ

where AkðjXÞ is the Fourier transform of akðtÞ; and from

Eqs. 33 and 30

where symbol * means convolution operation.

Remarks Expression Eq. 34 has the following interpre-

tation: for each path k, the path input-signal spectrum

GðjXÞXðjXÞ undergoes a linear phase change due to the

mean delay sk; i.e. GðjXÞXðjXÞe�jXsk ; then, it undergoes a

frequency expansion by a factor 1� mk; hence, the result is

convolved by AkðjXÞ; resulting in a larger spectral spread

of the input-signal spectrum. Finally, the output-signal

spectrum is the sum of the output-signal spectra corre-

sponding to all paths. h

Appendix 2

Output power spectrum of linear time-variant systems

In the case of considering stationary random processes, we

will develop the corresponding formulas for the power

spectral density or the power spectrum of the output signal.

If hðs; tÞ and xðtÞ are independent random processes and

xðtÞ is stationary, we can define the autocorrelation func-

tion ryðt;DtÞ of yðtÞ as follows

ryðt;DtÞ ¼ E y�ðtÞ � yðt þ DtÞf g

¼
Z1

�1

Z1

�1

E h�ðu; tÞhðv; t þ DtÞf g � rxðDt þ u� vÞdudv;

ð35Þ

where y�ðtÞ is the complex conjugate of yðtÞ; rxðDtÞ ¼
E x�ðtÞ � xðt þ DtÞf g is the autocorrelation function of the

stationary input xðtÞ and E zf g is the statistical expectation

of z. Identifying s ¼ u and Ds ¼ v� u; we can write

ryðt;DtÞ ¼
Z1

�1

Z1

�1

rhðs;Ds; t;DtÞ � rxðDt � DsÞdsdðDsÞ;

ð36Þ

where rhðs;Ds; t;DtÞ ¼ E h�ðs; tÞhðsþ Ds; t þ DtÞf g is the

autocorrelation function of the impulse response hðs; tÞ.
Finally, supposing hðs; tÞ is stationary in time t, then yðtÞ

is also stationary, and Eq. 36 can be written as

YðjXÞ ¼
XK

k¼1

1

2p

Z1

�1

AkðjðX� ð1� mkÞxÞÞGðjxÞXðjxÞe�jx�sk dx

¼ 1

2pð1� mkÞ
XK

k¼1

AkðjXÞ � GðjX=ð1� mkÞÞXðjX=ð1� mkÞÞe�jX�sk=ð1�mkÞ
h i

;

ð34Þ
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ryðDtÞ ¼
Z1

�1

rhðDs; DtÞ � rxðDt � DsÞdðDsÞ; ð37Þ

where

rhðDs; DtÞ ¼
Z1

�1

rhðs;Ds; t;DtÞds

¼
Z1

�1

E h�ðs; tÞhðsþ Ds; t þ DtÞf gds: ð38Þ

Compare equation Eq. 37 referred to autocorrelation

functions of signals with Eq. 1 referred to signals.

In the frequency domain, if SyðjXÞ is the power spectral

density of yðtÞ; i.e. the Fourier transform of ryðDtÞ; and

SxðjXÞ is the power spectral density of xðtÞ; then Eq. 37 is

transformed into

SyðjXÞ ¼
1

2p

Z1

�1

SxðjxÞShðjx; jðX� xÞÞdx; ð39Þ

where

Shðjx; jXÞ ¼
Z1

�1

Z1

�1

rhðDs; DtÞe�jðxDsþXDtÞdðDsÞdðDtÞ:

ð40Þ

Note the similarity between Eqs. 39 and 30, so a similar

interpretation could be done here.
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