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Orthogonal Projections of the
Identity: Spectral Analysis and
Applications to Approximate
Inverse Preconditioning®

Luis Gonzilez!

Abstract. Many strategies for constructing different structures of sparse approximate inverse precon-
ditioners for large linear systems have been proposed in the literature. In a more general
framework, this paper analyzes the theoretical effectiveness of the optimal preconditioner
(in the Frobenius norm) of a linear system over an arbitrary subspace of My (R). For
this purpose, the spectral analysis of the Frobenius orthogonal projections of the identity
matrix onto the linear subspaces of My, (R) is performed. This analysis leads to a simple,
general criterion: The effectiveness of the optimal approximate inverse preconditioners
(parametrized by any vectorial structure) improves at the same time as the smallest sin-
gular value (or the smallest eigenvalue’s modulus) of the corresponding preconditioned
matrices increases to 1.

Key words. Frobenius norm, orthogonal projection, eigenvalues, singular values, approximate inverse
preconditioning
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I. Introduction. When a physical phenomenon is modeled by a partial differen-
tial equation (PDE), the discretization of this PDE by any adequate method (finite
differences, finite elements, finite volumes, meshless, etc.) generally leads to a large
system of linear equations,

(1.1) Az =b, AeR™" z,beR",

in which the matrix A is nonsingular and sparse, i.e., has relatively few nonvanishing
elements.

The solution of these linear systems is usually performed by iterative methods
based on Krylov subspaces (see, e.g., [1, 20, 27, 32]). To improve the convergence of
these Krylov methods, system (1.1) can be preconditioned with an adequate precon-
ditioning matrix N, transforming it into either of the equivalent problems

(1.2) NAz = Nb,
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ORTHOGONAL PROJECTIONS OF THE IDENTITY 67

(1.3) ANy =b, == Ny,

that is, the left and right preconditioned systems, respectively. In this paper we
address only the case of right-hand side preconditioners (1.3), but analogous results
can be obtained for the left-hand side preconditioners (1.2).

Often, the preconditioning of system (1.1) is performed in order to get a pre-
conditioned matrix AN as close as possible to the identity in some sense, and the
preconditioner NV is called an approximate inverse of A. In some cases, the precon-
ditioners are parametrized by prescribed sparsity patterns, but we consider here a
more general case of linear parametrization where the preconditioners belong to an
arbitrary subspace S of M, (R) [29]. The closeness of AN to I may be measured by
using a suitable matrix norm like, for instance, the Frobenius norm ||-|| . In this way,
the problem of obtaining the best preconditioner N (with respect to the Frobenius
norm) of system (1.1) in the subspace S of M, (R) is reduced to the minimization
problem

(1.4) win [|AM ~I[|p = AN ~ |

and the preconditioned matrix AN can be obtained by orthogonal projection of the
identity onto the subspace AS. Here, and from now on, orthogonality is with respect
to the Frobenius inner product (:,-), and we shall refer to the solution N to prob-
lem (1.4) as the “optimal” preconditioner of system (1.1) over the subspace S. So,
throughout this paper, the term “optimal” means that the approximate inverse N is
the matrix that minimizes the Frobenius norm on AN — I over a certain subspace S
of M, (R), but the preconditioner N is not necessarily optimal in any other sense of
the word.

The search for approximate inverse preconditioners and, in general, the study
of preconditioning strategies for large linear systems is at present one of the most
relevant research areas in numerical linear algebra. In [5] we find a very complete
survey about this question, and some of the most recent works in this area can be
found, for instance, in (2, 3, 7, 8, 9, 14, 22, 23, 26, 30, 34] and in the references
contained therein. Some of the first methods for constructing sparse approximate
inverses that are best approximations in the Frobenius norm can be found in [4, 31]
(see [1, p. 335], [5], [6] for a more detailed historical review of this question). Other
posterior approaches in this sense are described, for instance, in [10, 13, 19, 21] and
in the references therein. Recently, explicit expressions for both the preconditioner NV
defined by (1.4) and ||AN — I||, valid for any subspace S of M, (R), and applications
of these formulas to the computation of sparse approximate inverses were presented in
[29]. Moreover, in that work the general parametrization from arbitrary subspaces is
illustrated with a natural generalization of the normal equations related to the system
(1.1). The effect of ordering on the optimal sparse approximate inverse preconditioners
has been studied from both theoretical and experimental points of view in [17]. Among
other Frobenius norm minimization preconditioners not extracted from sparse matrix
subspaces, we must mention here the preconditioners for structured matrices obtained
by orthogonal projections onto unitary matrix algebras (like, for instance, circulant
preconditioners for Toeplitz matrices); see, e.g., [12, 15, 33] and the references therein.

With a more general and simple formulation, problem (1.4) can be written as

(15) min [P~ 7l = Q- Tllr,

where T is an arbitrary subspace of M, (R). Note that, in our context, problems (1.4)
and (1.5) are indeed equivalent, since A is nonsingular, and for T' = AS problem (1.5)
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68 LUIS GONZALEZ

becomes problem (1.4) with solution @@ = AN, so that the results we obtain for (1.5)
will be, in particular, valid for (1.4).

The results about preconditioning contained in this work are limited to precondi-
tioners of the approximate inverse type obtained from Frobenius norm minimization
(over an arbitrary subspace of M, (R)). In this context, the main goal of this paper
is to establish a simple, unified criterion that allows us to estimate the theoretical
effectiveness of the optimal preconditioners N, for all possible subspaces S of M,, (R).
For this purpose, the remainder of the paper has been organized as follows. In section
2, we establish some spectral properties of the solution @ to problem (1.5), i.e., the
orthogonal projection of the identity onto an arbitrary subspace T' of M, (R). In sec-
tion 3, we apply these general results to the effectiveness analysis of the approximate
inverse preconditioners N defined by problem (1.4). Finally, in section 4 we present
our conclusions.

2. Orthogonal Projections of the Identity. The following two lemmas charac-
terize the best approximation to the identity matrix from an arbitrary subspace T of
M, (R).

LEMMA 2.1. Let T be a vector subspace of My, (R). Then the solution to problem
(1.5) satisfies

(2.1) tr (QPT) =tr(P) VP €T,
(2.2) IR —1I%=n—1tr(Q).
Moreover,

(2.3) 1QII% = tr(Q).

Proof. Using the orthogonal projection theorem, we have
(2.4) (Q—I1,P)p, =0 VP €T,
which is equivalent to (2.1). Next, from (2.4), we get

IQ—Is=(Q@-L,Qp+I-QI)p=n—tr(Q),

and finally, (2.3)is (2.1) for P=Q. O
Remark 1. From (2.2) and (2.3) we get the following bounds for the trace of the
orthogonal projections of the identity:

(2.5) 0<tr(Q) <n.

Different explicit expressions can be given for @), but for the purpose of this paper
the following simple expression is enough.

LEMMA 2.2. Let T be a vector subspace of My, (R) of dimension d and let {P}
be an orthogonal basis of T. Then the solution to problem (1.5) is

(26) 9= Z%Pm

(2.7) Q- mr-—ZjMH
F
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ORTHOGONAL PROJECTIONS OF THE IDENTITY 69

Proof. Representing @ by its expansion with respect to the orthonormal basis
{||1£:_1|F }4, of T, we obtain

P, tl‘(Pi)
Q= Z< ||P||F>F||P||F Znanf'

=1

and from (2.2) and (2.6) we get (2.7). 0O

Now we develop the spectral analysis of the orthogonal projection . In the
following, we shall denote by {);}.._; and {o;},-; the sets of eigenvalues and singular
values, respectively, of () arranged, as usual, in nonincreasing order. So, denoting by
r the rank of @), that is, the number of its nonzero singular values, and by m the
number of its nonzero eigenvalues, we have

. 0'12“‘20'1'>0'r+1="'=0'n=0a
and the well-known inequality [25, p. 181]
(29) 0<m<r<n, Q=0,x,if 0=m=r, Qnonsingulariff m=r=n.

LEMMA 2.3. Let T be a vector subspace of M, (R) and Q the solution to problem
(1.5) with rank(Q) =7 (1 <r <n). Then

(2.10) \:03 = Zr:,\i.
=1 =1

Proof. Using (2.3) and taking into account that

IQIIF = tr (QQT) = Za,, (@) =3 A=

the proof is straightforward. O
LEMMA 2.4. Let T be a vector subspace of M, (R) and Q the solution to problem
(1.5) with rank(Q) =7 (1 <r <n). Then

(2.11) Zv < Z A2 < Za = ZA < Z A < Za@

=1

Proof. First, note that the above chain of inequalities makes sense because Q
is a real matrix, and then > ;_ A2 = tr (Q?), >7_;A; = tr(Q) are real numbers.
The central equality is (2.10). While this equality is a consequence of the orthogonal
projection condition of @, the four inequalities in (2.11) are valid for any square real
matrix. Indeed, the first and third inequalities hold because of the triangle inequality
for modulus. The second and fourth inequalities hold because of the additive Weyl’s
inequalities [25, p. 176], [35]

k k
Sl <Y o? (>0, k=1,...,n)

forp=2,1and k =r. a
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70 LUIS GONZALEZ

From the last lemma we immediately obtain the following spectral property of
the orthogonal projections of the identity.

THEOREM 2.5. The smallest nonzero singular value and the smallest nonzero
eigenvalue’s modulus of the orthogonal projection of the identity onto any subspace of
M, (R) are never greater than 1.

Proof. From (2.11) we get

iafgiai = o, <1

i=1 i=1

and

SIS A o SRS = Pl <1 O
i=1 i=1 i=1 i=1

Nothing can be asserted about the rest of the nonzero singular values and the
eigenvalue’s modulus of @, which can be greater than, equal to, or less than unity, as
the following counterexample shows.

Ezample 1. Let us fix k € R and consider the following subspace of M3(R):

s {(5 0}

The solution @ to problem (1.5) for subspace T} can be obtained by using formula
(2.6) as follows:

tr k0
_ 01 k 0\ _k+1 [k
= onE Lo 1) T o
0

IGo v)

F

Then we get
k=—-2: Ml=c1=2<1, |X|=0c=%<1,
kE=1: A1l =01 =1, A2l =02 =1<1,
k=2: ])\1|=01=g—>1, |)\2|=02=%§1.

The next lemma provides us with lower and upper bounds on ||Q — I|| 7, involving
o, and \,.

LEMMA 2.6. Let T be a vector subspace of M, (R) and Q the solution to problem
(1.5) with rank (Q) =r (1 <7 < n). Let m be the number of nonzero eigenvalues of
Q and suppose that m > 1. Then

(2.12) n—r+(1-0)<Q-I|%<n—r+r(1-0?),

(2.13) n-m+(1-Pul)?<1Q—I|F <n-m+m (1 - |,\m|2) .
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ORTHOGONAL PROJECTIONS OF THE IDENTITY 71

Proof. The left-hand inequalities are valid for any square real matrix (the orthog-
onal projection condition of @ is not required here). Indeed, from (2.11) we have

T T T T
IQ—II7 =IQIF —2tr (@ +n=) 0F =2 Ni+n>Y 07 —2) oi+n
=1 i=1 i=1 =1

(2.14) =n—r+i(1—ai)22n—r+(1—cr,~)2.

=1

Next, from Schur’s inequality [1, p. 631] for matrix @ — I, we get

n m
IQ-I% > hi-1f=n-m+Y [1-X>n-m+(1-[\n])?.

=1 =1

To prove the right-hand inequalities (a consequence of the orthogonal projection con-
dition of @), we use (2.2), (2.3), and (2.11):

T T m
IQ-1Ip=n-tr(@=n-]QIz=n=> cZ<n—Y [MfP=n-> |\
i=1 1 =1

i=

Then we get, on one hand,

.
||Q—II|§;=n—r+r—Zaf§n—r+r(l—af)

i=1

and, on the other hand,
||Q—I||i~Sn—m+m—§:|)\i|2Sn—m+m(1—|/\m|2>. 0
i=1

3. Applications to the Approximate Inverse Preconditioning. In the context
of the preconditioning (1.3) of system (1.1), it is obvious that the preconditioner
N must be nonsingular in order to obtain a nonsingular preconditioned matrix AN
(recall that we have assumed that the coefficient matrix A is nonsingular). So, in order
to apply the results of section 2 to the special case Q@ = AN, from now on {\;}.;
and {0;};~; will denote the sets of eigenvalues and singular values, respectively, of
matrix AN and, according to (2.9), equation (2.8) is now rewritten as

Al > > M| >0, 01>--->0,>0.

3.1. The Matrix Residual Norm. Assuming that matrix AN is nonsingular, The-
orem 2.5 assures in this special case that oy, |A,| € ]0,1]. The following theorem
establishes the tight relation between the matrix residual norm ||AN — I|| and the
closeness of o, (|An]) to unity.

THEOREM 3.1. Let A € M, (R) be nonsingular and S a vector subspace of My, (R)
such that the solution N to problem (1.4) is nonsingular. Then

() Q-aD? Q-0 S IAN 17 <0 (1= ) <0 (1-02).

Proof. Using (2.12) and (2.13) for @ = AN, m = r = n, and the well-known
inequality o, < || [25, p. 191], the proof is straightforward. O
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72 LUIS GONZALEZ

Remark 2. Theorem 3.1 states that ||AN — I|| decreases to 0 at the same time
as the smallest singular value (or the smallest eigenvalue’s modulus) of the precondi-
tioned matrix AN increases to 1. In other words, we get a good approximate inverse
N of A when o, (|\,]) is sufficiently close to 1. Of course, the optimal theoretical
situation corresponds to the case

op=1aN=A"1 (i.e.,A‘IES)c)An=1.

3.2. Theoretical Effectiveness of the Optimal Preconditioners. Usually, in
works about preconditioning, the theoretical effectiveness analysis of the new pro-
posed preconditioners is performed. Essential properties for the convergence of most
iterative methods are the clustering at 1 of eigenvalues and singular values, the con-
dition number, and the departure from normality of the preconditioned linear system
(see, e.g., [18, 21]). In this subsection we analyze the effectiveness of the precondition-
ers N defined by problem (1.4) showing that we can reduce the analysis of the four
above parameters to the distance from o, (|\,|) to unity. Indeed, we shall prove that
if any of these two values is close to 1, then the preconditioner N has good behavior
with respect to all these four points.

Let us illustrate in an intuitive way the basic idea that explains this fact. Obvi-
ously, for a square matrix, the closeness to 1 of its smallest singular value does not
imply, in general, the clustering at 1 of the whole set of its singular values: o, can
be close to 1, while the rest of the singular values can be very far from 1. However,
this cannot happen for the full-rank orthogonal projections @ of the identity (as the
nonsingular preconditioned matrices AN). Indeed, using (2.3) and (2.5) for @ = AN,
we get

(3.2) Za? = JAN|% =tr (AN)<n (01> >0, >0, 0, <1)

i=1

and then the closeness to 1 of o, implies here the clustering at 1 of singular values. In
the extreme case, if o, = 1, then all the singular values necessarily equal 1. Moreover,
it is well known that the spectral condition number coincides with the ratio % of the
largest to the smallest singular value [24, p. 442], and hence from (3.2) we also get
the following intuitive conclusion: The closer o, is to 1, the closer oy is to o,, and
therefore the closer the spectral condition number is to 1.

Now we rigorously expose these intuitive ideas in the next theorem (a consequence
of Theorem 3.1), which summarizes the behavior of the above-mentioned four param-
eters in relation to o, and \,. For estimating the AN’s departure from normality we
use a scale-invariant measure of nonnormality (i.e., invariant under multiplication of
the matrix by a constant) as the Henrici number [11]

“AN (AN)T — (AN)T ANH
He(AN) = : £,
|cany],

and to obtain alternative estimations using other measures of nonnormality, one can
use the inequalities that compare different measures with the numerator of He (AN)
(see, e.g., [16]).
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ORTHOGONAL PROJECTIONS OF THE IDENTITY 73

THEOREM 3.2. Let A € M, (R) be nonsingular and S a vector subspace of My, (R)
such that the solution N to problem (1.4) is nonsingular. Then

n

1

. N =M< P -02,

(3.3) n;I "<1-|\|"<1-0,
1 n

(3.4) EZ(I —0)’ <1- AP <1-062,
=1

-

2

O U T L il L Lo

n s An]®
(3.6) He (AN) < 20 (1)) < [2n(1-0on)]

Anl? - o2

(35) ks (AN

for someq > 1,

[SIE

Proof. To prove (3.3) (clustering of eigenvalues) it is sufficient to use Schur’s
inequality [1, p. 631] for matrix AN — I and (3.1):

Xi— 1P <JJAN =12 <n(1—-|\)?) <n(1-02).
F

i=1

To prove (3.4) (clustering of singular values) we use (2.14) for Q@ = AN, r = n and
(3.1):

(=00 AN =T[5 <n (1= Daf) < (1-02).

=1

To prove the first inequality of (3.5) (condition number) we just use (3.2):

n n
Zafgn = afgn—ZafSn—(n—l)aZ.

=1 =2

Hence

1
_ -1 2712
K:Q(AN)Z%S [n (nU )Un] .

For the second inequality, note that we can suppose that |A,| # 1 since, otherwise,
from (3.1) we have that AN is the identity matrix and then the three quantities in
(3.5) are obviously equal to 1. Hence, using Theorem 2.5 we have

0<on,<|A| <1 = 3Jg>1st. |M]!<on,

which concludes the proof of (3.5).
To prove (3.6) (measure of nonnormality), using the inequality (see, e.g., [16, 28])

1
2

4N ANy — (anyT an]| < |2 (uANué - @m)) ,
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Schur’s inequality [1, p. 631] for matrix (AN)?, and (3.2), we have

- n 273 n 273
JAN|L (z mz) n? - (z lw)
He(AN) < =1 < [2—E=

o, i

_ 91 1

n? = (nlAal?) 2o (1=1al")]” f2n(1-ot))?

<2 1 = 2 = 2 0

n|)‘n| |/\n| On

Remark 3. Theorem 3.2 has shown that when o, (or |A\,|) increases to 1, all four
classical parameters for the convergence of iterative methods improve their behavior.
More precisely, the left-hand sides of (3.3), (3.4), and the Henrici number He (AN)
decrease to 0 while the spectral condition number ko (AN) decreases to 1.

Remark 4. Of course, the purpose of the last two theorems is to provide theoretical
results (o, and |A,| are not known and in practice they will almost always be very
small) which reduce the effectiveness analysis of the preconditioners N to an unique
critical quantity (o, or |Ay|).

4. Conclusions. The spectral analysis of the Frobenius orthogonal projections
of the identity has determined the following results for the optimal preconditioners
N of a linear system, Az = b, defined by (1.4): The smallest singular value o,
and the smallest eigenvalue’s modulus |A,| of the preconditioned matrix AN are
never greater than 1 (Theorem 2.5) and they increase to 1 at the same time as the
matrix residual norm [|[AN — I|| > decreases to zero (Theorem 3.1). Moreover, when
on (JAn]) is close to 1, the preconditioner N improves on the four classical parameters
for the convergence of iterative methods: clustering of eigenvalues and singular values,
condition number, and departure from normality of the preconditioned linear system
(Theorem 3.2). In this way, the closeness to 1 of o, (|A,|) has been identified as a
simple, general criterion for determining the theoretical effectiveness of the Frobenius
norm-based approximate inverse preconditioners N parametrized by any vectorial
structure (not restricted to sparsity patterns).

Acknowledgment. The author would like to thank the anonymous referees for
their many helpful suggestions and detailed comments, which substantially improved
the quality of the first version of this paper.

REFERENCES

. AXELSSON, Iterative Solution Methods, Cambridge University Press, Cambridge, UK, 1994.
. AXELSSON, I. FARAGO, AND J. KARATSON, Sobolev space preconditioning for Newton’s
method using domain decomposition, Numer. Linear Algebra Appl., 9 (2002), pp. 585—
598.
. AXELSSON AND M. NEYTCHEVA, Preconditioning methods for linear systems arising in con-
strained optimization problems, Numer. Linear Algebra Appl., 10 (2003), pp. 3-31.
[4] M. W. BENSON AND P. O. FREDERICKSON, lterative solution of large sparse linear systems aris-
ing in certain multidimensional approzimation problems, Util. Math., 22 (1982), pp. 127-
140.
[5] M. BENzI, Preconditioning techniques for large linear systems: A survey, J. Comput. Phys.,
182 (2002), pp. 418-477.

[6] M. BENZI AND M. TOMA, A comparative study of sparse approzimate inverse preconditioners,
Appl. Numer. Math., 30 (1999), pp. 305-340.

S
(o)e}

=
o

This content downloaded from 193.145.129.10 on Sat, 23 May 2020 17:41:28 UTC
All use subject to https://about.jstor.org/terms



7]

(9]
(10]

(11]
(12]
(13]
(14]
[15]
[16]

[17]

(18]
(19]
(20]
21]
22]

(23]

(30]
[31]

(32]
(33]

34]

(35]

ORTHOGONAL PROJECTIONS OF THE IDENTITY 75

M. BENzI AND M. TOMA, A robust incomplete factorization preconditioner for positive definite
matrices, Numer. Linear Algebra Appl., 10 (2003), pp. 385-400.

M. BOLLHOFER AND Y. SAAD, On the relations between ILUs and factored approzimate inverses,
SIAM J. Matrix Anal. Appl., 24 (2002), pp. 219-237.

D. CALVETTI AND L. REICHEL, Pole placement preconditioning, Linear Algebra Appl., 366
(2003), pp. 99-120.

B. CARPENTIERI, 1. S. DUFF, AND L. GIRAUD, Sparse pattern selection strategies for robust
Frobenius-norm minimization preconditioners in electromagnetism, Numer. Linear Algebra
Appl., 7 (2000), pp. 667—-685.

F. CHAITIN-CHATELIN AND V. FRAYSSE, Lectures on Finite Precision Computations, Software
Environ. Tools 1, STAM, Philadelphia, 1996.

R. H. CHAN AND M. K. N@g, Conjugate gradient methods for Toeplitz systems, SIAM Rev., 38
(1996), pp. 427-482.

E. CHOW AND Y. SAAD, Approzimate inverse preconditioners via sparse-sparse iterations,
SIAM J. Sci. Comput., 19 (1998), pp. 995-1023.

E. CHOW AND P. S. VASSILEVSKI, Multilevel block factorization preconditioners in generalized
hierarchical bases, Numer. Linear Algebra Appl., 10 (2003), pp. 105-127.

F. D1 BENEDETTO AND S. SERRA CAPIZZANO, A unifying approach to abstract matriz algebra
preconditioning, Numer. Math., 82 (1999), pp. 57-90.

L. ELSNER AND M. H. C. PAARDEKOOPER, On measures of nonnormality of matrices, Linear
Algebra Appl., 92 (1987), pp. 107-123.

E. FLOREZ, M. D. GARCfA, L. GONZALEZ, AND G. MONTERO, The effect of orderings on sparse
approximate inverse preconditioners for non-symmetric problems, Adv. Eng. Softw., 33
(2002), pp. 611-619.

R. W. FREUND, G. H. GoLUB, AND N. M. NACHTIGAL, Iterative solution of linear systems,
Acta Numer., 1 (1992), pp. 57-100.

N. I. M. GouLD AND J. A. ScoTT, Sparse approzimate-inverse preconditioners using norm-
minimization techniques, SIAM J. Sci. Comput., 19 (1998), pp. 605-625.

A. GREENBAUM, Iterative Methods for Solving Linear Systems, Frontiers Appl. Math. 17, SIAM,
Philadelphia, 1997.

M. J. GROTE AND T. HUCKLE, Parallel preconditioning with sparse approxzimate inverses, SIAM
J. Sci. Comput., 18 (1997), pp. 838-853.

PH. GUILLAUME, A. HUARD, AND C. LE CALVEZ, A block constant approzimate inverse for
preconditioning large linear systems, SIAM J. Matrix Anal. Appl., 24 (2003), pp. 822-851.

K. GUSTAFSON, Operator trigonometry of preconditioning, domain decomposition, sparse ap-
prozimate inverses, successive overrelazation, minimum residual schemes, Numer. Linear
Algebra Appl., 10 (2003), pp. 291-315.

R. A. Horn AND C. R. JOHNSON, Matriz Analysis, Cambridge University Press, Cambridge,
UK, 1985.

R. A. HorN AND C. R. JOHNSON, Topics in Matriz Analysis, Cambridge University Press,
Cambridge, UK, 1991.

I. E. KAPORIN, Using the modified 2nd order incomplete Cholesky decomposition as the conju-
gate gradient preconditioning, Numer. Linear Algebra Appl., 9 (2002), pp. 401-408.

C. T. KELLEY, lterative Methods for Linear and Nonlinear Equations, Frontiers Appl. Math. 16,
SIAM, Philadelphia, 1995.

R. KRrEss, H. L. DE VRIES, AND R. WEGMANN, On nonnormal matrices, Linear Algebra Appl.,
8 (1974), pp. 109-120.

G. MONTERO, L. GONZALEz, E. FLOREZ, M. D. GARCiA, AND A. SUAREZ, Approzimate in-
verse computation using Frobenius inner product, Numer. Linear Algebra Appl., 9 (2002),
pp. 239-247.

. NoTAY, Robust parameter-free algebraic multilevel preconditioning, Numer. Linear Algebra

Appl., 9 (2002), pp. 409-428.

. L. ONG, Fast approzimate solution of large-scale sparse linear systems, J. Comput. Appl.

Math., 10 (1984), pp. 45-54.

. SAAD, Iterative Methods for Sparse Linear Systems, PWS, Boston, MA, 1996.

E. TYRTYSHNIKOV, Optimal and superoptimal circulant preconditioners, SIAM J. Matrix

Anal. Appl., 13 (1992), pp. 459-473.

. WANG AND J. ZHANG, MSP: A class of parallel multistep successive sparse approzimate

inverse preconditioning strategies, SIAM J. Sci. Comput., 24 (2003), pp. 1141-1156.

. WEYL, Inequalities between the two kinds of eigenvalues of a linear transformation, Proc.
Natl. Acad. Sci. USA, 35 (1949), pp. 408—-411.

R -

This content downloaded from 193.145.129.10 on Sat, 23 May 2020 17:41:28 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. 66
	p. 67
	p. 68
	p. 69
	p. 70
	p. 71
	p. 72
	p. 73
	p. 74
	p. 75

	Issue Table of Contents
	SIAM Review, Vol. 48, No. 1 (Mar., 2006) pp. i-viii, 1-204
	Front Matter
	Survey and Review
	Introduction [pp. 1-1]
	Convergence Analysis of Krylov Subspace Iterations with Methods from Potential Theory [pp. 3-40]

	Problems and Techniques
	Introduction [pp. 41-42]
	Reliability Allocation for Networks and Systems [pp. 43-65]
	Orthogonal Projections of the Identity: Spectral Analysis and Applications to Approximate Inverse Preconditioning [pp. 66-75]
	Computing the Coefficients in Laplace's Method [pp. 76-96]

	Sigest
	Introduction [pp. 97-98]
	A Polylogarithmic Approximation of the Minimum Bisection [pp. 99-130]

	Education
	Introduction [pp. 131-131]
	An Application of Computer Algebra to Pharmacokinetics: The Bateman Equation [pp. 133-146]

	Book Reviews
	Introduction [pp. 147-147]
	Featured Review: Encyclopedia of Nonlinear Science [pp. 149-151]
	Review: untitled [pp. 151-152]
	Review: untitled [pp. 152-155]
	Review: untitled [pp. 155-156]
	Review: untitled [pp. 156-157]
	Review: untitled [pp. 157-160]
	Review: untitled [pp. 160-160]
	Review: untitled [pp. 160-163]
	Review: untitled [pp. 164-164]
	Review: untitled [pp. 164-167]
	Review: untitled [pp. 167-168]
	Review: untitled [pp. 168-170]
	Review: untitled [pp. 170-171]
	Review: untitled [pp. 171-172]
	Review: untitled [pp. 172-173]
	Review: untitled [pp. 173-174]
	Review: untitled [pp. 174-177]
	Review: untitled [pp. 177-178]
	Review: untitled [pp. 178-180]
	Review: untitled [pp. 180-181]
	Review: untitled [pp. 181-183]
	Review: untitled [pp. 183-185]
	Review: untitled [pp. 186-187]
	Review: untitled [pp. 187-189]
	Review: untitled [pp. 189-190]
	Review: untitled [pp. 190-193]
	Review: untitled [pp. 193-194]
	Review: untitled [pp. 194-194]
	Review: untitled [pp. 195-197]
	Review: untitled [pp. 197-198]
	Review: untitled [pp. 198-199]
	Review: untitled [pp. 199-200]
	Review: untitled [pp. 200-201]
	Review: untitled [pp. 201-202]
	Review: untitled [pp. 202-204]

	Back Matter



