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Using the technique of measures of noncompactness and, in particular, a consequence of Sadovskii’s fixed point theorem, we prove
a theorem about the existence and asymptotic stability of solutions of a functional integral equation. Moreover, in order to illustrate
our results, we include one example and compare our results with those obtained in other papers appearing in the literature.

1. Introduction

Measures of noncompactness play very important role in
nonlinear analysis. They are often applied to the theories of
differential and integral equations as well as to the operator
theory and geometry of Banach spaces. The concept of a
measure of noncompactness was initiated by Kuratowski [1]
and Darbo [2]. In [2] Darbo, by using the concept of a
measure of noncompactness, proved a fixed point theorem.
In [3] Sadovskii improved the results obtained in [2].

The purpose of this paper is to present a theorem on the
existence and asymptotic stability of solutions of a functional
integral equation. Our study will be placed in the Banach
space of real functions which are defined, continuous, and
bounded on the real half-axis R,. The functional integral
equation studied in the paper contains as particular cases
a lot of functional and integral equations appearing in the
literature. The main tool used in our investigations is a
consequence of Sadovskii’s fixed point theorem [3].

2. Notations, Definitions, and Auxiliary Facts

Let E be a given real Banach space with a norm || - ||. For a
nonempty subset X of E denote by X the closure of X and

by ConvX the closed convex hull of X. For X and Y being
subsets of E, by X + Y and AX, A € R, we denote the usual
algebraic operations on X and Y. Further, let 9t denote the
family of all nonempty and bounded subsets of E and 9t its
subfamily consisting of all relatively compact subsets. If y is
a mapping defined on M with real values, then by ker y we
denote the following family:

kery ={X € My : y(X) = 0}. 1)

This family will be called the kernel of the mapping y.
Following [4], we consider the following definition of the
concept of a measure of noncompactness.

Definition 1. A mapping u : My — R, = [0,00) will be
called a measure of noncompactness in E if it satisfies the
following conditions.

(1) The family ker y is nonempty and ker yu ¢ 9.

(2) X Y = uX) <uY).

(3) u(X) = p(X).

(4) u(ConvX) = u(X).

5) UAX+(1-2)Y) < Aw(X)+ (1= A)u(Y) for A € [0, 1].



(6) If (X,,) is a sequence of closed subsets of 9t ; such that
X1 € X, andlim, o u(X,) = 0,then( )72, X, # ¢.

In [2] Darbo proved the following fixed point theorem.

Theorem 2. Let Q) be a nonempty, bounded, closed, and convex
subset of E and let # : Q0 — Q be a continuous mapping such
that there exists a constant k € [0, 1) satisfying

(IX) <k (X) 2)
for any nonempty subset X of Q, where y is a measure of
noncompactness.

Then Z has a fixed point in Q.

In [3], Sadovskii proved the following generalization of
Theorem 2.

Theorem 3. Let Q) be a nonempty, bounded, closed, and convex
subset of Eandlet # : Q — Q be a continuous mapping such
that

p(FX) < pu(X) 3)

for any nonempty and noncompact subset X of Q), where y is a
measure of noncompactness in E. Then Z has a fixed point in
Q.

Notice that in [3] Theorem 3 is proved for a particular
measure of noncompactness in E, but the same argument
serves for an arbitrary measure of noncompactnessin E [5, 6].

In our study, we will work in the Banach space BC(R,)
consisting of all real, bounded, and continuous functions
on R,. This space is furnished with the norm given by the
formula

x|l = sup {lx(t)] : t € R,}. (4)

In BC(R,), we will use the measure of noncompactness
which appears in [7, 8]. In order to present this measure of
noncompactness, let us fix a nonempty, bounded subset X of
BC(R,) and anumber L > 0. For x € X and € > 0, we denote
by w”(x, €) the modulus of continuity of the function x on the
interval [0, L]; that is,

a)L(x,s) =sup{lx () —x(s)|:t,s € [0, L], |t —s| < ¢}.

)
Now, we consider the quantities
wh (X, e) = sup {wL (x,€):x € X},
L ETI
wy (X) = ehir%)w (X,¢), (6)

w, (X) = Lllmoowé (X).

Further, for a fixed number ¢t € R, , we denote X(¢) = {x(t) :
x € X}.

Finally, the measure of noncompactness ¢ which will be
used in our study is defined as

p(X) = wy (X) + lim sup diam X (t), (7)
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where diam X(t) = sup{lx(t) — y()| x,y € X} In
[4], the authors proved that the function y is a measure of
noncompactness in BC(R, ).

In order to introduce the concept of asymptotic stability
which will be used later, we assume that Q is a nonempty
subset of BC(R_) and let 7 : O — BC(R,) be an operator.
Also, consider the equation

x(t)=(Ix)(t), teR,. (8)
Definition 4. One will say that solutions of (8) are locally
attractive if there exists a ball B, (x,) in BC(R,) such that, for
arbitrary solutions x = x(t) and y = y(t) of (8) belonging to
B, (x,) N Q, one has that

Jim (x(6) - y @) =0. ©)

In the case when the limit in (9) is uniform with respect
to the set B,(x,) N Q, that is, when for each € > 0 there exists
T > 0 such that

l[x@®)-y@)<e (10)

for all x, y € B,(x,) N Q being solutions of (8) and for any
t > T, one will say that solutions of (8) are asymptotically
stable.

We will finish this section with the following gener-
alization of Banach contraction mapping principle due to
Geraghty [9] and where the class % of functions 8
[0,00) — [0, 1) is used satisfying

B(t,) —1=t,—0. 1)
By 3B, we denote the class of functions 8 : [0,00) — [0, 1).

Theorem 5. Let (X, d) be a complete metric space and let 7
X — X be an operator. Suppose that there exists 3 € B such
that for any x, y € X

d(#x,Zy)<B(d(x,y)-d(xy). (12)

Then Z has a unique fixed point in X.

3. Main Result

We start this section with the following result which is a
version of Theorem 5 in the context of measure of noncom-
pactness.

Proposition 6. Let Q) be a nonempty, bounded, closed, and
convex subset of a Banach space E and let 7 : QO — Q be
a continuous mapping such that

p(IX) < B(u(X)) - u(X) (13)

for any nonempty and noncompact subset X of Q, where f3 €
B, and p is an arbitrary measure of noncompactness in E.
Then Z has at least one fixed point.
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Proof. Let X be a nonempty and noncompact subset of Q.
Then p(X) > 0. We can distinguish two cases.

Case 1 (B(u(X)) = 0). In this case, from (13) we get y(Z'X) =
0 and therefore 0 = u(#X) < u(X).

Case 2 (B(u(X)) > 0). In this case, since the function 8 has as
range [0, 1), from (13) we have u(#'X) < u(X).

Since X is an arbitrary nonempty and noncompact subset
of Q, the contractive condition appearing in Theorem 3 is
satisfied. Finally, Theorem 3 says that # has a fixed point in
Q. This completes the proof. O

Now, we present the following result which belongs to the
classical metric fixed point theory.

Corollary 7. Let Q) be a nonempty, bounded, closed, and
convex subset of a Banach space E and let # : QO — Q be
an operator satisfying

|17 x -7 y|| < a(|x - y]) (14)

forany x,y € Q, wherea : R, — R, is a nondecreasing
function with 3(t) = a(t)/t € B,. Then F has a unique fixed
point in Q.

Proof. Let yu : My — R, be the function defined by u(X) =
diam X, where

diam X = sup {||x — y|| : x, y € X}. (15)

It is easy to see that y is a measure of noncompactness in E
[4].

Now, we take a nonempty subset X of Q with u(X) #0.
Using (14) and the fact that « is nondecreasing, we have

uw(FX) =diam Z (X) = sup{|#x - Zy| : x,y € X}
<suplafe )t vy € X)
< a(sup{fx—y]:xyeX})

a(p(X)

= o (diam X) = & (4 (00) = — T

p(X)

=B(uX) - u(X).
(16)

When u(X) = diam X = 0, we infer that X is a singleton;
thus TX is also a singleton. Consequently, u(Z'X) = 0.
Therefore, (16) is also satisfied when p(X) = 0. Since § € &,
Proposition 6 gives us the existence of at least one fixed point
in Q.

In order to prove the uniqueness of the fixed point,
we take into account Fix# ¢ kery, since Z'(Fix#) =
Fix # and, consequently, u(Fix #) = 0. Finally, since ker y
consists of singletons, Fix 7 is a singleton and this proves the
uniqueness of the fixed point. The proof is complete. O

An example of the function « appearing in Corollary 7 is
«(t) = arctant.
Now, we present the main result of the paper.

Theorem 8. Consider the following functional integral equa-
tion:

t

x(t)=ftx(t)+ J g (t,s,x(s))ds,

0

teR (17)

+

under the following assumptions.
(a) The function f(t,x) = f: R, xR — R is continuous
and the functiont — f(t,0) is bounded.
(b) There exists a continuous and nondecreasing function
¢:R, — R, with ¢(0) = 0, satisfying
(b)) @((t +5)/2) = (¢(t) + @(s5))/2 for any t,s € R,
(by) (1) = @(t)/t € By,

such that

lft.x)-ft.y)<e(x-y]) forxyeR teR,.
(18)

. 2 .

(c) The function g(t,s,x) = g : Ri xR — Ris

continuous and there exist continuous functions u,v :
R, — R, such that

(c) lim, _, o u(t) [} ¥(s)ds = 0,
(cy) lg(t, s, x)| < u(t)v(s) for anyt,s € R, and x €
R.

(d) There exists a positive solution 1, of the inequality ¢(r)+
q < r, where

q = sup {If(t, 0)] + u(t)J v(s) ds} : (19)
teR, 0

Then (17) has at least one solution x € BC(R,). Moreover,
solutions of (17) are asymptotically stable.

Proof. Let us consider the operator # defined on BC(R,) as
follows:

t
@00 = F @)+ | gsxds @)
0
For convenience, we divide the proof into several steps.

Step 1 (# maps BC(R,) into itself). In fact, since f and g are
continuous functions, for x € BC(R,) we infer that #'x is
continuous on R,. Now, we prove that for x € BC(R,) the
function % x is bounded. In fact, for arbitrarily fixed t € R,
we get

[(Zx) O] < |f (£, x (1) - £ (t,0)]

t
+|f,0)|+ L lg (t,s,x ()| ds

(1)
t

smwmnwfmmhuva@¢

<o) +4q.



This proves that

sup () ()] < ¢ () +q < oo. @)

teR,
Therefore, 7 maps BC(R,) into itself.

Step 2 (# maps B, into itself). It follows from assumption
(d) that # maps B, into itself.

Step 3 (an estimate of % with respect to the quantity w,). For
fixede > 0and L > 0 let us take t,s € [0, L] with |t — 5| < &.
Without loss of generality, we may assume that s < t. Then
for x € X we obtain the following estimate:

(7 x) (t) = (Z x) (s)]
<|ftx®) - f(s,x(5)

+ r gt 1, x(1))dr - rg (s, 7, x (1)) dt

0 0

<|ftx®) = f (s x@®)] +|f (s,x(®) = f(s,x(5)

+ J-t gt 7, x(1))dr - J-t g(s,1,x (1) dr

0 0

+ Jt g(s,7,x (1)) dr - r g(s, 7, x (1)) dr
0 0
<wy (fre) +o(x () - x())

+ J-o lg(t,7,x (1)) - g (s, 7, x (7))| dT

+J lg (s,7,x (1))| dT
<y (f.6) + (0" (x0)
+ Jwa (g.e)dr +u(s) Jtv(r)dr
0 s

<l (fe) +go(wL (x,s))

+ Loy (g.e) +e sup {u(s)v(D)},

s,t€[0,L]
(23)
where we denoted
wr (fr€) =sup{|f (6, x) = f(s,x)| : t,s € [0, L],
x € [-rg, 1], lt—s| <€},
wl (g.€) = sup {|lg (t,7,x) = g (s, 7, x)| : t,T,5 € [0, L],
x € [-ro. 1], |t —s| < €}
(24)

From the uniform continuity of the functions f and g on the
sets [0, L] x [—7y, 7] and [0, L] X [0, L] X [—7¢, ], respectively,
it follows that wf (f,e) — 0 and wlL (goe) — 0 when
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¢ — 0. Notice that, since u and v are continuous on [0, L],
we have that sup (o ;) {u(s)v(t)} < co. Therefore, we derive
the following estimate:

W' (Fx,€) <wl (fre) +¢ (wL (x,s))

+ LwlL (g.€) +¢ 51[1&] {u(s)v(t)}. 25)

Since ¢ is nondecreasing, we obtain

Wt (X, e) =sup {wL (K x, s)}

x€X

< w]f (fie)+o (su}lz {wL (x,s)})

+ wa (g-€) +e sup {u(s)v()} (26)
s,t€[0,L]

=wh (fie) + (p(wL (X, s))

+wa (g-€)+e sup {u(s)v(t)}.
s,t€[0,L]

Hence

wOL (FX) = £liir%)cuL (X, ¢) < shinogo (wL (X,s))

(27)
. L L
= ¢ (lime" (%.9) = ¢ (0 ().
Finally, we get
wy (ZX) = lim wj (ZX) < lim ¢ (wp (X))
(28)

=¢ <Llimmwg (X)) = ¢ (wy (X)).

Step 4 (an estimate of # with respect to the diameter). For
x,y € Xandt € R,, we have

(%) (t) - (% y) (1)
<|ftx@®) - f(&y®)

+r |g(t,5,x(s))|ds+r lg (t.s, y(s))|ds (29)
0 0

t
<o(x@) -y @) +2u() L v (s) ds.

Since ¢ is nondecreasing, from the last inequality it follows
that

diam (' X) (t) < ¢ (diam X (¢)) + 2u (t) r v(s)ds. (30)
0

Consequently, from assumption (c,) and the continuity of ¢,
we get

lim sup diam (#'X) (t) < ¢ <lim sup diam X (t)) . (31
t— 00

t— 00
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Step 5 (F satisfies the contractive condition of Proposition 6).

In fact, from assumption (b, ), (28), (31), and the definition of

the measure of noncompactness y, we infer

u(FX) = wy (ZX) + lim sup diam (Z'X) (t)

t — 00
<p(wy (X)) +¢ (hm sup diam X (t))
t— 00

_,9 (wy (X)) + ¢ (limsup, _, ., diam X (¢))
- 2

B 2(/)(% (X) +limsu;;tﬂoodiamX(t)>
X
(1),

Now, considering in BC(R ) the measure of noncompactness
p, defined by y,(X) = (1/2)u(X), the last estimate can be
written in the form

(32)

w (ZX) <o (X)). (33)

Therefore, if y; (X) # 0, then

¢ (4 (X))
w (ZX) < W cp (X) (34)
or equivalently
u (X)) < B(p (X)) -y (X)), (35)

where () = ¢(t)/t.

In the case y;(X) = 0 we have that X is a relatively
compact subset of BC(R,) and, since # is continuous, # X
is also relatively compact and thus p, (Z'X) = 0. This proves
that (35) is also satisfied when y, (X) = 0. Summarizing, for
any nonempty subset X of B, , we have

w (ZX) < By (X)) -y (X)), (36)

where § € 9B, (assumption (b,)) and g, is a measure of
noncompactness in BC(R_).
In the sequel, let us consider the sequence of sets (B:’U),

where Bio = Conv%(B,o), Bfo = Conv%(Bio), and so on.
Notice that the sequence is decreasing; that is, B:‘:l < By

forn = 1,2,3,.... Moreover, Bio C B,0 and the sets in this
sequence are closed, convex, and nonempty.

5
On the other hand, in view of (32), we get
i (BL) = (Coms (5,)
= (7 (B,,))
<o (m (B,)),
W (Bf ) = (Conv% (Br ))
(37)
= (7 (B,))
<¢(w (B,))
<o (o (m (8,)))
=¢" ( (B,,))
and, by using induction,
i (B) <" (i (B,)) (38)

where we have used the nondecreasing character of ¢ and

where go(") denotes the nth iteration. Taking into account (b,),

since @(t)/t € B, we have ¢(t) < tfort > 0 and as ¢ is

continuous, it follows that go(")(t) — 0 fort > 0 [10].
Therefore, we deduce that

lim gy (B)) = 1im ¢" (u, (B,)) =0.  (39)

n— 00

Now, taking into account Definition 1, we deduce that the set
Y = )2, B}, is nonempty, bounded, closed, and convex.
Moreover, since y; (Y) < y, (Bfo) foranyn € N,Y is a member
of the kernel ker ¢, of the measure of noncompactness y, . Let
us also observe that the operator 7 transforms the set Y into
itself.

Next, we will prove that # is continuous on the set Y.
To do this let us fix a number ¢ > 0 and we take a sequence
(x,) € Y and x € Y such that x, — x. We have to prove that
Hx, — FX.

In fact, since Y € kerpy,, we have i (Y) = 0 and,
particularly, lim sup, _, .. diam Y (t) = 0. Then, for ¢ > 0 we
can find T > 0 such that |x(¢) — y(¢)| < e forany x, y € Y and
t > T. Particularly, since #Z : Y — Y we have #Z'x,, x €Y
for any n € N, and, thus, fort > T,

|(%xn) (t) — (Ix) (t)| <e foranymneN. (40)

On the other hand, since g : [0,T] x [0,T] x [-ry,7,] — R
is continuous on a compact set, it is uniformly continuous.
This means that for ¢ > 0 we can find § > 0 such that if
max{[t — t'|,|s = §'|,lu = v|} < & fort,t',s,s' € [0,T] and
u, v € [—r,,1,], we have |g(t, s, u) - g(t', s, v)| < g/2T.

Taking into account that x, — x, we can find n, € N
such that, for n > n, ||x,, — x| < min{e/2, §}.



Forn > ny and t € [0, T], we have

|(%xn) (t) -
<|f (6, ) = f (x @)

(Zx) (1)

+ L lg (t.s,x, (s)) = g (£, 5, x(s))| ds
<o (|x, (1) - x (1))

T
+ L l9(t:5%,9) =g bs.xds

T €
< (s, -xl) + | s

(5)

+

IN
S
N M

N
N m
| m

Il
»

where we have used the fact that ¢(t) < ¢ for t > 0 and the
nondecreasing character of ¢.

From (40) and (41), |#'x,, — Z'x| < € for n > n,. This
proves our claim.

Finally, taking into account that as Y € kery, and,
consequently, Y is relatively compact, #Z : Y — Yisa
continuous operator, applying the classical Schauder fixed
point theorem, we infer that the operator 7 has at least one
fixed pointin Y.

In order to prove that solutions of (17) are asymptotically
stable, we notice that any solution x(¢) of (17) in B, isa fixed
point of #'. Now, taking into account that # transforms B,
into itself, we have

W (7/ (B,O n Fix?/)) =u (BrO n %(le%))
(42)
= (Br0 n Fix%’).

Since pu (Z'X) < By (X)) - 4, (X) for any nonempty subset
X of B, , we have
w (7 (B, NFix 7)) = , (B, nFix )
< B(w (B, NFixx)) (43)

Uy (Bro ﬂFiX%’).

Further, we distinguish two cases.

Case 1 (B(u, (B,,NFix #)) = 0). In this case, by (43), 4, (B, N

Fix#) =0
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Case 2 (B(p (B,0 N Fix %)) > 0). In this case, by (43) and
taking into account that the range of the function f is [0, 1),
we infer

W (7/ (Br0 N Fix %))

=, (Br0 N Fix %)
(44)
< B (B, NFix#)) -, (B, NFix %)

< Wy (B,o n Fix?/)

which is a contradiction. Therefore y, (B, N Fix #) =

Since p;(X) = (1/2)u(X) for any nonempty subset X,
we deduce that u(B, N Fix#) = 0. Taking into account
the definition of the measure of noncompactness y (see
Section 2), we have

lim sup diam [(Brﬂ N Fix %’) (t)] =0. (45)

t— 00

But this means that for any € > 0 we can find T' > 0 such that
diam [(B, NFix %) ()] <e foranyt>T.  (46)

As all solutions of (17) in B, arein B, N Fix 7, by (46) we
have that for € > 0 there ex1sts T>0 such that

|x -y (t)| <e foranyt=>T, (47)

where x, y € B, and they are solutions of (17). This means
that solutions of (17) are asymptotically stable. The proof is
complete. O

4. Example

In order to present an example which illustrates our results,
we need to prove some properties about the inverse tangent
function.

Lemma 9. The function ¢ : R, — [0,7/2) defined as ¢(t) =
arctan t has the following properties.

(a) ¢ is continuous, nondecreasing and satisfies g(0) = 0.
(b) Fort,s € R, : (¢(t) + ¢(s5))/2 < @((t + 5)/2).
Proof. (a)Itis clear that ¢ is continuous, nondecreasing (since
@' (t) = 1/(1 + %) > 0) and 9(0) = 0.

(b) Since ¢" () = —2t/(1 + )" <
infer that ¢ is concave and, therefore,

O0foranyt € R, we

P +9(s) t+s
2 Sq)(T)’ “

foranyt,s € R,. O

Definition 10. A function f :
subadditive if

flx+y)<f)+f(),

— R, is said to be

|]%+

forany x,y e R,.  (49)
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Lemma 11. Suppose that f: R, — R is subadditive. Then,
for y < x, one has that

fE-f)<flx-y). (50)
Proof. In fact, since
f=flx-y+y)sflx-y)+fly) 6

the desired result follows. O

Remark 12. From Lemma 11, we infer thatif f: R, — R, is
subadditive, then

lf )= fFOl < f(x-yD),

Lemma 13. Let f : R, — R, be a concave function with
f(0) = 0. Then f is subadditive.

for any x,y e R,. (52)

Proof. Since f is concave and f(0) = 0, we haveforx, y € R,

f(x>=f(xf—y(x+y)+ 2 0)

x+y'

y
> 0
> oy G SO
x
EETSTARE
(53)
X y
= -0
10 = (£ 00 2= (e )
x J
> 0
2 SO 2 f ()
_ Y
EETSTAGRE
Adding these inequalities side by side, we obtain
Y
(x) + > X+ y)+ X+
F@+fO)z Zof ey Zo (k) 61
=f(x+y).
Therefore f is subadditive. 0

Remark 14. Since the function f: R, — [0,7/2) defined by
@(t) = arctant is concave and ¢(0) = 0, by Lemma 13, ¢ is
subadditive. Taking into account Remark 12, we get

|(p(t)—(p(s)| <@(t-s|) foranyt,seR, (55)

or

larctant — arctan s| < arctan (|t —s|) for any t,s € R,.

(56)

Lemma 15. The function 8 : R, — [0,1) defined by 5(t) =
@(t)/t fort > 0, where ¢(t) = arctan t, belongs to the class %,,.

Proof. From mathematical analysis, we know that ¢(t) =
arctant < t, for t > 0. Therefore, the function ¢ maps R,
into [0, 1). This completes the proof. O

Now, we are ready to present an example illustrating our
results.

Example 16. Consider the following functional integral equa-
tion:

1 t
X (t) = ——— +arctanx (¢
® 201 +¢ ®

(57)
teR

J-t tscos (x2 (t))
+ .
0 30VE® + 52 +185% +2 *

Notice that (57) is a particular case of (17), provided we put

1 t
t,x) = ——— + arctan x,
f &) 201+t

tscos (xz) (58)

30V + 2 + 1852 + 2

g(t,s,x) =

Itis clear that f: R, xR — R is continuous and, moreover,

1 t

F @0l =|5—=|< 55

< forany t € R,. 59
201+¢1° 20 yreR. (59

Thus, assumption (a) of Theorem 8 is satisfied.
On the other hand, taking into account Remark 14, for any
x,y € Randt € R,, we obtain

|f (t,x) = f (£, y)| = |arctan x — arctan y|

< arctan (|x - y|).
Thus, by Lemmas 9 and 15, the function ¢(f) = arctant
satisfies assumption (b) of Theorem 8.

Further, notice that g : R, x R, xR — R is continuous
and, for any ¢, s € R, and for x € R, one has

tscos (xz)

gt s, x)| =
| | 30VES + 52 + 1852 42

(61)
t S

< . .
30Ved +1 Vs2+1

Putting u(¢) = t/30Vi® + 1 and v(s) = s/Vs? + 1, it is clear

that u(¢) and v(s) are continuous functions on R, . Moreover,

Jtv(s)ds:r 25 -Ve+l-1. (62)
0

0 Vso+1
Since
t
. ey t [ 1 B
tll)ngou(t) JOV(S)dS—tll)ngom< t“+1 1) =0,

(63)

assumption (c) of Theorem 8 is satisfied.



Now, we estimate the constant q appearing in assumption
(d) of Theorem 8. Indeed, we have

= sup {|f(t 0)| +u(t) v(s)ds}

q =
:sp{l d (\/2+1—1)}
ter, 1201 +t 30\/t8
(64)
1
< su \/ + 1}
te[Rp { 30 \/1.‘8
{ 1 V42 }
= sup
teR, 30 Vs +
Notice that ift < 1, then
N Py
F+E V2 <V2 (65)
Vit +1 8+ 1
and when t > 1, we have
N Py 8
t*+t 2t < \/E (66)
Vit +1 8 +1
Thus, from the last inequality, we obtain
- { | VAR }
208 11 e
teR, 30 t (67)
1
T \F 2 < 0.0972.
20
Now, we consider the inequality
@ (r) +0.0972 = arctanr + 0.0972 < r. (68)

An application of Bolzano’s theorem gives that this inequality
is satisfied by a number r,, € (0, 1). Therefore, assumption (d)
of Theorem 8 is satisfied.

Finally, by Theorem 8, we conclude that (57) has at least
one solution x in BC(R, ) satisfying [ x| < .

5. Final Remarks

In [10] the authors proved the following result.

Theorem 17 (Theorem 2.2 of [10]). Let Q be a nonempty,
bounded, closed, and convex subset of a Banach space E and
letT:Q — Q be a continuous operator satisfying

u(TX) < ¢ (4 (X)) (69)

for any nonempty subset X of Q, where y is an arbitrary
measure of noncompactness and ¢ : R, — R, isa
nondecreasing function such that lim,,_, . ¢"(t) = 0 for each
t € R,, where ¢" denotes the n-iteration of ¢. Then T has at
least one fixed point in Q).
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Notice that we can rewrite condition (69) in the form

¢ (X))

TX) <
(1) < p(X)

u(X), (70)

for any nonempty subset X of Q with p(X) > 0. When u(X) =
0, this means that X is a relatively compact subset of E and,
since T is continuous, TX is also relatively compact subset of
E and, therefore, u(TX) = 0. Consequently, condition (70)
is satisfied for any nonempty subset X of Q). This tells us that
Theorem 2.2 of [10] can be reformulated in the following way.

Theorem 18. Let Q) be a nonempty, bounded, closed, and
convex subset of a Banach space E and let T : QO — Q be
a continuous operator satisfying

u(TX) <y (uX) - pu(X), (71)

for any nonempty subset X of Q, where y is an arbitrary
measure of noncompactness and y belongs to the class o of
functions ¢ : R, — R, with ¢(t) = ¢(t)/t, wherep : R, —
R, is a nondecreasing function such that lim,, _, . ¢"(t) = 0
foreacht € R,. Then T has at least one fixed point in Q).

Now, we compare the classes of functions 9%, and &
appearing in Proposition 6 and Theorem 18, respectively. To
do this, we need the following lemma which appears in
[10] under weaker assumptions. For the paper to be self-
contained, we present a proof.

Lemma 19. Let ¢ : R, — R, be a continuous and
nondecreasing function. Then the following conditions are
equivalent:

(a) lim,,_, o, ¢"(t) = 0 foranyt > 0,

(b) (t) <t foranyt > 0.

Proof. (a)=(b) Suppose that the conclusion is not true. This
means that we can find t, > 0 such that ¢(¢;,) > ¢,. Since
¢ is nondecreasing, we obtain ¢"(t,) > t, > 0 for any n =
1,2,...and the sequence {¢"(t,)} is nondecreasing. Therefore
lim,, _, ., ¢"(t,) = t, > 0 and this contradicts (a).

(b)=(a) Let t be an arbitrary number but fixed with t >
0. Since ¢(t) < t and ¢ is nondecreasing we infer that the
sequence of nonnegative real numbers (¢"(¢)) is decreasing.
Thus, lim,, _, ., ¢"(¢) = r for certain r > 0. Suppose that r > 0.
Then, by (b), ¢(r) < r. On the other hand, since r < ¢"(t) for
anyn = 1,2,. .., the continuity of ¢ gives us

r< img"® = limo (o™ ©)
(72)
=¢ (nlgngo¢”‘1 ) =)<

which leads to a contradiction. Therefore, r = 0 and this
completes the proof. In virtue of Lemma 19, it is obvious that
o C B, O
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Now, we will prove that %, ¢ <. To this end consider the
functiony : R, — R, given by

—1t+1 ifo<t<l1
yi)y=4 2 2 T (73)
0, if t > 1.

It is clear that y maps R, into [0, 1/2] and therefore y € 2.
If y € o, then y(t) = @(t)/t, wherep : R, — R, isa
nondecreasing and lim,, _, ., ¢"(¢) = 0 for t € R,. In view of
the equality
1, 1 .
o (t) =ty (6) = St ifo<t<l, o4)
0, ift>1,

it is obvious that ¢ is not nondecreasing and, consequently,
y ¢ 9. This proves that B, ¢ .

In [7], the authors investigated the following functional
integral equation:

x(t) = f(t,x(«a(t))

B®) (75)
+ J gt.s,x(y(s)ds, teR,,
0

under the following assumptions.
(i) The functions «, 3,y : R, — R, are continuous and
a(t) > coast — 00.

(ii) The function f : R, x R — R is continuous and
there exist positive constants L, M such that

|f t.x) - £ (£ y)] < Mhe-sl

< L+|x—y| (76)

fort € R, andforx, y € R. Moreover, we assume that
M < L.

(iii) The functiont — f(t,0) is bounded on R, with F =
sup{| f(£,0)] : t € R, }.

(iv) The function g : R, x R, x R — R is continuous
and there exist functions a,b : R, — R, such that

|9t s,x)| <a(t)b(s) 77)

fort,s € R,. Moreover, we assume that

Bl

)
lim a (t) J b(s)ds=0. (78)
t— 00 0

The main result of [7] is formulated as follows.

Theorem 20. Under the above assumptions, the functional
integral equation (75) has at least one solution in the space
BC(R,).

Notice that (17) is a particular case of (75) with a(t) =
BE) = y(®) = t.

If we compare assumptions of Theorems 8 and 20, then
we see that assumption (b) of Theorem 8 and assumption (ii)
of Theorem 20 are essentially distinct.

Next, we prove that assumption (ii) of Theorem 20 is
a particular case of assumption (b) of Theorem 8. Indeed,
consider the function ¢ : R, — R, defined by ¢(t) =
Mt/(L+t) with0 < M < L. Obviously, ¢ is continuous, ¢(0) =
0, and ¢ is nondecreasing (since (p'(t) = ML/(L+1t)* > 0).
Since <p"(t) = —2ML/(L+t)® < 0, ¢ is concave and by
Lemma 13, ¢ is subadditive. Moreover, since

o) M__M

— <1, (79)
t L+t L

B (1) =
we have that 8 € 2.
Therefore, we infer that assumption (b) of Theorem 8
is more general than assumption (ii) of Theorem 20. Con-
sequently, Theorem 8 generalizes and improves Theorem 20
(which is the main result of [7]) when a(t) = B(t) = y(t) = ¢
fort e R,.
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