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Abstract. In this paper, we compare two restoration techniques applied

to 3D angiographies and to femoral CT scans. The �rst technique uses a

Partial Derivative Equation and the second one is based on an extension

of adaptive Wiener �lters. We �rst present each method. Then, we dis-

cuss and compare the estimation of the local orientations in 3D images

obtained either by the smoothed gradient and the principal curvature

directions or by the eigenvectors of the structure tensor. A good esti-

mation of the orientations is essential because it leads the restoration

process. Finally, we compare the restored images on both synthetic and

real images for the two studied applications.

1 Introduction

Image enhancement is especially important in medical imaging, because this

process allows assisting physicians for a better visual interpretation: view weak

structures (i.e. thin vessels), di�erence false joint regions (i.e. space between

femoral head and hip) and other numerous clinical applications. Moreover, en-

hancement is a preprocessing step for subsequent automated medical analysis,

like segmentation of di�erent tissues or registration of images from di�erent

modalities. In this sense, this paper presents a qualitative comparison between

anisotropic di�usion [11, 13, 8] and anisotropic adaptive frequency �ltering [7, 14],

to show physicians and technicians their relative merits, and propose in futures

work improvements or a feedback process between both. We have also compared

the local structure estimation that every technique uses, analyzing which one is

the best in di�erent cases. The paper is structured as follows: �rst, we describe

di�erent methods to extract local structure; second, we present a brief descrip-

tion of both methods, and �nally we present our results when comparing both

techniques.

2 Presentation of the two methods

In this section, we present two 3D anisotropic �ltering techniques. The �rst

one is based on anisotropic di�usion and uses the gradient and the principal

y This work was partially founded by the European project on viscosity equations and

their solutions.



curvature directions. The second one is designed in the Fourier domain and uses

the eigenvectors of the structure tensor to drive the �ltering.

2.1 Flux-Based Anisotropic Di�usion

In [9, 8], the author proposes a multi-directional ux-based di�usion scheme. The

general expression of the di�usion equation is:�
u(x; 0) = u0
@u
@t

= div(F) + �(u0 � u):
(1)

where F is the di�usion ux that drives the di�usion and � is a data attach-

ment term which allows a convergence of the di�usion scheme to an image that

remains close to the initial data. The expression of the di�erential equation as

the divergence of a vector �eld ensures the conservation of the image intensity.

Particular cases of this equation with � = 0 are:

{ the heat di�usion equation F = ru which is equivalent to a Gaussian convo-

lution. In spite of the di�erent invariance properties of this equation (trans-

lation, isometry, scaling) and its ability to reduce noise, the heat equation

does not preserve the contours of the image and smoothes the information

in an isotropic way regardless of the presence of contours.

{ the Perona and Malik equation [11] with F = g(k ru k)ru where g is

a di�usion function. This function has the e�ect of reducing the di�usion

for 'high' gradients. To achieve this goal, a threshold Æ on the norm of the

gradient is introduced. g is chosen in such a way that it di�uses a little when

k ru k is higher than Æ ; and it tends to a positive constant when k ru k

is close to zero, acting like the heat di�usion. However, the ux is always

oriented in the gradient direction.

{ the matrix di�usion proposed in [13], which uses a di�usion matrix noted D

with a ux F = Dru. The matrix D can be expressed in a diagonal form,

with eigenvectors (v0;v1;v2) and eigenvalues �0; �1; �2. Then the ux can

be expressed as F = Dru =
P2

i=0 �iuvivi where uvi = ru:vi is the �rst

order derivative of the intensity in the direction of vi.

Let (e0; e1; e2) denote any orthogonal unit basis of R3 that generally depends

on the local structures of the image, the di�usion ux proposed in [9, 8] for this

basis is written as:
F =

2X
i=0

�i(uei)ei: (2)

It is equivalent to a tensor di�usion where the eigenvectors of the di�usion matrix

are (ei)i2f0;1;2g and the eigenvectors are functions of the �rst order derivative of

the intensity in the direction of the associated eigenvector: �i = �i(uei) leading

to di�usion functions �i(uei) = �i(uei)uei . This choice allows to separate the

di�usion in di�erent directions so that the di�usion in a given direction does not

depend on the intensity variations in the other directions. Some interpretation

of this di�usion scheme is given in [9, 8] where its good behavior is shown in the

case of enhancement of 3D angiographies.



For the local orientations, we use the gradient and principal curvature direc-

tions computed on the smoothed image u�, where the smoothing is obtained by

convolution with a Gaussian of standard deviation � (as in [10]). This basis corre-

sponds respectively to unit vectors in the directions of the gradient (e0 =
ru�

kru�k
),

and of the maximal and minimal curvature of the smoothed image. The principal

curvature directions can be computed as two of the eigenvalues (resp. eigenvec-

tors) of the matrix PHP where H is the Hessian matrix of the image and P is

the projection matrix orthogonal to the gradient direction, that is H 0 = PH�P

with P = I�e0e0
t, where H� is the Hessian matrix of the smoothed image pre-

viously computed, I is the identity matrix in 3D. One of the eigenvectors of this

matrix is the gradient of the smoothed image with a zero associated eigenvalue,

and the two others are the directions of principal curvature.

The di�usion functions �i of equ. (2) are chosen as �0(x) = x e�(
x
Æ
)2 with a

threshold Æ on the intensity derivative in the gradient direction, �1(x) = 0 and

�2(x) = x �2, where �2 is a positive constant allowing a di�usion only in the

minimal curvature direction.

2.2 Anisotropic Adaptive Filtering

In this section we describe a method developed for computer vision applications

[7, 5]. This technique is an extension of the well-known Wiener �lter and its

adaptive extension (see [1]), and consists in an anisotropic �ltering using local

�lter synthesis by means of an estimation of local orientation and the degree of

anisotropy. In this sense, the �ltering process related to unsharp masking [12]

using the stationary Wiener �lter solution as low pass and an adaptive high pass

composed by a set of �xed �lters.

Taken Abramatic and Silverman model [1] H� = H + (1� �)(1 �H), with

H =
Sff

Sff+�2n
is the Wiener �lter with noise standard deviation �n and 0 � � � 1

the visibility function introduced by Abramatic and Silverman. Knutsson et

al.[7] introduced an anisotropic component that allowed to control the level of

anisotropy of 2D images with a factor 

H�; = H + (1� �)( + (1� )cos2(�� �))(1�H) (3)

where � de�nes the angular direction of �lter, � is the orientation of local image

structure, and directed anisotropy function cos2(���) is implemented as a steer-

able �lter. Extending this solution to a multidimensional case with dimension N

(see [14]), we have: H = H + (1�H) < C;U > (4)

with, C =
PN

k=1 kêkêk
T the control tensor with eigenvalues k and eigenvectors

êk, and U = ûû
T outer product description of the Fourier domain with multidi-

mensional frequency direction û (û = u

juj
). Then, the control tensor is basically

weighting, according to its shape, the components of the signal in the Fourier

domain. The shape is given by its eigenvectors. High-pass frequency component

is weighted by a projection of spatial frequencies over the principal axes of sig-

nal. In this sense we are reducing high frequency components in directions where

spectrum is weak, because in those directions adaptive �lter will mainly become



Wiener �lter H , which is the low pass component. This kind of adaptive �lter

can be written as a linear combination of the Wiener �lter and a set of �xed �l-

ters Hk in di�erent directions n̂k (see [14, 3]), given by: Hk(u) = (1�H)(nTk û)
2

getting another expression for equation (4):

Hc = H +

N(N+1)=2X
k=1

<Mk;C > Hk

where the tensorsMk are de�ned by the outer product of �lter directions n̂kn̂
T
k .

For a N-dimensional signal, the number of �lters needed for this con�guration is

given by N(N +1)=2, because this is the number of independent components of

control tensor C, which is described by a symmetric N�N matrix. This yields 3

�xed directional for a 2D signal and 6 for 3D signal. Then, this scheme is based

on the inner product of two tensors;Mk, referred to the directions of �lters and

control tensor C, obtained from the structure tensor T [7, 2]. To determine both

tensors, we use the directions given by vectors pointing to the half of vertices

of a polyhedron (a semi-hexagon for 2D, a semi-icosahedron, etc) [6] . These

directions are enough to determine Mk and local structure tensor T .

The structure tensor is obtained from combining quadrature �lter responses,

oriented in these directions [6]:

T =

N(N+1)=2X
k=1

Mkjqkj

with jqkj quadrature �lter magnitude responses, using spherically separable quadra-

ture �lters Q(u) = R(�)Dk(û), with R(�) = e
�( 4

B2ln2
)(ln2( �

�0
))
the radial function

and Dk = (ûT n̂k)
2 if ûT n̂k > 0 and zero otherwise the directional function. We

denote u the vector valued frequency variable, � =k u k, û = u

juj
, �0 the center

frequency and B the relative bandwidth in octaves.

This tensor is symmetric and real and can be written as a weighted sum of

outer products of its orthogonal eigenvectors, being its eigenvectors the prin-

cipal axes of the local signal spectrum. The control tensor C can be obtained

as a normalization of T, that is, C has the same eigenvectors as T but with

normalized eigenvalues. Then, C can be obtained as C = �1
�21+�

2
a

T, where �1 is

the maximum eigenvalue of T, and �a is a term de�ning the trade-o� between

resolution and stability. That is, for �a = 0 it provides maximum resolution, and

the larger �a is, the smoother Wiener solution will be. However, the smaller �1,

the smoother the �nal �lter, thus getting maximum resolution when �1 is large

compared with �a. In our implementation [4, 14], we have used a more general

way to get control tensor C given by:

C = m(�
0

1)T
0

where m(�
0

1) = (1 � �
0

1) +
�
0�a
1

�
0(�+�a)

1 +�
�a
a

is called mapping function and T
0 is

the local structure tensor with eigenvalues �
0

1 and normalized with the globally

largest �1. The values of �, �a,  and �a control the shape of function m(�
0

1)



and therefore weight high frequencies. �a can be considered as a soft measure

noise-signal transition area, � controls how peaky the curve is, �a controls the

transition speed of m(�
0

1) and  determines where the function starts for zero

input.

3 Orientation extraction

In this section, we compare, on 3D synthetic images, the orientations obtained by

the gradient of the smoothed image eg and the maximal and minimal curvature

directions eM and em with the orientations obtained by the eigenvectors of the

structure tensor, denoted e�1 ; e�2 ; e�3 and ordered decreasingly according to

associated eigenvalues.

We use two synthetic 3D images to test these orientations. The �rst one

is a synthetic 3D junction of vessels and the second one is a synthetic 3D hip

joint (�g. 3). The intensity of the synthetic junction is 100 while the background

Fig. 1. Top row, Comparison of the estimated orientations on a synthetic 3D junc-

tion. Bottom row, Comparison of the estimated orientations on a synthetic 3D joint,

where each image represents a YZ slice on the left and a XY slice on the right. Left

column shows orientation obtained by the gradient and the minimal curvature, and

right columns shows the �rst and the last eigenvectors of the structure tensor.

is 0, and the vessel radii are 4,3 and 2 voxels. The image has been convolved

with a Gaussian kernel of standard deviation 1 and a white Gaussian noise of

standard deviation 30 has been added (see top left of �g. 3). Top row of �g. 1

shows results of eg in white and em in black on the left, computed with � = 2,

and e�1 in white and e�3 in black on the right, computed with �0 = 1:52 and

B = 2. For both direction estimations, the results on the two widest vessels are

very similar. However, the orientations are di�erent near the junction and on



the smallest vessel. On the one hand, the top white square on the two images

shows points of the surface where eg gives much better results than e�1 . In this

case, while the vectors eg are well oriented, the vectors e�1 are parallel to the

point of view of the projection and seem very small. This can be explained by a

global deviation of e�1 in the direction orthogonal to the 3D plane that contains

the junction, which is globally the direction of maximal intensity variation. On

the other hand, the bottom small white square shows that the black vectors e�3
are better oriented than em, due to the Gaussian smoothing that displaces the

contour position. Globally, the basis of the gradient direction and the principal

curvature directions gives a better orientation estimation that the basis of the

structure tensor eigenvectors.

In the second case, we present a synthetic hip joint (see bottom row of �g. 3)

with a sphere and a semi-cylinder that simulate femoral head and hip. This 3D

image has a size of 40�40�23 and a 1�1�3:04 voxel size. It has been generated

with a binary image using the same parameter values as the synthetic junction

and a noise standard deviation of 10. We observe (�g. 1 bottom row) a better

orientation of e�1 , computed with �0 = 0:785 and B = 2, (see XY slice and circle

in the YZ slice) than eg , computed with � = 1. This better de�nition of the local

structure is due to the fact that the gradient is very weak between the sphere

and the semi-cylinder, so the normalized gradient orientation is not accurate.

However, the tensor structure responds well in this case and points at the right

direction.

4 Restoration

An intuitive analogy can be done between the two �ltering techniques. First, the

low pass �lter used by the �rst one is a heat di�usion equation with a data at-

tachment while the second one uses a Wiener �lter. Second, anisotropic di�usion

uses a di�usion function based on threshold parameter Æ on the �rst derivative of

intensity in the gradient direction to decide whether a region should be enhanced

or smoothed. The proposed adaptive �ltering uses a mapping function based on

the �rst eigenvalue of the structure tensor to decide whether high frequencies

should be increased or decreased. In this section, we compare restoration of noisy

synthetic and real images using both methods.

4.1 Synthetic Images

Three synthetic images were created. The �rst one corresponds to two close

bar-like structures, the second one to a 3D junction between vessels, and the

third one to a synthetic joint. The �rst synthetic image is a 3D image of size

15 � 15 � 60 containing two bar-like structures of width 3 voxels separated by

2 voxels. This image varies only along z axis and we represented an intensity

pro�le at the center of XY plane and along Z axis in �gure 2. The image was

�rst convolved with a Gaussian of standard deviation 1 and then a Gaussian

white noise of standard deviation 15 was added. Figure 2 left shows the inten-

sity pro�le of the binary image that we created in plain line, and the convolved

image in slashed line. Figure 2 middle shows the restored image after anisotropic
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Fig. 2. Intensity pro�les on a synthetic image.

di�usion (� = 1; Æ = 7; � = 0:05; �2 = 1 ) superimposed on the noisy image.

Figure 2 right shows the noisy image in slashed line and the restored image af-

ter adaptive �ltering (� =  = 0; �a = 10; �a = 0:9) in plain line. We remark

that the adaptive �ltering tends to give a result that is closer to the convolved

image, and that the anisotropic di�usion attempts to converge to a segmented

image with constant areas. Top row of �g. 3 represents a 3D synthetic junction

Fig. 3. Top row, comparison of the �ltering on a synthetic 3D junction. Bottom row,

comparison of the �ltering on a 3D joint. Left, initial image with noise; middle, restora-

tion using anisotropic di�usion; right, restoration using adaptive �ltering.

between vessels. This image was described in section 3. We use the following

de�nition of the Signal To Noise Ration (SNR): SNR(I) = 10 log10
�2(I)

�2(Ib�I)

where Ir is the image to evaluate, Ib is the initial binary image, and � denote

the standard deviation. Its value is 0:4 for the noisy image, 5:7 for the image

restored by anisotropic di�usion (� = 1; Æ = 10; � = 0:1; �2 = 1 ) and 2:0 for

the image restored by adaptive �ltering (� =  = 0; �a = 10; �a = 0:9). This

means that we can obtain a better restoration using the anisotropic di�usion

which corresponds to the visual impression in �g. 3 and which can be explained

by the better estimation of the directions using the gradient and the principal

curvature directions.

Bottom row of �g. 3 represents a 3D synthetic joint. This image was described

in section 3. The parameters used for the anisotropic di�usion are � = 1; Æ =

10; � = 0:05; �2 = 1 and for the adaptive �ltering are � =  = 0; �a = 2; �a =

0:9. A iso-intensity contour of threshold 60 was superimposed in black on the

restored images to show that the adaptive �ltering allows a better contrast en-

hancement. This is coherent with the better estimation of the orientations ob-

tained by the structure tensor.



4.2 Real Images

Figure 4 presents results on two reals images. Top row is a XY slice representation

of a 94� 52� 26 sub-volume from a 3D Magnetic Resonance Angiography. The

voxel size is 0:93 � 0:93 � 1:5mm. We remark that the anisotropic di�usion

(� = 1; Æ = 5; � = 0:2; �2 = 0:3 ) provides a more homogeneous background than

the adaptive �ltering (� =  = 0:5; �a = 1:5; �a = 0:5), while the conservation

of the small vessels is similar. This conservation depends on the parameters of

each method. Bottom row presents a 85� 83� 20 sub-volume of a hip joint CT

scan of voxel size 0:82� 0:82� 3mm. We represent on the top left of each image

a zoom on the joint region that con�rms the better enhancement obtained by

the adaptive �ltering (� =  = 0:5; �a = 1:5; �a = 0:1) compared to anisotropic

di�usion (� = 1; Æ = 30; � = 0:1; �2 = 1) as with the synthetic data.

Fig. 4. Top row, 3D Magnetic Resonance Angiography. Bottom row, hip joint CT scan.

Left, initial real image; middle, restoration using anisotropic di�usion; right, restoration

using adaptive �ltering.

5 Discussion and future work

We presented a comparison between two di�erent types of anisotropic �ltering.

The �rst one uses the gradient and the principal curvature directions to lead

the di�usion and the second one uses the eigenvectors of the structure tensor to

weight the frequencies. We �rst compared the orientations used by each method

and showed on synthetic 3D images that the gradient and principal curvature

directions are better oriented in the case of vascular structures while the eigen-

vectors of the structure tensor respond better in regions of closed structures.

We also made a qualitative comparison between the �ltering results on both

synthetic and real images applied to vessels and hip joint. As far as we know,

this work is a �rst comparison that have been done between these two distinct

�ltering methods. In future works, we plan to make a quantitative evaluation of



the results. This evaluation should be done using the same best orientation esti-

mation in both methods, according to the application. It also requires a speci�c

segmentation algorithm and manually segmented images from physicians.
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