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Abstract: The problem of simulating complex systems, such as production lines, industrial plants,
food processing, etc., today represents an opportunity that brings with it the great advantage of
limiting design costs. However, nowadays the designer, after defining and implementing the mathe-
matical models of the studied process, may need to rebuild the whole simulation framework because
he needs to modify the model of even just one subsystem. It is for this reason that in this paper,
a new framework for the use of Individual Subsystem Models (ISM) for the modelling and sim-
ulation of interconnected systems has been studied and implemented. Furthermore, the study of
the state of the art has revealed the lack of efficient and sufficiently general numerical algorithms,
but, at the same time, it is simple to use to solve the algebraic-differential equations deriving from
the ISM simulation. The proposed new approach follows the paradigm of co-simulation methods,
including graph theory methods, to solve the general ISM simply and efficiently. In this approach,
each subsystem is required to have its own representation independently of the other subsystems.
In this way, it is always possible to replace any subsystem whenever an updated representation
becomes available, making maintenance and evolution of the entire ISM flexible. Our framework
calls each subsystem separately in an optimal (suboptimal) order based on the structure of the graph.
Each calculated output is transferred to the input of the next subsystem in the chosen. The general
procedure has been validated in the context of Linear and Time-Invariant ISMs: in these hypotheses,
the stability conditions have been calculated and numerical tests have been performed which show
the effectiveness of the proposed approach.

Keywords: individual subsystems model; solution scheme; graph structure; food industry

1. Introduction

Control of complex interconnected systems has a wide range of usage in our society.
Some applications can be found in [1,2] (fault diagnosis), [3] (unmanned vehicles), [4,5],
(scheduling problems), [6,7] (hydraulic networks), [8-21] (power systems, mechanical
systems), [22,23] (processing plants and supply chain management), [24] (Biological sys-
tems), and [25-27] (Information processing). For instance, control and fault diagnosis of
large-scale interconnected networks are tasked with some design challenges due to each
network’s particular characteristics. An engineer designing a control or fault diagnosis
scheme for such systems considers the number of equations and variables involved in the
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process and its complexity due to non-linearities [28]. Mature energy prediction models,
mainly Building Energy Modelling and Manufacturing Process Simulation, have been
used extensively in their respective fields. However, they use different methods for each
part of a building or a process, limiting the ability of the used frameworks to identify
energy and yield improvements. Similarly, a holistic approach, such as in co-simulation
(see below), “is more likely to achieve the greatest energy efficiency savings or reduction
in energy use” [29,30].

In particular, the food sector is of great interest as there are many aspects that can be
addressed through numerical models. Bianchi et al., 2021 [9] published a comprehensive
review regarding the numerical modeling of food products and the numerical simulation
of food processes.

They conclude that there are few examples of dynamic modeling and simulation of
food processes that vary rapidly and unpredictably over time; for some types of processes,
the authors propose the use of techniques typically used in other engineering fields. In fact,
food processes are very complex and difficult to model. On the other hand, they are well
represented by models used for the dynamic simulation of interconnected systems.

Moreover, “deviations in the proper operation of these interconnected systems or their
parts are no longer merely technical difficulties; they pose a danger with a global security
impact” [31]. These drawbacks are repetitively developed each time for the systems to be
controlled and simulated, especially in the food industry. Another difficulty arises when
dealing with extensive interconnected systems, such as the global iterative method, which
is necessary to simulate non-linear systems and slow down the simulation process due
to the huge computational work [32]. These systems are typically used in food and food
processing modelling [9], such as biogas production from food processing residues [11,13],
pasta factories [12,17], food freezing facilities, and installed cogeneration plants [14].

In contrast, one of the main advantages of modelling complex systems as intercon-
nected ones are the facility of substituting one of the subsystems with an updated version.
Even its portability characteristic allows substituting with a black box, furnished by an-
other company. In this latter case, it is not appropriate to change the solving algorithms
because the equations modelling the new subsystem are not known at worst. In fact, in
this case, the black box model makes it hard to use any benefits from the knowledge of
the governing equations.

What has just been said allows us to state that the techniques used in many engineering
applications can be effectively exported to food applications, such as in the whole food
supply chain. In all these cases, we find a common aspect: the presence of interconnected
systems. In general, there is a lack of literature about the application of interconnected
systems modelling to the food industry because of the lack of efficient algorithms needed.

The newly proposed method defining an a priori solving ordering of each subsystem
based only on the whole system graph allows the carrying out of different simulations
when varying the content of the N subsystem without altering the structure of the intercon-
nections. In addition, the reliability of the proposed method is not altered when a black box
is used as a subsystem. There is no need to iterate all the equations of the whole system, but
the only required iterations are those implemented in each subsystem. Thus, the drawbacks
mentioned above are overcome.

1.1. Related Works

Interconnection means an information transfer from one system or subsystem to
another; this definition applies to a comprehensive set of systems: biological organisms,
electronic devices, or even abstract concepts, such as equations [2].

The main elements representing the different subsystems of an interconnected system
can be identified and schematized in subsystem diagrams. Each subsystem represents the
cause—effect relationship between input variables and output variables of each subsystem.
Such a system can be represented by a graph whose nodes are the system’s subsystems. A.
Vandendorpe and P. Van Dooren [33] gave an effective definition of an interconnected sys-
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tem: it can be viewed as a linear/non-linear system with a Multiple-Input-Multiple-Output
(MIMO) transfer function composed of the interconnection of subsystems. Each subsystem
is, in turn, characterized by a linear/non-linear MIMO transfer function. Therefore, by
introducing the mathematical model of the elements into each subsystem, a quantitative
evaluation of the whole system’s evolution over time is possible.

According to Goetz and Shenoi [34], nowadays, the modern industry is heavily based
on natural and/or generated resources (e.g., water, electricity, heat, etc.) and their distri-
bution. Moreover, there is wide literature on this argument [35,36]. Therefore, there is no
unique approach to the numeric solution of such systems.

There are several modelling approaches as reviewed in [29], but also in [37] for Time-driven
and Event-driven approaches, [38,39] for Agent driven approach, and [40] for co-simulation:

e  Inthe Time-driven approach, time is incremented with discrete time steps as in classical
numerical simulation methods.

e In the Event-driven approach, discrete events occur in a sequence regardless of time
between events ruling the model evolution; a mixed Time-Event driven approach is
sometimes adopted.

e In the Agent-driven approach, different units can operate independently but com-
municate and cooperate with a defined environment. It can be either a Time-driven,
Event-driven, or mixed approach.

e In the Co-simulation approach, a global simulation of interacting systems is carried
out by composing its components’ (independent) simulations. At each iteration of the
global system simulation, each subsystem’s inputs and outputs are transferred to the
other appliable subsystems.

An interesting modelling and simulation method of interconnected systems composed
of subsystems and suitable interconnections relies on the co-simulation approach and the
Individual Subsystem Models (ISMs) paradigm. Conceptually, the ISMs were introduced
by R.A. Di Perna [41], where a continuous or a discrete model for each subsystem is built,
and interconnections between these models are defined to produce the overall system
simulation. Despite this old definition, no general work has been carried out to solve ISM
but only some subclasses. A class of a non-linear dynamical models is the Block-Oriented
Model (BOM, a subclass of ISM). We can find a separately linear and memoryless non-linear
models, each one represented as a single subsystem [42]. These models, also defined as
causal models [43], are widely applied in numerical simulation (among many others: B.
Shanshiashvili and N. Kavlashvili [44], M. Juneja et al. [45], and H. Ira-Ramirez et al. [46]).
Another studied subclass of ISM is that of acausal models [43], consisting in defining
instances of each subsystem model where only the relations among the different variables
of each model are defined (e.g., thorough linear /non-linear algebraic/ differential equations)
and the relations among the different models too. Then, the whole model is solved as a
whole or through reduction-model algorithms.

1.2. Aim and Organization of the Paper

Our method proposes to improve and generalize numerical algorithms for ISM simu-
lation, overcoming the drawbacks mentioned above. Our hypothesis relies on the nature of
each Individual System, making it possible to solve each subsystem independently of each
other. Then, a graph of the whole ISM is realized, and an optimal (suboptimal) ordering
of node numbering is automatically determined; it corresponds to the subsystem solution
ordering. One of the significant components of our proposal is the feedback is finalized to
control and stabilize the overall system. It is required in the modelling of such systems in
order to transform the process described in terms of balance and constitutive equations. At
each time step, after solving the i-th subsystem, all the calculated outputs are transferred to
the inputs of the following connected subsystems, while the other inputs (not yet trans-
ferred because of the presence of feedback) remain with the values calculated during the
previous time step. This allows optimizing the number of newly calculated inputs. Finally,
stability conditions were established for Linear Time-Invariant (LTI) systems.
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The paper is organized as follows. In Section 2, a brief review of the general framework
of ISMs applies, then the proposed method is shown, and finally, the method is applied to
linear ISM and stability conditions are obtained. In Section 3, some case studies of LTI ISM
are discussed, then the newly proposed method is compared with the other methods.

2. Materials and Methods
2.1. A General Framework for Individual Subsystem Models

General ISMs give rise to a system of implicit Differential Algebraic Equations (DAEs)
for each subsystem [47] of the form:

®;(t, xi(t), xi(t), yi(t), vi(t), ui(t), pi) =0, )

where t is time, x; are the differential variables, y; are the subsystem output algebraic
variables, v;(f) is the subsystem input vector (that is, inputs whose values are equal
to outputs of other subsystems in the ISM), u; is the ISM external inputs vector (that
is, the inputs, if any, coming from the outside environment), and p; is the subsystem
internal constant parameters vector. In DAEs, some of the equations could be purely
algebraic, leading to more difficulties when combined with differential equations [48]. The
interconnection of subsystems is achieved by connecting subsystem outputs to the inputs
of other subsystems. Precisely, the i-th subsystem is connected to the j-th subsystem if
there is a directed connection from one of the scalar components y;, of the output vector
Yi = (¥ir) of the i-th subsystem to a scalar component ij; of the input vector u; = (iljs) of
the j-th subsystem. Without loss of generality, we can neglect self-loops (i.e., we neglect the
case j = i) using the identity function as an intermediate auxiliary subsystem.

Appending vectors x;,X = [x;]© and the same can be done Y = [y;], V = [v],
U = [u], P = [p;]%i & = [P;]0i.

Therefore, combining all the subsystem equations, the result is a fully implicit system
of DAEs that is generally solved with different available methods, including symbolic
manipulation and numerical solvers:

ot X,X,Y,V,U,P)=0. 2)

On the other hand, without loss of generality, we can describe our method using the
Ordinary Differential Equations ODE representation for better readability and using a
suitable graphical representation. DAEs can be easily introduced without any change in the

method. Moreover, if the Jacobian of ® with respect to X is non-singular, all the following
forms are equivalent to (2) [47]. In particular, for each subsystem N; we have:

fi [f, Xi, xi, Ui, Uj, PZ] = 0, (3a)

yi(t) = gilt, xi, X, 1] (3b)

All the algebraic variables disappear and the x; are all differential ones. Sometimes
ODEs can be written in the explicit form:

xi = fi(t,x;(t),vi(t), ui(t), pi)- 4)

Such an interconnected ISM formed by all the subsystems N; can be represented as
shown in Figure 1. As said above, appending vectors v; = [v;,]| allows to form a single
column vector V:

V(t) = [o1(t), 02(t), ..., on(0)]" = [Vi), (5)

where V}, is the I — th scalar component of V; the same can be conducted with outputs

vi = [yish:
V =MY (6)
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where each element My of the connection matrix, M is My = 0 or My = 1.
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Figure 1. An example of ISM scheme: Node P;, represents a subsystem able to model an industrial
Process and its internal state variables characterize it as x; and parameters p;, external inputs u;,
internal inputs v;, and outputs y;.

Last condition, My, = 1 represents a connection from the scalar output Y to the
internal scalar input Vj,. If no self-loops are allowed, all the diagonal elements are null:
this hypothesis can be accepted as it simplifies the calculations below without losing
generality. Finally, we can assume that each scalar component of a subsystem output vector
is connected to the one and only one scalar component of another subsystem internal input
vector (multiple connections can be modelled with multiple identical scalar outputs). To
this end, it helps in explaining the new approach in the next section. With this condition,
each component of a subsystem output vector is connected to an input, meaning that each
row and column of the matrix M have one and only one non-zero entry: matrix M is a
permutation matrix.

As for any other method, numerical simulation of continuous ISMs systems first
requires approximating each subsystem by a discrete model even if it is conducted only
locally (i.e., only when the solution of each subsystem is required) and not for the whole
DAEs system simultaneously. The numerical approximation of the dynamical evolution
of an ISM of the form shown in Figure 1 is calculated at a sequence of n discrete time
points, t, = Y}, Aty. Each step size Aty may be fixed or variable depending on the type of
numerical method used due to the stiffness variability of the system requiring the change
of At during simulation.

On the other hand, solving fully implicit DAEs is a popular method, but it requires a
tremendous computational expense [49].

The main methods used to reduce DAES computational expense [50] are

e  Casualization
° Tearing

Generally, they are carried out by means of symbolic processing. These methods
essentially hide the algebraic variables from the numerical solver as much as possible,
exposing only a minimal set of equations and variables: the state variables. The state is
a minimal set of ISM variables. If their current values are known, and all future external
ISM input values are known, then the future behaviour of the ISM is uniquely determined.
Of course, the same definition of a state is also valid for each subsystem. If in the system
of equations there are also pure ODEs (see (4)) in addition to the DAEs, then the vector of
differential variables x; appearing in each ODE naturally represents a suitable set of state
variables for each ODE. On the other hand, for most DAEs, a subset of both differential
and algebraic variables in Formulation (1) could still be used as a suitable state [49].

The first procedure described above, casualization, uses symbolical manipulation
to obtain the state variables and convert a DAE model like Equation (1) into an iterative
numerical model. The state derivatives are calculated for all the differential algebraical
variables in proper sequential order. Casualization is divided into two steps: Matching and
Subsystem-Lower Triangular (BLT) ordering. The most popular and widely used method
is Tarjan’s algorithm [21], still considered one of the most efficient. On the other hand, one
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of the most significant drawbacks is symbolic manipulation: the computational cost moves
from direct heavy numerical solving to heavy symbolic computation.

The second procedure, tearing [22,51,52], is a method for solving sparse systems of
equations without any particular structure (e.g., banded or block-diagonal), and it is less com-
putationally expensive than casualization. This is achieved by ordering variables and equations
to divide the system into two partitions. The first one is highly structured, can be solved
efficiently, and then utilized in the solution of the whole system by subsystem elimination.

While BLT ordering guarantees numerical stability, tearing does not. This well-known
drawback of tearing is challenging to address when no reliable a priori information about
the system structure is available or, if known, not used. However, when dealing with
structured systems where each subsystem can be solved individually by calculating outputs
from inputs and parameters (implicitly or explicitly does not matter), it might be tractable
using numerical algorithms that guarantee numerical stability, under the assumption that
the initial guess is sufficiently close to the solution; this is a relatively old result, although
not as used as it should [53,54].

In both cases, numerical solving applied after casualization or tearing becomes less
expensive as it accounts for computational complexity.

The discussion above derives that there are many available methods to model even
large systems. However, each has its own: no global and comprehensive approach has
been developed after the report of R.A. Di Perna [41]. Moreover, as said, some tools solve
the system of DAEs as a whole. Other tools have a different approach to a preliminary
determining of an ordering in the subsystem’s execution. However, they are mainly based
on each subsystem’s nature rather than on the structure of the graph representing the ISM
as a collection of subsystems interconnected with each other as described above. Therefore,
the proposed method follows the paradigm of the co-simulation approach but with a new
perspective, including graph theory methods for efficiently solving general ISM.

2.2. The New Approach to Individual Subsystems Models: General Aspects

As briefly inferred in the previous section, when dealing with ISMs, the structure of the
problem can be directly defined by its model graph where the i-th subsystem,i =1...N,
can be described by a subset of DAEs as in (7), here repeated for readability:

i (t, xi(t), xi(t), yi(t), vi(t), ui(t), pi) = 0. @)

All the subsystems are interconnected to each other by connecting their outputs to
corresponding inputs of other subsystems. A graph G(V, E) represents this structure where
V is the vertex set of the N nodes, and E T V x V is the edge set (directed edges). Each node
N; (N; € V,i=1...N) corresponds to a single subsystem. A directed edge (Ni, Nj) €E
exists if a scalar output of the subsystem N; is connected to a scalar input of subsystem
N;. As said above, in this study, without loss of generality, we do not consider self-loops;
that is, every subsystem N; is assumed not to be connected to itself, i.e., (N;, N;) ¢ E. Each
subsystem N; is assumed to admit a DAEs representation as in Equation (7). Thus, the
graph incidence matrix can be considered the incidence matrix of the system of DAEs. The
subset of DAEs (7) of each subsystem can be solved using the previously described methods
applied directly to the subsystem’s definition. This method allows joining different methods
according to the context (e.g., causal or acausal methods, general numerical methods, etc.)
to which each subsystem belongs.

This way, we describe each subsystem as representing independently of any other
subsystem in the ISMs. The great advantage is that we can substitute it whenever needed
with a different representation (i.e., different DAEs for that subsystem and different solution
methods), making maintenance and evolution of the whole ISM easy to implement. Another
advantage is that we do not need to know the content of each subsystem. It is sufficient to
have a black box with known inputs and outputs: this becomes particularly helpful when
we ask an external firm to model a particular component without necessarily asking for
open access to its complete content. This representation belongs to the ISM framework
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more generally than previously conducted, as each subsystem is modelled and solved
individually and independently on other models. The graph structure coordinates all these
solvers to determine the whole ISM’s dynamical evolution efficiently. Therefore, one of the
main novelties of our approach is that each subsystem (or a subgroup of them as shown
below) could be solved separately in a proper order based on the structure of the graph,
making it possible for the following procedure that simplifies ISM simulation. Precisely,
each output of a subsystem (or group of them: T. Xu et al. [55]) becomes the input of the next
subsystem in the chosen ordering. Matrix M can be structured as a block matrix to better
describe what just said, each block representing a node (subsystem) and corresponding
connections of the subsystem to another one, then represented as the sum of a strictly block
lower triangular matrix M’, and a strictly block upper triangular matrix M". This way, if no
self-loops are considered then it is the diagonal blocks that are null and not the individual
diagonal elements of M. The same obviously occurs for both M" and M”: M’ represents all
the feed-forward block connections in the considered node ordering, while M" represents
all feedback block connections. This approach leads to a scheme middle way between pure
explicit and pure implicit ones: using only known values (at time step t;) of the subsystems
output variables, i.e., y,, 11, for feed-forward edges (matrix M’) and y,, for feedback edges
(i.e., outputs not yet calculated at time step t,,11: matrix M"), the discretized version of the
matrix Equation (3b) becomes:

Vpi1 = MYui1+ My, 8)

Therefore, it is desired to partition the subsystems (i.e., the nodes of the graph repre-
senting the ISM) into sequential groups [56], each group containing the minimum number
of subsystems. Only feed forward of information exists from each group to the groups that
follow (or as many as possible whenever a not empty minimum feedback arc set exists, see
discussion below). With this partitioning, the equations of each group can be easily solved
simultaneously. The result is used to solve the equations of the following groups in the
selected ordering. A minimum number of subsystems is desired in each group because this
minimizes the number of equations that must be solved simultaneously. For complex ISM,
an algorithm [57,58] is necessary to accomplish the partitioning. No symbolic or other type
of manipulation is required.

The partitioning process is only the first step toward a solution and remains to solve
each partitioned group’s coupled equations. If feedbacks are not altogether cancelled, the
corresponding variables are such that it is possible to execute all the subsystems of the
group in the selected order if these variables had known values (e.g., from previous time
steps or from measured variables in the case of mixed simulation—-measurement real-time
system). If a group contains non-linear subsystem, then a definitive solution is not generally
possible, and iteration procedures must be used separately for each group to reduce the
computational effort. These groups can be considered the proper subsystems, while their
sub-subsystems become auxiliary ones (see the second example in Section 3.2). Solving ISM
without taking advantage of the structure of the equations of such interconnected systems
would become highly computationally inefficient. On the other hand, the smallest possible
set of variables should be chosen for each partitioned group to reduce the computational
effort. The choice of a minimum number of such variables can be shown as equivalent to a
common problem in the theory of directed graphs, determining a minimum feedback arc
set for each group graph. The following definitions, taken from D.H. Younger [59], will
help to make this identification:

e A feedback arc set is a set of arcs that leave the resultant graph circuit free if removed
for a directed graph.

e A feedback arc set is a minimum if no other feedback arc set for that graph consists of
a smaller number of arcs.

e  Asequential ordering R of a graph of N nodes is a permutation of the sequence1... N
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In general, a pure sequential evaluation of the above type (i.e., empty feedback arc
set) is possible only if the graph is free of directed loops. The sorting procedure should act
in two steps.

The first step is to partition the system graph nodes into groups as outlined above
whenever possible. A preliminary simplification of the system graph is possible, reducing
the complexity of the partitioning process: the source nodes and the arcs which leave them
(external inputs U) can never be iteration variables, as they represent known quantities.
Therefore, the source nodes can be considered as the first group of the partition. Similarly,
external outputs (e.g., “measured” outputs) can be considered the last group (sink nodes).
If possible, the partitioning procedure is applied to the subgraph, called the Reduced ISM
(RISM), obtained by deleting source and sink nodes from the original graph.

The second step consists of finding a minimum feedback arc set for each group (sources
and sinks not included) which determines a set of iteration variables for each group of
equations. Finally, if no partitioning is possible (i.e., there is only one group coincident
with the whole ISMs), the node ordering procedure outlined below is applied directly
to the RISM.

In regards to nodes ordering, D.H. Younger [59] shows that for any sequential ordering
R of the nodes of the graph, the removal of those arcs (i, j) for which R(i) > R(j) must
eliminate all directed loops, and if all these arcs are selected as iteration variables, then,
since no directed loops remain, the RISM can be evaluated in the order determined by R.
Hence, the chosen ordering determines the set of iteration variables. To find a minimum
number of such variables, it is therefore desired to find a sequential ordering R which
minimizes the number of arcs (i, j) for which R(i) > R(j). This is precisely the problem of
determining a minimum feedback arc set. Details can be found in D.H. Younger, 1963, but
also other and more efficient algorithms can be found in the literature (e.g., Ref. [60]), giving
sometimes optimal but often suboptimal ordering. The general problem is an NP-hard
problem [61]. Many suboptimal ordering algorithms have the great advantage of fast
execution even only directly proportional to N. The proposed method is analysed in detail
for LTI systems in the next paragraph.

2.3. The New Approach to Individual Subsystems Models: Linear Time-Invariant Systems and
State-Space Representation

The partitioning method outlined in the previous paragraph is now applied to LTI
systems; Equations (3a), (3b) and (4) can be written explicitly. To distinguish vectors from
matrices, we use uppercase letters for latter and lowercase letters for the former (e.g., x
instead of the X symbol used in the previous paragraph):

x = Ax + Bv + Pu, (9a)
y = Cx, (9b)
v = My, (9¢c)

where matrices A, B, and C are block diagonal, each block representing each subsystem
in the ISM: they can also depend on time and in this case the system is not autonomous,
making the discussion only more complicated. Matrix P represents the dependence of the
status vector x on the external input vector u. Moreover, the explicit dependence of internal
outputs y on internal inputs v and external inputs u has been neglected to simplify the fol-
lowing calculations without loss of generality, but it can be easily reintroduced (for example
for subsystems without ODEs but only algebraic input—output blocks: y; = Dj;u; + E;;v;
for the i-th subsystem). Regarding external outputs, they can be chosen without loss of
generality among the components of the internal output vector y.

Substituting the last two Equations (9b) and (9¢), into the first one (9a) we obtain the
following system of equations that can be solved by calculating x(t) as all the matrices and
external inputs u are known

x = Kx + Pu, (10)
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where the matrix K = A + BMC corresponds to the state transition matrix (precisely
for LTI systems, the state transition matrix is eKt). The system in Equation (10) is said
asymptotically stable (AS) if for each € > 0 there is d(¢) so that for u = 0 and a suitable
norm ||-|| we have

Ix(t)|| < & Yt >0
||x(0)|| <é= tli}me(t)H -0 (11)

The system is AS if and only if the real parts of the eigenvalues A(K) of matrix K are all
negative: A(K) < 0. If the sequence of discrete-time points ¢, is equally spaced (t, = nAt)
the discrete version of system 10 can be obtained approximating x as follows

. Xn+1 — Xn
~ S TR 12
x A (12)
where x,, = x(f,). With no loss of generality, other approximations may be used to improve
convergence, especially when dealing with stiff problems. Moreover, variable time steps
can also be used. There are different ways of treating 10: explicitly or implicitly [49]. Using
the Euler’s scheme, in the first case, we calculate the right side at time ¢, obtaining

Xpt1 = (I + AtK)xy, + AtPuy,. (13)

This scheme is stable if the most significant absolute value p(I + AtK) of the eigen-
values of the matrix I + AtK (the spectral radius) is less than one for AS systems when

2
At < ——. (14)
p(K)
In the second case (implicit scheme), we calculate the right side of system (10) at time
t,41 obtaining:

Xpg1 = (I — AK) 'ay + (I — AtK) ™ AtPuy,. (15)

Setting H™! = (I — AtK) ™!, the one-step discrete-time transition matrix, the stability
condition becomes p[H™1] < 1 and it is valid for any matrix K having Re[A(K)] < 0;
therefore, the scheme is unconditionally stable for AS systems. The above schemes do not
directly consider the structure of the system, and different procedures are generally used to
reduce the computational effort as described in the second paragraph of this paper. The
scheme sketched in the previous paragraph for non-linear systems that take advantage of
the sorting procedure is now considered. As said in the previous section about general
non-linear ISMs, Matrix M is the sum of a strictly block lower triangular matrix M’, and
a strictly block upper triangular matrix M”: M’ for all feed-forward connections in the
considered node ordering and M” all feedback connections.

When optimal (or sub optimal) ordering is obtained, M" is as sparse as possible (or
close enough), and a scheme middle way between pure explicit and pure implicit ones
can be outlined, this time starting from system (9). Matrix Equation (8) is repeated here
specialized for system (9)

On1 = M'Yni1 + My (16)

Therefore, Equation (9b) can be written at time ¢, using y, = Cx;,, and at time t,,1
using ¥, 4+1 = Cx;,41. Substituting these two conditions into (16), it becomes

vn+1 = M/an+1 + MN an. (17)

Finally, the discrete version of Equation (9a) (Implicit Euler’s scheme as regards the
proper terms):
Xp41 — Xn

AL Axyi1+ Bopiq + Puyyq (18)
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becomes . N
% = Ax,4q +BM'Cxyyqq + BM" Cxyy + Puyyq (19)
which is solved to obtain
Xpp1 = Hy Yy + (1= MK') " AtPuy 4 (20)

with Hy = (I + AtBM"C) '(I — AtK') and K’ = A + BM'C.

3. Results and Discussion

3.1. Stability of the Proposed Algorithm
The scheme in (20) is stable if two conditions are satisfied, one for each term (H; Ty,

and (I — AtK’ )_lAtPun+1) thatis on H !, the one-step state-to-state transition matrix, and

on (I — AtK") “IAtP, the input-to-state transition matrix:

o ol <1.

e K’ must have eigenvalues with negative real part; this means that each subsystem
must be stable, being K’ is the state transition matrix of the ISM with feedback edges
deleted. If any one of the subsystems is unstable and is stabilized using an output-

feedback stabilization method and deleting the corresponding feedback, the resulting
feed-forward-only system becomes unstable again.

As regards the first condition, matrix BM" C is the product of bock diagonal matrices
with M"”, a strictly upper block triangular matrix, giving a strictly upper block triangular
matrix; such matrix is nilpotent, (BM”C)" = 0, r is its rank. This property allows for
quickly calculating the inverse of I + AtBM" C:

(I+MtBM"C) ™ = 1+ Y1 (~1)'(AtBM"C)'. (21)
Using (21) in H; gives:

Hy = (I+AMBM"C) Y1 — AtK') =
= [ — AtK' — AtBM"C — APBM"CK' + [L1 7} (—1 )(AtBM”C)"](I—AtK/) =,

, 22
=1 — AHA+BM'C + BM"C) — APBM"CK’ + Y12} (—1)' (AtBM" C))(I — AtK) =, @)
=1—AtK+O0(A#),
and finally,
H; = H + O(Af). (23)

Therefore, the eigenvalues of the perturbed matrix Hj are a perturbed version of those of H
(Classic Euler implicit, Equation (13)), maintaining greater than one of their magnitudes
(therefore less than one the magnitude of the eigenvalues of H; 1) if the second-order per-
turbation is sufficiently small. In any case, Euler’s implicit method, from which comes the
method proposed here, is only of the first order and could be improved for accuracy reasons.
The step size Af should be anyway small enough to meet a certain error tolerance indepen-
dently of stability conditions. For stiff systems, higher accuracy can be achieved using a
higher-order methods and/or variable step size At; while still maintaining stability [62].

3.2. Numerical Tests on Linear Time-Invariant Individual System Models

As the first test, we consider a stable linear ISM made of five stable linear subsystems
connected as in Figure 2 where the subsystems (nodes) are numbered casually.
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Ys1

Vsi——

Vs) B5

Figure 2. Graphical scheme of the first LTT ISM tested: here, each subsystem is represented as a block
(B1... B5) as they correspond to the submatrices blocks in the system of equations.

There is only one external input (u) to subsystem B3 and only one external output
coinciding with the output y5; from subsystem B5. There are two best node orderings,
i.e., with the minimum feedback arc set: (B3, B1, B2, B4, and B5) and (B2, B4, B3, B5, and
B1). The first node ordering will be analysed in the next example. In any case, because
of the stability of all subsystems, the two ordering sets are equivalent. For now, let us
choose the second node ordering: the corresponding matrices of the ISM, modified after
nodes ordering, are shown below where each matrix has been partitioned into blocks, each
representing one subsystem according to the minimum-feedback-arc-set ordering;:

B2 B4 B3 B5 Bl u
6 275 —15 0 0 0 0 0 1
4 0 0 0 0 0 0 0 B2 0
0 1 0 0 0 0 0 0 0
A= 0 0 0 1 0 0 0 0 B4 = 0
0 0 0 0 -3 2 0 0 53 0
0 0 0 0 2 -3 0 0 0
0 0 0 0 0 0 -2 0 B5 0
0 0 0 0 0 0 0 -7 Bl 0
021 041 031 Us1 U52 011 012
4 0 0 0 0 0 0
0 0 0 0 0 0 0 B2
0 0 0 0 0 0 0
B= 0 1 0 0 0 0 0 B4
0 0 1 0 0 0 0
0 0 1 0 0 0 0 B3
0 0 0 1 -1 0 0 B5
0 0 0 0 0 1 ~1 Bl
Y21 Y2 Yn Y31 Y32 Y51 Y11
0 1 0 0 0 0 0
0 1 0 0 0 0 0
2.6875 1 0 0 0 0 0
C'= 0 0 1 0 0 0 0
0 0 0 1 2 0 0
0 0 0 -1 -1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
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0 0 0 0 0 0 1
0 1 0 0 0 0 0
M= 0 0 0 0 0 1 0
0 0 1 0 0 0 0 =
0 0 0 0 1 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
o 1 0 0 0 0 o o 0 0 0 0 o0 o0
o 0 0 0 0 0 o0 o 0 o0 0 0 1 0
-0 0 1 0 0 0 0 + 0 0 0 0o 0o 0 o
o 0o 0 0 1 0 0 O 0 0 0 0 0 0
o 0 o0 1 0 0 o o 0 0 0 0 0 o0
1 0 0 0 0 0 o0 O 0 0 0 0 0 o0
M’ + M
B2 B4 B3 B5 Bl
6 -275 -15 0 0 0 0 -4
1 0 0 o 0o 0 0 0 B
0 1 0 o 0o o0 o0 0
KeA+BMC= -1 -1 1 1 0o o0 0 o0 B4
0 0 0 0 -3 2 -1 0
0 0 0 0 > -3 -1 g B3
0 0 o -1 2 -1 -2 0 B
0 0 268755 0 -1 1 0 -7 Bl

As said, both subsystems and the whole ISM are asymptotically stable as the real
parts of the eigenvalues of matrix A (they coincide with the diagonal blocks” eigenvalues),
and those of matrix K are negative. Considering the solution scheme (20), matrix K’ has
negative-real-part eigenvalues and the magnitude of all the eigenvalues of H;" 1) is less than
one for sampling time At less than the most significant time constant of the original system.

A second example consists of a system very similar to the previous one but substituting
subsystem B2 with an unstable one:

B2 B4 B3 B5 Bl
-3 2 0 0 0 0 0 0
2 -3 0 0 0 0 0 0 B2
0 0 -7 0 0 —5.375 0 0
A= 0 0 4 —4 -1 3 0 0 B4
0 0 0 1 0 0 0 0 B3
0 0 0 0 2 0 0 0
0 0 0 0 0 0 -1 0 B5
0 0 0 0 0 0 0 -2 Bl

In this case, while the magnitude of all the eigenvalues of H~! is undoubtedly less
than one (the same occurs for H; ! for sampling time At < 0.151, that is the scheme that
is stable for any initial condition and At < 0.151), matrix K’ has one eigenvalue with the
positive real part; for any input u, the scheme becomes unstable. This is due, as said in the
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previous paragraph about matrix K’, to the fact that the only-feed-forward system (i.e., with
feedback arcs deleted) is unstable whenever we are involved with unstable subsystems. The
feedback from the output y,1 of subsystem B2 to input v1, of subsystem B1, and subsystem
Bl itself stabilizes system B2: deleting this feedback it becomes unstable. Nevertheless,
this is simply due to a modelling error: in fact, subsystems B1-B2 must be modelled as
a one-subsystem as shown in Figure 3: system B12 represents a proper subsystem while
subsystems B1 and B2 are only auxiliary ones used to simplify the graphical representation
of B12 but not necessary in the whole ISMs.

Figure 3. The graphical scheme of the proper subsystem B12 obtained joining the auxiliary subsystems
B1 and B2.

Inserting B12 in the ISM of Figure 2 instead of the couple B1-B2, the best ordering
becomes (B3, B12, B4, B5). Matrix A becomes

B3 B12 B4 B5
-3 2 0 0 0 0 0 0 B3
2 -3 0 0 0 0 0 0
0 0 -7 0 0 —5.375 0 0
Ao 0 0 4 —4 -1 3 0 0 BL2
B 0 0 0 1 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 0 -1 0 B4
0 0 0 0 0 0 0 -2 B5

It is easy to show that for this system, matrices K’ and Hfl satisfy the two
stability conditions.

The above results show how to effectively implement the proposed method both for
stable and stabilized linear systems assessing and validating it at the same time. In fact,
they represent a good canvas for any other kind of linear interconnected systems, especially
for more complex ones as proposed in the following study of a refrigeration plant with
heat recovery typically used in the food industry.

3.3. Study of an Industrial Refrigeration Plant

The studied process consists of a refrigeration plant, no matter the adopted process
(in this case vapour compression cycle) with thermal waste recovery; the used Cold Fluid
(e.g., glycol water, refrigerant, etc.) is refrigerated, sent to a cold process (e.g., a cold room,
liquid fluid heat exchanger, etc.), and recirculated in the refrigeration system. The whole
refrigeration plant consists of two main sections: a cold section (as briefly described above)
and a warm section corresponding to the higher temperature level of the thermodynamic
cycle. In this case, the cold section extracts heat from the Cold Process fluid (CPf) using
water for refrigeration temperatures above 0 °C. Depending on the choice made on the
thermodynamic cycle, the warm section must dissipate both the heat extracted from the cold
fluid and the compressor work-equivalent heat: this is the waste heat to be recovered. It can
be dissipated directly into the external environment through a fan coil unit or recovered
into a secondary warm/hot fluid (HF), mainly water (W) (e.g., water preheating in liquid
pasteurization as it is supposed consistently below 100 °C) used to heat the Hot Process
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fluid (HPf). Both the CPf and the HPf are stored in insulated Cold and Hot Water Tanks
(CWT, HWT). Moreover, warm water from RP and HP is stored in a Warm Water Tank
(WWT) and recirculated: a control algorithm is supposed to ensure that the temperature
Twr of the WWT is always below the temperature of the refrigerant entering the expansion
valve in the RP. As said the heat waste is used to pre-heat the warm fluid so an auxiliary
Boiler is needed between the water tank and a final hot process to rise the water temperature
to desired final temperature. In Figure 4, an outline of the chosen plant is shown with the
primary input-output variables, pipes and pumps included in the model description below.

Mypr
Tupgi

P mHPf
h THPfo

Myp
Thpi

MwTRPoO
Twrrpo

MRrpwTI
Trpwri

____________

Mcp

TrpEi Tcpo
Meps
TCPfo

Figure 4. Outline of the simulated plant.

External inputs:
e  Tr: the external environment temperature; it is repeated for all subsystems,
e ihyp £ and THp it flow rate and temperature of the HP fluid entering in the hot process,
e L: the power furnished to the refrigerant compressor in the refrigeration plant (remem-

ber that we are supposing a vapor compression cycle),
e Thcp # Tcpyit flow rate and temperature of the CP fluid entering in the cold process,

e 1icy,: the methane flow rate feeding the Boiler (B).

External outputs:

o Typ 1o flow rate and temperature of the HP fluid leaving the hot process,
e  Tcpfo: flow rate and temperature of the CP fluid leaving the cold process.

All the processes are interconnected through directed lines, representing mass and
energy flows. Thus, the whole plant can be represented as a directed graph where the
processes are the nodes and flows are the directed edges of the graph. Output pipes are
included in the model equations.

Moreover, all tanks (HWT, WWT, and CWT) are controlled such that the mass in each
tank remains constant during the whole process. When the hypothesis of constant level in
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the three tanks is removed, some of the process equations become non-linear Differential
Algebraic Equations (DAEs).

Now we are ready to assess equations and process variables for each subsystem
independently on how they are connected.

3.3.1. Mathematical Models of Each Machine in the Chosen Plant System
Boiler (B) and Corresponding Output Pipe

The water coming into the boiler from the WWT is heated by burning methane. The
governing equation is

nshsch, .

BoilerB : T, = (1 — 11pp) <TBl- + mCH4> +nppTE

Bitw
where mp, Tp; and Tp, are, respectively, the mass flow rates and the temperatures of the
water entering the boiler and leaving the output pipe, #pp is the pipe heat exchange
efficiency (the smallest possible if the pipe is well insulated; this is true for all pipes and the
same efficiency is used here), 77p is the boiler efficiency, hiscp, is the Lower Heating Value
(LHV) of methane, cy, is the specific heat of water, and Tf is the external temperature.

In terms of internal input v; = Tp;, external inputs uy = Tg and up = mcy,, and
output y; = T, (in this case there are no ODEs, so no state variable is needed; anyway is

(0)

useful to add a dummy constant state x; = x; %%, the above equations become:

Dummystateequation : x1 =0

h
’73. fCH, "

BoilerB : y1 = (1 —ypp)v1 + yppus + (1 — 1pp)
mpCw

Hot Process (HP) and Corresponding Hot Water Tank (HWT) and Output Pipe

In the HP, the HPf enters the process (we can think it as a heat exchanger even if here
it is not considered the heat transfer mechanism) and it is heated (transferred heat: Q Hp)
using the hot water coming from the Boiler. This water is, therefore, cooled (it resides
in HWT of total mass Mpp) and it leaves the HP going to the output pipe. The HWT
is considered a perfectly insulated tank (as well as the CWT, see below). The governing
equations are

dT, it it :
HP _ _ MHP ., THP Qup

HWT : = Torp: — ,
dt Mgp H Mgp HPi Mppcw

HP: UHmeHPfCHPf(THP - THPfi) = Qup = MypsCrps (THPfo - THPfi)/

HWT output plpe : Typo = (1 — 77PHP)THP +1pupTE,

where Q mp is the heat exchanged between the hot water and the HPf, mpp, Typ; and Typ,
are respectively the mass flow rate and the temperatures of the water entering the HP
and leaving the output pipe, Typ the temperature of the water leaving the HP (equal
to that of the water in the HWT) and entering the output pipe, myp f,cpupf, THppi and
Thpf, are respectively the mass flow rate, he specific heat and the temperatures of the HPf
entering and leaving the HP, 17pp the output pipe heat exchange efficiency, 7ypf the HP
heat exchanger efficiency.

In terms of state x, = Typ, internal input vp = Typ;, external inputs u; = Tr and

T
uz = Typs; and outputs y, = [ THP f 0] the above equations become

Po

(%]
Mppcyw

. CwMyp + MppsC i MpygpfC
HWT : iy = — | 1P THPfMHPfCHPf xp ot THP NHPfMHPf HPS
MHP MHpr
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HP: yo1 = nppgx2 + (1 - 77pr> us3.

HWT output pipe : yap = (1 — 7pyp)X2 + pgp1-

Warm Water Tank (WWT) and Corresponding Output Pipes

In the WWT (of total mass Myt and temperature TyyT), there are two streams of water,
respectively, on HP and RP sides; the water coming from the HP side is cooler than water in
the WT, so it is a cooling fluid for the WWT, while the water coming from the RP is warmer
than the water in the WWT, and it is a heating fluid for the WT. Differently from the HWT
and the CWT, the WWT is considered not perfectly insulated. The governing equations are

d(TWT) _ MEPWT ) RPWTz WTB _ MWTRPo UwrAwr _
WWT = L Tapwri + “Hife TReWTi — R Tw et Twr + st (Te = Twr) =
_ Cwltwrp+Coiwrrpe+UWTAWT HPWT KPWT: UwrAwr
Myyren Twr + Tapwri + “Mpr - IRPWTi + Ayree 1

- Twrpo = (1 — npwtB) Twt + 1pwTBTE
Output pipes .
prtpip {TWTRPO = (1 —ypwrrr) Twr + 1pwrrpTE

where mypwr, TupwTi and T, are respectively the mass flow rate and the temperatures
of the water entering the WWT and leaving the output pipe (Boiler and Hot Process side),
mrpwt, TrRpwTi and Trpwr, are respectively the mass flow rate and the temperatures of the
water entering the WWT and leaving output pipe (Refrigeration Plant side), #pwrp and
npwTRrp the heat exchange efficiencies of the two output pipes, Uyt and A the global
heat exchange coefficient and external surface of the WWT, respectivel.

THpWTI

In terms of state x3 = Ty, internal inputs v; = [
Trpwri

}, external input u; = Tg

T .
and outputs y3 = [ WTBo ] from the above equations become:
TwrrPo
. Co + cpm + UwrA m m j UwrA
WIWT : i3 = — [ Ce™WTB + CoWTRPo WTAWT ), | MHPWT o MIRPWTi,  DWTAWT,
Mwrcw Mwr Mwr Mwrcw

' == )X3 + pwTBI
Output pipes : 3 731 (1 —7pwrB)X3
ey {%2 = (1 — pwTRP)X3 + IPWTRPU1

Refrigeration Plant (RP) and Corresponding Output Pipe

In the RP, a vapor compression cycle is operated to refrigerate the water coming from
the CP. The heat transferred from water to the RP refrigerant (not specified here; the detailed
process is not considered here) and the work is furnished to the compression cycle heat in
the water coming from the WWT. The governing equations are

. 1+ COP) .
Condenser side : Trpco, = (1 — 17pc) (TRpCj + ()L) + 11pcTE.
MRpCCw
. COP .
Evaporator side : Trpgo, = (1 — pE) <TRPE,' — L) + 11peTE,
MRPECw

where mgpc, Trpci and Trpc, are respectively the mass flow rate and the temperatures of
the water entering the RP and leaving the output pipe (condenser side), mgpg, Trpg; and
TrpE, are respectively the mass flow rate and the temperatures of the water entering and
leaving the RP (evaporator side), 7pc and 77pr the heat exchange efficiencies of the output
pipes, COP the Coefficient of Production of the RP.
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Trpci

In terms of internal input vy = {
RPEi

], external inputs uy = Tr and uy = L and

TrPCo

T } (in this case there are no ODEs, so no state variable is needed; anyway,
RPEo

outputs y4 = [
it is useful to add a dummy constant state x4 = xflo)) from the above equations become

Dummy state equation : x4 = 0.

. 1+ COP
Condenser side : Y41 = (1 — pc)va1 + Mw + Ypcuq.
MRpCCw
. Ccop
Evaporator side : yap = (1 — yjpg)vap — — Uy + 1ppus.
MRPECw

Cold Process (CP) and Output Pipe

In the CP, the cold water refrigerates the CPf (transferred heat: QC p)- This water is,
therefore, heated (it resides in a tank of the total mass M¢cp and temperature T¢p) and it
leaves the CP going to the output pipe. The governing equations are

dTcp mcp mcp Qcp
cwr: &P _ _Mepq o MCPp
dt Mcp cp Mcp CPi

CP: WCmeCPfCPCPf<TCP - TCPfi) =—Qcp = mcPfCPcpf(Tcpfo - TCPfi>'

CWT output pipe : Tcp, = (1 —npcp)Tcp + 1pcpTE-

where mcp, Tcp; and Tcp, are, respectively, the mass flow rate and the temperatures of the
water entering the CP and leaving the output pipe (RP side), mcp #, Tcpfi and Tcpy, are
respectively the mass flow rate and the temperatures of the CPf entering and leaving the
CP (CPf side), n7pcp the output pipe heat exchange efficiency (RP side) and 7cps CP heat
exchanger efficiency (CPf side).

In terms of state x5 = Tcp, internal input vs = T¢p;, external inputs u; = T and

us = Tcpfi and outputs y5 = F;CPfu

] from the above equations become
CPo

. Ccwcp + cpfMepfCeps fcp HepFmepfecps
HWT = — .
" < Mcpcw B Mcp ot Mcpcw "

HP: ys51 = njcpsxs + (1 - UCPf> Us.

HWT output pipe : ysp = (1 —17pcp)Xs + 1pcpiiy.-

Solution of the Whole Process Equations

Another condition is generally hypothesized as the no-delay condition; pumps’ re-
sponse time is small compared with controlled parameters variation, and the work to
operate them is neglected. With the hypothesis above, we conclude that the flow rate does
not vary within each circuit, so we have mypwr = mwrp and mgrpwr; = MwTRrP, leading to

mygpwT = MwTrp = Mp = Myp = mg,

MRPWTi = MWTRPo = MRpC = Mw,

MRpE = MRpc = Wicp = Mc.
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Moreover, the presence of Algebraic Equations leads to the following system of DAEs:

x = Ax + Bv+ Pu
y=Cx~+Du+Evo,

v = My
where:
xio) T
Typ McH,
X = TWT u = THPfi ’
xz(lo) L
Tcp Tepyi
VAl TBo
U1 Ti Y21 THpfo
v Typi y» Trpo
v31 Tapwri Y31 Twrso
v= v | =|Trewri [V¥= | Y32 | = | Twrrpo
(8} Trpci ya Trpco
(2} TrpEi Ya2 TrPEo
U5 Tcpi Y51 Tcpfo
Y52 Tcpo

With the constant external input u, we have the following analytical solution
x =€ (xg+ K- 'Pu) — K~ 1Pyu
y=(I—EM) '(Cx+Du) ’

with:
K=A+BM(I—-EM)"'C
P, = P+BM(I — EM) 'D’

K contains two null rows and columns as two subsystems do not contain ODEs:

B1 B2 B3 B4 B5
0 0 0 0 0 Bl
0 _ <Cme+77PHmeHPfCHPf) mu(1—ypwrs) (1—1p5) 0 0 B2
Mppcyw HP
(1 ) mw(l—UPKvATRP)(l—UPC) o
- my(1—1pHp WT
K 0 Mwr ( Comp+comy+Unwr Awr ) 0 0 B3
Mwrcw

0 0 0 0 0 B4

mc(1—npcp)(1—1pE) _
0 0 0 0 | Mer B5

(Czumc+’7cpfmcpfccpf )

Mcpcw

To solve the system of DAEs, it must be reduced to a system of three ODEs in three
state variables (x, = Typ, Twt, Tcp). This is achieved by just deleting the null rows and
columns, but this is a small system, or by symbolic manipulation. Further manipulation
ensures that the 3 x 3 reduced matrix K, has negative real eigenvalues.

In Table 1, the values of all the constants used in the simulation are shown, while the
state variables have the same initial value: Typ = Twr = Tcp = 40 °C.
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Table 1. Constants used in the simulation.
Parameters Values Parameters Values
my 2kg/s Cw = CCpf = CHPf 4.187 kJ/kgK
My 2kg/s hfena 50,000 kJ /kg
e 2kg/s 1B = flcpy = NHPf 0.98
Mpyp 100 kg cor 3
MWT 50 kg TE 25°C
Mcp 200 kg MCH4 0.0001 kg/s

np 0.01 L 43 KW
UWT 0 kW/mzK AWT -

In this case, the explicit form of the analytical solution is

Trp = 6.03 — 23.31 ¢ 7000628 £ 4 6 (30 (—0.0637 ¢
x = { Tyr = 77.81 — 27.64 ¢~ 000628 t _ 70 17 o~0.0637 ¢
Tep = 19.19 + 30.81 ¢ 0005 ¢

3.3.2. Simulation Results

The simulation was executed using a time step At = 1 s, while the number of time

steps n; = 1800. Figure 5 shows the trend of the solutions (analytical and simulated),
respectively, for Typg, and Tcpy,

60 [ I T I I I
50 )
! 550
3} ==HP temperature (analytical) °§45
P } ==CP temperature (analytical) 2
® 40 HP temperature (simulation) 2 40 i
=2 == CP temperature (simulation) £
© — 35
o 0 50 100 150 200
Q30+ Time (s) &
£
[}
|_
20 -
10 | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800
Time (s)

Figure 5. Trend of the temperatures in the Hot and Cold Processes: analytical and simulated results
are compared.

It must be highlighted that the solution obtained with the proposed numerical tech-
nique is very close to the analytical one, even just a little less close to it if compared with the
fully implicit one The absolute error is less than 2% for Typf, and less than 0.5% for Tyr.

3.4. Performance Analysis

Now we are ready to compare the other methods (Full implicit and Full explicit
schemes) regarding stability conditions when unstable subsystems are present (but, of
course, stabilized by suitable feedback), the possibility of a block substitution, and the
possibility of choosing a particular node ordering in solving each subsystem.

In particular, we have seen that even if Full Implicit schemes are unconditionally
stable (see Table 2), they do not allow the substitution of a subsystem. We may wish to
substitute the unstable subsystem B2 of the second example in the previous paragraph,
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e.g., only modifying some internal parameters, with the stable system B2 of the first example.
However, this needs to change the iterative algorithm as it must consider all the equations
together that change at every substitution. A fully Explicit algorithm indeed allows both
node ordering (but with no preference for optimality) and block substitution as subsystems
are solved separately. However, it becomes unstable in the presence of unstable subsystems
as feedback is entirely cancelled. On the other hand, the proposed new method allows
both optimal (suboptimal) ordering, speeding up the solving algorithm if compared with
Full Implicit methods, and block substitution as done in the second example where the
two subsystems Bl and B2 are substituted with the block B12 without altering the global
solution algorithm.

Table 2. Comparative performance of the standard methods and the proposed new one.

Block Equation Further
Method Convergence Substitution Independency Manipulation
Full Implicit Yes NO NO Needed
Full Explicit Not Always Yes Yes Needed
New Yes Yes Yes Not Needed

Therefore, no symbolical manipulation is needed to obtain the state variables and
convert a DAE model into an iterative numerical model, nor to solve the system of DAEs
as a whole. As said the most common and effective approach consists in preliminary
determining an ordering in the subsystem’s execution. However, they are mainly based
on the system’s nature rather than on its structure. On the other hand, when dealing with
ISMs, the structure of the problem can be directly defined by its model graph, and this is
what is achieved with the proposed technique.

Finally, the following steps allow to schematize the procedure:

1. decompose the entire system into individual subsystems (all stable when studied
individually);

2. identify the status, input, and output variables of each single subsystem;

3.  model each individual subsystem, including an individual numerical solver;

4.  identify the connections between the output variables of each subsystem with the
input variables of other subsystems;

5. represent in a graph all the subsystems (nodes) and connections (arcs);

6.  search for the optimal (or suboptimal) order of the nodes of the graph;

solve each subsystem in the order identified, transferring the values of the output
variables to the input variables to which they are connected.

4. Conclusions

This paper presents a new method for dealing with the study and simulation of
Individual Subsystems Models (ISMs). It is based on different methods that, once joined
in a comprehensive framework, allow for a larger ISMs class than before. In particular,
the proposed method relies on the framework of the co-simulation approach but with
the novelty of integrating consolidated graph theory methods, such as the minimum
feedback set of a graph and the corresponding node ordering. This approach leads to
obtaining a sequential subsystem solving, regardless of the specific method used for each
subsystem, reducing the complexity of the whole system’s solver, and speeding up the
solving procedure thanks to the optimal (suboptimal) ordering of the subsystems solution.
Moreover, it is based only on the interconnections structure and not on the equations
themselves. First, the general procedure of the newly proposed method has been outlined,
then a stability condition was obtained for Linear Time-Invariant systems, and some
examples are shown.

In particular, not only a stable system has been analysed but also an only feed-forward
unstable system (i.e., with feedback arcs deleted) and this occurs whenever we are in-
volved with stabilized unstable subsystems; feedback arcs stabilize these kinds of systems.
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Moreover, it was also simulated a refrigeration plant with a vapour compression cycle and
thermal waste recovery using also an intermediate warm water tank, all typical of food
industry processes. In this case the result of applying the proposed numerical technique
gives a solution very close to the analytical one with an absolute error less than 2% for
the temperature of the hot process side and 0.5% for the temperature of the warm water
in the tank.

Future research should address two different objectives. Firstly, a more general stability
condition should be searched for non-linear or quasi-nonlinear systems. Secondly, a new
simulation framework could be developed where the proposed method can be embedded.
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