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Diapycnal mixing in western boundary currents 

J. L. Pelegrf • and G. T. Csanady 
Center for Coastal Physical Oceanography, Old Dominion University, Norfolk, Virginia 

Abstract. In a previous study (Pelegr/and Csanady, 1991) we found upward 
entrainment and two-way exchange between the upper thermocline and surface 
layers of the Gulf Stream. Here we use isopycnic coordinates to analyze the 
mechanism of diapycnal shear-induced mixing in western boundary currents. A 
hydrographic section across the Gulf Stream off the Mid-Atlantic Bight is used for 
a case study. It shows that the upper thermocline layers of the Gulf Stream are 
characterized by relatively small (16 m averaged) gradient Richardson numbers, 
Ri. Analysis of the Jacobian, J = Oz/Op (with z the depth and p the potential 
density), total vorticity and potential vorticity fields shows that this region has 
low Jacobian values associated with high values of potential vorticity, as required 
theoretically for the case of dominant diapycnal mixing. The density tendency, 
wp = Dp/Dt, is calculated from the vertical gradient of the Reynolds density flux, 
the latter parameterized as density eddy diffusivity divided by the Jacobian. We 
use Munk and Anderson's (1948) expression for the eddy diffusivity coefficient, 
modified to conform to data of Ueda et al. (1981), maintaining a Ri -3/2 dependence 
for large Ri. From this we obtain an explicit expression for wp in terms of the 
Ri and J distributions. The distributions of wp, its diapycnal gradient, (•Wp/t•p, 
and the diapycnal velocity, wa = Jwp, are then calculated. Regions of high 
diapycnal convergence (large negative (•Wp/t•p values) coincide with the location of 
anomalously low Jacobians, in agreement with the idea that diapycnal mixing is 
the consequence of anomalies produced during frontogenesis in some phase of the 
meanders. We suggest that this process, taking place intermittently in space and 
time, is responsible for two-way exchange in western boundary currents. 

1. Introduction 

Analytical models of thermocline circulation due to 
Rhines and Young [1982], Luylen et al. [1983], and oth- 
ers have provided much insight into how the interior 
of subtropical gyres works. However, the dynamics of 
the crucial western end of these gyres remains obscure. 
The rise of the thermocline near the western boundary, 
the separation of the current from the coast, or its ad- 
justment to the increasing planetary vorticity have not 
been fully accounted for. An understanding of the dis- 
sipation mechanisms involved is necessary to produce 
fully realistic models of the subtropical gyres. Apart 
from their crucial dynamical role, boundary currents 
transport a vast amount of heat poleward, as well as a 
large load of nutrients, two important factors in climate 
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and in the global biogeochemical cycle. In this paper we 
examine diapycnal mixing and show that it is probably 
one of the important dissipation mechanisms in western 
boundary currents. 

In a previous paper [Pelegrl and Csanady, 1991] (here- 
inafter PC) we analyzed water and nutrient transport 
along nine isopycnal layers in five hydrographic sections 
across the Gulf Stream. There we documented a nutri- 

ent stream associated with the upper thermocline layers 
of the Gulf Stream (26.5 < err < 27.3), which transports 
some 10 a kmol s -• of nitrate and proportional amounts 
of other nutrients. A two-box model for the region be- 
tween the Florida Straits and the Mid-Atlantic Bight 
showed inflow from the surface (at < 26.8) and thermo- 
cline (26.8 < at < 27.5) layers of the interior subtropical 
gyre at rates of 12 and 15 Sv, respectively. Addition- 
ally, we found significant upward entrainment and two- 
way exchange between these layers, both of about 2.4 
Sv. These values correspond to overall upward entrain- 
ment and two-way exchange rates (per unit length of 
the stream) of about 1.6 m 2 s -i, or mixing coefficients 
of 2 x 10 -3 m s -1 over a stream 80 km wide. 

From an analysis of data on the formation and dis- 
appearance of the Mid-Atlantic Bight slopewater pyc- 
nostad, Csanady and Hamilton [1988] estimated a mean 
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upwelling rate on the cyclonic side of the Gulf Stream 
of about 4 m 2 s -i per unit length. Csanady [1989] 
related western boundary upwelling to energy dissipa- 
tion in ocean gyres and postulated that it is effected 
through Reynolds mass flux (correlation between layer 
depth and cross-stream velocity). Our estimate in PC 
for the overall rate of upward entrainment plus two-way 
exchange between the upper thermocline and surface 
layers, 3.2 m 2 s -1, is similar to Csanady and Hamil- 
ton's [1988] estimate for western boundary upwelling. 
A connection between them seems likely: The supply 
for both upward entrainment and upwelling into the 
coastal waters must necessarily come from the upper 
thermocline layers, joining the Gulf Stream between the 
Florida Straits and the Mid-Atlantic Bight at a rate of 
some 10 m 2 s -1 per unit length. 

Diapycnal mixing in western boundary currents has 
received little attention in the literature. Gregg and 
Sanford [1980] analyzed several profiles of temperature 
and velocity shear in the Gulf Stream and concluded 
that shear-induced mixing was possible, although they 
thought it was probably less important than thermoha- 
line intrusions. $tommel's [1965] early monograph on 
the Gulf Stream is the only reference, to our knowl- 
edge, where diapycnal mixing is considered as a likely 
phenomenon for the Gulf Stream. Talking in terms of 
the internal Froude number (the square of the inverse 
bulk Richardson number), he showed that a simple po- 
tential vorticity conserving model allows supercritical 
Froude numbers. Here we will endorse the concept that 
diapycnal mixing in the Gulf Stream may have local 
values high enough to modify the distribution of isopy- 
cnals height and other dynamical quantities, such as the 
isopycnic potential vorticity. 

Isopycnic coordinates, with potential density p used 
as the vertical coordinate, are the natural framework for 
studying diapycnal mixing. In this framework we review 
the kinematics of diapycnal mixing and the equations 
of motion in isopycnic coordinates in the presence of 
diapycnal mixing. The JacobJan of the transformation 
from Cartesian to isopycnic coordinates, J = Oz/Op, is 
an important parameter in this analysis. We investigate 
conditions necessary for the material tendency of the 
JacobJan, and for potential vorticity, to be controlled 
by diapycnal divergence/convergence. 

The theory is tested with data from a Gulf Stream 
hydrographic section off the Mid-Atlantic Bight. We 
examine several pieces of evidence, such as the distri- 
bution of the Richardson number, indicative of shear 
mixing in the Gulf Stream. Next, we look at the dis- 
tribution of the JacobJan, total vorticity, and poten- 
tial vorticity in isopycnic coordinates. We show that 
the upper thermocline is the locus of low JacobJan val- 
ues responsible for associated high values of potential 
vorticity. We argue that in these conditions diapycnal 
transfer is dominant, so that both the mass conserva- 
tion and potential vorticity equations reduce to simple 
forms. Assuming that diapycnal transfer is the result 
of shear-induced small-scale instabilities, we relate it to 
the gradient Richardson number and the local JacobJan. 
We show that regions with small JacobJan (large poten- 

tial vorticity) values imply large diapycnal convergence 
that tends to eliminate these anomalies. This leads us 

to the view that diapycnal mixing is the consequence of 
local anomalies produced during frontogenesis in Gulf 
Stream meanders. We end by comparing our results 
with analogous observations in the upper level atmo- 
spheric jet stream. 

2. Density Tendency and Diapycnal 
Velocity 

How do local instabilities and mixing develop? In 
this and the next section we seek an answer with the 

help of the mass, momentum, and vorticity equations in 
isopycnic coordinates, in the presence of diapycnal mass 
transfer. As a first step, in this section we will define 
what we mean by "time-mean" density surfaces and we 
will show how to estimate the corresponding diapycnal 
velocities. Before doing so, however, a few clarifications 
about terminology will follow. 

In oceanographic literature "entrainment velocity" 
refers to the rate of vertical transfer across a sharp 
interface separating two layers of water (see reviews 
by Turner [1973, 1986] and Fernando [1991]). This 
nomenclature can be easily generalized to a continu- 
ously stratified flow, with transfer taking place between 
adjacent layers of different density, or isopycnal layers 
[e.g., Csanady, 1990]. McDougall [1984] initially intro- 
duced the concepts of "diapycnal" and "dianeutral ve- 
locities" as those normal to the isopycnal and neutral 
surfaces, respectively. In subsequent work, McDougall 
[19874, b, 1988] redefined his system of reference in such 
a way that it is equivalent to the isopycnic (or isoneu- 
tral) system of reference, with lateral distances mea- 
sured on the horizontal plane projection and motion 
through isopycnals (or neutral surfaces) being in the 
vertical direction; McDougall [1988] pointed out that 
the difference between the diapycnal velocity in the ver- 
tical direction and its value in the direction normal to 

the isopycnal is, in most cases, negligible. In the isopyc- 
nic reference system, however, it turns out that the def- 
initions for entrainment velocity and diapycnal velocity 
are equivalent. Here because of the common usage of 
entrainment velocity for two-layer flow, we will follow 
the "diapycnal velocity" terminology. 

The diapycnal velocity is indeed a velocity, i.e., it 
gives the material rate of change of position. In isopyc- 
nic coordinates it is convenient to introduce the material 

rate of change of density, which we will call "density 
tendency", and has units of density over time. (This 
name is anologous to "pressure tendency", sometimes 
employed in meteorology when using isobaric coordi- 
nates. An alternative choice would be "isopycnic verti- 
cal velocity", analogous to the meteorological language 
of "isobaric vertical velocity", but we will avoid it be- 
cause it implies units of velocity. Still another possibil- 
ity would be to use "diabatic density rate", similar to 
"diabatic heating rate" which is sometimes used in isen- 
tropic coordinates. This name, however, suggests that 
the density changes due to heating processes, which are 
only important in the atmosphere or uppermost ocean, 
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rather than due to actual cross-isopycnal mass transfer 
processes). We will show in this section that the den- 
sity tendency and diapycnal velocity are directly related 
(through the Jacobian), as we should expect when con- 
sidering that water entrained from one isopycnal layer 
into another must change its density. 

In this paper we will ignore any differences between 
neutral and isopycnal surfaces. In our region of interest 
(the upper thermocline of western boundary currents) 
these differences are smdll due to the proximity of the 
(surface) reference pressure level and the relatively large 
stratification. An estimate for the difference between 

these surfaces across the Gulf Stream, obtained with 
the method suggested by McDougall [1987b, p. 1962], 
is of about 2 m. We will see that this height is much 
smaller than the relevant vertical scales for diapycnal 
mixing. 

2.1. The "Mean" Density Tendency and Diapy- 
cnal Velocity 

In the Cartesian (x,y,z) system, with velocity com- 
ponents (u, v, w), we can define the instantaneous den- 
sity tendency as 

having assumed incompressibility. The (mean) turbu- 
lent density flux vector, or Reynolds density flux, has 

components •' - (I•, l•y, •'z) - (u'p t, vtp t, wtpt). In the 
atmosphere the vertical density flux may be due both to 
diabatic heating (latent heat release and radiation flux 
divergence) and mixing, but in the ocean (except in the 
uppermost 10 rn or so) the contribution from diabatic 
heating (or cooling) is negligible. 

The density tendency, wp, defined in the isopycnic 
system (x,y,p), can be further related to the vertical 
velocity, w, in the vertical coordinate (x, y,z) system, 
as follows 

Oz Oz Oz Oz 

w - •- + U •x + V •yy + Wp •pp ' (4) 
In the long-time mean systems, z t - 0 and wo 
an equivalent relation holds 

--- 
d• 0• d• 

= 

+ •p•-• 
(5) 

Dp Op Op Op Op 
- - + + + , 

where D/Dr - O/Or + u O/Ox + v O/Oy + w O/Oz is the 
material change operator in Cartesian coordinates. 

The mass conservation equation in Cartesian coordi- 
nates is 

O(vp) O(wp) Op O(.p) + + = o (2) 0'-•' + Ox Oy Oz ' 
In an incompressible fluid this equation is equivalent to 

It is reasonable to suppose that the timescale of in- 
stabilities developing in regions of significant mixing 
is much shorter than the timescale of significan[ dis- 
placements of the boundary current. Over the latter 
timescale, the fast unstable motions may be regarded 
as turbulence, giving rise to the conventional Reynolds 
fluxes of density. In this conceptual framework, the 
slowly changing "mean" density field /5 is viewed as 
the stochastic average over a large number of realiza- 
tions, or more practically, a time mean taken over the 
long-time scale. Fast motions distorting a given density 
isopleth, p, are removed by time-averaging the depths 
taken by that isopleth over the long-time scale, for each 
x and y, to give •- z(x,y, p- •). 

With this conceptual model in mind, we decompose 
the density and velocity fields into fast (prime) and slow 
(tilde) motions: p- •+pt, u- 5+u t, v - •+v t, 
w = • + w t. Taking the mean over the long-time scale, 
the mass conservation equation becomes 

where D/Dr - O/Or + • O/Ox + • O/Oy + • 0/0•, ex- 
presses the material change as seen from the long-time 
mean isopycnic coordinate system. The contributions 
to the mean vertical velocity are d:•/dt - (O/Or + 
• O/Ox + • O/Oy) :•, which is the result of the local 
vertical motion, of the mean isopycnals plus the ver- 
tical comp•onent of motion along these surfaces, and 
•a - •pJ = •p 0•/0fi, which is the mean diapycnal 
velocity. This last velocity is directly related with the 
mean density tendency (or Reynolds density flux di- 
vergence) through the mean Jacobian; physically, this 
may be interpreted as the rate of density change due to 
cross-isopycnal displacements in a "mean" density sys- 
tem of reference. Notice that (5) is the relation for the 
"entrainment velocity" commonly used in mixed-layer 
models [e.g., deSzoeke, 1980; Csanady, 1989, 1990]; for 
steady state it corresponds to (10) in McDougall [1988]. 

Hereinafter, except where indicated, the isopycnal 
surfaces and diapycnal velocities will always correspond 
to the above discussed "mean" values (for clarity, hence- 
forth we drop tildes). Additionally, and since we are do- 
ing our analysis in isopycnic coordinates, we will refer 
to the vertical isopycnic gradient simply as a diapyc- 
nal gradient and to any along-isopycnal gradient as an 
epipycnal gradient. In particular, we will call diapycnal 
shear to the diapycnal gradient of the horizontal veloc- 
ity, Ov/Op, and diapycnal divergence (convergence) to 
the diapycnal gradient of the density tendency, Owf/Op. 
Finally, when referring to "overall" quantities, a much 
longer time average (over many long-time scales) will 
be implied. 

p )] 
(3) 

2.2. Estimating the Density Tendency 

In connection with surface mixed-layer deepening, a 
plethora of models have been proposed in the literature 
for calculating the diapycnal (or entrainment) veloc- 
ity (see reviews by Zilitinkcvich ½! al. [1979], Deardorff 
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[1983], Gaspar [1988], and Fernando [1991]). In these 
models Wd is often calculated from the buoyancy flux 
term in the turbulence kinetic energy equation. The 
leading terms in that equation are turbulent energy pro- 
duction and dissipation, while the buoyancy flux is typ- 
ically about 3% of these terms. A relatively small error 
in the prediction of the leading terms therefore trans- 
lates into a large error for the buoyancy flux, and for 
the diapycnal velocities. Fernando [1991] summarized 
laboratory and field data on entrainment in stratified 
shear flows and showed that the observations do not 

support the models. 
Our results in PC pointed at the existence of two pro- 

cesses responsible for overall water exchange between 
the upper thermocline and surface strata of the Gulf 
Stream. The first process, upward entrainment, is re- 
sponsible for the transfer of water and properties from 
the upper thermocline into the surface stratum. The 
second process, two-w ay exchange between both strata, 
has no net mass transfer but it has net exchange of prop- 
erties. The density tendency, which must be responsible 
for both processes, may b e expressed as the divergence 
of the Reynolds density flux (equation (3)). The pre- 
ponderance of one process or another is the result of the 
temporal and spatial variation of the Reynolds density 
flux. 

The Reynolds density flux vector, F, is perpendic- 
ular to the "mean" isopycnals. The relatively small 
slope of the isopycnals allows us to approximate F by 
its vertical component, Fz = w'p', and its divergence 
by V'. F _• OFz/Oz. With this approximation we can 
make estimates of the density tendency using a first- 
order closure model similar to Munk and Anderson's 

[1948]. Fz is parameterized using a spatially varying 
vertical density eddy diffusivity, K: 

0p 
Therefore (3) becomes 

wp - Oz - -- 
i OK 02p 1 OK K OJ 

w• _• • 0-5- + •c Oz- w= • Op • 0• (Z) 
The diapycnal velocity is related to the density ten- 
dency by wd- Jwp (equation (5)). 

This expression may be compared with McDougaffs 
[1988, equation (70)] result for the diapycnal velocity 
in a neutral reference system. McDougall's expres- 
sion contains a number of additional terms arising from 
thermobaricity and cabbeling, plus epineutral mixing. 
For relatively shallow neutral surfaces in the North At- 
lantic, at levels of about 600 m, McDougall [1987a] esti- 
mated the joint effect of thermobaricity and cabbeling 
to be of -0.2 X 10 -7 rn s -1. These contributions are 

neglected by comparison with the estimates obtained 
in section 4.3 using (7). Additionally, the small dif- 
ferences between neutral and isopycnal surfaces in the 
upper thermocline of the Gulf Stream allows us to ne- 
glect any epineutral contribution, to the same order of 

accuracy with which we omit the epipycnal Reynolds 
density fluxes. 

McDougall's [i988] expression for the diapycnal ve- 
locity still contains two additional nonlinear terms, K(& 
0• -/}$•), where subindexes indicate derivatives, .0 
is potential temperature, $ is salinity, and & and /• 
are the thermal expansion and saline contraction co- 
efficients evaluated at the reference pressure p = pt. 
Following McDougall and You [1990, equation (17)], we 
can take account of these contributions and approxi- 
mate the equation for the density tendency as 

0-7 0& a 
where we have ignored the cabbeling and thermobaric 
terms, as well as any epineutral fluxes. McDougall and 
You [1990] showed that the contribution of the last term 
in (8) may be important in much of the Atlantic Ocean. 
We may estimate the maximum contribution of this 
term using O&/OO _• 10-5øC-2, and the following maxi- 
mum values from our case study (a hydrographic section 
across the Gulf Stream)' O0/Oz ~ 10 -2 - 10 -1 øC m -1 
(see Figures 3 and 14) and K •_ i0 -5 m 2 s -• (section 
4.1). This gives a value of 10 -lø - 10 -9 kg m -a s -1, 
which is several times smaller than the maximum con- 

tribution from the term retained in (7) (section 4.3), 
and it will be neglected. 

Equation (7) shows that the density tendency may be 
thOUght of as arising from two terms: the vertical vari- 
ation of eddy d.iffusivity and uneven vertical distances 
between isopycnals equally spaced in er0 space. The 
first term generates a density tendency in the direction 
of decreasing K (recall that J is negative), or equiva- 
lently, a diapycnal velocity in the direction of increasing 
K (as discussed further by Csanady [1990]). This agrees 
with the empirical findings that entrainment takes place 
in the direction of increasing turbulence [Turner, 1973, 
1986]. The second contribution, which depends linearly 
on K, is due to continuity of vertical mass transfer, and 
differs from zero whenever the j acobian changes with 
depth. 

Gatgert [1984] reviewed the various methods employed 
in the literature to estimate K and concluded that the 

most accurate and consistent representation portrays 
K as a decreasing function of the Vaisala frequency, N 
[N • - (g/p)(Op/Oz) - g/(pJ)]. Sarmiento et al. [1976], 
using radon profiles near the ocean floor, estimated K 
to be inversely proportional to N. Svensson [1980], us- 
ing budget models with conservative tracers for a wide 
variety of estuarine and oceanic situations,, estimated 
this dependence to be K cr N -1'2. Armi [1979] exam- 
ined the effects of epipycnal gradients on eddy diffu- 
sivity in a vertical advective-diffusive equation for den- 
sity. He pointed out that the epipycnal gradients in K 
play the role of a horizontal advective velocity and used 
the assumptions of dominant boundary mixing and zero 
vertical velocity to obtain a dependence of the form 
K cr N -2. This result showed good agreement with 
observations at middepths. We note that such a rela- 
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tionship between K and N arises directly from (7) for 
the case of zero diapycnal velocity (no vertical gradients 
in w'p'). This situation is to be expected at middepths 
in the ocean, away from sources or sinks of turbulence, 
and for negligible shear. In this case (7) becomes 

i OK i OJ 
=o, (9) 

K Op J Op 

which results in Armi's dependence, 

cg 

K-c J- pN 2 ' (10) 
where c is a constant of integration. 

A dependence of K on N alone may only be valid 
for oceanic regions with negligible shear. In general, 
K will depend both on external sources of turbulence 
and on the dynamical stability of the flow. To model 
shear-induced instability in stratified flow, the eddy dif- 
fusivity is expressed' in terms of the (gradient) Richard- 
son number, Ri. In the meteorological literature there 
have been many suggestions of such a functional form 
for K. In oceanography, one early ansatz was Munk 
and Anderson's [1948] relationship of the form K - 
K0(1 + l•Ri) -a/2, with • 10/3, and K0 the density 
eddy diffusivity in neutral conditions. In the late 1970s, 
studies by James [1977, 1978], Kao et al. [1977], Hamil- 
ton and Rattray [1978], and Foo [1981] all employed this 
kind of parameterization. 

From the depth and geostrophic velocity distributions 
we can estimate Ri as follows: 

Ri - g oz gJ 
P(øV 2 - (øv) 2 (11) •7) P •7 

A number of theoretical investigations have shown the 
existence of a critical Ri value, Ric, below which mixing 
is supposed to develop. The value of Ric depends on the 
flow under consideration but ranges from zero to 0.25, 
the latter value applying to unbounded parallel shear 
flow (for reviews see Miles [1986] and Fernando [1991]). 
Our case study (section 4) will show an example where 
Ri attains a minimum in the upper thermocline layers 
of the Gulf Stream and will suggest the likelihood of 
small-scale turbulence developing due to hydrodynamic 
instability in stratified shear fiow[ 

The first equality in (11) defines Ri in Cartesian co- 
ordinates, the second its equivalent in is0pycnic coordi- 
nates. The second definition shows that Ri diminishes 

with J (isopycnals close together) and with increasing 
diapycnal shear. This is contrary t0the intuitive idea 
that Ri should increase with stratification (decreasing 
J). The key factor is the velocity gradient: if the di- 
apycnal shear remains constant the Richardson number 
will decrease with increasing stratification. 

Peters et al. [1988], in a study of the equatorial under- 
current (where the shear is • strong), found two different 
regimes of K dependence on 'trli. In the low Ri regime 
(Ri < 0.3), they found a nearly catastrophic decrease of 
K with Ri (K ~ Ri-9). Such a relation is very appeal- 
ing because it conforms to the theoretical critical Ri 

criterion. At higher Ri their K(Ri) dependence closely 
resembles the Munk-Anderson formula. The work of 

Peters et al. [1988] is a remarkable pioneering investi- 
gation, but the authors warn that their indirect method 
of flux determination undermines the accuracy of the 
results. 

For stratified flows with strong shear the comprehen- 
sive empirical study by Ueda et al. [1981] seems to of- 
fer a good basis for specifying the K(Ri) relationship. 
Ueda et al. used observations in the atmospheric bound- 
ary layer above the surface layer, as well as data of 
Komori et al. [1983] for stratified open-channel flow. 
Figure 1, modified from Ueda et al. [1981], shows the 
variation of the ratio KH/KHo with Ri, where KH is 
the heat diffusivity and KHO is the heat diffusivity in 
neutral conditions. The data points are from direct 
measurements in the atmospheric boundary layer, the 
different symbols indicating the distance above the sur- 
face. The dotted line represents an interpolation for- 
mula derived by Ueda et al. [1981] from the laboratory 
data of Komori et al. [1983]. The formula is a modifi- 
cation of Ellisoh'S [1957] suggestion for the relation be- 
tween vertical eddy diffusivity and eddy viscosity. Ueda 
et al. [1981] state that their results are consistent with 
Deardorffs [1967], taken far from the surface, where di- 
rect boundary effects are not important. 

Ueda et al. [1981] suggest that for large Ri the ratio 
KH/KHo decreases approximately as Ri -•. However, 
we have plotted over this figure Munk and Anderson's 
[1948] relation, both with /? - 10/3 (dashed line), as 
they suggested, and with /? - 10 (solid line). The 
/• - 10/3 value indeed gives too small a decrease of 
the ratio KH/KHo with Ri, but the value •3- 10 gives 
an approximation to the data which is as good as the 
one proposed by Ueda et al. [1981]. Since considerable 
evidence indicates that for large Ri the eddy diffusiv- 
ity should decrease as Ri -a/2 [Turner, 1986], we have 
chosen this Ri dependence. Hence assuming that the 
heat and salt eddy diffusivity are the same and equal to 
the density eddy diffusivity K, we obtain the following 
parameterization in terms of Ri and the density eddy 
diffusivity in neutral conditions K0' '• 

K - Ko(1 + 10Ri) -a/• (12) 

With this result, (7) for the density tendency becomes 

-K0 [ 15J ORi wp - ja(1 + 10Ri)a/•' (1 + 10Ri) Op +•pp ' (13) 
We now need an estimate for K0. In their pioneering 

study, Munk and Anderson [1948] employed unrealisti- 
cally high K0 values, as large as 0.1 m • s -•. A great 
deal of variation, however, still characterizes K values 
recently reported in the literature. Review papers by 
Mourn and Osborn [1986], Eriksen [1987], Gibson [1987] 
and Gregg [1987] quote K values ranging from 10 -6 to 
10 -4 m • s -•. Hopfinger [1987], in another review, has 
the upper bound as 10 -3 m • s -•. 

Gregg and Sanford [1980] estimated maximum K val- 
ues consistently below 10 -4 m 2 s- • for the Sargasso Sea, 
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Figure 1. Variation of the ratio KH/KHo with Richardson number. Data reported by Ueda et 
al. [1981] for the atmospheric boundary layer are shown. The dotted line is Ueda et al.'s [1981] 
interpolation formula for laboratory data of Komori et al. [1983]. The d•hed and solid lines 
correspond to Munk and Anderson's [1948] expression with/•- 10/3 and 10, respectively. 

and one order of magnitude smaller in the Gulf Stream. 
Hogg et al. [1982] obtained, for the deep ocean, K _• 3- 
4 x 10 -4 m 2 s -•. Lietzke and Letman [1975] and Sme- 
thie [1980], for small embayments, found K _• 4 x 10 -4 
m • s -•. Gatgert [1984] summarized a number of studies 
that give values as large as 10 -3 m • s -1. However, her 
best estimate was K ~ 2- 3 x 10 -4 m • s -• for the -- , 

depth range of 4 - 5 km. 
The eddy diffusivity at Ri-critical conditions has to 

be close to the maximum K values reported. Accord- 
ingly, we have chosen K0 - 2.6 x 10 -3 m • s -•. Using 
this value in (12) we obtain K(Ri- 0.25) - 4 x 10 -4 
m 2 s -1 ' 

3. Isopycnic Equations With Diapycnal 
Mixing 

We consider now the governing equations in isopyc- 
nic coordinates, in the presence of a mean density ten- 
dency, wp. A standard reference from the meteorologi- 
cal literature is Dution's [1976], who discussed some of 
these equations in isentropic coordinates. Other impor- 
tant works are Bleck's [1978, 1979, 1985] and Johnson's 
[1980] analyses in generalized coordinates. In the last 
two decades Rainier B leck and his collaborators have 
discussed and numerically solved the governing equa- 
tions for a number of oceanographic applications [e.g., 
Bleck and Boudra, 1986; Bleck et al., 1988]). To the au- 
thors' knowledge, however, there is no comprehensive 
analysis on the possible role o f density tendency in an 

isopycnic coordinate system of reference. This absence, 
we believe, warrants the space dedicated to the follow- 
ing analysis. We will show that large enough diapycnal 
convergence or divergence can control the separation 
between isopycnal layers, drive the potential vorticity 
balance, and cause instability and mixing. 

3.1. Mass and Momentum Equations 

To obtain the dynamical equations, we write down 
the mass and momentum balances in a fluid element of 

sides dx, dy and Jdp. Consistency with the discussion 
in section 2.1 dictates the use of "mean" isopycnals, 
but according to our convention there we have dropped 
tildes. The resulting equations are 

O(Ju) O(Ju •) O(Juv) i O(pJuwp) 
+ •+ +- -fJv 

Ot Oz Oy p Op 

_ l[0(Jp) 0 Oz --• Ox + •pp(P•zz )] +JA' (14) 

O(:v) 
Ot 

O(Juv) O(Jv •) 10(pJvwp) + [ + fJu 
Oz Oy p Op 

_ l[O(Jp) + 0 Oz - -• Oy •pp (p•y)] + JB , (15) 

Op + pJg - O, (16) 
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O(pJwp) OJ O(Ju) O(Jv) I = C . (17) Ot • Ox I Oy p Op 
A and B are the resultant horizontal components of 
all dissipative forces, including Reynolds stresses and 
molecular friction, and C is the result of the horizontal 
Reynolds mass fluxes. In these equations all deriva- 
tives are taken along isopycnals, i.e., with the density 
p constant. Equations (14) and (15) are the horizontal 
momentum equations, (16) is the hydrostatic equation, 
and (17) is the mass conservation equation. These equa- 
tions differ from the nondiffusive case [Csanady, 1989] 
due to the presence of terms A and B, and of those 
containing wp. 

Dividing through by J and using the mass conserva- 
tion equation, the horizontal momentum balances can 
be rewritten in their "acceleration" form as 

du Ou O0 

dt + wp •p Iv- Ox + A ' (18) 
dv Ov O0 
d-• + wp•pp + fu - Oy + B' (19) 

with the potential qb defined as 

(•-- P-+gz. 
P 

(20) 

Following common usage •b will be called the Mont- 
gomery potential, despite it is not the potential orig- 
inally derived by Montgomery [1937] in a specific vol- 
ume anomaly surface. As a reviewer pointed out, •b is 
an exact stream function for the geostrophic velocity 
only along in situ density surfaces (recall that p stands 
for potential density and isopycnals are surfaces of con- 
stant p). McDougall [1989] and Zhang and Hogg [1992] 
have shown that there are no exact stream functions in 

isopycnals and that the utilization of •b on these surfaces 
may lead to significant errors in the determination of 
the geostrophic velocity. In this study, however, we are 
not interested on the accurate determination of along- 
stream geostrophic velocities; instead, we are concerned 
in getting good estimates of their epipycnal and diapy- 
cnal gradients. In Appendix A we show that the above 
potential is adequate for these purposes. 

The mass conservation equation (17) may be rewrit- 
ten as the material tendency of j = p J, 

Dj (OuOv) Owp 7:)t = - j •xx + •yy - J -b--•p + pC, (21) 
where 7:)/7:)t is the material derivative in isopycnic co- 
ordinates, as defined in (5). This relation shows that j, 
which is proportional to the separation between adja- 
cent isopycnals, changes due to convergence (or diver- 
gence) of the flow in the epipycnal and diapycnal direc- 
tions. If epipycnal convergence and horizontal Reynolds 
mass flux can be neglected (Appendix B), (21)reduces 
to 

1Dj ~ Owp (22) 
j Dt Op 

3.2. Vorticity Balance 

The vorticity equation in isopycnic coordinates, de- 
rived from the cross product of the acceleration form of 
the momentum equations, may be written as 

O( O[u(( + f)] + O[v(( + f)] = ,5' (23) Ot • Ox Oy ' 
where ( = Ov/Ox -Ou/Oy is the diapycnal (or vertical 
isopycnic) component of the relative vorticity (the dif- 
ference between this and the vertical component being 
that here the derivatives are taken along isopycnals). 
The source term, S, is given by 

S • Ox B-wp• +• wp•-A 
-- Wp S - Oy Op Ox Op + Ox Oy 

o( 
s - Z. + ro- (24) 

where • • (Owp/Oy)(Ou/Op)- (Owp/Ox)(Ov/Op) and 
To • OB/Ox- OA/Oy. 

Following Dutton [1976, p. 341], • may be inter- 
preted as tilting of horizontal vorticity by writing 

_ ( h , Oy Op - Oy • + Ox ] 

Owp _ Owp (Owp ) op - Oy - ' 
where ? and • are the horizontal components of relative 
vorticity in isopycnic coordinates, • = Owp/Oy-Ov/Op 
and ? = Ou/Op- Owp/Ox. Hence • can be rewritten 
•s 

This shows that in the presence of epipycnal gradients 
of wp, the horizontal relative vorticities, • and ?, are 
converted into relative diapycnal vorticity, (. 

With this partition, (23) and (24) reveal that changes 
in the vorticity on an isopycnal are caused by tilting of 
horizontal relative vorticity, •, torque by eddy stresses, 
To, and diapycnal advection of vorticity, wp O(/Op. An 
alternative form for these equations mw be obtained 
by adding the diapycnal advection term to the local 
change and epipycnal advection terms. Then we obtain 
a vorticity tendency equation in the (x, y, p) system 

D(• + f) _(f + •) (Ou Ov) •t = •+• +•+To. (27) 
This tells us that the material change of the abs• 
lute vorticity is due to epipycnal convergence or diver- 
gence, tilting of horizontal vorticity and torque by eddy 
stresses. 

Equation (23) may also be written as a flux potential 
vorticity equation 

O(jq) O(ujq) O(vjq) 
at + Ox + Oy =Ti+To-wp•' (28) 
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with the potential vorticity q defined as 

• + f (29) q-- j 
The implications of this equation, for the behavior of q 
as a tracer, have been discussed by Haynes and Mcin- 
tyre [1987, 1990]. Since the terms on the right-hand 
side of (28) may be written as the epipycnal divergence 
of a source term (equation (24)), they argued that the 
amount of q between adjacent isopycnals, or "potential 
vorticity substance" j q, can only change through epipy- 
cnal transport. However, as Haynes and Mcintyre point 
out, q itself may change due to dilution or concentra- 
tion of potential vorticity substance through diapycnal 
mass transfer. 

For the analysis of data it is convenient to use the 
potential vorticity tendency equation. With the help 
of (17), the vorticity equation (23) may be transformed 
into 

dq S qO(jwp) , (30) 0p 
or, equivalently, as the material tendency of potential 
vorticity in the (x, y, p) system 

7•q_ Ti + To + q (31) 
•t j • Op 

In neither of these two expressions does the right-hand 
side have the form of an epipycnal divergence, mean- 
ing that q may indeed change through processes other 
than epipycnM transport. In particular, the last equa- 
tion tells us that the potential vorticity of a fluid parcel 
changes not only due to tilting of horizontal vorticity 
and torque by eddy stresses, but also due to diapycnal 
transfer •sociated with diapycnal divergence (or con- 
vergence). If •/j and To/j are relatively small (Ap- 
pendix B), (31) may be approximated by 

1 •q Owp 
_ (32) 

q •t Op 

Equations (21) and (31) give the material rates of 
change of j and q. If we were to examine the tempo- 
ral change in properties on an isopycnal horizon, we 
would have to separate the contribution from diapyc- 
nal advection, i.e., 7)/7)t = d/dt + wpO/Op. In this 
manner we could follow a quasi-Lagrangian approach, 
with diapycnal advection becoming an additional term 
on the right-hand side of (21) and (31). However, 
when looking at the distribution of a tracer in one 
single (x,p) hydrographic section, we can only exam- 
ine the existence of anomalies but we cannot differen- 

tiate whether these anomalies are produced following 
water particles that cross "mean" isopycnals (fully La- 
grangian approach), following water parcels along isopy- 
cnal horizons (quasi-Lagrangian approach), or simply 
looking at local changes in time. In this case the ap- 
proach is chosen depending on the physical mechanism 

we wish to study. Equations (21) and (31) use the full- 
Lagrangian approach to examine the creation of tracer 

(Jacobian and potential vorticity) anomalies through 
diapycnal convergence/divergence. This is in agreement 
with the fact that diapycnal advection alone (the addi- 
tional term in the quasi-Lagrangian approach) cannot 
produce anomalies in the (x, p) plane, it can only advect 
them. 

Equations (21) and (31) may be related, through the 
definition of potential vorticity, as follows 

17)q_ 17)j i 7)((+f). (33) q •D t - j 29t + ( ( + f ) •D t 
This equation states that the relative change in po- 
tential vorticity is due to contributions from relative 
changes in both j and ( + f. If diapycnal mixing is 
locally dominant then we should be able to use the ap- 
proximations (22) and (32) for the left-hand side and 
the first term of the right-hand side, respectively. Hence 
for these approximations to be correct we require the 
contribution from the relative change in absolute vortic- 
ity in (33) to be small compared with the contribution 
from the relative change in j. In the next section we will 
examine the distribution of anomalies in a hydrographic 
section across the Gulf Stream. These anomalies, which 
we ascribe to material rates of change, will be compared 
with the anomalies in Owp/Op, in order to infer the lo- 
cations where diapycnal mixing is dominant. 

4. Case Study 

For our analysis we have examined one hydrographic 
section used in PC, across the Gulf Stream off the Mid- 
Atlantic Bight (see Figure 2), for which we have both 
nutrient and high resolution conductivity-temperature- 
depth (CTD) data (provided in processed and verified 
form by Mike McCartney of Woods Hole Oceanographic 
Institution (WHOI)). This section, referred to as sec- 
tion 36N, was occupied between June 12 and June 
14, 1981, moving in the offshore direction. Figure 2 
(adapted from originals courtesy of Jenifer Clark of 
the National Oceanic and Atmospheric Administration 
(NOAA)), shows two Gulf Stream frontal analysis maps 
made over the region of consideration just before (June 
10, 1981) and after (June 15, 1981) section 36N was 
taken. These maps evidence the passage of a meander, 
specifically the region between its trough and crest, over 
the location of section 36N. 

In order to use isopycnic coordinates, the CTD data, 
provided to us as average values over 2 m depth in- 
tervals, were smoothed with a running filter to 16 m 
interval averages. This was the minimum smoothing 
necessary to remove all potential density inversions in 
the data. Subsequently, levels of sigma-theta surfaces 
separated by 0.01 intervals were determined by cubic- 
spline interpolation. Figure 3 shows the 2-m-averaged 
original salinity, temperature and sigma-theta profiles 
for a portion of station 15 (located within the Gulf 
Stream), together with the 16-m-smoothed and 0.01 
interpolated depth values. This figure provides an idea 
of the degree of smoothing suffered by the original den- 
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Figure 3. Temperature, salinity and sigma-theta pr• 
files obtained from the unsmoothed data of station 15 
in section 36N. Also shown is the smoothed and inter- 

polated density-depth profile (d•hed line). 

sity data, which eliminates not only all inversions but 
also removes the small-scale steplike structures. It also 
shows the relation between salinity, temperature and 
sigma-theta for a given depth or depth range; these and 
other aspects will be discussed with detail in section 5. 

Figure 44 shows the smoothed rr0 distribution with 
the sea surface as the reference pressure, in the Carte- 
sian coordinate system, and Figure 54 presents the de- 
rived depth distribution, z, in isopycnic coordinates. 
The isopycnic coordinates have not been extended above 
the 26.5rr0 surface because near the sea surface the 
isopycnals are closely packed and the interpolation pro- 
cedure loses accuracy; the lower limit has been chosen 
to correspond to the 27.8rr0 surface. Hereinafter, ex- 
cept where otherwise noted, our calculations with sec- 
tion 36N will always use the above "smoothed" data 
(smoothed and interpolated depth field). 
4.1. The Jacobian and the Richardson Number 

In Figure 5b we present the distribution of j in isopy- 
cnic coordinates which, because of the small variations 
in p, closely resembles that of J, and is an index of 
separation between adjacent isopycnals (hereinafter, ac- 

cording to convention, J and j values shown are abso- 
lute values). Several distinct domains are apparent, also 
recognizable in Figure 4a. The most extensive domain 
encompasses Sargasso Sea and Gulf Stream thermocline 
layers, where j is relatively large, about 10 • m in the up- 
per thermocline and still larger below. Another exten- 
sive domain represents the near-surface stratified layers 
within the Slope Sea and shelf waters, with j values 
of order 10 * m. Just underneath this region a band of 
large j values is seen, about I - 3 x 10 • m, representing 
the residue of the winter pycnostad. Finally, a small but 
distinct domain, of relatively low j values, below 3 x 10 * 
m, appears in the upper thermocline layers of the Gulf 
Stream. This is the domain of interest for our present 
study. Since the corresponding domain is not easy to 
identify in Figure 4a, we have enlarged it in Figure 4b. 
In this last figure we have hatched the regions with j 
less than 3 x 10 • m, for er0 > 26.5; our domain of in- 
terest is confined to the hatched areas between stations 

13 and 17. In these regions the vertical distance be- 
tween adjacent isopycnals is relatively small, although 
this does not stand out in a depth versus distance plot. 

As the next step in our analysis, we use (20) to cal- 
culate the distribution of the potential •b, referenced to 
the er0 - 27.8 isopycnal (Figure 6a). The distribution 
of •b resembles those obtained by Bower et al. [1985] 
for three hydrographic sections located some 500 km 
farther NE (notice, however, that there is a difference 
of a g factor in these definitions). The along-stream 
geostrophic velocity in the isopycnic coordinate system 
is calculated from 

0• (34) 
The velocity field obtained in this manner is shown in 
Figure 6b. The maximum velocity, referenced to the 
er0 - 27.8 isopycnal, is nearly I m s -•. We may ap- 
preciate that the epipycnal velocity gradient Ov/Ox is 
more intense on the anticyclonic (offshore) side of the 
stream than on the cyclonic (shoreward) side, contrary 
to what is usual along level surfaces. 

The Ri distribution in section 36N is shown in Fig- 
ure 74, with relatively large Ri values (> 40) every- 
where except between stations 13 and 17, the position 
of the Gulf Stream (as usual, throughout this work we 
always present absolute Ri values). The regions with 
minima Ri values (Ri ~ 3- 4) are found in the up- 
per thermocline of the Gulf Stream. The corresponding 
maximum density eddy diffusivity, as calculated using 
(12), is 1.3 x 10 -5 m 2 s -•. Recall that the Ri values, ap- 
parently well above critical, are obtained with the 16-m 
smoothed and subsequently interpolated values. This 
was done in order to systematically remove the inver- 
sions in the density field, but it also has the effect of 
reducing the gradients in the highly stratified regions, 
increasing J and presumably Ri. The results neverthe- 
less show that shear instability is most likely to occur 
in the upper thermocline, if anywhere. 

Note that for (32) to be valid the absolute value of j 
cannot be too small. Some physical process is likely to 
set a limitation on the squeezing together of the isopy- 
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Figure 4. (a) Smoothed (16-m-averaged) sigma-theta, a0, in Cartesian coordinates. (b) A close- 
up for the top 1000 rn of the Gulf Stream. For a0 > 26.5, the areas corresponding to j < 3 x 10 s 
rn have been hatched. 
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Figure 5. (a) Smoothed and interpolated depth, z. (b) Separation index, j - pJ. 

cnals, the reduction of j. The appearance of relatively 
small Ri numbers (Figure 7a) within the domain of 
small j, supports the idea that the limitation is due to 
hydrodynamic instability and mixing once two isopyc- 
nal surfaces get too close. As discussed after (11), this 
is due to shear enhancement developing with increased 
stratification if Ov/Op remains constant or increases. 
This antisimilar character of the j and (Ov/Op) :• dis- 
tributions may be seen by comparing Figures 5b and 
7b. 

The appearance of mixed regions and inversions in 
the potential density field, although disturbing to the 
isopycnic formulation, is a necessary part of the insta- 
bility and mixing processes to which we have referred. 
It is unavoidable that any mixing reduces stratification 

(increases J), and creates well-mixed regions and lo- 
cal inversions in time and space if Kelvin-Helmholtz in- 
stabilities and billows are responsible for this process 
[Thorpe, 1973, 1987]. Smoothing and interpolation of 
the data considerably modifies the local z values, the 
large extent of this change being related to the similar 
vertical sizes of the well-mixed regions (~ 20 m) and 
the smoothing interval (16 m). The substantial effect 
of smoothing on these regions may be appreciated in 
Figure 3, where both unsmoothed and smoothed den- 
sity profiles are shown for station 15. 

The observed minimum smoothed Ri values suggest 
the existence of locally much smaller, near critical Ri. 
Equations (20) and (34) yield the thermal wind equa- 
tion in isopycnic coordinates: 
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Figure 6. (a) Montgomery potential, 4, referred to the 27.8a0 surface. 
geostrophic velocity, v, referred to the 27.8as surface. 
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(b) Along-stream 

fOv = g Oz (35) 
Op pox 

Substitution in (11) then approximates Ri in isopycnic 
coordinates by 

Equation (36) shows that Ri depends directly on J and 
inversely on the square of the horizontal depth gradi- 
ent. Vertically averaging smoothes the density field, 
and subsequent interpolation to sigma-theta surfaces 
produces a smoothed depth field and reduces the min- 

ima in J. Figure 8 shows the 2-m-averaged original 
(which we call "unsmoothed") j distribution in vertical 
coordinates, for the region of the Gulf Stream. In this 
figure we present contour lines only for 10 ø and 10 a units 
(10 • and l0 s m), which correspond to well-stratified and 
well-mixed regions, respectively. The large variability of 
this field reflects mainly the existence of numerous well- 
mixed thin layers (of about 10 - 20 m). The effect of 
smoothing in reducing this variability is clear if we com- 
pare this figure with Figure 5b, where we presented the 
j field obtained from the smoothed data (in isopycnic 
coordinates). 

The smoothing problem is indeed a difficult one. A 
careful study on data smoothing and its effect on Ri 
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Figure 7. (a) Richardson number, Ri. (b) Square of the diapycnal shear, (Ov/Op) •. 

is due to Miller and Evans [1985]. Our main concern 
here is to do as little smoothing as possible in order to 
retain the mixing signature. We recognize that there 
may be shear mixing induced by ageostrophic motions, 
which cannot be evaluated from the density field. There 
are two things, however, to keep in mind. First, that 
the values calculated for Ov/Op (from Oz/Ox) closely 
give the geostrophic contribution: for stations separated 
many kilometers within the Gulf Stream, the slopes ob- 
tained from one single realization of the density field 
will be very similar to those calculated from the long- 
time "mean" density field. And second, that Ri will 
decrease with decreasing J (increasing stratification) if 
Ov/Op does not decrease. In these circumstances, in- 
stabilities due to ageostrophic motions would decrease 

J while Ov/Op is nearly unchanged. We may conclude 
hence that our calculations for Ri are an overestimated 

index of dynamic stability. 

4.2. Vorticity and Potential Vorticity 

Figure 9a presents the distribution of the absolute 
vorticity, ( + f, in isopycnic coordinates. The vertical 
component of the relative vorticity has been approx- 
imated by ( = Ov/Ox, where v is the along-stream 
geostrophic velocity. The planetary vorticity at this 
location is about 8.7 x 10 -5 s -x. The figure reveals 
the cyclonic and anticyclonic sides of the Gulf Stream, 
with absolute vorticity larger (up to about 10 x 10 -5 
s -x) and smaller (down to nearly 6 x 10 -5 s -x) than 
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the planetary vorticity. We may also appreciate that in 
the upper thermocline layers (26.5 < er0 < 27.2), the 
peak relative vorticity ( is about twice larger on the 
cyclonic than on the anticyclonic side. However, the 
relative changes of absolute vorticity are clearly much 
smaller than those of the Jacobian, roughly one-third 
versus a factor of 5. 

Figure 9b presents the distribution of the isopycnic 
potential vorticity q, as defined by (29) (again, here- 
inafter q values shown have dropped the negative sign). 
This is similar to the distribution of the JacobJan and 

shows the same domains as described above. In par- 
ticular, within the Gulf Stream the potential vorticity 
attains relatively large values, above 3.5 x 10 -xø m -1 
s-1 10 -1 1 , versus 10- m s- for the surrounding waters. 
The range of variation is thus about a factor of 3 to 5, 
slightly less than the range of the J acobian. 

The figures establish the existence of an anomalous 
region of relatively small j and large q, with extreme val- 
ues in the core of the Gulf Stream (26.65 < er0 < 26.8). 
It is worthy to point out that this intense q anomaly 
may also be seen in the results of Roemmich and Wun- 
sch [1985], obtained using the same data set. They pre- 
sented the potential vorticity on the er0 - 26.75 isopy- 

cnal (their Figure 15b, not reproduced here), for the 
whole transatlantic section approximately along 360 N, 
of which ours is the western portion. The magnitude of 
this anomaly (___ 6 x 10 -lø m -1 s -1) is in good agree- 
ment with our estimates and shows to be about 5 times 

larger than the background level in the interior of the 
subtropical gyre (' I - 1.5 x 10 -lø m -1 s-i). The nar- 
row confines of the anomaly are such that it quickly 
becomes imperceptible in any spatially smoothed map 
(e.g., Figure 14b by Roeromich and Wunsch [1985]). 

As discussed above (equations (21) to (32)), diapyc- 
nal convergence or divergence may be directly related to 
the material changes of j and q whenever the other con- 
tributions are considerably smaller. The fact that the 
anomalies are present in both the j and q fields, but 
not in the absolute vorticity field, suggests that this 
is indeed the case (equation (33)). However, at this 
point we cannot tell whether the diapycnal convergence 
is producing or removing the observed anomalies. We 
argue below that it is the inertial, nearly inviscid, evo- 
lution of Gulf Stream meanders that causes instability 
(and low Ri numbers), which then leads to diapycnal 
convergence and mixing. 

Also relevant to this discussion are the potential vor- 
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Figure 9. (a) Absolute vorticity, • -Ff. Planetary vorticity at this location is about 8.7 x 10 -5 
s -•. (b) Potential vorticity, q. 

ticity distributions calculated by Bower et al. [1985] and 
Leaman et al. [1989]. Bower et al. [1985] showed these 
for several Gulf Stream sections. In all their sections 

(their Figures i to 4, not reproduced here), patches of 
anomalously laxge potential vorticity are clear within 
the upper thermocline of the Gulf Stream. Leaman et 
al.'s [1989] sections do not show such anomalies, pre- 
sumably because they are not individual surveys but 
were calculated by averaging an ensemble of a large 
number of surveys at the same location. 

4.3. Diapycnal Convergence 

Equation (13) provides the basis for estimating wp 
from the J and Ri distributions previously calculated. 

From wp we can also determine Wd and Owp/Op. For 
generality, and since the exact value of K0 is unknown, 
these quantities are expressed in terms of K0. We give 
the results as multiples of K0, as well as actual values 
with our best choice of K0 (2.6 x 10 -sm 9' s-•). For 
simplicity we omit the units of the former but we give 
the units for the latter. 

Figure 10 shows a few contours of the distribution 
of Wp in section 36N. Solid and dashed lines refer to 
positive and negative values, respectively. In this fig- 
ure we have labeled only the contours with (:[:) 10-7K0 
[2.6 x 10 -•ø kg m -3 s -• •_ 2.6 x 10 -•ø ers s-•]. Addi- 
tional contours changing by (:[:) 2 x 10-7K0 [5.2 x 10 -zø 
kg m -3 s- z •_ 5.2 x 10 -zø as s-z] are also shown, but 
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they have not been labeled in order to avoid overlapping 
numbers. The main purpose of the figure is to show the 
total absence of significant values except in the upper 
thermocline of the Gulf Stream. Similar results hold for 

wd and Owp/Op, not shown here. 
In Figures 11 to 13 we present the results for the 

region where mixing takes place. Figure 11 contours 
separately the two contributions to wp in (13), while 
Figure 12a shows the combined result. The first contri- 
bution to wp (first term on the right-hand side of (7) or 
(13)) depends on the diapycnal gradient of Ri; we de- 
note this contribution by the superscript r, w• (Figure 
11a). The second contribution depends on the diapy- 
cnal gradient of J; it is denoted with the superscript 

ß 

j, w• (Figure lib). Contour intervals are in units of 
10-?K0 [about 2.6 x 10 -xø er0 s-X]. Solid and dashed 
lines refer to positive and negative values, respectively. 

A striking feature in these figures is their patchy char- 
acter. A patch of positive values usually alternates 
with a patch of negative values, of similar size, both 
of about the same magnitude. The diapycnal exten- 
sion of the patches varies but does not exceed about 
0.05 er0. Within the Gulf Stream the directions of w• 

ß 

and w• agree everywhere. The maximum contribution 
from the term depending on the Ri variation is roughly 
twice that from the term depending on the J variation. 

Figures 12b and 13a present the corresponding wa 
and Owp/Op distributions for the same enhanced re- 
gion. In these figures the contours are labeled in units of 
10-4K0 [2.6 x 10 -7 m s -x] and 10-SK0 [2.6 x 10 -s s-X], 
respectively. Solid and dashed lines refer to positive and 
negative values. Again, the patchy nature of the fields 
is evident. With our best estimate, K0 - 2.6 x 10 -3 m 2 

s -x, we find absolute maximum values for wp, wd and 
Owp/Op, of about 2.6 x 10 -9 er0 s -x, 6.6 x 10 -7 m s -x, 
and 1.1 x 10 -7 s -x, respectively. By comparing these 
estimates with the maximum possible contributions to 
wp (Wc•) due to nonlinearities in the equation of state 
(section 2.2), we ratify their omission. 

Recall that wa is the actual diapycnal velocity, not 
an epipycnal contribution to the total vertical velocity. 
The above values are certainly much smaller than those 
we had obtained in PC, by about 2 orders of magnitude, 
but this is likely the result of smoothing. We showed 
earlier that smoothing the depth field, z (in isopycnic 
coordinates), has a large effect on the JacobJan, and 
hence on the Richardson number. Equation (13) shows 
that smoothing also must have a large effect on the 
diapycnal velocity. This is clear if we realize that this 
expression not only includes a high power of J (and 
Ri), but it also includes OJ/Op (and ORi/Op). Figure 8 
indeed shows that the unsmoothed J values can change 
very rapidly in the diapycnal direction. 

We may now compare the Owp/Op field with the dis- 
tribution of j and q. In view of (22), if the calculated 
Owp/Op field is the result of the observed j distribution, 
then any strong signal in Owp/Op must be related to an 
anomaly in the j distribution. In Figure 13b we present 
an enhancement of the j field for the Gulf Stream re- 
gion, with the same spatial scaling as in the previous fig- 
ures. A comparison of this figure with Figure 13a shows 
that the location of negative maxima of Owp/Op (be- 
tween stations 14 and 16, centered at about er0 - 26.7 
and 26.8; also near er0 - 26.55 at station 14), corre- 
spond to minima in j. This supports the hypothesis 
that large diapycnal convergence is associated with the 
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Figure 11. Contributions to the density tendency ß 

(equation (12)) (a) w• and (b)w•. Solid and dashed 
lines refer to positive and negative values, respectively. 

tightly packed isopycnals. Similar agreement exists for 
the q field (see Figure 9b; its enhancement is not shown 
here). 

5. Frontogenesis and Mixing 

It is reasonable to suppose that large diapycnal ve- 
locities are the manifestation of intermittent mixing 
events, triggered by subcritical Ri values, associated 

with increased horizontal depth gradients (Oz/Ox) and 
increased vertical density gradients (Op/Oz). The gen- 
eration of such strong gradients, or frontogenesis, has 
long been known to occur in atmospheric jet stream 
waves [Newton, 1954, 1978; Staley, 1960; Palmgn and 
Newton, 1969]. In the jet stream the density gradi- 
ents are increased between a crest and the subsequent 
trough, while they decrease after the trough. Similarly, 
we may anticipate that the separation between adjacent 
isopycnal layers is likely to be reduced during analogous 
phases of Gulf Stream meanders. Our case study cor- 
responds precisely to the passage of such a meander's 
phase (Figure 2). 

The mechanism for frontogenesis in the Gulf Stream 
still needs to be established. One possibility is a time- 
dependent deformation horizontal velocity field associ- 
ated to the passage of the meanders. This field should 
be vertically sheared, capable not only of horizontal 
compression but also of differential tilting of the isopy- 
cnals. During the shrinking of the isopycnal layers, 
or frontogenetical stage, the horizontal depth gradient 
would increase and the J acobian would decrease (and 
the potential vorticity increase, corresponding to the 
"dynamic frontogenesis" discussed by Bleck et al. [1988]). 
During this stage the diapycnal shear should also in- 
crease (through the thermal-wind relation) and create 
sub critical Ri regions. This hypothesis is consistent 
with the observations by Bane et al. [1981], in the Gulf 
Stream off the South-Atlantic Bight, that the intensifi- 
cation of the horizontal velocity in meanders is accom- 
panied by an increase of the vertical velocity gradient, 
Ov/Oz. It is also consistent with Kunze et al. [1990] 
observations in the thermocline off southern California, 
where low Richardson numbers were achieved by an in- 
crease in Ov/Oz rather than by a decrease in Op/Oz. 

Figure 3 shows the original (unsmoothed) 2-m-aver- 
aged temperature, salinity and density data for station 
15, which cuts across the Gulf Stream. Two types 
of regions are clear: a highly stratified one centered 
at rr0 = 26.73 and several others with a staircaselike 
density distribution. The staircase is best defined in 
the 26.8 < rr0 < 27.0 and 27.1 < rr0 < 27.2 ranges, 
also clear near rr0 _• 26.60. Figure 3 also shows the 
smoothed and interpolated density-depth profile. The 
highly stratified region is still apparent in this smoothed 
representation, but the well-mixed layers disappear (see 
also Figures 5b and 8 for the separation index j). This 
is because the interpolation to rr0 surfaces cannot show 
well-mixed regions. 

The steplike density structure in the upper thermo- 
cline resembles those commonly attributed to double- 
diffusive intrusions (for reviews see Turner [1973] and 
Garrett [1982]). Gregg and Sanford [1980] reported 
several meters thick temperature stepped structures 
in the upper thermocline of the Gulf Stream and in- 
terpreted them to be predominantly caused by salt- 
fingering. Their 50-m-averaged Richardson numbers 
were supercritical, but this may have been caused by 
vertical averaging, as discussed earlier. Other studies, 
indeed, have held intermittent turbulent shear mixing 
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Figure 12. (a) Density tendency, w a and (b) diapycnal 
velocity, Wd. Solid and dashed lines refer to positive and 
negative values, respectively. 

responsible for staircase structures Kullenberg et al., 
1974; Gregg et al., 1986; Marmorino, 1987; Toole and 
Schmitt, 1987]. Gregg et al. [1986] reported steplike den- 
sity structu•e• in a diffusively stable thermocline, which 
they ascribed to the breaking of near-inertial internal 
waves. They found dissipation to vary in the vertical, 
with alternating high and low values in adjacent layers. 

Their results suggest that the start and the end of a 
burst of high dissipation may be •associated with 10-m- 
averaged sUbcritical Richardson numbers (their Figures 
9a and 11, not reproduced here). Kundu and Beards- 
ley [1991], analyzing upwelling on the west co•t Of the 
United States, found near-critical Ri numbers in the 
upwelled main thermocline associated with high verti- 
cal mean shear. They speculated on the existence of 
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Figure 13. (a) Diapycnal divergence, OWp/Op. Solid 
and dashed lines refer to positive (divergence) and neg- 
ative (convergence) values , respectively. (b) Separation 
index, j - Jp. 
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thin interface layers with subcritical Ri numbers, while 
mean measured values were above critical. Criticall y 
stable regions have been reported in the equatorial un- 
dercurrent by Chereskin et al. [1986], Too& et al. [1987] 
and Peters et al. [1988], and in the main oceanic ther- 
mocline by Eriksen [1978]. Eriksen [1987] also reported 
Ri values inthe seasonal thermøcline to be frequently 
subcritical, at times when diapycnal mixing appeared 
to be intense • 

In FigUre 14 we show the enhancement of'two re- 
gions of the original data for station 15. Figure 14a 
presents the highly stratified region of thickness 0.18•rs, 
centered at as = 26.73; which is responsible for anoma- 
lously small J acobians. Figure 14b shows the steplike 
stiucture immediately'below it, on a density scale about 
3 times large r'. The density thickness of the small j re- 
gions ("risers" i n the staircase) is variable, typically of 
0.02 - 0.04 as. The vertical thickness of these strat- 
ified regions is about 20 m, roughly the same as re- 
ported for similar structures in the thermøcline [Too& 
and Schmitt, 1987; Marmorino, 1987; ltsweire et al., 
1989]. Adjacent to the minima in j we find well-mixed 
rdgions ("treads" in the staircase). Their length scale is 
also of about 20 m. We may appreciate that •he well- 

m•ed layer immediately below the highly stratified re- 
gion is not characterized by temperature and salinity 
inversions, and it could be the result of vertical over- 
turning activity. Farther below appear temperature and 
salinity inversions which are not accompanied by den- 
sity inversions and cannot be produced by local vertical 
mixing: These 'myersions are probably produced by lat2 
eral advection, associated with thermohaline intrusions 
as discussed, for example, by Gregg and Sanford [1980]. 
A third mechanism, d6uble-diffusive mixing, may be re- 
sponsible for some of the steps of small vertical size. 

Instability and mixing in the upper thermocline layers 
was first suggested by the epipycnal nutrient distribu- 
tion (PC) and later confirmed by the dynamic anomalies 
and diapycnal velocities obtained from the smoothed 
depth field. Further•6vidence is given by the isopycnic 
distribution of w•p • '• K/J, wp and Owp/Op between 
stations 15 and 16 of section 36N, where the latter quan- 
tities are calculated using (13) (Figure !5). In general, 
the maxima in the vertical Reynolds density flux are as- 
sociated • with the packing of•the isopycnals, the largest 
valu9 centered at• as - 26.73, the location of the mini- 
mum of j in Figures 5b and 13b (the minimum of Ri in 
Figure 7a). 
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Figure 14. Details of the temperature, salinity and sigma-theta profiles, using the unsmoothed 
data of station 15 (see Figure 3). (a) A highly stratified region centered at as - 26.73 and (b) 
the underlying steplike structure. 
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Figure 15. Vertical Reynolds density flux, density ten- 
dency, and its diapycnal gradient, as calculated from the 
smoothed data of stations 15 and 16. The dotted line is 
the calculated W *p* - K/J distribution, and the dashed 
and solid lines the corresponding wp and OWp/Op pro- 
files. 

In order to explain some of the observed features in 
the distribution of the diapycnal velocity, we have con- 
structed a simple model of the vertical Reynolds density 
flux, F• - w•ff, within the•upper thermocline layers of 
the Gulf Stream. This model is essentially equivalent 
to Phillips [1972] mechanism of instability in stratified 
shear flow [See Posmentier, 1977; Ruddick et aL, 1989]. 
PhilliPs [1972] justified that, if the turbulent density 
diffusivity decreases fast enough with the Richardson 
number, then perturbations in the density gradient will 
grow leading to the formation of a steplike structure. 
We Wish to center our model, however, on the analysis 
of the effects caused by localized sub critical Ri num- 
bers due to small J acobians and large diapycnal shear, 
i.e., the second equality in (11). This equality, together 
with a relation of the Munk-Anderson type, states that 
Ri and K will decrease in response to an increase of the 
vertical density gradients (the basis of Phillips mecha- 
nism) only if the diapycnal shear remains constant or 
increases. Additionally, our model will allow us to ob- 

rain rough estimates for the intensity of the unsmoothed 
diapycnal velocity field. 

we start by asuming that the vertical Reynolds den- 
sity flux distribution develops a maximum on some 
isopycnal of the upper thermocline, say am = 26.73. 
We idealize this by a hyperbolic secant distribution' 

W•P• - 6 sech [(as - am)] ' (37) 
where 6 _= w•p'mar, and • is the scale, in •r0 units, of 
the mixing region. 

The vertical Reynolds density flux can be related to 
the J acobian with the help of (6), (12) and (11), 

w•p•_ K0(1 + 10Ri) -s/2 Ko ' (38) = + 
where A is 

A---f= 
-2 

(39) 

and J again denotes the absolute value of the j acobian. 
Since we do not have estimates of Ov]Op for the un- 

smoothed density field we assume the minimum (sub- 
critical) Ri value to be Ri• - 0.2, at the center of the 
mixing region. We estimate the center j• value from 
Figure 14a, as j• = 60 m 4 kg-, •. The firs• equality 
in (38) (with K0 - 2.6 x 10 -sm 2 s -•) then gives 
5 -- 8.3 x 10 -6 kg m -2 s -•. Equation (39) gives 
A- 0.0033 kg m -4, and Ov]Op- 1.7 m 4 kg -1 s -•. 
This last value is not much larger than the maximum 
value (1 m 4 kg -• s-• see Figure 7b) estimated from the 
Smoothed density field,. as expected from our discussion 
at the end of section 4.1. As a first approximation, we 
assume that the calculated velocity gradient is constant 
and use (39) to obtain the :lacobian corresponding to 
Ric -0.25, Jc- Ric/A- 75 m 4 kg -1. 

The value for • is estimated (again from Figure 
14a) to be 0.025 as units. The vertical Reynolds den- 
sity flux distribution given by (37) (with the previously 
estimated 5 and/•1) is shown in Figure 16a, together 
with the values of wp and OWP/Op, calculated from 
wp - -O(w'P')/Oz (equation (7)). The maxima of wp 
and Owp/Op are approximately 5 x 10 -6 kg m -a s -• 
and 5 x 10 -4 s -1, respectively. The maxima for 
estimated as wd - Jcwp, is 4 x 10 -4 rn s -•. 

The J distribution can now be calculated from (38), 
with the result shown by the solid line in Figure 17a. 
It shows a region of J < J'c around the minimum, j,. 
From an upper reference level, trs(z = 270 m) - 26.58, 
the J distribution can be idtegrated to give the density- 
depth variation shown in Figure 17b (solid line). 

The most important result of these calculations is 
the large diapycnal convergence in the region of max- 
imum vertical Reynolds density flux (see again Figure 
16a). The convergence must' push apart the well-packed 
isopycnal layers and compress the layers at the edges 
of the mixing region. In the central region, conver- 
gence reduces density fluctuations, eventually to zero 
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Figure li•. Simple model for the vertical Reynolds density flux, w'p', both (a) before and (b) 
after mixing. The dotted line is the hypothetical w'p' distribution, the dashed and solid lines the 
corresponding Wp and Owp/Op profiles. 

once the layer is well-mixed, so that the density flux 
also drops to zero. Large enough convergence may 
generate secondary mixing events at the e•dges of the 
original mixing region. • The modified density flux dis- 
tribution, afte• Secondary mixing at the edges, can 
be modeled by subtracting a second hyperbolic secant 
from the original one, of nearly the same amplitude, 
•' - 0.999 x 8.3 x 10 -• kg m- • s-•, the factor 0.999 en- 
suring that no singularity develops. The second hyper- 
bolic secant is taken to be narrower (•2 < •), affecting 
only the region with Y < J•. The resulting distribution 
is 

_ ,seca - ß (40) 

This, together with the.corresponding w• and Ow•/Op 
distributions, is shown 'i n Figure 16b. Following local- 
ized mixing, additional patches of positive and negative 
values of W• and Ow•/OP have been created. 

With the modified w•p •, we can again solve for J 

to obtain the results shown by the dotted-dashed line 
in Figure 17a. The subcritical J values have now 
disappeared, and a large peak in J has developed in 
their place. As before, We can calculate the modified 
density-depth variation (dotted-dashed line in Figure 
17b). This shows the creation of a well-mixed region, 
a step in the density profile resembling those seen in 
Figure 14b. 

Comparing Figure 16 with Figure 15, one sees ev- 
idence of primary mixing in the observations. Large 
peaks in the vertical Reynolds density flux, attributable 
to instability mixing, are accompanied by sidelobes of 
high diapycnal velocity, and opposing peaks of diapy- 
cnal convergence, The corresponding highly stratified 
layers are centered at ao = 26.73 and 27.08, while mixed 
layers would have developed at the edges of these strati- 
fied layers. The much smaller amplitude of the observed 
quantities is presumably due to the smoothing of the 
depth distribution. As discussed after Figure 14, other 
mixing mechanisms are likely to exist. 

A rough estimate of how long mixing episodes may 
last can be obtained from (22) for the material tendency 
of j. For constant Owp/Op, along a material trajectory 
this equation has a solution of the form 
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j~joexpl-Owpt ) ß (41) 

With a value for (•Wp/(•p of O(10 -4 S-1), we find that 
the anomaly in j (a factor of 5) would disappear in a few 
hours. Such a short timescale points at the ephemeral 
nature of any individual dynamical anomaly in the Gulf 
Stream and is consistent with our earlier assumption 
that mixing occurs in periods much shorter than the 
movements of the boundary current. 

We showed earlier (Figure 11) that the two terms in 
(13), w• and w•, have the same sign in their contribu- 
tion to wp. This is because the direction of decreasing 
absolute value of J (positive w•) is also the direction 
of increasing diapycnal shear and decreasing Ri (pos- 
itive w•). The resulting diapycnal convergence forces 
the isopycnals apart, increasing J. As the layers widen, 
the Richardson number goes well above critical. The 
result of this event is the generation of mixed, steplike, 
layers. With local values for wd of O(10 -4 m s- x), and a 
timescale of several hours, we may estimate that during 
each mixing event a few meters of water are transferred 
into the subcritical (well-stratified) layers. 

After many mixing events, occurring at different times 
and positions of the upper thermocline, the probable 
aggregate result is two-way exchange between adjacent 
layers. To sustain this process, the isopycnal layers 
must be drained or replenished through epipycnal diver- 
gence/convergence. One possible mechanism for this is 
through the correlation of layer depth and cross-stream 
velocity, or horizontal Reynolds mass flux (the "peri- 
staltic pumping" suggested by Csanady [1989]), which 
is comprised under the C term in (21). Based on energy 
considerations, Csanady showed that this flux has to be 
necessarily convergent (negative) in the upper thermo- 
cline layers of a western boundary current. 

6. The Upper Level Atmospheric Jet 
Stream Analogy 

The similarity of tropospheric jet streams and oceanic 
currents has long been appreciated [Iselin, 1950; Rossby, 
1951]. Newton [1978] compared the dimensions and vol- 
ume transport profiles of the jet stream to those of the 
Gulf Stream. The similarity he found in volume trans- 
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port profile is remarkable, where the ratio of typical di- 
mensions ranges from 1, for shear-related quantities, to 
30, for horizontal size and velocity. Newton also noted 
that Gulf Stream meanders are dynamically similar to 
jet stream waves. He suggested that isentropic conver- 
gence, intensified diapycnal shear and downwelling at 
the troughs of jet stream waves and their counterparts 
at ridges, should be mirrored in the Gulf Stream. Many 
of these features can now indeed be identified, as shown 
by Bower [1989] and Bower and Rossby [1989]. 

The upper level frontal systems have been held re- 
sponsible for mixing of tropospheric and stratospheric 
air masses. In the 1950s and 1960s this generated much 
interest in connection with the fate of radioactivity re- 
leased by nuclear testing in the stratosphere. Later, at- 
tention turned to the transfer of chlorofiuoromethanes 

from the troposphere to the stratosphere. In the ocean, 
western boundary currents play a similar role in the ex- 
change of water masses of the continental margins with 
the ocean interior. The desire to understand that pro- 
cess was initially the principal motivation for our work. 

Among the studies of the 1970s on the upper level jet 
stream, those relevant to the present work are Shapiro's 
[1976, 1978] and Gidel and Shapiro's [1979]. A review is 
given by Keyset and Shapiro [1986]; see also Keyset and 
Rotunno [1990]. Shapiro [1976] reported anomalously 
high potential vorticities in the upper level jet stream 
and, in order to explain them, postulated an appro- 
priate distribution of turbulence and vertical Reynolds 
potential temperature flux (Figure 18). Later, in order 
to support his ideas, Shapiro [1978] showed more de- 
tailed distributions of Ri and q on a cross section of the 
upper level jet stream (Figure 19). 

A comparison of Figure 19 with Figures 73 and 9b 
shows compelling similarity between the Ri and q anom- 

alies in the jet stream and the Gulf Stream. The main 
difference between the two potential vorticity distribu- 
tions arises because the jet stream has shear layers both 
above and below the level of maximum wind, while in 
western boundary currents the maximum velocity usu- 
ally occurs near the sea surface. Hence in the oceanic 
case the vertical Reynolds density flux distribution, 
w'p', is similar to the lower half of the (negative) verti- 
cal Reynolds potential temperature flux, -w'O', shown 
in Figure 18b. The vertical density flux is zero at the 
sea surface if air-sea fluxes of heat and salt vanish, not 
because the velocity has a maximum as in the case of 
the jet stream. 

Shapiros's concept of the mechanism responsible for 
the anomalies differs from ours. His approach is based 
on the following approximate relations in isentropic co- 
ordinates, with potential temperature 0 as the vertical 
coordinate [Shapiro, 1976, equations (8)and (7)]: 

d [ 00] 0 (dO) (42) , 

dO ~ _O(w'O'__) , (43) dt - cgz 

where d/dr is identical to 29/7•t but with 0 replacing p. 
Shapiro suggested that high potential vorticity anoma- 
lies are produced at the level of maximum wind, through 
mixing by clear air turbulence. He said that this inhibits 
the vertical spreading of the isentropes during frontoge- 
nesis, required in a cyclonic shear zone by conservation 
of potential vorticity. 

The last two equations, together with the poten- 
tial temperature flux distribution postulated by Shapiro 
[1976] (reproduced here as Figure 18b), indeed suggest 
that a region of high potential vorticity may be gener- 
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Figure 18. Shapiro's [1976] representation of turbulence in upper level atmospheric jet stream 
systems. (a) Regions of clear-air turbulence in the vicinity of the jet stream are stippled; the solid 
and dashed lines are contours of potential temperature and wind speed, respectively. (b) The 
postulated vertical Reynolds potential temperature flux, w'O', is shown as a function of height; 
the crosses indicate observed values. 
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Figure 19. (a) Richardson number and (b) potential vorticity (in units of 10 -7 K s -• mbar -•), 
in isobaric coordinates, for a section across the upper level atmospheric jet stream system (re- 
produced from Shapiro [1978]). The dashed line indicates the flight path taken during the obser- 
vations. 

ated at the level of maximum wind (note again that we 
talk in terms of absolute values; actually, (• + f) O0/Op 
is negative and O/Op (dO/dr) is a negative maximum at 
the level of maximum wind). However, from the same 
argument, regions of low potential vorticity should arise 
at the maxima in vertical shear, the two maxima of 
-w'O' in Figure 18b. This is not the case in Figure 
19b, with q being large precisely where, according to 
Shapiro's criterion, it should be small. 

Equations (42) and (43) are essentially the same as 
our (32) and wp _• -O(w'p')/Oz (see equation (7)). 
Equation (32) may be rewritten as 

• [(• +/) Op] (• +/) Owp (44) p p Oz 
Note that (42) and (44) are equivalent, except for the 
density, p, which (44) retains inside the material deriva- 
tive. This difference arises from the definitions of po- 
tential vorticity used by Shapiro and here (the terms 
between brackets in (42) and (44), respectively). Equa- 
tion (44) can actually be rewritten as (42) with the ap- 
pearance of additional terms, which Shapiro assumed 
to be negligible besides the diapycnal divergence term. 
Note also that (42) has derivatives with respect to pres- 
sure, while (44) has them with respect to depth, which 
compensates for tt and p increasing in opposite verti- 
cal directions (in particular, w'tt' is negative and w'p' 
positive). 

Our interpretation is that mixing is triggered by the 
dense packing of isopycnals (regions of low J and high 
q values) during frontogenesis, while diapycnal shear is 

maintained or increased. From this point of view the 
low J (and high q) values are the results of frontogen- 
esis, and mixing that reduces the anomalies is the con- 
sequence. As we have argued above, a simple model as 
well as observations support this point of view. Figure 
13 shows that anomalously small j (high q) values are 
associated with diapycnal convergence, not divergence 
as Shapiro's ideas would imply. The same point of view 
underlies the analyses by Roach [1970] and Browning et 
al. [1970] of atmospheric jet streams, who assumed that 
a critical Ri number limits the vertical spacing between 
isentropes during frontogenesis. 

One way to reconcile the q distribution in the Gulf 
Stream with Shapiro's observations for the jet stream is 
to note that in Figure 19b there could actually be two 
distinct maxima of q, if the single maximum were an 
artifice of contouring over the relatively poorly sampled 
level of maximum wind. This would then agree with 
two observed separate minima in Ri (Figure 194). In 
this manner the similarity between one-half of the upper 
level frontal system and the western boundary frontal 
system would be complete. 

7. Conclusions 

Isopycnic coordinates are powerful in the analysis of 
anomalies produced by diapycnal mass transfer in west- 
ern boundary currents. Anomalies may occur in the dis- 
tribution of tracers, such as nutrients, and in dynamical 
quantities that control the structure of the flow, such as 
the J acobian or potential vorticity. In a hydrographic 
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section off the Mid-Atlantic Bight we find substantial 
anomalies in the upper thermocline layers of the Gulf 
Stream for all these quantities. The anomalies coex- 
ist with small (but not subcritical) Richardson num- 
bers, calculated from smoothed data. The raw data 
show much sharper gradients, but also density inver- 
sions, which have to be eliminated in order to define 
the isopycnic coordinate system. It is reasonable to 
suppose, however, that unsmoothed Richardson num- 
bers are locally and temporally subcritical. 

We establish theoretically that coincident anomalies 
of small Jacobtan and large potential vorticity imply 
dominant diapycnal convergence (or divergence), caus- 
ing thicker (or thinner) isopycnal layers. The density 
tendency (and hence the diapycnal velocity) is calcu- 
lated from the vertical gradient of the Reynolds density 
flux, parameterized in terms of the Jacobtan and the 
Richardson number. This model allows us to resolve 

that diapycnal convergence (and not divergence) is as- 
sociated with the observed anomalies in Jacobtan and 

potential vorticity. Our interpretation is that highly 
packed isopycnal layers start spreading apart through 
inflow (convergence) from the adjacent isopycnal lay- 
ers. 

We hypothesize that frontogenesis in meanders causes 
a reduction of the Jacobtan, while the diapycnal gradi- 
ents of the horizontal velocities remain constant or in- 

crease, which occasionally takes the Richardson number 
below its critical value. This produces mixing between 
adjacent layers of fluid, raising or lowering isopycnals. 
The (temporal and spatial) aggregate result is two- 
way water exchange between adjacent layers of western 
boundary currents. Our crude estimate for the maxi- 
mum diapycnal velocity is 4 x 10 -4 m s -• . This is large 
enough to account for the overall two-way exchange co- 
efficient between the upper thermocline and surface lay- 
ers of the Gulf Stream, calculated in PC from mass and 
nutrient balances (2 x 10 -s m s-•). 

An important concept arising from our analysis is/•i 
control of mixing in western boundary currents. Ac- 
cording to this concept, adjacent isopycnals can only 
approach each other up to a certain point, at which 
/•i becomes critical. Instability then creates well-mixed 
regions, or steps, in the density-depth profile. A sim- 
ple model of diapycnal mass transfer associated with 
mixing in unstable layers, akin to Phillips [1972] mech- 
anistic model, is able to reproduce the observed steps. 

High and low J regions are responsible for the patchy 
character of the diapycnal velocity field in the Gulf 
Stream. This field, consisting of alternating positive 
and negative diapycnal velocities, causes localized di- 
apycnal divergence and convergence (with packing and 
spreading of the isopycnals). Thus diapycnal velocities 
are not only a passive result of the diapycnal distribu- 
tion of the horizontal velocities and of the small-scale 

structure of the layers but are responsible for modifying 
this structure and the distribution of potential vorticity. 

Diapycnal divergence and convergence can locally 
dominate the potential vorticity balance within the up- 
per thermocline Gulf Stream, the relevant term being 3 

orders of magnitude greater than the contribution from 
the planetary vorticity gradient. On the other hand, 
vertical averaging over even relatively short distances 
(16 m) rapidly reduces the calculated diapycnal con- 
vergence, to the point where its effect on the vorticity 
balance is of the same order as planetary vorticity. Its 
importance in the overall potential vorticity balance is 
a question that must be left open. 

The resemblance between the present work and Shap- 
iro's [1976, 1978] analysis of the upper level atmospheric 
jet stream is noteworthy. However, the interpretation 
of the two sets of observations is different. In our model 

frontogenesis is the origin of the anomalies, and mixing, 
once a critical/•i is attained, is their consequence, while 
according to Shapiro the anomalies are the result of 
mixing by clear air turbulence. 

Our results uphold Stommel's [1965, p. 116] hypoth- 
esis of localized intense diapycnal mixing in the upper 
thermocline layers of the Gulf Stream: "... the real 
Gulf Stream approaches critical internal Froude flow, 
and it is quite conceivable that as a result there are in- 
ternal hydraulic jumps and other interesting small-scale 
phenomena, such as oblique shock fronts, along the left- 
hand, inshore edge of the Stream." We believe that our 
results also show the potential application of isopycnic 
analysis in fine-scale studies, particularly in studying 
the causes and consequences of shear-driven mixing. 

Appendix A: Errors Using •b- pip + gz 

McDougall [1989] has clearly shown that •b = p/p+gz 
is a stream function on constant in situ density surfaces, 
but not on isopycnals. The expression for •b may be 
compared with the (true) Montgomery potential [Mont- 
gomery, 1937] on surfaces of constant specific volume 
anomaly (steric anomaly), 5 = X/p - !/p(35, 0, p). This 
exact stream function on steric anomaly surfaces is de- 

fined as C•M -- p5 -- fpP• 5dp, with pr the reference pres- 
sure. McDougall [1989] has suggested the utilization of 
this potential on steric anomaly surfaces as a viable al- 
ternative to stream functions on neutral surfaces. Zhang 
and Hogg [1992] have shown, for a particular case, that 
using •bM on isopycnals also gives relatively small errors. 
In general, however, the error will depend on the case 
under consideration, and both McDougall [1989] and 
Zhang and Hogg [1992] have suggested different ways to 
optimize the potentials. 

For our case we may easily show that •b is very ade- 
quate to calculate diapycnal and epipycnal shears. To 
do so we follow McDougall [1989, equation (24)], who 
obtained an expression for the error produced when us- 
ing •b to calculate the velocity difference between two 
neutral surfaces. As discussed in section 2, in our case 
the isopycnals and neutral surfaces are very similar, so 
we can estimate this error as 

g2z 10z 

g•'(z•.- z•) Oz (A1) • --- •' 0-•' 

g•'z•. Oz I 
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where the subindexes 1 and 2 identify the two isopyc- 
nals, c is the speed of sound in seawater, and the over- 
bars represent the average of the two values at the isopy- 
cnals. The last approximation is possible because the 
water speed changes very little (by about only 1%) over 
the region of consideration and because all isopycnals 
in the upper thermocline have similar slopes across the 
Gulf Stream. 

The difference (z2- Zl) gives precisely the distance 
over which we will estimate the vertical gradients. Hence 
the error in estimating the diapycnal shear is 

Oe =JOe g2 j Oz Op 0-• •- e 20x (A2) 
Using 6 ~ 1500 m s -1, Oz/Ox ~ 5 x 10 -3 (Figure 53), 
and J ~ 5 x 102 m 4 kg -1 (Figure 5b) gives Oe/Op ~ 
10 -4 m 4 kg -1 s -1. This is insignificant when compared 
with typical values Ov/Op •_ 0.7 m 4 kg -1 s -1 (Figure 
7b). 

The error in our estimate for the epipycnal shear is 

Ox 

Oe 

Ox 

The first term on the right-hand side of this equation is 
negligible because the slope of isopycnals (at a constant 
level) changes little within the upper thermocline layers 
of the Gulf Stream (and even less the average slope of 
two close isopycnals). Using Oe/Oz ~ 2x 10 -7 s -1 (from 
above) and c9z/c9x ~ 5 x 10 -3, gives c9e/c9x ~ 10 -9 S -1 -i much smaller than the typical value c9v/c9x ~ 10 -5 s 
(Figure 93). 

Appendix B' Validity of Approximations 

To support the goodness of our estimates, we need to 
establish that shear-induced mixing may dominate the 
mass and potential vorticity balances within the upper 
thermocline layers of the Gulf Stream, i.e., we must 
show the accuracy of approximations (22) and (32). 

Let us first look at the validity of (32). To do so 
we need estimates for tilting of horizontal vorticity and 

torque by eddy stresses. Table B1 summarizes the mag- 
nitude of various quantities within the Gulf Stream, 
both from the smoothed density data of section 36N 
(top row) and from the model of diapycnal mass transfer 
discussed in section 5 (bottom row). We may estimate 
the tilting term in (31) from 

Ti ~ 10wp Ov (B1) 
j j Ox Of 

Using the smoothed data (numbers in the top row 
of Table B1), this gives a maximum absolute value 
Ti/(jq) ~ 1.1 x 10 -9 s -1. Similarly, the torque term 
may be estimated from 

To 10B A• c9 (02v i An c9 (c92v) 
where A• and An are the vertical and horizontal eddy 
viscosity coefficients. Let us call [he first term on the 
right, depending on A•, To•/j, and the second, depend- 
ing on An, Ton/j. The along-stream velocity, cross- 
stream length and depth scales can be set as 1 m s -1, 
25 km and 500 m, respectively. Using these scales, 
and assuming A• •_ K &nd An -• 300 m 2 s -1 [Bower 
et al., 1•85; Boudra and Chassignet, 1•88], we ob[ain 
To•/(jq) • 2.1 x 10 -• s -• and Ton/(jq) • 1.• x 10 -7 
s -•. Note that only the first value is entered in the top 
row in Table B1, which lists •he vertically smoothed 
estimates. The second value, which depends solely on 
epipycnal gradients, is not affected by smoothing, and 
is entered only in the bo[[om row, along with the esti- 
mates using the unsmoo[hed data: it would clearly not 
be appropriate •o compare it with the highly damped es- 
timates of the top row. The m•imum value of Owa/O p 
for the smoothed density field is 1.1 x 10 -7 s -1 (Figure 
133). This value is much larger than both tilting and 
the contribution of vertical eddy diffusion •o the torque. 

The bottom row of Table B1 lists the estimates ob- 

tained from the idealized (unsmoo[hed) model discussed 
in section 5, wi•h the help of the above scales. The 
m•imum tilt and torque contributions •o the potential 
vor[ici•y equation are now several orders of magnitude 
larger than those in the top row. However, they are 
still considerably smaller than our new estimate for the 
diapycnal convergence, 5 x 10 -4 s -•. The next term in 
size is tilting of horizontal vorfici[y, 2 orders of magni- 
tude smaller. 

Table B1. Estimates for Quantities Involved in Maximum Contributions to the Potential Vorticity and Mass 
Balances Within the Upper Thermocline Layers of the Gulf Stream 

j, q, Owp/Ox, Ov/Op, K, •/(jq), To,/(jq), Toh/(jq), wp, we, Owp/Op, 
10 4 10 -10 10-13 10-5 10-9 10-11 10-7 10-9 10 -7 10 -7 

m (ms) -• kg/(m4s) m4/(kgs) m2/s s -• s -1 s -1 kg/(m 3s) m/s s -1 

20 5 1.1 i 1.3 1.1 2.1 - 2.6 6.6 1.1 
7.5 12 2000 1.7 40 4000 6000 1.9 5000 4000 5000 

The top row gives the results as calculated from the 16-m-smoothed density data. The bottom row gives 
estimates from the unsmoothed data together with results from the simple model of diapycnal mass transfer. 
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The importance of the diapycnal term in (31) may 
be further highlighted by comparing it with the rel- 
ative change of planetary vorticity due to advection, 
(v/f) (Of/O•). For v - i m s -• this term is 2.1 x 10 -• 
s -1, 3 orders of magnitude smaller than the maximum 
diapycnal divergence. This indicates that, within the 
Gulf Stream, localized stretching or shrinking can in- 
deed dominate vorticity changes. The situation is dif- 
ferent for the vertically smoothed values, however, with 
both terms being of similar magnitude. This shows that 
what appears as little vertical averaging (a 16-m run- 
ning filter) may produce a large reduction in the local 
Values of diapycnal divergence or convergence. 

We turn now at the question of the validity of (22); 
to answer it we need estimates for the epipycnal diver- 
gence and the horizontal Reynolds mass flux. Bower 
[1989] estimated the contribution of epipycnal diver- 
gence to the potential vorticity balance (this term is 
clear if we substitute (21) into (33)). She did so by 
calculating the relative change in absolute vorticity be- 
tween the initial and final positions of isopycnic La- 
grangian drifters (RAFOS floats), under the assumption 
that potential vorticity is conserved along an isopyc- 
nal trajectory. Here we have shown that within the 
Gulf Stream this assumption may be incorrect, with 
Jacobian anomalies considerably larger than those of 
the absolute vorticity. The RAFOS floats are designed 
for self-adjusting compressibility [Bower and Rossby, 
1989] and cannot follow diapycnal mixing. Neverthe- 
less, Bower's estimates, obtained from an ensemble of 
trajectories which presumably average out the local ef- 
fects of diapycnal mixing, are likely to be of the correct 
order of magnitude. The mean values she obtained for 
epipycnal divergence are about (+) 5 x 10 -7 s -• . Again, 
these epipycnal estimates must be compared with those 
from our model for the unsmoothed density field. In 
doing so we see that the epipycnal divergence is 3 or- 
ders of magnitude smaller than the estimated maximum 
contribution from the diapycnal convergence. 

Finally, the horizontal Reynolds mass flux contri- 
bution to the mass balance may be estimated using 
Csanady's [1989] parameterization for western bound- 
ary currents. This is based on the idea that the depth 
and velocity fluctuations must be proportional to the 
characteristic layer depth and mean velocity of the cur- 
rent (Vm), which can be written as utj t ~ o•jvm, where 
a •_ 0.0025. The corresponding term in (21) would be 

pC ~ O(u'j') ~ O(c•jvm). (B3) 
-- Ox Ox 

With typical values for the upper thermocline layers of 
the Gulf Stream, we can estimate the order of magni- 
tude of the appropriate term for comparison with di- 
apycnal convergence in (22), (pC)/j ~ 10 -7 s -•. This 
term is again much smaller than the diapycnal term for 
the unsmoothed model. This result could have been ex- 

pected in view of equation (33), which shows that the 
horizontal Reynolds mass fluxes must be related with 
the horizontal Reynolds stresses. Hence its contribu- 
tion should be similar to the To/(jq) term discussed 
above. 
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