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ABSTRACT

Ultrasound elastography measures the elastic properties of soft tissues using ultrasound signals. The elastic
problem can be analyzed with tensor signal processing. In this work, we propose a new interpretation of elastography through the deformation tensor and its decomposition into both the strain and vorticity tensors. Vorticity
gives information about the rotation of the inclusions that might help in the discrimination between malign
and benign tumors without using biopsy. Although clinical validation is needed, synthetic experiments present
reliable results.

1. INTRODUCTION
Much of the growth of cancer in the last 30 years was due to more people living longer - as cancer is a disease
which usually aﬀects older people. The causes of cancer are wide and varied, and its prevention is an extremely
complex process that needs the development of new tools to help in the early detection and diagnosis of the
disease.
Changes in tissue stiﬀness correlate with pathological phenomena that can aid the diagnosis of several diseases
such as breast and prostate cancer 1, 2 or cardiovascular dysfunctions.3, 4 Many diﬀerent approaches try to
estimate and image the elastic properties of tissues, but this is not possible with conventional ultrasound, MRI,
CT or nuclear imaging. There are mechanical ways to estimate the biomechanical properties of the tissue such
as indentation, which is mostly used for thin layers of tissue ex-vivo.5, 6
Researchers have introduced new techniques using imaging modalities such as MRI and ultrasound, and also
there are some investigations in the optical ﬁeld using microscopes,7 always imaging the tissue response to some
stimulus. A review is found in.8
Elastography9 relies among the ultrasound quasi-static techniques for imaging the elastic properties of soft
tissues and it is well established in the literature. The standard mechanical way to produce a controlled compression in the tissue passes through a mechanical arm where the ultrasonic probe is held and used to compress
within a plate, to make the stress ﬁeld the more homogeneous as possible. However, in the last years, many
researchers have focused on simplifying the elastographic set-up needed for the production of the stimulus to the
tissue. There are studies comparing results10 which show that freehand elastography, although it has a lower
SNR, has proven its capability to detect lessions such as breast carcinomas.11
The displacement ﬁeld from which researches normally obtain the strain is estimated with diﬀerent techniques.
We will refer to papers such as,12 which use time-domain cross-correlation techniques, or,13 which uses iterative
phase zero estimation, among others. Some researchers visualize the estimated displacement and strain ﬁelds
following the path in;9 they focuse on the Forward Problem. Some others, calculate from the displacement and
strain ﬁelds, mechanical properties of the tissue such as Young’s modulus, by using the constitutive elasticity
equations solving the so called Inverse Problem. In the former, either axial strain or lateral strain,9 Poisson’s
ratio,14 or shear strain15 elastograms are visualized. The Inverse Problem approach, deals with Young’s modulus
visualization, the shear modulus16 or other related parameters. A comparative study between this two approaches
can be found in.16
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Although elastography has been shown to be capable of detecting breast tumors in vivo,1 biopsies are still
needed to assess their malignancy. Malignant tumors are known to form ramiﬁed boundaries that become ﬁrmly
bound to the surrounding tissue, as opposed to the benign ones, which have smooth borders and are loosely
attached to its surrounding.1 and15 have made eﬀorts trying to reduce the use of biopsies, with US elastography.
In this paper we present the theory and procedure to assess the rotation of the tumor by visualizing the
vorticity image aided with the strain tensor ﬁeld as an eﬀort to better determine the tumor inﬁltration, supported
with a phantom study. Preliminary promising results show the potential of the technique in the diagnosis and
prognosis of tumors, by non-invasively detecting their inﬁltrating nature.
This work is organized as follows. In Section 2, we present the mathematical basis from where we obtain
the new parameters that we will use for visualization. We expose in Section 3 the motivation and preliminary
investigations that made us deepen in this research. Section 4 presents the set up of the synthetic experiments
and their results, discussing the visualization methods. Finally, in Section 5 the conclusions are related and the
future work is also outlined.

2. MATHEMATICS: STRAIN AND DEFORMATION
Let u = (ux , uy ) be a 2-D displacement vector ﬁeld. 17 In mechanical engineering is well known that the
displacement gradient matrix, also known as Jacobian matrix or the unit relative displacement matrix (left of
equation 1) can be decomposed into the strain tensor (the symmetric part) with the elongational strains on the
diagonal and the shearing strains on the oﬀ-diagonal, and the vorticity tensor (the antisymmetric part) that
contains only the vorticity components,17
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For abbreviation we will represent this decomposition as ∇u = E + Ω. The tensor E measures the changes
of shape locally (stretching or shortening), while Ω informs about modiﬁcations related to rotations, and are
deﬁned by:
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The columns in the strain matrix individually represent the unite relative displacement vectors, the ﬁrst in
the x -direction and the second in the y-direction, of two inﬁnitesimal elements, each of one initially parallel
to x -direction or to y-direction. From this, we can illustrate a physical interpretation of the shear components
xy = yx . When there is no rotation, xy is equal to the displacement in the y-direction of the two extremes of
the inﬁnitesimal element initially parallel to the x -direction divided by the lenght of that element. When there
are both rotation and shear, the shear represents only part of the unit lateral relative displacement.
When the strain matrix components are zero, the local motion of the material in the neighborhood of a point
is an inﬁnitesimal rigid-body motion, through a small angle (compared to one radian). Vorticity can be extracted
from this rotation tensor and is related to the amount of circulation or rotation. More strictly, the local angular
rate of rotation. There are two conventions that diﬀer by a factor of 12 that aﬀect the visualization of vorticity
only in the scale of representation. We have followed the one related in18 where:
1
ωz = ωxy = −ωyx .
2
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(3)

3. TENSOR APPROACH TO ELASTOGRAPHY: MOTIVATION
Experiments done through simulations made us observe what intuitively could be expected from an unbounded
inclusion inside an homogeneus background axially compressed with non symmetric boundary conditions. As
it can be seen in ﬁgure 1 the inclusion rotates, and this doesn’t happen with perfectly symmetric boundary
conditions. This simulation solve the problem with FEA, but the analysis currently used in elastography cannot
appreciate that rotation in a displacement image due to the limitation of the algorithms to detect small displacements. However parameters such as vorticity can give information about the diﬀerential rotation in the areas or
volumes of study.

I

V

—
.27315!

.013923

—.241462

—.516726

.641163

.309561

—.117214

.226342

.14516

.467525

Figure 1. Axial displacement image corresponding to an unbounded inclusion 3 times stiﬀer than the background with
non symmetric boundary conditions.

Opposed to how we calculate the strain tensor from the displacement gradient matrix (the Jacobian), the
usual approach of elastography to the strain is to compute the formulas of each component of the strain tensor,
therefore ignoring meaningful parameters as vorticity. As it was mentioned in section 1, most representations
for elasticity imaging are scalar parameters, components of the strain tensor. Besides, tumor characterization
haven’t been solved. With the same goals but diﬀerent means than other investigations such as1 which utilizes
the discrepancy in sonograms and elastograms, and15 through the shear strain visualization, we propose the
study and analysis of the deformation tensor, and therefore, the strain tensor and the vorticity to asses tumor
inﬁltration.
A main contribution of this paper is the hypothesis of inﬁltrating tumors being less prone to rotate than
non-inﬁltrating ones when the surrounding tissue is pressed, since the former are more tightly attached to the
normal tissue than the latter. Hence, we expect the vorticity to be zero at the background and non zero values
for the inﬁltrating tumors, not as with non-inﬁltrating ones which should have also values around zero. We also
expect the strain tensor to behave diﬀerently for this two cases, especially at the boundaries of the tumor. This
diﬀerence can be assessed in the visualizations as we show next.

4. EXPERIMENTAL RESULTS
We have devised an experimental setting that has proved to be very useful in order to obtain preliminary results,
prior to a clinical experimentation. The setting consists of a synthesis stage, where a digital phantom of the
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tumor anatomy with surrounding tissue, the eﬀect of the compression applied with the US probe, and the US
images, are simulated. This setting allows us to easily experiment under diﬀerent conditions and mechanical
characteristics that we expect to correlate with real clinical data. The analysis stage estimates the deformation
and elastic properties from the US data, and provides useful visualizations.

4.1. Synthesis
Tumors can be simulated digitally19 by a homogeneous background (the surrounding normal tissue), and a
centered circular inclusion (the tumor) using ﬁnite element analysis (FEA) software. Mechanical properties are
endowed to both the background and the inclusion. The level of inﬁltration is simulated by deﬁning contact
points and assigning to them a friction coeﬃcient. For the speciﬁc setting reported in this paper the mechanical
properties are as follows: for both inclusion and background, the Poisson’s ratio used was µ = 0.495,5 thus
assuming conditions of virtual incompressibility. The background has a modulus of 21 kPa,5 and the inclusion
was 3 times stiﬀer.
The FE models were generated with applications to elastography in mind with an area of 40 × 40 mm2
for the background, and 5 mm radius for the circular inclusion. The phantom was meshed using eight noded
quadrilateral elements. Two diﬀerent cases of boundary condition between the inclusion and the surrounding
were studied: one of them with the inclusion loosely bounded to the background and the other fully connected,
simulating the benign and malign tumors. We have been carrying out extensive experiments, with diﬀerent
mechanical properties and geometries in order to simulate many real situations, which we cannot report in this
paper due to space limitations.
A compression was applied to the entire top side of the digital phantom, being 1% of its height. The top
surface allow perfect slip conditions, but the bottom surface has movement restriction in both directions (axial
and lateral). The sides of the target are free to move.
The coordinates of the nodes corresponding to the meshes of the test object before and after the compression
are the outputs from the FEA program, and are considered as ground-truth data. These two sets of (x, y)
coordinates were then computed with ultrasound simulation codes obtaining 15 frames of each, containing the
RF A-lines for the Region of Interest (ROI). Comparing each pair of frames (pre and post) we estimated 15
displacement ﬁelds for our phantom. Averaging them all we produce elastograms as in the usual scalar way
of visualization (top of ﬁgure 2). The parameters used for the simulation have been chosen according to our
ultrasound equipment in order to validate the results in later works. Data were digitized at 40 MHz; 256 A-lines
with a beam width of 1 mm, and the SNRs 170 dB. The pitch of the probe is 0.39 mm and its center frequency
7.5 MHz.

4.2. Analysis
Several techniques have been proposed to estimate the tensor strain components (section 1). All of them estimate
a displacement vector ﬁeld due to an applied deformation load. In this paper, we are not discussing which one
is better, but how we can obtain more useful information from the displacement vector ﬁeld. We computed
the cross-correlation of the pre and post-compression RF A-lines, using 2 mm of window length and 80% of
overlapping in order to obtain the displacement ﬁeld. Further information on this issue can be found in.12, 20
From the estimated displacement ﬁeld we create its correspondent vector ﬁeld. The gradient is calculated as in
equation 1, after which we decompose it in the strain and the vorticity tensor ﬁelds.

4.3. Visualization
When visualizing the vorticity, we have represented the scalar value of:
ωz = 2 · ωxy = −2 · ωyx ,

(4)

which represent the inﬁnitesimal angle of the pure rotation experimented locally (considering the movement a
compound of elongational terms and rotational ones, as seen in section 2, equation 3).
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Figure 2. Scalar and tensorial images comparison. Top: axial elastograms; bottom: tensor elastograms. Left: bounded
case (malign); right: unbounded case (benign).

5. DISCUSSION
The decomposition of the displacement gradient matrix in the strain tensor and the vorticity yields to the tensor
visualization of the ﬁrst and the scalar representation of the second. Here we are discussing only the second.
The experiments presented in this paper show an homogeneous axially compressed target with symmetrical
boundary conditions. Non-symmetric boundary conditions may be aided by the tensorial approach and vorticity
visualization presented in this paper. Many applications in diﬀerent elastographic modalities such as prostate
elastography may be favored by the vorticity visualization and the tensorial approach presented here.
Although there are studies1, 15 showing diﬀerences between malignant and benign tumors appreciated in axial
strain and shear strain elastograms, the vorticity isolates the information about rotation in the deformation tensor
and might contribute in the diagnosis and prognosis of in-vivo cancers (i.e. breast and prostate), what haven’t
been assessed, as far as we know, in other studies in elastography.

5.1. Real and estimated vorticity
In ﬁgure 3, we have included a representation of the ideal vorticity, meaning that we have computed the output
of the FEA software without simulating the ultrasound. This image shows a ring similar to those found in shear
elastograms,15, 21 presenting too, diagonal symmetry. In our case black or white represent clockwise or anticlockwise rotation. These eﬀect is due to the behavior of the material arround the inclusion. As the background
absorves more relative displacement when compressed (softer material), it seems intuitive to consider that it
will sleep arround the inclusion; clockwise at the right and anti-clockwise at the left, as if the inclusion would
stay at the same position. However at the lower part of the inclusion the rotation is opposed to the former.
Poisson’s eﬀect describes the lateral displacements due to the axial deformation. For this case of symmetric
boundary conditions, the lateral stretching of the background to both sides of the target with no deformation of
the inclusion, makes it easy to understand the direction of the rotations as they appear in the image 4.
The vorticity image of the US simulated response of the phantom yields a similar result, this time with the
inherent noise of the US. Diagonal symmetry can also be appreciated, the direction of the rotation can be assessed
with predominant positives or negatives values in each quadrant of the ring at the boundary of the inclusion.

5.2. Eﬀect of boundary conditions
As related in section 3, part of this research was motivated for the results in the displacement images such as
ﬁgure 1, with non-symmetric boundary conditions, which make the inclusion rotate when it is not bounded to the
background. When these boundary conditions are symmetric, in theory, the inclusion would not rotate due to
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Figure 3. Vorticity images. Top: both with symmetric boundary conditions as described in the experimental set-up. Left:
bounded case (malign); right: unbounded case (benign). For the bounded case the vorticity is homogeneous (for both
the inclusion and the background), and for the unbounded case, one may observe the ring that appears too for the axial
or the shear strain images, but this time isolated from the rest of the parameters. Bottom: Left: unbounded case with
non-symmetric boundary conditions; right: ideal image for the unbounded case with symmetric boundary conditions.

the lateral equilibrium of the force system. However vorticity keeps showing information, due to its inﬁnitesimal
considerations exposed in section 2.
Comparing ﬁgures 3 top right and bottom left, we can explain how the boundary conditions aﬀect the vorticity
images and other elastographyc representations. The former ﬁgure has symmetric boundary conditions, being
the target free to move in both laterals. Instead, at the latter image, at the left side of the target we have
imposed lateral movement equal to zero. The applied compression is pure axial and symmetric, but this time, as
the target cannot stretch to the left, the whole lateral deformation takes place in direction to the other lateral.
This yields as it can be seen in ﬁgure 3 bottom left to higher values of vorticity at the right of the inclusion,
dissapearing the diagonal symmetry encountered in the former image.

5.3. Eﬀect of noise
We have introduced in the phantom study the eﬀect of the noise produced by the acquisition equipment. The
ﬁgures presented are the output of the simulated US response of the tartget after being processed with the
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II

Figure 4. Rotation scheme. The circle represents the inclusion, and the lines are analogous to a ﬂow, in our case the
stretching of the background due to Poisson’s eﬀect. The rrows inside the circle show the directions of the background’s
rotation with respect to the inclusion.

elastography algorithm. Although the input of the experiments are the ideal local positions of the phantom
before and after the compression, the simulation experiment yields imperfect data closer to the expected real
data. The eﬀect of the noise was added to the US simulation code as a randomly chosen parameter in the range
of 5% of relative error. Results are accurate enough to detect variations in the tensor representation as well as
in vorticity, when the contrast ratio (equation 5) between the inclusion and the background is 3 or bigger. The
eﬀect of the contrast ratio is discussed in the next point. In-vivo elastograms are expected to behave similar to
these presented here regarding to noise. Studies about the inﬂuence of the noise in the detectability of lessions
using elastography can be found in.22
Contrast Ratio =
Elastic M odulus of the Inclusion
Elastic M odulus of the Background

(5)

5.4. Eﬀect of contrast ratio
We have repeated the experiment for three diﬀerent contrast ratios: 1.25, 2 and 3. The bounded case has no
diﬀerence for the three cases, and the visualization result is that shown in ﬁgure 3 right; an homogeneous image.
In ﬁgure 5 it can be noticed that vorticity images with a contrast ratio lower than 3, are much noisier, making
it diﬃcult to distinguish between diﬀerent rotational behaviors. However, as we present in ﬁgure 7, vorticity
has higher values at the boundary of the unbounded inclusion for the three contrast ratios. This ﬁgure shows
the statistical values of the vorticity in one representative column of the image matrix, the same for the three
cases, where the inclusion is found and vorticity holds higher values at the boundary of the inclusion. In the case
where the inclusion is three times stiﬀer than the background, the deviation from the median, and therefore the
diﬀerence with the background, is one order higher than in the other two cases. Appropriate processing of the
image might yield to results where this parameter can asses rotations at the target.

6. CONCLUSION AND ON-GOING RESEARCH
Other works visualize scalar values such as axial strain, shear strain and Poisson’s ratio, and have shown the
usefulness of the information contained in them to assess the mobility of the tumor and therefore its malignancy.1, 15 Vorticity isolates the information about rotation in the deformation tensor and might also contribute
to the diagnosis and prognosis of in-vivo cancers (i.e. breast and prostate), what haven’t been assessed, as far
as we know, in other studies in elastography.
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Figure 5. Vorticity images for diﬀerent contrast ratios between the inclusion and the background. Left: contrast ratio
of 1.25; center : contrast ratio of 2; right: contrast ratio of 3. Note the diﬀerent scales of the images in order to better
visulize each case.
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Figure 6. Vorticity against depth (in pixels) for the same representative column (passing through the inclusion at its
right) for the 3 diﬀerent contrast ratios between the inclusion and the background. Light gray: contrast ratio of 1.25;
gray: contrast ratio of 2; black : contrast ratio of 3.

Our on-going research, deals with the use of new algorithms to estimate an accurate strain and vorticity tensor ﬁelds. Commercial and gelatin phantoms, and clinical validation are under study, as well as other tensorial
data representations that can be extracted from the mathematical approach presented here.
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