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Abstract

The finite element method has been used to develop two numerical tools for a Boussinesq
shallow water equation, 2DH and 1DH. In both models, an automatic unstructured mesh
generator has been employed to assure the convergence and stability of the numerical solution
through the assumption of a Courant number close to one in the whole domain. Partially
reflecting- absorbing boundary conditions has been carried out to model the open seaward
contour and other contour types. In the 1DH numerical model has been carried out the finite
element version of the Deigaard et al break wave model and it is valid for spilling breaks. A
new intuitive and numerical break rule has been developed to simulate the plunging break
mode. The results obtained with both models had been compared with the equivalent results
of others numerical methods and experimental data for the same problem type such as pure
diffraction and step varying bottoms.

1 Introduction

1.1 Shallow water models

In the last years an important effort has been done to develop numerical tools
that allows us to model and analyze the sea wave propagation properly. The
main theoretical models used are based on the reduction at least of one
dimension of the problem through the verucally integrated velocity assumption,
2Dh models. In this paper the Boussinesq 1 model is selected By taking into
account the vertical acceleration, this model allows us to model correctly the
behavior of the wave in shallow water until the nearness of the break point.
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1.2 Break models

In this paper an extension of the Boussinesq model after the break point of the
wave is supposed. The most break models used are based on wave parameters
and are associated with energy dissipation.

Another effort has been done by Tao 2, Abbot et al 3, Karambas & Koutikas
4 10 extend the Boussinesq model up to the break zone, on this case the energy
dissipation is associated to an additional eddy viscosity term.

Deigaard 5 has made an approach based on similar ideas to the model for
the hydraulic jump of Engelund 6 and has used the surface roller concept. In
this model the breaking process begins when the local slope of the wave front
reaches a certain value. The model is only valid for the spilling break mode. For
other break modes turbulent models are established. In this paper, a numerical
and intuitive rule has been introduced and where the amplitude and local
velocity of the wave have been affected by coefficients that reduce its values.

2. Govern equations

The governing equation is the Boussinesq. The form used is the simplest. The
mass and linear moment, in x and y co-ordinates, conservation equations are:

N+[h+M)U]:+[(h+m)U]},=0
U+ U-Uis+V-Vytg M= 240, 0+ V,n] )

Vit U VstV Uy+gNy=024[0,0+V,,]

Where h is the mean water level deep, 7] is the amplitude over the MWL, and
U & V are the vertically integrated horizontal velocities. In these equations do
not include the viscosity, bottom friction and wind effects term.

2.1 Break models

In the paper, we have carried out a 1DH finite element version of the surface
roller model and developed a numerical rule for plunging breaks.
Many break criteria exist and the most useful are those based on the local

parameters such as:T\b/Hb=r,wave height to deep at break point and the critical
wave front slope, tan (br.

2.2.1 Surface roller model

This model developed by Deigaard et al 5 is based on the consideration of two
zones; the first one water with ondulatory movement and the second one as a
roller of air and water travelling with the wave celerity over the water surface.

The roller geometry is shown in Figure 1.0, where 0 is the roller thickness.
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Figure.1: The roller in the Boussinesq equation

The 1DH model expression of the additional pressure term that modifies the
dynamic and ondulatory movement, simulating the interaction between the wave
and the roller extracting the energy,.is .

dP = —pg(8 -hx+(h+n)-8.x)-dx 2)

The roller geometry is determined experimentally by Deigaard using (br=
27°as initial break angle and @br= 10° as the break cessation value.

2.2.2 Coefficient rule
The coefficient rule has been established as to mulidply the wave amplitude and
the local velocity by the factors, K1 & KU respectively that allow us to

simulate the abrupt loss of energy in the plunging break mode. The rule is
purely numerical and it will be mentioned in the appropiate paragraph.

3. Numerical 2DH model

A finite element technique is used to obtain a governing equations numerical
model. A standard Galerkin of weak solution with ¢a ponderation function, 0
and ¢ry functions for variables and bathymetric aproximation respectively,
isoparametric triangular and quadrilateral element is obtained with this
procedure for the spatial discretization. The temporal discretization is based on
predictor -corrector procedure. The method used is based on Kawahara et al 7
and includes a lumped parameter in the mass matrix.

The elemental integral of the products of the aproximation function and their
spatial derivatives is given by the convention:

XaxBynyBV*{ = J‘n(bot, X (I)B‘ ¥y (Dy VX UBV‘y . d.Qe (3)

The goveming equations can be expressed now by:
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Mop 'f]B + Nopry - UpHy + Loy - UpHy + Jopyy - VeHy + Iapyy- VeHy = 0

[Mu[i +l]3—2'(Kaxﬁx+ anDy)]'UB —%z—-Caox~(Uanx+ lez)+

4)
LapuUpUy + TapnVpUy + Aaprp = 0
[M ap + llsi (P oypy + Q“VB‘)]' Ve - ‘bji D apy- (UMl + VMZ)+
LapyyVpVy + lapnxUpVy + ZuBy‘n{i =0
Briefly:
M = £(0, V,H);MKGU = g(0, V,7); MPQV = h(T, V,7) ©)

3.1 Temporal discretization

The temporal schema obtained is implicit and linear between two sucessive
iterations. The weighed residual method is used to obtain the temporal
formulation, which at first uses different Wi weighting functions for the wave
height and velocity. Depending on the selected function difterent temporal
schemata were obtained:

k=0 R+ (1-0) kK and X = (8 &%)/ At (6)

where x represents one of the variables 1, U and V. Introducing this schemata
in the equation (5) it can be obtained the following:

Mﬁk+] =”M‘ﬁk +At_f(0k+9’\"/k+e’ﬁk+a)=o
MKGU*!' = MKGU* + At g(U**®, V**® 44) @)
MPQV**! = MPQV* + Ar- h(U**, V4 f*+)

where M and M are the lumped and mixed mass matrices. They are related to
the e lumped parameter of Kawahara et al 7 , by the following expression:

M=¢-M+(l-¢)-M ®
The suggested value of the lumped parameter is: 0.8<e<1.0 and it is
object of further discussion

3.2 Boundary Conditions

If the problem is correctly formulated the boundary condition will verify the
present boundary condition. The main thing is that this condition must not
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introduce artificial seaward reflection in an open boundary. In general, the next
expressions are frequently used:

r r X r
m=1mn+ns Ur=Ui+Us UT=(1-Y)'%'5 c=4gh 9

where ¥y is the reflection coeficient. Imposing no normal velocity and in the
continuity equation the elevation as unknown at the boundary 8 . The continuity
equation at the boundary is:

Mn.™ = M- —np)+ar f(UF, Ve ng®) =0 (10)

The first condition results, as in the governing equation with the same
procedure, in the set of equation one on each direction, x and y.

Aopr-uxtp+ Zopy - uxrg =0

11
A o uyts + Zogy - uyrp = 0 (1n

This set of equations is only solved for the boundary nodes.
3.3 Numerical 1DH and break models

When the domain characteristics are constant in the transversal direction the
whole model can be simplified to one dimension, neglecting the variables and its
derivatives. When the surface roller model of breaking is carried out trom
equation(3) as such in Bossinesq equation the results are given by:

M(xB "I':IB + Naﬂxy . UBHy + LaByx . UBH*{ = 0 (12)

(MaB +—l§—.~ Kaxﬁx) Us + LapnUpUy + g - [Aan N8 + kr - Lopye - (Sp1y + Hpdy )]= 0

3.4 Parametric analysis of the model

The model has been built with three parameters, ¢, 6 and e. An example of
parametric analysis has been done. This example consist in 1 m height solitary
wave in a channel of uniform depth .

3.4.1 Temporal discretization parameters . y0

Several values of both parameters have been used in the analysis. The results
are given in Figure 2 when both have the same value. It can be seen that the
values of 0.5 is the only one that performs a stable and correct artificial
diffusivity in the model
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Figure2: Amplitude ( max.elevation ) vs time for different =8 values

3.4.2 Lumped mass matrix parameter

When the same channel is used with a 1 m heigth sinusoidal wave train it can be
seen that the numerical procedure shows a wave height decrease and this is
bigger with the channel lenght. In Figure 3 it can be compare several values of
the lumped mass matrix parameter. It introduces artificial diffusivity in the
model which is greater as when closing to the lowest suggested value. The
figure shows that the 1DH finite element method obtains a lower height
decrease than the finite differences method when the parameter is equal to one
and all the methods show an important wave height decrease when the channel
is very long. In the usual flume channel length all the values of the parameter
are close and does not shows significant differences.

1,0

0,95

0,9(¢

0,89

o 100 2000
Figure 3: Wave height decrease vs e parameter

For all of these analysis the values adopted are & =0=0.5 and e=1.0 for 1DH
model and 0.9 for 2DH model.

3.5 Unstructured mesh
To assure the correct convergency and numerical stability, it is necessary that

the value of the Courant number be close to one in the whole domain. This
leads to obtain an unstructured mesh with an unequally spaced nodes and it is
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adapted to the bathymetry with a minimum of nodes over a wave lenght, usually
10.
i1
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Figure 4: Nodal distribution and Cr variation

In this case the technique consist in obtaining the new nodal co-ordinate of
the next node from:

Xi = Xa+<\/g'ha/K and K=1/At

Figure 4 show the nodal distribution and the Courant value of those for one
example of constant slope bed from (0.0,-4.0 to 12.0,0.0).

3.5.1 2DH Mesh

In two dimensional domains this technique is extrapolated but the difficulties
are greater 9.10 In the paper, an unstructured automatic mesh generator for
triangular elementswas developed. The procedure is based on the generation of
internal and boundary nodes that comply with the C.F.L. condition from points
with known bathymetry through the frontal advance technique 10,11, In Figure
S we can see the gererated mesh and the same after that the smoothing
technique is used to obtain elements with a better aspect ratio.
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Figure 5: Unstructured triangular mesh obtained from frontal method
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4.0 Solution Algorithm

The solution algorithm used is:

1) Obtain the values of ,U,V from the previous or initial time step.

2) Obtain the value of 1 for the instant t+ At at the k+1 iteration from the
continuity equation and the previous values.

3) Obtain the scattered values of the wave variables, 1,U,V, at the boundary

4) Obtain the elevation 1 at t+ oAt from k+1 and k iterations

5) Obtain the U,V values at t+ At in the k+1 iteration from the momentum
equations and the values from steps 2 and 3.

6) Obtain the scattered wave direction from the set of equations (11)

7) Obtain the Uy V at t+ 0At from k+1 y k iterations

8) Obtain the value of 1] at t+ At in k+1 iteratiopn from the continuity equation
and the results of the steps 3 and 5

9) Return to 4 step and repeat through the 8 except for step 6 up to:

nfe\/(ﬁ? ~#21)’ /n2,, <Tol

i=]

10) Begin the next iteration.

In all the process it was necessary to solve two systems of linear algebraic
equations. The first in T} and the other in U,V. All of those are sparse and it is

essential to use a Solver Library for large and sparse systems of equations. The
library used is the Meschach.

5.0 Numerical Results
5.1 1DH results and break model

The example to be solve consists of a 1:30 constant slope, from -3.0 to -0.1 m
deep and 90 m length, beach.. The input is a solitary wave with 0.5 m height.
The next sections show the results obtained from the implemented break model
and for the developed coefficients rule.

5.1.1 Surface roller model results
The roller model parameter is the usual found in the literature and its values are:
Angular break criteria: tan (b=0.33, lowest roller slope: tan @0=0.173 and
roller form factor kr=1.5

Figure 6 show the wave height versus time. In the zone I the wave comes
into the domain up to its nominal height. The zone II, shows the shoalling
effects of the variable bed and the wave heihgt increases up to begining of the
break. The zonelll, shows the evolution during the roller action, the decrease
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in height is aproximately lineal in time. This is the spilling break mode. The
zone IV, shows the beginnig of a new shoal and finally in, V, a new break.
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0.75 R e e e e e e , I[ caeesa s .\_1/;’,/./}\,\\.“\: . III e e e e e
. : ]( T N v
-/ z : ; e
L/
0 o : :
0 5 10 15 20 25

t (seg. )
Figure 6: Spilling break, crest point position versus time

5.1.2 Reduction coefficient rule

In this rule the break model parameter are: N\b/hb=0.8 and kn=0.5, kU=0.1 The

\{glocity are sharply reduced and the wave height reduction is limited to the 50%
Figure 7 shows that the zones I and II are similar to Figure 6. In the zone III

the wave height decrease is abrupt, plunging break. The IV zone shows a new

shoal and in the V zone the wave shows a new abrupt break. The distance

between the first and second break is shorter than in the roller model.
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Figure 7: Coefficient rule 0.5/0.1, crest point position versus time

In the next case the same rule was used. The only change takes place in the
reduction coefficient values: kn=0.7 and kU=0.9, 30% in height decrease and
10% in velocity.
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Figure 8: Coefficient rule 0.7/0.9, crest point position versus time

Figure 8 shows that the wave have several and successive break with a
progressive height decrease, practically lineal in time. It shows that this model
converges over the roller model when the celerity of the wave is the initial and
the reduction in height is small.

The rule presented in this paper needs to calibrate the factor reduction values
from experimetal test for several bed slopes and Iribarren parameters.

5.1.3 Step bed channel

This section shows the results of a step bed channel and it is compared with
those experimental data obtained from phisical model from the Institute de
Mecanique de Grenoble. The geometry of the channel and the four wave-gauge
position are shown in Figure 9.

st.1 l st.2 st.3 st.4
T SR, SRS S S—
-0,10 } } ]
9,0 12,0 15,00
-0,20 4
3,0 6,0

Figure 9: Geometry channel and wave gauge position

Figure 10 shows the results for the following excitation data: wave
amplitude, A=0.0365 m.

The computed results show a good agreement in amplitude and phase with
the measured data and with the numerical results of Antunes do Carmo et al 13:

Present Reference Experimental
First transmitted wave, A1=0.0560 m 0.0560 m 0.0531 m
Second Transmitted wave, A2=0.0197 m 0.0240 m 0.0180 m
Third transmitted wave, A3=0.00321m 0.0040 m 0.0033 m
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Figure 10 : Numerical and experimental comparation
5.2 2DH model results

This section shows the results in the case where the two-dimensional domain
discretization is absolutely needed. Two examples of this case are shown. The
first one is a channel with a vertical cilinder island as in the reference and the
other is a detached breakwater.

5.2.1 Channel with island

Figures 11 and 12 show the plan view of the channel of 0.15 m. deep and the
unstructured mesh, respectively, with 1505 nodes and 2788 triangular
eclements. The Courant number is close to one in the whole domain. The
solitary wave amplitude is A=0.0375 m.

» Y
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Figure 11: Channel geometry and station position, from MG
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Figure 12: Finite element mesh

In Figure 13 we can see the comparation of the present results with those of
the reference 13 and the experimental data in the six measured stations.

Station 1

UV S tad

Station 2

A et I s e eSS
\.-; Station 4
S vy ot
Station 5
0.05 +
Station 6
0 T
2 2,5 3 3,5 4 4,5 5
——  Experimental (IMG) t (sec.)
Present

Numerical

Figure 13: Channel with island results.

The results of the present method show a good agreement, in amplitude with
the experimental data in all the stations except for the number 3 where the
experimental is lowest of the results obtained from both numerical methods .
The agreement in the fourth station, in amplitude and in phase between the
present method and measured data is good and with a sligthly better
aproximation in phase than the other numerical method 13.

5.2.2 Detached breakwater

This example shows both the qualitative aspects of the model and the correct
formulation of the boundary conditions with absorbing and reflecting boundary

The parameters of the model are:
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Boundary = Wave condition B. Condition
Left A=1.m, ho=150 -
Bar walls v=1.0
Lateral walls Y=1.0
Right ¥=0.0

Figure 14 shows the situation when the simulation time lasts 60 seconds. It
can be seen that several wave which are into the inner zone are diffracted and
the form of the outer reflected wave 11,

BARRAT // t =60 seg.

- G5
5 9
Q
% ~0.5
o
) v
\\ S e ¢ 4 2 ,...’c_—....\u.w ....... ,‘:——,—— 'y \350 ‘m 450 50‘-'
X 5004\: “1"50 ‘mo 150 200 250 30
Y ()
~0.6 ~0.9 0.2 o - - .6

Figure 14: Water surface at 60 seconds of simulation.

6.0 Conclusions

The developed finite element model in both 1DH and 2DH versions allows the
simulation of wave propagation over shallow water and for any kind of
geometry and with several boundary conditions which include the reflecting and
absorbing ones. This method togeter with the automatic unstructured mesh
generator developed improve the accuracy and the stability of the numerical
procedure.

In the one dimensional model, one break model and a rule have been caaried
out. The firstis the finite element version of the previous finite difference and it
show a good behavior with variable bottoms geometry. The coefficient rule
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work well numericaly for solitary waves. However, it must be experimentally
tested to obtain the correlation between its values and the local break criteria.

The time solution algorithm used allows us introduce an abrupt perturbation
without any loss of stability and accuracy in the model as the above procedure
perform.
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