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Abstract—In this letter, we examine underwater wireless communications using electromagnetic waves in marine shallow
waters. Due to the particular environment under study (low frequencies, short distances, and small loop antennas), a
magnetoquasi-static approach is used instead of full-wave analysis. The electric field generated by a constant current
circular loop placed on the interface between two conductors is analytically calculated. Using this electric field, the mutual
coupling coefficient between the two loops is calculated, and a simple circuit model for transmitting energy from one loop
to another is presented using a transformerlike element. Simulations using the circuit model and a commercial full-wave
simulator are carried out, and their results are compared. Very good agreement is observed between both results.

Index Terms—Electromagnetics, underwater communications, magnetic field communications, sea water seabed interface, loop antenna,
circuit model.

I. INTRODUCTION

Underwater communications have been theoretically studied since
early radio days. Basic theory is based upon the resolution of the so-
called half-space Sommerfeld problem. The exact, full-wave, analysis
of this problem led to the publication of a great number of articles
during the first half of the 20th century. These findings have been
summarized in the classical book [Bagnos 1966]. Lately, the extension
of the two-layered case to three-layered and multilayered cases led to
the publication of a long series of papers. The details of the research
findings were well summarized in two books [King 1992, Wait 1996].
Full-wave analysis is valid for all frequencies and distances, but its
mathematical complexity makes it difficult for practical applications.
From an engineering point of view, something simple, such as a circuit
model using lumped elements, would be desirable.

Electromagnetic underwater communication at short distances in
shallow seawaters is a very interesting subject because it can be an
alternative to optical or acoustic communications. In shallow seawater
environments, the water is often turbid, and this makes it difficult
to use light for wireless communications. Acoustic communications
are widely used for long distances in deep waters, but they have
some drawbacks, especially in shallow seawaters, due to time-varying
multipath propagation and limited bandwidth (5 to 7 kHz).

Electromagnetic waves are greatly attenuated as they travel through
seawater, due to the water conductivity. This attenuation increases with
frequency, so very low frequencies have to be used to get a reliable
communication (1 to 50 kHz). If short-range communications are go-
ing to be carried out using low frequencies and electrically small loop
antennas, we can use the magnetoquasi-static (MQS) approach (for
short) instead of full-wave analysis [Parise 2015]. The main advantage
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Fig. 1. Geometry of the problem.

of using the MQS approach is that we can extract an equivalent circuit
for the radio link, which simplifies the study of the link budget.

II. PROBLEM FORMULATION

Consider a small current loop lying on the interface between two
conducting medium, as shown in Fig. 1. The electric conductivity in
each medium is denoted as σ1 and σ2, and the magnetic permeability
is assumed to be μ0. The current flowing through the wire can be
expressed as [Hurley 1995, Acero 2006]

I = Iφδ(ρ − a)δ(z)φ̂. (1)

Maxwell equations for a conductor without sources and using
MQS are

∇ × H = J ∇ × E = − jωμH J = σE. (2)

Due to the geometry of the source, the problem has cylindrical symme-
try around the Z-axis and the electric field has only the φ̂ component.
Under those assumptions, the electric-field equation is written as
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Bessel operator �ν is defined as
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and then (3) is written as

∂2Eφ

∂z2
+ �1Eφ = jωμσEφ. (5)

When dealing with problems with cylindrical symmetry, it is very
useful to use Hankel transform [Piessens 2010]. This transform and its
inverse are defined as

f̃ (α) ≡ Hν

[
f (ρ )

] ≡
∫ ∞

0
ρ f (ρ )Jν (αρ )dρ (6)

f (ρ ) ≡ H−1
ν

[
f̃ (α)

] ≡
∫ ∞

0
α f̃ (α)Jν (αρ )dα. (7)

The Hankel transform of the Bessel operator is easily calculated as

Hν

[
�ν f (ρ )

] = −α2 f̃ (α). (8)

Equation (3) is finally written in the transformed domain as

∂2Ẽφ

∂z2
= (

α2 + jωμσ
)

Ẽφ. (9)

Defining k1 = √
α2 + jωμσ1, k2 = √

α2 + jωμσ2, and choosing
the branch cut of the square root so �e(ki ) > 0, the solutions to (9) in
each of the half-spaces are

Ẽφ =
{

Ae−k1z z > 0

Be k2z z < 0.
(10)

Boundary conditions for Ẽ in z = 0 lead to A = B, and boundary
conditions for H̃ in z = 0 link its radial components with the current
lying on the interface. The Hankel transform of the current is

Ĩ(α) = H1 [I(ρ )] = IφaJ1(αa)δ(z)φ̂. (11)

We obtain the boundary condition for H̃ integrating along the z-axis
from a point infinitesimally close to z = 0 in the lower half-space to
another point infinitesimally close to z = 0 in the upper half-space

H̃ρ+ − H̃ρ− = IφaJ1(αa). (12)

The radial component of H̃ is calculated from Ẽφ

H̃ρ = 1

jωμ

∂Ẽφ

∂z
. (13)

Finally, the electric field in the transformed domain is

Ẽ =

⎧⎪⎨
⎪⎩

− jωμ

k1 + k2
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− jωμ
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(14)

The electric field E is obtained by taking the inverse transform in (14)

E =
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(15)

III. MUTUAL INDUCTANCE OF TWO COPLANAR
CIRCULAR LOOPS

The geometric parameters of two coplanar circular loops are shown
in Fig. 2. Both loops are lying on the XY plane between two conducting
media of conductivities σ1 and σ2 as in Fig. 1.

Fig. 2. Two loops placed on the interface between two media.

The electromotive force (EMF) ε generated in loop C2 due to the
current flowing through loop C1 is obtained using the field E generated
by C1

ε = −
∮

C2

E · dl. (16)

Using polar coordinates dl = ρ ′φ̂′dφ′ and taking into account that
in our problem E field has only φ̂ component, (16) gives

ε = −
∫ 2π

0
bEφ (ρ ′ = b)φ̂′ · φ̂dφ′ being φ̂′ · φ̂ = cos(φ − φ′).

(17)
The mutual inductance M is calculated as

ε

Iφ
= jωM. (18)

When the noncoaxial loops are in free space, the method to calculate
M is shown in Conway [2007]. In our case, the method is slightly dif-
ferent because the loops are placed on the interface of two conducting
media. But, as in Conway [2007], M only depends on the electric field
in z = 0. After some work, M can be written in the form

M = 2μabπ
∫ ∞

0

αJ0(αd )J1(αa)J1(αb)√
α2 + jωμσ1 + √

α2 + jωμσ2

dα. (19)

This is a new unpublished result.
The M coefficient calculated using (19) is a complex number with

real and imaginary parts. This is due to the finite conductivities σ1 and
σ2. In the following sections, we are going to study real and imaginary
parts of (19).

A. Real Part of M

We are not going to take into account the Bessel functions to define
the real part of the integrand of (19) as

f (α) = �e

[
α√

α2 + jωμσ1 + √
α2 + jωμσ2

]
. (20)

Defining αδ = δ
√

ωμσδ with σδ = max(σ1, σ2) and forcing σ1 = σ2 =
σδ (20) gives

f (αδ ) = 1

2
√

2
δ

√
δ2 + √

1 + δ4

1 + δ4
. (21)

A plot of (21) is shown in Fig. 3
Given ω, μ, σ1, and σ2, we can always choose a value for δ so that

f (δ) will be as close to 1/2 as needed. Then, the real part of (19) can
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Fig. 3. Plot of f (αδ ) versus δ.

be approximated as
∫ ∞

0
f (α)J0(αd )J1(αa)J1(αb)dα

≈
∫ αδ

0

[
f (α) − 1

2

]
J0(αd )J1(αa)J1(αb)dα

+ 1

2

∫ ∞

0
J0(αd )J1(αa)J1(αb)dα. (22)

Here, αδ has to be chosen depending on ω, μ, σ1, σ2, and δ. Numerical
experiments show that δ = 25 is enough.

The integral in the finite domain can be numerically evaluated using
a numerical quadrature, such as QAG from the numerical quadra-
ture library QUADPACK [Piessens 1983] or using a tool, such as
Mathematica.1

The integral in the semi-infinite domain is the same that appears
when calculating the coupling coefficient in the free space [Conway
2007]. In the limiting case, when σ1 = σ2 = 0, the first integral van-
ishes and it only remains the free-space coupling coefficient.

B. Imaginary Part of M

The imaginary part of M, without Bessel functions, is defined as

g(α) = 
m

[
α√

α2 + jωμσ1 + √
α2 + jωμσ2

]
. (23)

Using the same parameterαδ , the function that represents the imaginary
part of the integrand is

g(αδ ) = − 1

2
√

2

δ

(1 + δ4)(δ2 + √
1 + δ4)

. (24)

A plot of (24) is shown in Fig. 4
As it happened with the real part of M, we can always choose a

value for δ so g(δ) will be as close to 0 as needed. Then, the imaginary
part of (19) can be approximated as

∫ ∞

0
g(α)J0(αd )J1(αa)J1(αb)dα

≈
∫ αδ

0
g(α)J0(αd )J1(αa)J1(αb)dα. (25)

In the limiting case, when σ1 = σ2 = 0, the integral vanishes and M
has no imaginary part.

1www.wolfram.com/mathematica

Fig. 4. Plot of g(αδ ) versus δ.

Fig. 5. Circuit model.

IV. CIRCUIT MODEL

The equivalent circuit for two coupled loops [Domingo 2012] is
shown in Fig. 5. Li is the self-inductance of the loops, and M is the
mutual inductance between them. Loops are assumed to be lossless.

The equations that relate currents and voltages are

V1 = jωL1I1 − jωMI2 (26)

V2 = jωMI1 − jωL2I2. (27)

The attenuation is defined as the ratio between the power dissipated
into the load PL and the available power of the generator Pg

α = PL

Pg
PL = 1

2
Re[V2I∗

2 ] Pg = V g2

8Re[Zg]
. (28)

This definition is just the parameter |s21|2 of the transformer if the
S-parameters are defined using Zg and ZL as reference impedances.
To simplify, we assume that Zg = ZL = Z0 as in most radio-frequency
applications, and we assume that both loops are identical (L1 = L2 =
L). The coupling coefficient M has real and imaginary parts so M =
Mr + jMi.

The expression that gives the attenuation is a bit long. It can be
simplified if we assume that load currents have no influence in voltage
V1 so V1 = jωLI1. In this case, the formula for the attenuation is

PL

Pdg
= 4Z2

0 ω2(M2
r + M2

i )

(ω2 L2 + Z2
0 )2

. (29)

V. SIMULATIONS

In this section, we are going to calculate the attenuation using (29),
and we are going to compare the results with other results from a full-
wave simulator. The numerical simulations will be performed using
FEKO.2

2www.altairhyperworks.com/product/FEKO
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Fig. 6. Attenuation between single loops. MQS versus full wave.

Fig. 7. Attenuation between coils. MQS versus full wave.

A. Single-Loop Simulations

The loops have a radius of R = 40 cm, and they are made of
isolated wire with radius r = 1.5 mm. The loops have an inductance
of L = 2.5 µH. Load and generator impedances are Z0 = 50 
. Both
loops are placed laying on the interface between seawater (εr =
81, σ1 = 4.5 S/m) and seabed (εr = 3.5, σ2 = 1.0 S/m). The electri-
cal parameters of seawater and seabed are taken from Cella [2009].

The results obtained using both methods are shown in Fig. 6.

B. Extension to Coils With N Turns

In practice, loop antennas use to have more than one turn in order to
increase the signal level. The number of turns modifies two parameters
in (29): the self-inductance L and the mutual inductance M.

Using a simplified model, we can assume that the current flowing
through C1 (see Fig. 2) is N1Iφ with N1 being the number of turns
of coil C1. We can assume, too, that the EMF induced in C2, a coil
with N2 turns, is N2 times the EMF for the single loop. Under these
assumptions, Mcoil = N1N2Mloop.

The calculation of the self-inductance of the coil Lcoil is more
complicated because it depends on the way the turns are placed: single
layer or multilayer. To keep the model simple, we assume that for the
frequencies of interest, the inductance of the coil can be approximated
by the inductance of the coil in free space. In our simulations, the
formula for the inductance of the coil we are going to use is taken

from Weaver [2020]

Lcoil = μN2R

×

⎛
⎜⎝log

(
πR

l
+ 1

)
+ 1

0.4409 l2

R2 + 1.7185 l
R − 0.47(

2 R
l +0.755

)1.44 + 2.3004

⎞
⎟⎠

(30)

where l is the length of the coil, R is the radius of the coil, and N is the
number of turns. In our simulations, N = 10, r = 1.5 mm, l = 5 cm,
and R = 40 cm.

Full-wave simulations using FEKO and MQS approximation had
been carried out, and the results are shown in Fig. 7

VI. CONCLUSION

A simple circuit model for the electromagnetic coupling between
two horizontal loops immersed in seawater and placed on the seabed
has been presented in this letter. The circuit has been analytically
obtained using MQS approximation. The attenuation between a gen-
erator and a load using the loops as antennas has been calculated using
the circuit model. The results has been compared with those obtained
using a full-wave simulator. A very good agreement has been observed
between the results from the circuit model and the results from the
full-wave simulator. This circuit model can be used to evaluate path
losses in electromagnetic underwater communications and to predict
optimal working frequencies for a given distance between antennas.
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