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2.1 Introduction to spline

pi
ξi pi

n
Pn

Pn(ξi) = pi, i = 0, . . . ,n.

Ci(ξ ) [ξi−1,ξi]
C(ξ ) pi

C(k)
i (ξi) = C(k)

i+1(ξi).

C2

C(ξ )
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n
{ξi}

2.2 B-spline basis

Bi,p (i = 1,2, . . . ,n) p
Ξ = {ξ1,ξ2, . . . ,ξn+p+1}

Bi,0(ξ ) =
{

1 ξi ≤ ξ < ξi+1,
0

Bi,p(ξ ) =
ξ −ξi

ξi+p−ξi
Bi,p−1(ξ )+

ξi+p+1−ξ
ξi+p+1−ξi+1

Bi+1,p−1(ξ ).

ξi (ξi,ξi+1)
Ξ

p+1 m m
Cp−m

Bi,p(ξ ) = 0 ξ [ξi,ξi+p+1)

Bi,p(ξ )≥ 0.

∑n
i=1 Bi,p(ξ ) = 1, ξ ∈ [ξ1,ξn+p+1].

∑n
i=1 ciBi,p(ξ )≡ 0 ⇒ ci = 0, i = 1, . . . ,n.

p = 0, Bi,p

Bi,p p Cp−m

m

Bi,p
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2

3
4 1

1

Ξ = {0,0,0,0,1/4,1/2,3/4,1,1,1,1}

2.3 B-spline curves, surfaces and solids

S(ξ ) = ∑
i∈I

Pi Bi,p(ξ ),

Pi ∈ Rs s = 2 3 {Bi,p}n
i=1

Ξ = {ξ1,ξ2, . . . ,ξn+p+1}

Pi

Pi
C(ξ ) [ξi,ξi+p+1)
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Bi,p(ξ) =
d

∏
k=1

Bik,p(ξ
k),

ξ = (ξ 1, . . . ,ξ d) i = (i1, . . . , id) ∈ I
I = {1,2, . . . ,n1}× · · ·× {1,2, . . . ,nd} {Bi,p(ξ )}n1

i=1
{B j,q(η)}n2

j=1 p q
Ξ = {ξ1,ξ2, . . . ,ξn1+p+1} H = {η1,η2, . . . ,ηn2+q+1}

B(i, j),(p,q)(ξ ,η) = Bi,p(ξ )B j,q(η), (i, j) ∈ I,

I = {1,2, . . . ,n1}×{1,2, . . . ,n2}
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Ξ = H =

S(ξ) = ∑
i∈I

Pi Bi,p(ξ),

Pi ∈R3
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2.4 IGA and the parameterization of the domain

Sk

S : Ω̂→ Ω

S(ξ ,η) = ∑
j

P j N̂ j(ξ ,η),

{N̂ j}
Ω̂
Ξ H Ωk

Ω̂k
S Ωk
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Spline parameterizations for IGA | Instituto Universitario SIANI 21



2

.

Preliminaries

vα
Bα vα

Ξα = (ξ1,ξ2,ξ3,ξ4,ξ5) Hα = (η1,η2,η3,η4,η5)
Bα

vα = (ξ3,η3)

Ξα Hα
Bα Bα(ξ ,η) = B[Ξα ](ξ )B[Hα ](η), B[Ξα ](ξ )

B[Hα ](η) Ξα Hα
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2

Rα(ξ ,η) =
Bα(ξ ,η)

∑β∈AT Bβ (ξ ,η)
,

AT T
S(ξ ,η) =

∑α∈AT Pα Rα(ξ ,η)

Bα(ξ ,η ,ζ ) = B[Ξα ](ξ )B[Hα ](η)B[Zα ](ζ ).

2.5.1 Quadtree and Octree structures for T-meshes

k
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k
k+1 k = 0 k

k T k
k
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2

k k
k+ 1

2.6 Volumetric parameterization based on the Meccano
method

Ω̂ = [0,1]3
Ω

T
Tt

Ω̂
S : Ω̂→Ω
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parameterization of the
patches with cube faces

partition of the input
triangulation in 6 patches

adapted
tetrahedral mesh
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3.2 Boundary parameterization and construction of an adapted
T-mesh
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3

3.3 T-mesh optimization

3.3.1 Previous relocation

x(ξ ,0) x(ξ ,1) x(0,η) x(1,η)

x(ξ ,η) =(1−ξ )x(0,η)+ξ x(1,η)

+(1−η)x(ξ ,0)+ηx(ξ ,1)

−
[

1−ξ ξ
][ x(0,0) x(0,1)

x(1,0) x(1,1)

][
1−η

η

]

3.3.2 Objective function

1
0
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T xk = (xk,yk)
T ∈ R2, k = 0,1,2

TR u0 = (0,0)T u1 = (1,0)T u2 = (0,1)T

x0 TR T x =Au+x0
A x0
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3

A = (x1−x0,x2−x0)
TI v0 v1 v2

v0 = (0,0)T TR TI v =Wu W = (v1,v2)

TI T x =AW−1v+x0
S = AW−1 S

T TI T
S q = 2σ

∥S∥2

T σ = det(S) ∥S∥
S q A = µRW

µ R q
T TI

x = (x,y)T

Sm m
x

m

ηm =
∥Sm∥2

2σm

K(x) =
M

∑
m=1

∥Sm∥2

2σm

M Sm

K∗

K∗ K

K∗(x) =
M

∑
m=1

∥Sm∥2

2h(σm)

h(σ) = 1
2(σ +

√
σ2 +4δ 2)

K∗ R2
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K∗

K∗

3.3.3 Weighted objective function

K∗

K∗τ (x) = τ1

3

∑
m=1

∥Sm∥2

2h(σm)
+ τ2

6

∑
m=4

∥Sm∥2

2h(σm)
+

+ τ3

9

∑
m=7

∥Sm∥2

2h(σm)
+ τ4

12

∑
m=10

∥Sm∥2

2h(σm)

τi

τ = 1
τ = 2 τ = 4

K∗τ (x) = τ1

3

∑
m=1

∥Sm∥2

2h(σm)
+ τ2

6

∑
m=4

∥Sm∥2

2h(σm)
+ τ3

11

∑
m=7

∥Sm∥2

2h(σm)

τ3 =
8
5

τ1 = τ2 = 1
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K∗

K∗ K∗τ

K∗τ
τ1 = 1 τ2 = τ4 = 2 τ3 = 4 τ1 = τ2 = 1 τ3 =

8
5
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3.4 Construction of a T-spline representation of the geo-
metry

S : Ω̂ = [0,1]2→Ω

S(ξ) = ∑
α∈A

Pα Rα (ξ)

Pα ∈ R2 α

Rα (ξ) =
Nα (ξ)

∑
β∈A

Nβ (ξ)

Nα (ξ) = N1
α (ξ )N2

α (η )
Ξα = {Ξα ,Hα} A

Pα
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Ω̂
Ω

ξv
α

xv
α

Ξα Hα

ξα xα
ξe

α

ξc
α

xβ = S
(
ξβ
)
= ∑

α∈A
Pα Rα

(
ξβ
)
, ∀ξβ , β ∈ A

ξβ xβ

3.5 Adaptive refinement to improve the quality

3.5.1 Mean ratio Jacobian
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ξv ξe

ξc

S

qs(ξ) =
2 det(JS)

∥JS∥2 ,

JS S ξ = (ξ ,η) ∥JS∥

42 Spline parameterizations for IGA | Instituto Universitario SIANI



Method for T-spline parameterization of complex 2D geometries

.

3

S
P0 P′0P′1P′2

P0

P′0 = S(P0)

S

1
1 P0

∀ξ : 0 ≤ |qs(ξ)| ≤ |qsc(ξ)| ≤ 1 qsc =
det(JS)
∥Sξ ∥∥Sη∥

3.5.2 Adaptive refinement

16 = 4×4
Ω̂e

δ

δ = 0.2. 3439
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3577
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3.6 Parameterization of embedded geometries

3.7 Conclusions and challenges
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= -1, -1, -1( )

=  1, -1, -1( )

=  1,  1, -1( )

= -1,  1, -1( )

= -1, -1,  1( )

=  1, -1,  1( )

=  1,  1,  1( )

= -1,  1,  1( )

Ω̂ Ω

4.2 Preliminary concepts

x(ξ) = (x(ξ ,η ,ζ ),y(ξ ,η ,ζ ),z(ξ ,η ,ζ )) =
8

∑
i=1

xiNi(ξ),

Ω̂= [−1,1]3 ξi
Ω xi ∈ R3 Ni

Ni(ξ) =
1
8
(1+ξ ξi)(1+ηηi)(1+ζζi),

Ni(ξ j) = δi j

J(ξ) > 0 ξ ∈ [−1,1]3 J(ξ) = ( ∂ x
∂ξ )

50 Spline parameterizations for IGA | Instituto Universitario SIANI



Strategies for optimization of hexahedral meshes
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4

8

x1 = (−1,−1,−1), x2 = (1,−1,−1), x3 = (1,1,−1), x4 =
(−1,1,−1), x5 = (−1,1,6), x6 = (−1,−1,6), x7 = (1,−1,1) x8 = (1,1,1)

4.3 Optimization based on tetrahedral decomposition of
a hexahedron
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4.3.1 Quality and distortion measures for tetrahedra

τ xk = (xk,yk,zk)
T ∈R3, k = 0, . . . ,3

τR u0 = (0,0,0)T u1 = (1,0,0)T u2 =
(0,1,0)T u3 = (0,0,1)T x0

τR τ x =Au+x0 A
x0 A = (x1−x0,x2−x0,x3−x0)

τI v0 v1
v2 v3 v0 = (0,0,0)T τR τI v =Wu
W = (v1,v2,v3)

τI τ x = AW−1v+x0
S = AW−1 τ
S

q =
3σ2/3

∥S∥2 ,

τ σ = det(S) ∥S∥
S q

A = µRW µ R q
τ τI

η = 1/q η 1 ∞

K = ∑N
i=1 η p

i N
p = 1 p = 2

K
K

σ ≤ 0
K σ

h(σ) = 1
2(σ +

√
σ2 +4δ 2)

η∗ = ∥S∥2

3h(σ)2/3 .

K∗ = ∑N
i=1(η∗i )p R3

R3

K∗ K δ→ 0

δ
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M = 8

δ

4.3.2 Objective function for a hexahedral mesh based on necessary
conditions

τi i

Ai Si = AiW−1
i

η(Si) τi

η =
1
8

8

∑
i=1

η(Si) =
1
8

8

∑
i=1

∥Si∥2

3σ(Si)2/3 .

1≤ η < ∞ η = 1

η∗ = 1
8

8

∑
i=1

η∗(Si) =
1
8

8

∑
i=1

∥Si∥2

3h(σ(Si))2/3 .

x
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α000 β 1
000 γ1

000 κ000

K∗(x) = 1
M

M

∑
m=1

(η∗m)p(x),

M x η∗m
m

J(ξ)> 0 ξ ∈ [−1,1]3
ξi

x(ξ) ξi
Si ( ∂x

∂ξ )
∣∣
ξ=ξi

= µSi µ
(Si)> 0

4.3.3 Objective function for a hexahedral mesh based on sufficient
conditions

xi1i2i3
α β γ κ

αi1i2i3 = (xi1i2i3,xī1i2i3,xi1 ī2i3 ,xi1i2 ī3),

β 1
i1i2i3 = β 1i1

i2i3 = (xi1i2i3,xī1i2i3,xi1 ī2i3,xī1i2 ī3),

β 2
i1i2i3 = β 2i2

i3i1 = (xi1i2i3,xī1i2i3,xi1 ī2i3,xi1 ī2 ī3),

β 3
i1i2i3 = β 3i3

i1i2 = (xi1i2i3,xī1i2i3,xi1 ī2 ī3,xi1i2 ī3),

γ1
i1i2i3 = γ1i1

i2i3 = (xi1i2i3,xī1 ī2 ī3,xi1 ī2i3 ,xi1i2 ī3),

γ2
i1i2i3 = γ2i2

i3i1 = (xi1i2i3,xī1i2i3,xī1 ī2 ī3 ,xi1i2 ī3),

γ3
i1i2i3 = γ3i3

i1i2 = (xi1i2i3,xī1i2i3,xi1 ī2i3 ,xī1 ī2 ī3),
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κi1 = (xi1i1i1 ,xi1 ī1 ī1,xī1i1 ī1,xī1 ī1i1),

i1, i2, i3 = 0,1 0̄ = 1 1̄ = 0
α

β
γ

κ
8+24+24+2 = 58 α

27

(A(αi1i2i3))≥ 0, i1, i2, i3 = 0,1;

1

∑
ik=0

(A(β kik
il im))≥ 0, (klm) = (123), il, im = 0,1;

1

∑
il ,im=0

(A(γkik
il im))≥ 0, (klm) = (123), ik = 0,1;

1

∑
i1=0

(A(κi1))≥ 0;

A(τ) τ
τ

α β

(A(αi1i2i3))> 0, (A(β k
i1i2i3))> 0, i1, i2, i3 = 0,1, k = 1,2,3.

α

β γ κ
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!2 0 2 4 6 8 10

2

4

6

8

10

∆ # 0.25

∆ # 0.5

!2 0 2 4 6 8 10

2

4

6

8

10

∆ # 0.25

∆ # 0.5

!2 0 2 4 6 8 10

2

4

6

8

10

h'!Σ "!1

h!Σ "!1

h(σ)−1 δ h′(σ)−1

δ h(σ)−1 h′(σ)−1 δ = 0.25

Proposed objective functions

h(σ)
(A(β 10

00 ))+ (A(β 11
00 ))> 0 h( (A(β 10

00 ))+ (A(β 11
00 )))

−1

h(σ)−1

h′(σ)−1 = 2− σ
h(σ)

h(σ)−1

δ → 0
S(τ) τ

σ(τ) = (S(τ))

k∗ = ∑
i1,i2,i3

∥S(αi1i2i3)∥
2

3h(σ(αi1i2i3))
2/3 + ∑

k,il ,im

1
h′(∑ik σ(β kik

il im))
+

+ ∑
k,ik

1
h′(∑il ,im σ(γkik

il im))
+

+
1

h′(∑i1 σ(κi1))
,

i1, i2, i3 = 0,1 (klm) = (123) il, im, ik = 0,1
α
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4

k∗ = ∑
i1,i2,i3

∥S(αi1i2i3)∥
2

3h(σ(αi1i2i3))
2/3 + ∑

k,i1,i2,i3

∥∥∥S(β k
i1i2i3)

∥∥∥
2

3h(σ(β k
i1i2i3))

2/3

i1, i2, i3 = 0,1 k = 1,2,3

K∗(x) = 1
M

M

∑
m=1

(k∗m)
p(x),

M x k∗m
m

4.4 Optimization based on the global distortion of the
hexahedron

S(ξ) = (∂x/∂ξ)W (ξ)−1

∂x/∂ξ
W (ξ)

Ω̂ = [−1,1]3, W (ξ) S(ξ) = (∂x/∂ξ).

η∗(ξ) = ∥S(ξ)∥2

3h(σ(ξ))2/3 , ξ ∈ [−1,1]3,

σ(ξ) = (S(ξ))
η∗(ξ) 1 ∞

Ω S(ξ) = µI η∗(ξ)→ 1 δ → 0
σ(ξ)≤ 0 ξ η∗(ξ)→ ∞ δ → 0.

Ω

η∗Ω =
1

VΩ̂

∫

Ω̂
η∗(ξ)dΩ̂,

VΩ̂ = 8 Ω̂
(η∗Ω)−1 δ → 0
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η∗Ω→ ∞ σ(ξ) ≤ 0
δ → 0

K∗(x) = 1
M

M

∑
m=1

η∗Ωm
(x),

M x

η∗Ω
η∗Ω

4.4.1 Numerical quadrature of the distortion

∫

Ω̂
η∗(ξ)dΩ̂≈

2

∑
i, j,k=1

wi jk η∗(ξi jk),

ξi jk Ω̂ wi jk =
1
8Vol(Ω̂)

Ω̂

4.4.2 Adaptive numerical quadrature of the hexahedron distortion

Ω̂

η∗(ξ)

Ω Ω
Ω̂ bi jk

J
J (bi jk)
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(1) (2)

Ω̂n
i ξmin

Ω̂n
i

Optimize(Ω)
bi jk←− BernsteinCoe f f icients(J)

min(bi jk)≤ 0
(Jmin, ξmin)←−Minimize(J)

Jmin ≤ 0
Ω̂n

i ←− SearchSubelement(Ω̂, ξmin)

Re f ine(Ω̂n
i )

min(bi jk)> 0 || Jmin > 0 || n > maxRe f inement

Jmin ξmin = J(ξ) ξ ∈ Ω̂
Jmin ≤ 0 Ω̂n

i ξmin
n Ω̂ = Ω̂0

min(bi jk) > 0 Jmin > 0 n >
maxRe f inement
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4.5 Experiments and results

T Dα α

T Dαβ α β

T Dαγ α γ

T Dακ α κ

T Dαβγκ α β γ
κ

SC

GD0
Ω̂

GD1
Ω̂

GDn
Ω̂

T Dα T D′s
β γ κ

SC T Dαβγκ

SC GD′s
T Dα GD0
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x8 T Dαγ
x8 GDn

x4 T Dαγ
x4 GDn

4.5.1 Experiment 1

xi i = 1, . . . ,8

x1 = (0,0,0), x2 = (1,0,0), x3 = (1.5,1.25,0), x4 = (0,1,0),x5 = (0,0,1), x6 =
(1,−0.5,1), x7 = (1,0.5,0.5) x8 = (−0.5,1,1),

x1 x2 x4 x5

T Dαγ
x8 GDn

x1 = (0,0,0), x2 = (1,0,0), x3 = (1.5,0.5,0), x4 =
(0,1,0), x5 = (0,0,1), x6 = (0.5,0.5,1.25), x7 = (1,0.75,0.5) x8 = (0.25,0.5,1.5)
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✓ ✗
xi

x1 x2 x3 x4 x5 x6 x7 x8

T Dα GD0 ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✓
T Dαβ ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✓
T Dαγ ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✗
T Dακ ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✓
T Dαβγκ ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✗
SC ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✓
GD1 ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✓
GDn ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✓

T Dα GD0 ✓ ✓ ✓ ✗ ✗ ✓ ✗ ✓
T Dαβ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
T Dαγ ✓ ✗ ✓ ✗ ✓ ✓ ✓ ✓
T Dακ ✓ ✓ ✓ ✗ ✗ ✓ ✗ ✓
T Dαβγκ ✓ ✓ ✓ ✗ ✓ ✓ ✓ ✓
SC ✓ ✓ ✓ ✗ ✗ ✓ ✗ ✓
GD1 ✓ ✓ ✓ ✓ ✗ ✓ ✓ ✓
GDn ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

T Dαγ x4
GDn

4.5.2 Experiment 2

105

0 1
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x1

T D
T Dα 94.36%

94.03% T D′s

β γ κ

SC
T Dα T Dαβγκ SC

SC T Dαβγκ
T Dαβγκ

GD′s
GD1 98.74% 98.51%

GDn 32 66
GDn
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T Dα GD0

T Dαβ T Dαγ T Dακ T Dαβγκ
T Dα SC GD1

T Dα GDn

T Dα GD0
GDn

IEs LMs
105 IEs

3×104 LMs IE% 100IEs/105 LM%
100LMs/3×104

IEs IE% LMs LM%

T Dα GD0
T Dαβ
T Dαγ
T Dακ
T Dαβγκ
SC
GD1
GDn

4.6 Conclusions

T D
SC

GD

T Dα GD0

T Dαβ T Dαγ . . .
SC T Dα
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GD1 GDn
T Dα

GD0
T Dα GD0

94%

T Dα GD0

GDn
GDn

4.A Appendix A. Bounds for Jacobian determinant

J(ξ) = J(ξ ,η ,ζ ) =
li

∑
i=0

l j

∑
j=0

lk

∑
k=0

ai jkξ iη jζ k.

li, l j, lk = 2 4 ai jk = 0
i+ j+ k > 4 J(ξ)

J(ξ) =
li

∑
i=0

l j

∑
j=0

lk

∑
k=0

bi jkBli
i (ξ )B

l j
j (η)Blk

k (ζ )

bi jk

Bl
i(ξ ) =

(
l
i

)
(ξ +1)i(1−ξ )l−i

2l

l [−1,1]
bi jk

i, j,k
bi jk ≤ J(ξ)≤

i, j,k
bi jk,
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0≤ i≤ li 0≤ j ≤ l j 0≤ k ≤ lk
bi jk J(ξ) bi jk > 0

bi jk ≤ 0 bi jk > 0 J(ξ)

4.B Appendix B. Random local meshes generation

2
[0,1] 8

1/1000
1000

8
26 27

8 26

{p j} j=1,...,26

8×8
{xk,i}k,i=1,...,8 k i

k
η̄k,i = 1/q̄k,i q̄k,i

[ε,1] Ωk
xk(ξ ) {xk,i}i=1,...,8

η∗k,i =
∥∥Sk,i

∥∥2

3h(σ(Sk,i))2/3 = η̄k,i,

Sk,i xk(ξ ) i
Ωk 26
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F(p1,p2, . . . ,p26) =
8

∑
k=1

8

∑
i=1

(
η∗k,i− η̄k,i

)2
=

8

∑
k=1

8

∑
i=1

( ∥∥Sk,i
∥∥2

3h(σ(Sk,i))2/3 − η̄k,i

)2

.

{p j} j=1,...,26
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5.Strategy for
defining
polynomial
spline spaces

5.1 Steps of the strategy
5.2 Support modification
5.3 Properties of EP-splines
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Strategy for defining polynomial spline spaces

.

5

5.1 Steps of the strategy

5.1.1 Mesh pretreatment

k k
0 k+ 1

k
(k+1)
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5.1.2 Inferring local knot vectors

T Ω = [0,1]d d = 2 3

d
T (d−1)

skt(T )

d
d

Nα Ξ j
α =

(
ξ j

1 ,ξ
j

2 ,ξ
j

3 ,ξ
j

4 ,ξ
j

5

)
j = 1, ...,d

(ξ 1
3 ,ξ 2

3 )

T
{Nα}α∈AT AT
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5

5.1.3 Modification of local knot vectors

Ξ j
α =

(
ξ j

1 ,ξ
j

2 ,ξ
j

3 ,ξ
j

4 ,ξ
j

5

)
, j = 1, ...,d

∆ j
i = ξ j

i+1−ξ j
i , j = 1, ...,d i = 1, ...,4

d Nα d
[ξ 1

1 ,ξ 1
5 ]× · · ·× [ξ d

1 ,ξ d
5 ]

(d−2) frm(suppNα)

Nα Ξ j
α j = 1, ...,d
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d Nα

∆ j
1 ! ∆ j

2 = ∆ j
3 " ∆ j

4 , j = 1, ...,d,

frm(suppNα) ∈ skt(T ).

5.2 Support modification

(ξ ,η ,ζ ) (ξ 1,ξ 2,ξ 3) = (ξ ,η ,ζ ).
(Ξ1,Ξ2,Ξ3) = (Ξ,H ,Z ) (∆ 1

i ,∆ 2
i ,∆ 3

i )

= (∆ ξ
i ,∆

η
i ,∆

ζ
i )

5.2.1 Support extension for 2D meshes

skt(T ) T
V1,1 =

(ξ1,η1) V5,1 = (ξ5,η1) V5,5 = (ξ5,η5) V1,5 = (ξ1,η5)
frm(suppNα) = {Vn,m, n,m∈ {1,5}}

Ξ H
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Ξ
∆ ξ

1 ! ∆ ξ
2 =

∆ ξ
3 " ∆ ξ

4 H

Ξ ∆ ξ
3 > ∆ ξ

4
∆ ξ

4 h = max(∆ ξ
2 ,∆

ξ
3 ) = max(∆ η

2 ,∆
η
3 )

ξ5 ξ ∗5 ← ξ3 +2h.
H ∆ η

2 > ∆ η
3 η4 η5

η∗4 ← η3 +h, η∗5 ← η3 +2h

V5,5 = (ξ5,η5) ∆ ξ
3 = ∆ ξ

4 = ∆ η
3 = ∆ η

4

V5,5 = (ξ5,η5)
ξ ∗5 ← ξ3 + 3h η∗5 ← η3 + 3h

V5,5
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∆ξ
4 < ∆ξ

3 ∆η
3 < ∆η

2

V5,5 /∈ skt(T )

5.2.2 Support extension for 3D meshes

skt(T ) T
Vn,m,k = (ξn,ηm,ζk)

n,m,k ∈ {1,5} Vn,m,k
Vp,q,r E(n,m,k),(p,q,r) frm(suppNα)
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Ξ = (ξ1,ξ2,ξ3,ξ4,ξ5) ξi ∈ [0,1]
(Ξ)

Ξ∗ ← Ξ
h = max(∆2,∆3)

∆2 < ∆3 and ξ2 > 0
ξ ∗2 ← ξ3−h
ξ ∗1 ← ξ ∗2

ξ ∗1 > 0 ξ ∗1 ← ξ3−2h

∆1 < ∆2 and ξ ∗1 > 0
ξ ∗1 ← ξ3−2h

∆2 > ∆3 and ξ4 < 1
ξ ∗4 ← ξ3 +h
ξ ∗5 ← ξ ∗4

ξ ∗5 < 1 ξ ∗5 ← ξ3 +2h

∆4 < ∆3 and ξ ∗5 < 1
ξ ∗5 ← ξ3 +2h

Ξ∗

Ξ∗

T S = {Ξ,H }
(T, S)

S∗ ← S
h = max(∆ ξ

2 ,∆
ξ
3 )

n ∈ {1,5}
m ∈ {1,5}
(ξn,ηm) /∈ skt(T )
ξ ∗n ← ξ3 +3hsgn(ξn−ξ3)
η∗m← η3 +3hsgn(ηm−η3)

S∗

S∗ = {Ξ∗,H ∗}
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V5,1,1

E(5,1,1),(5,1,5)
Ξ H

ξ5 η1

ξ ∗5 ← ξ3+3h η∗1 ← η3−3h h = max(∆ ξ
2 ,∆

ξ
3 ) = max(∆ η

2 ,∆
η
3 ) = max(∆ ζ

2 ,∆
ζ
3 )

V5,1,1

ξ ∗5 ← ξ3+3h η∗1 ← η3−3h, ζ ∗1 ← ζ3−3h
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V5,1,1
2h

V5,1,1 2h

5.3 Properties of EP-splines

T Ω ST (Ω) = span{Nα : α ∈
AT}

{Nα}α∈AT C2

Nα ≥ 0

{Nα}α∈AT

∑
α∈AT

cαNα = 1, cα ≥ 0.
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T S = {Ξ,H ,Z }
(T, S)

S∗ ← S
h = max(∆ ξ

2 ,∆
ξ
3 )

mov(i) := i+4sgn(3− i)
n ∈ {1,5}

m ∈ {1,5}
k ∈ {1,5}

E(n,m,k),(mov(n),m,k) /∈ skt(T )
η∗m← η3 +3hsgn(ηm−η3)
ζ ∗k ← ζ3 +3hsgn(ζk−ζ3)

E(n,m,k),(n,mov(m),k) /∈ skt(T )
ξ ∗n ← ξ3 +3hsgn(ξn−ξ3)
ζ ∗k ← ζ3 +3hsgn(ζk−ζ3)

E(n,m,k),(n,m,mov(k)) /∈ skt(T )
ξ ∗n ← ξ3 +3hsgn(ξn−ξ3)
η∗m← η3 +3hsgn(ηm−η3)

S∗

S∗ = {Ξ∗,H ∗,Z ∗}

T1 ⊂ T2 ⇒ ST1 ⊂ ST2

P3(Ω)⊂ ST (Ω)
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6.Method
for spline
parameterization
of 2D and 3D
geometries

6.1 General scheme of the
method

6.2 Construction of an adapted
T-mesh

6.3 T-mesh optimization
6.4 Construction of a spline

representation of the geo-
metry
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Ω
Ω̂ = [0,1]d

d = 2,3

Ω̂
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Method for spline parameterization of 2D and 3D geometries

6.1 General scheme of the method

6.2 Construction of an adapted T-mesh

6.2.1 2D case

◦
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input boundary

cell edge

Γi (i = 1,2, . . . ,4) Ω Γ̂i

Ω̂ = [0,1]2

Πi
b : Γ̂i→ Γi

∂Ω̂ = Γ̂ =
⋃4

i=1 Γ̂i ∂Ω = Γ =
⋃4

i=1 Γi

Πb : Γ̂→ Γ

ε Ω̂k Ω̂

Γ̂k = ∂Ω̂k Πb Γk
Γ

Γ̂k→Πb(Γ̂k) =: Γk ≈ Γ

Ω̂k
Γk Γ

ε
AB

O
ε

6.2.2 3D case
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Γi (i = 1,2, . . . ,6) Ω Γ̂i

Ω̂= [0,1]3 Πi
b : Γ̂i→ Γi

∂Ω̂ = Γ̂ =
⋃6

i=1 Γ̂i

∂Ω = Γ =
⋃6

i=1 Γi

Πb : Γ̂→ Γ

Ω̂k
Ω̂

ABCO BCDO CDAO DABO
ABCD O

ε

Γ̂k = ∂Ω̂k Γk
Γ

Γ̂k→Πb(Γ̂k) =: Γk ≈ Γ

6.3 T-mesh optimization

Γ̂k Ω̂k
Γk

Γ

Ωk

Π : Ω̂K →ΩK,

p Ω̂K q
ΩK
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L1

6.3.1 Jacobian-based shape quality metric for arbitrary elements

Ωe x

G : Ω̂e→ Ωe

Ωe ξ

η∗(ξ) = ∥JG(ξ)∥2

d h(γ(ξ))2/d , ξ ∈ Ω̂e,

d = 2,3 JG(ξ) = (∂G/∂ξ) G
ξ ∥JG(ξ)∥ γ(ξ) = (JG) h

h(γ) = 1
2(γ +

√
γ2 +4δ 2)

Ωe L1

η∗Ωe
=

1
VΩ̂e

∫

Ω̂e
η∗(ξ)dΩ̂e,

VΩ̂e
Ω̂e L2

η∗Ωe
1 ∞

Ωe η∗(ξ)→ 1 δ → 0
η∗Ω→∞ σ(ξ)≤ 0

δ → 0

q∗Ωe
=

1
η∗Ωe

,

[0,1]
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x

K∗(x) = 1
N

N

∑
i=1

η∗Ωi
(x),

N x η∗Ωi
(x)

{ξ j} j=1,M

Ω̂e
x

K∗(x) = 1
N

N

∑
i=1

(
M

∑
j=1

w jη∗Ωi
(ξ j)

)
,

w j ξ j

{−1,0,1}
[−1,1]

Parametric mapping for 2D T-mesh elements

Ω̂e = [−1,1]2

ξi ∈R2, i = 1, ..9, Ω̂e Ni
Ω̂e

G(ξ) = (x(ξ ,η),y(ξ ,η)) =
9

∑
i=1

xiNi(ξ),
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Coons patch

virtual nodes

real nodes

reference element physical cell

local mesh for the free node x=(x,y)

(x,y)

bicuadratic mapping for the cell

-1 1

G

virtual nodes incorporation

(x,y)

free node (x,y)
new position of the free node
and virtual nodes dependent on it

(x,y)

(x,y)

(x,y)

Ω̂e Ωe xi, i= 1,9

x(0,η) x(1,η) x(ξ ,0) x(ξ ,1)

x(ξ ,η) =(1−ξ )x(0,η)+ξ x(1,η)

+(1−η)x(ξ ,0)+ηx(ξ ,1)

−
[

1−ξ ξ
][ x(0,0) x(0,1)

x(1,0) x(1,1)

][
1−η

η

]
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(xv
k,x

v
k+1)

xe
k =

1
2
(xv

k +xv
k+1), k ∈ {1,2,3,4}.

x(1/2,1/2)

x0 =
1
2
(xe

1 +xe
2 +xe

3 +xe
4)−

1
4
(xv

1 +xv
2 +xv

3 +xv
3).

(x,y)

Parametric mapping for 3D T-mesh elements

Ω̂e = [−1,1]3 33

x(1/2,1/2,1/2)

x0 =
1
8
(xv

1 +xv
2 + · · ·+xv

8)−
1
4
(xe

1 +xe
2 + · · ·+xe

12)+
1
2
(x f

1 +x f
2 + · · ·+x f

6),

xv
i , i = 1,8 xe

i , i = 1,12
x f

i , i = 1,6
Ω̂e Ωe

xi, i = 1,27

G(ξ) = (x(ξ ,η ,ζ ),y(ξ ,η ,ζ ),z(ξ ,η ,ζ )) =
27

∑
i=1

xiNi(ξ),

Ni
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virtual nodes

real nodes

- edge nodes

- face nodes

- center node

- vertex nodes

L1

G
P0

P′0 = G(P0)

6.3.2 Weighted objective function

K∗(x) = 1
N

N

∑
i=1

wi η∗Ωi
(x),
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wi

1
k k−1

wi = 2

6.4 Construction of a spline representation of the geo-
metry

S : Ω̂ = [0,1]2 → Ω

6.4.1 Interpolation

T

S(ξ) = ∑
α∈AT

Pα N̂α (ξ)

Pα ∈ R2 α
Pα

Ξα = {ξ1,ξ2,ξ3,ξ4,ξ5} Hα = {η1,η2,η3,η4,η5}
N̂α ξα = (ξα ,ηα),

ξα =
ξ2 +ξ3 +ξ4

3
ηα =

η2 +η3 +η4

3
.
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ξα xα

xβ = S
(
ξβ
)
= ∑

α∈AT

Pα Nα
(
ξβ
)
, ∀ξβ , β ∈ AT

ξβ xβ

6.4.2 Quality assessment and its improvement

qs(ξ) =
d σ(ξ)2/d

∥JS∥2 ,

Js S ξ
σ(ξ) = (Js)

S

1 P0

Ω̂e
δ
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7.Results and
applications

7.1 T-spline parameterization
of 2D geometries

7.2 EP-spline parameterization
of 2D and 3D geometries

7.3 Isogeometric analysis
applications

7.4 Unstructured quadrilateral
and hexahedral mesh opti-
mization
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qS
qs(ξi)> 0 ξi

7.1 T-spline parameterization of 2D geometries

7.1.1 Spot geometry

844 1456
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0.31

0.46

7.1.2 Gran Canaria island geometry

8× 8

0.2
3577 6054

7.1.3 Flower geometry

0.15
2323 3935

7.1.4 Hole geometry

2287

3363
8×8

0.138

7.1.5 Puzzle geometry

32×32

3748
5946

0.19
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7.1.6 Embedded Test geometry

916
1317

0.26

7.1.7 Embedded Complex geometry

6466 9439

0.04
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7.2 EP-spline parameterization of 2D and 3D geometries

7.2.1 Seal geometry

16×16
w = 2

1351
1762

0.05

7.2.2 Rabbit geometry

16× 16
w = 2

1942 2514
0.23

7.2.3 Cat geometry

16× 16
w= 2

1330 1727
0.37

7.2.4 USA geometry
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16× 16
w = 2

3292 4059

0.09

7.2.5 Deformed cube geometry

8× 8× 8
w = 8

w = 8

1121 2360

0.35

7.2.6 Analytic geometry

8×8×8

w = 1 1940
3145

0.33

7.2.7 Sample orography
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8×8×8
w = 1 2003

3432
0.73

7.2.8 La Palma orography

16×16×16

w = 2 16619
22191

0.35
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7.3 Isogeometric analysis applications

7.3.1 Dielectric cylinder in a uniform electric field

−▽(k(x)▽u) = f Ω,

u = g ∂Ω.

b
E0 z

Ω b

k(x) =
{

ε0εr ρ < b
ε0 ρ ≥ b

uρ<b =
−2E0ρ cosϕ

(εr +1)

uρ≥b = E0 cosϕ
(
−ρ +

b2(εr−1)
ρ(εr +1)

)

=−∇u
E0 ρ
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b= 0.5 εr = 20

0.88%

7.3.2 Helmholtz equation with variable frequency

−∆u− 1
(α + r)4 u = f Ω,

u = g ∂Ω,

r =
√

(x− x0)2 +(y− y0)2

u(r) = sin
(

1
α + r

)
.

(x0,y0)
α α = 1/(4π)

(x0,y0)
Ω̂ = [0,1]2 Ω

T Ω̂ V̂T = span{N̂i}i∈I

T S : Ω̂→Ω S = ∑
i∈I

Pi N̂i

VT

VT = span
{

Ni : Ni = N̂i ◦S−1, N̂i, i ∈ I
}
.

V0,T = span{Ni}i∈I0 Vgh,T (Ω)
VT gh gh g

uh ∈Vgh,T

a(uh,Nj) = F(Nj) ∀Nj ∈V0,T ,

a(u,v) =
∫

Ω

(
∇u ·∇v+ k(r)2uv

)
dΩ F(v) =

∫

Ω
f v dΩ,

k(r) =
1

(α + r)2 .
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η(Ωe)
2 = h2∥

(
f +∆uh + k(r)2uh

)
∥2

L2(Ωe)
,

h Ωe
Ωe η(Ωe) > γ maxi {η(Ωi)} γ ∈ [0,1]

γ = 0.5.

L2 H1

7.3.3 3D Poisson problem

−△u = f Ω,

u = g ∂Ω.

u(r) = arctan(α(r− r0)),

r =
√

(x− xc)2 +(y− yc)2 +(z− zc)2 α
r0 α = 200 r0 = 0.6.

(xc,yc,zc)
Ω

L2 H1
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7.4 Unstructured quadrilateral and hexahedral mesh op-
timization

470
π/10

11750
π/20
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2.3 Optimización T-mesh

2.3.1 Recolocación previa

x(ξ ,0) x(ξ ,1) x(0,η) x(1,η)

x(ξ ,η) =(1−ξ )x(0,η)+ξ x(1,η)

+(1−η)x(ξ ,0)+ηx(ξ ,1)

−
[

1−ξ ξ
][ x(0,0) x(0,1)

x(1,0) x(1,1)

][
1−η

η

]

2.3.2 Función objetivo

1
0
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T xk = (xk,yk)
T ∈ R2, k = 0,1,2
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TR u0 = (0,0)T u1 = (1,0)T u2 =
(0,1)T x0 TR T
x =Au+x0 A x0

A = (x1−x0,x2−x0)
TI v0 v1 v2

v0 = (0,0)T TR TI v =Wu W = (v1,v2)

TI T x =AW−1v+x0
S=AW−1 S

T TI T
S

q = 2σ
∥S∥2 T σ = det(S)
∥S∥ S q 1

A = µRW µ R
q T TI

0
x = (x,y)T Sm

m x
m

ηm =
∥Sm∥2

2σm

K(x) =
M

∑
m=1

∥Sm∥2

2σm

M Sm

K∗

K∗

K

K∗(x) =
M

∑
m=1

∥Sm∥2

2h(σm)
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Ω̂ Ω

h(σ) = 1
2(σ +

√
σ2 +4δ 2)

K∗ R2

2.4 Construcción de una representación T-spline de la
geometría

S : Ω̂ = [0,1]2→Ω

S(ξ) = ∑
α∈A

Pα Rα (ξ)

Pα ∈ R2 α

Rα (ξ) =
Nα (ξ)

∑
β∈A

Nβ (ξ)

Nα (ξ) = N1
α (ξ )N2

α (η )
Ξα = {Ξα ,Hα} A

Pα

ξv
α xv

α
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ξv ξe

ξc

Ξα Hα

ξα xα
ξe

α

ξc
α
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S
P0 P′0P′1P′2

xβ = S
(
ξβ
)
= ∑

α∈A
Pα Rα

(
ξβ
)
, ∀ξβ , β ∈ A

ξβ xβ

2.5 Refinamiento adaptativo para mejorar la calidad

2.5.1 Mean ratio Jacobian

S

qs(ξ) =
2 det(JS)

∥JS∥2 ,

JS S ξ= (ξ ,η) ∥JS∥

P0

P′0 = S(P0)
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S

1
1 P0

∀ξ : 0 ≤ |qs(ξ)| ≤ |qsc(ξ)| ≤ 1 qsc =
det(JS)
∥Sξ ∥∥Sη∥
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2.5.2 Refinamiento adaptativo

16 = 4×4

δ

δ = 0.2 3439

3577
0.21

2.6 Parametrización de geometrías anidadas
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3.1 Principales pasos de la estrategia

3.2 Pretratamiento de la malla

k
k 0

k+1

k
k+1

Parametrizaciones spline para IGA | Instituto Universitario SIANI 199



3

.

Estrategia para la construcción de espacios spline polinómicos

3.3 Inferencia de vectores de knots locales

T Ω = [0,1]d d = 2
3

T d
(d−1) skt(T )

d
d

Nα Ξ j
α =

(
ξ j

1 ,ξ
j

2 ,ξ
j

3 ,ξ
j

4 ,ξ
j

5

)
j = 1, ...,d

(ξ 1
3 ,ξ 2

3 )

{Nα}α∈AT AT
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3.3.1 Modificación de los vectores de knots locales

Ξ j
α =

(
ξ j

1 ,ξ
j

2 ,ξ
j

3 ,ξ
j

4 ,ξ
j

5

)
, j = 1, ...,d

∆ j
i = ξ j

i+1−ξ j
i , j = 1, ...,d i = 1, ...,4

d Nα d
[ξ 1

1 ,ξ 1
5 ]× · · ·× [ξ d

1 ,ξ d
5 ]

(d−2) frm(suppNα)

Nα Ξ j
α j = 1, ...,d

d Nα

∆ j
1 ! ∆ j

2 = ∆ j
3 " ∆ j

4 , j = 1, ...,d,

frm(suppNα) ∈ skt(T ).
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3.4 Reglas de modificación de soportes

(ξ ,η ,ζ ) (ξ 1,ξ 2,ξ 3) = (ξ ,η ,ζ )
(Ξ1,Ξ2,Ξ3) = (Ξ,H ,Z ) (∆ 1

i ,∆ 2
i ,∆ 3

i )

= (∆ ξ
i ,∆

η
i ,∆

ζ
i )

3.4.1 Extensión de soportes para mallas 2D

skt(T ) T

V1,1 = (ξ1,η1) V5,1 = (ξ5,η1) V5,5 = (ξ5,η5) V1,5 = (ξ1,η5)
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3

frm(suppNα) =
{Vn,m, n,m∈ {1,5}}

Ξ H

Ξ

∆ ξ
1 ! ∆ ξ

2 = ∆ ξ
3 " ∆ ξ

4 H

Ξ ∆ ξ
3 > ∆ ξ

4
∆ ξ

4 h = max(∆ ξ
2 ,∆

ξ
3 ) = max(∆ η

2 ,∆
η
3 )

ξ5 ξ ∗5 ← ξ3 +2h
H ∆ η

2 > ∆ η
3 η4 η5

η∗4 ← η3 +h, η∗5 ← η3 +2h
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∆ξ
4 < ∆ξ

3 ∆η
3 < ∆η

2

V5,5 /∈ skt(T )

V5,5 = (ξ5,η5)

∆ ξ
3 = ∆ ξ

4 = ∆ η
3 = ∆ η

4
V5,5 = (ξ5,η5)

ξ ∗5 ← ξ3 +3h η∗5 ← η3 +3h
V5,5
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3

Ξ = (ξ1,ξ2,ξ3,ξ4,ξ5) ξi ∈ [0,1]
(Ξ)

Ξ∗ ← Ξ
h = max(∆2,∆3)

∆2 < ∆3 and ξ2 > 0
ξ ∗2 ← ξ3−h
ξ ∗1 ← ξ ∗2

ξ ∗1 > 0 ξ ∗1 ← ξ3−2h

∆1 < ∆2 and ξ ∗1 > 0
ξ ∗1 ← ξ3−2h

∆2 > ∆3 and ξ4 < 1
ξ ∗4 ← ξ3 +h
ξ ∗5 ← ξ ∗4

ξ ∗5 < 1 ξ ∗5 ← ξ3 +2h

∆4 < ∆3 and ξ ∗5 < 1
ξ ∗5 ← ξ3 +2h

Ξ∗

Ξ∗

T S = {Ξ,H }
(T, S)

S∗ ← S
h = max(∆ ξ

2 ,∆
ξ
3 )

n ∈ {1,5}
m ∈ {1,5}
(ξn,ηm) /∈ skt(T )
ξ ∗n ← ξ3 +3hsgn(ξn−ξ3)
η∗m← η3 +3hsgn(ηm−η3)

S∗

S∗ = {Ξ∗,H ∗}

Parametrizaciones spline para IGA | Instituto Universitario SIANI 205



3

.

Estrategia para la construcción de espacios spline polinómicos

3.4.2 Extensión de soportes para mallas 3D

skt(T ) T

Vn,m,k = (ξn,ηm,ζk) n,m,k ∈ {1,5}
Vn,m,k Vp,q,r E(n,m,k),(p,q,r) frm(suppNα)

V5,1,1

E(5,1,1),(5,1,5)
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V5,1,1
2h

V5,1,1
2h

Ξ H
ξ5 η1 ξ ∗5 ← ξ3+3h η∗1 ← η3−3h

h = max(∆ ξ
2 ,∆

ξ
3 ) = max(∆ η

2 ,∆
η
3 ) = max(∆ ζ

2 ,∆
ζ
3 )

V5,1,1

ξ ∗5 ← ξ3 +3h
η∗1 ← η3−3h, ζ ∗1 ← ζ3−3h
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T S = {Ξ,H ,Z }
(T, S)

S∗ ← S
h = max(∆ ξ

2 ,∆
ξ
3 )

mov(i) := i+4sgn(3− i)
n ∈ {1,5}

m ∈ {1,5}
k ∈ {1,5}

E(n,m,k),(mov(n),m,k) /∈ skt(T )
η∗m← η3 +3hsgn(ηm−η3)
ζ ∗k ← ζ3 +3hsgn(ζk−ζ3)

E(n,m,k),(n,mov(m),k) /∈ skt(T )
ξ ∗n ← ξ3 +3hsgn(ξn−ξ3)
ζ ∗k ← ζ3 +3hsgn(ζk−ζ3)

E(n,m,k),(n,m,mov(k)) /∈ skt(T )
ξ ∗n ← ξ3 +3hsgn(ξn−ξ3)
η∗m← η3 +3hsgn(ηm−η3)

S∗

S∗ = {Ξ∗,H ∗,Z ∗}

3.5 Propiedades de las EP-splines

{Nα}α∈AT C2

Nα ≥ 0

{Nα}α∈AT

∑
α∈AT

cαNα = 1, cα ≥ 0.

T1 ⊂ T2 ⇒ ST1 ⊂ ST2

P3(Ω)⊂ ST (Ω)
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4

Ω

Ω̂ = [0,1]d d = 2,3

4.1 Esquema general del método
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input boundary

cell edge

4.2 Construcción de una T-mesh adaptada

4.2.1 Caso 2D
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4

◦

Γi (i = 1,2, . . . ,4) Ω Γ̂i

Ω̂ = [0,1]2

Πi
b : Γ̂i→ Γi

∂Ω̂ = Γ̂ =
⋃4

i=1 Γ̂i ∂Ω = Γ =
⋃4

i=1 Γi

Πb : Γ̂→ Γ

ε Ω̂k
Ω̂

Γ̂k = ∂Ω̂k Πb
Γk Γ

Γ̂k→Πb(Γ̂k) =: Γk ≈ Γ

Ω̂k
Γk Γ

ε
AB

O
ε

4.2.2 Caso 3D

Γi (i = 1,2, . . . ,6) Ω Γ̂i

Ω̂ = [0,1]3 Πi
b : Γ̂i → Γi

∂Ω̂ = Γ̂ =
⋃6

i=1 Γ̂i

∂Ω = Γ =
⋃6

i=1 Γi
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Πb : Γ̂→ Γ

Ω̂k
Ω̂

ABCO BCDO CDAO DABO
ABCD O

ε

Γ̂k = ∂Ω̂k
Γk Γ

Γ̂k→Πb(Γ̂k) =: Γk ≈ Γ

4.3 Optimización de T-mesh

Γ̂k Ω̂k
Γk

Γ

Ωk

Π : Ω̂K →ΩK,

p Ω̂K q
ΩK
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4.3.1 Medida de calidad para un elemento arbitrario

Ωe x

G : Ω̂e→Ωe

Ωe ξ

η∗(ξ) = ∥JG(ξ)∥2

d h(γ(ξ))2/d , ξ ∈ Ω̂e,

d = 2,3 JG(ξ) = (∂G/∂ξ) G
ξ ∥JG(ξ)∥ γ(ξ) = (JG) h
h(γ) = 1

2(γ +
√

γ2 +4δ 2)
Ωe

L1

η∗Ωe
=

1
VΩ̂e

∫

Ω̂e
η∗(ξ)dΩ̂e,

VΩ̂e
Ω̂e L2

η∗Ωe
1 ∞ Ωe

η∗(ξ)→ 1 δ → 0
η∗Ω→ ∞ σ(ξ)≤ 0 δ → 0

q∗Ωe
=

1
η∗Ωe

,

[0,1]
x

K∗(x) = 1
N

N

∑
i=1

η∗Ωi
(x),

N x η∗Ωi
(x)

{ξ j} j=1,M

Ω̂e
x
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K∗(x) = 1
N

N

∑
i=1

(
M

∑
j=1

w jη∗Ωi
(ξ j)

)
,

w j ξ j

{−1,0,1} [−1,1]

Mapeo paramétrico para elementos de una T-mesh 2D

Ω̂e =
[−1,1]2

ξi ∈ R2, i = 1, ..9, Ω̂e Ni
Ω̂e

G(ξ) = (x(ξ ,η),y(ξ ,η)) =
9

∑
i=1

xiNi(ξ),

Ω̂e Ωe xi, i = 1,9

x(0,η) x(1,η) x(ξ ,0) x(ξ ,1)
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Coons patch

virtual nodes

real nodes

reference element physical cell

local mesh for the free node x=(x,y)

(x,y)

bicuadratic mapping for the cell

-1 1

G

virtual nodes incorporation

(x,y)

free node (x,y)
new position of the free node
and virtual nodes dependent on it

(x,y)

(x,y)

(x,y)

x(ξ ,η) =(1−ξ )x(0,η)+ξ x(1,η)

+(1−η)x(ξ ,0)+ηx(ξ ,1)

−
[

1−ξ ξ
][ x(0,0) x(0,1)

x(1,0) x(1,1)

][
1−η

η

]

(xv
k,x

v
k+1)

xe
k =

1
2
(xv

k +xv
k+1), k ∈ {1,2,3,4}.

x(1/2,1/2)

x0 =
1
2
(xe

1 +xe
2 +xe

3 +xe
4)−

1
4
(xv

1 +xv
2 +xv

3 +xv
3).
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Mapeo paramétrico para elementos de una T-mesh 3D

Ω̂e = [−1,1]3
33

x(1/2,1/2,1/2)

x0 =
1
8
(xv

1 +xv
2 + · · ·+xv

8)−
1
4
(xe

1 +xe
2 + · · ·+xe

12)+
1
2
(x f

1 +x f
2 + · · ·+x f

6),

xv
i , i = 1,8 xe

i , i = 1,12
x f

i , i = 1,6
Ω̂e

Ωe xi, i = 1,27

G(ξ) = (x(ξ ,η ,ζ ),y(ξ ,η ,ζ ),z(ξ ,η ,ζ )) =
27

∑
i=1

xiNi(ξ),

Ni

L1

G

P0

P′0 = G(P0)
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virtual nodes

real nodes

- edge nodes

- face nodes

- center node

- vertex nodes

4.3.2 Función objetivo con pesos

K∗(x) = 1
N

N

∑
i=1

wi η∗Ωi
(x),

wi

1 k
k− 1

wi = 2
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5.Resultados y
aplicaciones

5.1 Ejemplo de parameteriza-
ción T-spline de geometría
2D

5.2 Ejemplo de parametriza-
ción EP-spline de geome-
tría 2D

5.3 Ejemplo de parametriza-
ción EP-spline de geome-
tría 3D

5.4 Aplicación de Análisis Iso-
geométrico



-- # • -- 1 -- # .. ---· 1 
1 -- # # 

1 1 -- # # • • # # • • • # # • # # • • • • # # • • • ~ # # • • ~ # # • • • ~ # # 
# • • ~ # # 

# # • ~ # # 
# # • ,--- # 

# # • ~ .. .. 
# # # ~ 

~ # # # # 
~ # # # • l # # # • "# # # # # 

1 
# 

# ' # 
# # ~ 

# # .. -- # -.... -- # 
# --- -- # ---- # -------- --·-----



Resultados y aplicaciones

.

5

5.1 Ejemplo de parameterización T-spline de geometría
2D

844
1456

0.31

5.2 Ejemplo de parametrización EP-spline de geometría
2D

16×16

w = 2
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3292
4059

0.09

5.3 Ejemplo de parametrización EP-spline de geometría
3D

8×8×8

w = 8 w = 8

1121
2360

0.35

5.4 Aplicación de Análisis Isogeométrico

−△u = f Ω,

u = g ∂Ω.

u(r) = arctan(α(r− r0)),

r =
√

(x− xc)2 +(y− yc)2 +(z− zc)2 α
r0 α = 200 r0 = 0.6

(xc,yc,zc)
Ω

L2 H1
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6.Conclusiones y
líneas futuras

6.1 Conclusiones
6.2 Líneas futuras
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Conclusiones y líneas futuras

6.2 Líneas futuras
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