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Abstract: In this article, we present a sufficient condition about the length of the interval for the existence
and uniqueness of mild solutions to a fractional boundary value problem with Sturm-Liouville boundary
conditions when the data function is of Lipschitzian type. Moreover, we present an application of our
result to the eigenvalues problem and its connection with a Lyapunov-type inequality.
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1 Introduction
In the book [1], the authors presented the following result.

Theorem 1. (Theorem 7.7 of [1]) Suppose that f: [a, b] x R — R is continuous and satisfies a Lipschitz
condition with respect to the second variable, i.e., there exists k > 0 such that

If(t, x) = f&, )| < kIx =y,
forany t € [a, b] and x,y € R.

Ifb-ac< ?, then the following boundary value problem

{y”(t) = —f(t,y(t)), a<t<b,

1
Y@ = 4, y(b) = B, @

where A, B € R has a unique continuous mild solution.

In [2], the author studied the same question for the following fractional boundary value problem

{D§+Y(t) = —f(t,y(t), a<t<b,

2
y(a) = 0, y(b) = B, @

where1 < a <2, B<eR and D?% denotes the fractional Riemann-Liouville derivative.
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The main result appearing in [2] is the following.

Theorem 2. Assume that f: [a, b] x R — R is continuous and satisfies
If(t, x) = f(t, y)] < Klx - yl,

forany t € [a, b] and x,y € R, where K > 0.
a+l

Ifb-a< F(a)%ﬁ, then problem (2) has a unique continuous mild solution.
ala—1) a

Recently, in [3,4], the authors considered the following fractional boundary value problem

{C Ay(6) = -f(t, y(t)), a<t<b,

3
y(a) =4, y(b) = B, G)

where 1 < a < 2, A, B € R and °DJ- denotes the Caputo fractional derivative, and they obtained a similar
result to Theorem 2.

Motivated by the aforementioned papers, we study the existence and uniqueness of mild solutions for
the following fractional differential equation with Sturm-Liouville-type boundary conditions

{CD;J*)’“) =~ft,y(t), a<t<b,

(4)
ay(a) - By'(a) =0,  yy(b) + 8y'(b) = O,

wherel<p<2,a,B8,y,6 20and A=ay(h - a) + a + By > 0.

Moreover, we apply our result to the eigenvalues problem and present a Lyapunov-type inequality.

This kind of problem appears in a great number of papers in the literature (see [5-9] and references
therein, among others).

The rest of the article is organized as follows. In Section 2, we recall some basic facts about fractional
calculus and present an auxiliary lemma which will be used later. Section 3 contains the main result of the
article, and in Section 4 we present some applications of our result.

2 Background

We start this section presenting some basic concepts about fractional calculus. This material can be found
in [10].

Definition 1. Suppose p > 0 and f € Cla, b]. The Riemann-Liouville fractional integral of order p of f is
given by

t
1
IEf)(t =—I t — s)P7f(s)ds.
IzN)(@) @ (t = s)PIf(s)
a
Definition 2. Supposen — 1 < p < n and f € C™{a, b]. The Caputo fractional derivate of order p is defined as

t

I (t — s)" @1 (5)ds.

a

{2y — 1
(DINO = 1o

In order to transform problem (4) into an integral equation, we need the following result which appears
in Lemma 1 of [11].
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Lemmal. Leth € Cla,bl,1<p<2,a,B,y,6 >0andA = ay(b — a) + ab + By > 0. Then, the unique solution
y € C?[a, b] to the fractional boundary value problem

5)

CD[I;ly(t) = —h(t), a<t<hb,
ay(a) - By'(a) = 0, yy(b) + 6y'(b) = 0,

is given by
b
y0 = [ 6t ome)as,
where
Ges) - Lo =) + 80 - DI o
Al'(p)

where H(t, s) is the function defined on [a, b] x [a, b] as

B+ a(t—a) - At - 5P ,a<s<t<bh,

H(t,s) = y(b —s)P1 + 8(p - 1)(b - s)P~2
B+ a(t - a), as<t<s<b.

Remark 1. In [11], it is proved that

2 —

|H(t, s)| < max{a I;(b -a)-B,B+a - a)},
for (t, s) € [a, b] x (a, b).

Remark 2. Note that H(t,s) is a continuous function on [a, b] x [a, b], while G(t, s) satisfies that
lim G(t, s) = oo for any t € [a, b] and, consequently, G(t, s) is not a continuous function on [a, b] X [a, b].
s—b~

3 Main result
Taking into account Remark 2, we start this section with the following lemma.

Lemma 2. Suppose that f: [a, b] x R — R is a continuous function and x € C[a, b]. Then, the function Tx
defined by

b
(TO(¢) = jG(t, $)f(s, x(s))ds, t < [a, b],

satisfies that Tx € Cla, b].

Proof. In order to prove that Tx € Cla, b], we take ty and t, € [a, b] such that t, — t, when n — co and we
have to prove that (Tx)(t,) — (Tx)(tp).

To do this, we fix € > 0.

Since f is continuous, f is bounded on the compact [a, b] x [—|x], Ix]].

Put M = sup{lf(t,y)| : (¢,y) € [a, b] x [=lx], [x]|]}. Then,
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b b
|(Tx) (tn) — (Tx) (to)| = I G(tn, S)f (s, x(s))ds - I G(to, $)f (s, x(s))ds

b
- j (Gt 5) — Glto, $))f(s, x(s))ds

b

I |G(ts, 5) — G(to, S)IIf (s, x(s))|ds

a

IN

b
SMJ |G(t,, s) — G(to, s)|ds

-|H(ty, s) — H(to, S)|ds.

:M} (b~ )21y ) + 6(p 1)
AT'(p)

Put G = y@ + 8(b — a)P L,

From the continuity of H on the compact [a, b] x [a, b], by Heine’s theorem, H is uniformly continuous on
la, b] x [a, b], and this implies that for € > O given there exists § > 0 such that if (¢, s), (t', s') € [a, b] x [a, b]
with |t - '| < 8 and |s - §'| < 6, then |H(t, s) - H(t',s")| < 52,

Since t, — ty, when n — oo, for § > 0, we can find ngy € N such that |, — ty| < 6 for any n > n,.

Therefore, for n > ny, we have

$)P2[y(b - s) + 6(p - D]
Al'(p)

b
[(Tx) (t) — (Tx) (to) SMI ®- |H(ty, s) — H(to, s)|ds

_ M-£-Ar(p)

b
_ g)p-2 _ B _
=M-G-Al(p) I(b $)P2y(b - s) + 8(p - D]ds = &.

This proves that Tx € Cla, b]. O

Definition 3. A function x € Cla, b] is said to be a mild solution to problem (4) if it is a fixed point of the
operator T.

Theorem 3. Suppose that f: [a, b] x R — R is continuous and there exists a constant L > O such that
lf(t’X)—f(t,Y)|SL|X—Y|, (6)
for any t € [a, b] and x, y € R. If the condition

L- max{ai_ Ii(b —a)-B,B+alb- a)}- Al“l(p) {y(b —pa)P +6(b - a)Pl} <1 7)

holds, then the equation Tx = x, where T is the operator defined in Lemma 2, has a unique continuous solution,
that is, problem (4) has a unique mild solution.

Proof. Consider the metric space Cla, b] of real and continuous functions defined on [a, b] with the metric
d(f, g) = max{lf(t) - g(t)| : t € [a, b]}.

It is well known that (Cla, b], d) is a complete metric space.
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Now, we define Tx for x € C[a, b], as
(T (0) = j G(t, $)f(s, x(s))ds, ¢ € [a, b,

By Lemma 2, T applies Cla, b] into itself.
In order to apply the Banach contraction mapping theorem, we estimate d(Tx, Ty), for x, y € Cla, b].
To do this, we take t € [a, b] and we have

[(Tx)(t) = (Ty)(®)] j G(t, s)(f(s, x(s)) — f(s,y(s)))ds

IN

j IG(t, $)IIF(s, x(5)) — f(5, y(s))lds < L j IG(t, )|1x(s) — y(s)|ds
<L -sup{|x(t) — y(t)| : t € [a, b]} I |G(t, s)|ds

|H(t, s)|ds

b
_ g)p-2 _ _
dx, y) I (b-s) [Y(Zr(ps)) +6(p - 1)]

ds

)pz[y(b s) + 6 - 1]
AI'(p)

<L -d(x,y)max a

(b—a) ﬁﬁ+a(b—a} _[(b

(b—a)
p

P, _ ol
=L max{ap 1( a) - B, B +ab a)} {y AT(p)

+ 6(b — a)P- 1}— dx, y).

By our assumption, the Banach contraction mapping theorem says us that the equation Tx = x has
a unique solution in Cla, b], that is, problem (4) has a unique mild solution.
This completes the proof. O

4 Applications

In this section, we present an application of our result to the eigenvalues problem and a Lyapunov-type inequality.
Consider the fractional Sturm-Liouville eigenvalues problem

{CD{}X(t) +Ax(t) =0, O0<t<l, ®

x(0) — x'(0) = x(1) + X'(1) =
with1 < p < 2.
The real values of A for which there exists a non-trivial solution to problem (8) are called eigenvalues
associated with problem (8) and the corresponding solutions are called eigenfunctions.
Problem (8) is a particular case of problem (4), wherea=0,b=1,a=8=y =6 =1and f(t,x) = Ax
which is a continuous function on [0, 1] x R.
In our case,

A=ayb-a)+ab+Py=1-1-1+1-1+1-1=3>0.
Moreover, for t € [0, 1] and x, y € R, we have
If(t, x) = ft, )1 = 1Al - Ix =y,

and, therefore, the constant L = |A].
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In this case, inequality (7) appearing in Theorem 3 can be expressed as

Al max{z_p —1,2}#{l +1}< 1.
p-1 3T)Lp

If this inequality is satisfied, then, by Theorem 3, problem (8) has a unique mild solution.
Since the trivial solution x(t) = 0 for t € [0, 1] satisfies (8) and belongs to C?[0, 1], it will be the unique
solution and, therefore, A is not an eigenvalue of problem (8).
3pL(p)
(p + )max {ﬂ,z}

p-1

Summarizing, if |A| < , then A is not an eigenvalue of problem (8).

In particular, for p = %, we have that

if 1) < 2/2-TG/2) EG/ 2

= 0’7976, then A is not an eigenvalue.

Finally, we connect our result with the ones appearing in [11].
The main result in [11] is the following.

Theorem 4. Consider the following fractional boundary value problem

‘DP.x(t t)-x(t) =0, t<b,
{ PX(t) + q(t) - x(t) a<t< ©

a-x(a)-p-x'(a@)=0, y-x(b)+6-x'(b)=0,

wherel<p<2,a,B,y,6 20, A=ay(b-a) +ad + By >0andq : [a, b] —» R is a continuous function.
Then, if problem (9) has a nontrivial solution, then we have the following Lyapunov-type inequality

Al'(p)
max (a%(b -a)-B,B+a - a))

b
j (b - sP2[y(b - 5) + 8(p — 1]lg(s)lds =

Now, note that problem (9) is a particular case of our problem (4), where f(t, x) = q(t)x.
It is clear that under assumption about the continuity of g, the function f is continuous on [a, b] x R.
Moreover, for any t € [a, b] and x, y € R, we have
If(t, ) = f(&, V)] = lgO)x = gyl = Ig®)| - Ix = yI < lIglleo Ix = V1,
where ||gllo denotes the following quantity
Igllo = supflg(®)| : t € [a, b]}.

This says that assumption (6) in Theorem 3 is satisfied with L = ||qlle.
Therefore, by Theorem 3, if

p-1 AT(p)

then problem (9) has a unique mild solution. Since the trivial solution satisfies (9) and it belongs to
C?[a, b], it will be the unique solution of problem (9).
Therefore, if problem (9) has a nontrivial solution, then the following inequality

AT(p)
max (a%(b -a)-B,B+ab - a))[y@ +6(b - a)P‘l}

1qlo max{a2 “Pb—ay-p.p+aw- a)}- : {y(b‘T")p + 8(b - a)P‘l} <1,

Il =

holds.
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Now, if we put

3 2-p, B 1 (b — a)? B 9
k= max{ap 1(b a)-B,B+ab a)} —Al"(p){y—p +8(b - a)? },

then we have the following result.

Theorem 5.

(@) Iflqlle < %, then problem (9) has a unique trivial solution.

(b) If problem (9) has a nontrivial continuous solution, then |qll« >

1
2

This result matches with the ones appearing in [11].
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