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Abstract

The overall objective of this thesis is to originally contribute fo the development of the
new field of Multidimensional Tensor Signal FProcessing as a branch of Signal Processing.
Tensors arise in mulfiple areas of science and technology, e.g., diffusion tensor, fabric
fensor, electrical conductivity tensor, thermal conductivity fensor, strain tensor, efc.
Different sensing modalities provide tensor measurements are not fully reliable since any
real sensor will provide noisy and possibly incomplete and degraded data. Therefore, all
problems dealt with in conventional multidimensional signal processing - such as filtering,
restoration, reconstruction, classification, etc. - are also present when dealing with tensor

signals.

Tensor data processing has been mainly approached as a specific case of multichannel
signal processing. This procedure is obviously insuflicient, as tensors are much more
general structures than vectors, and writing tensor signals as a succession of vectors fails
fo preserve intrinsic algebraic relationships among its elements. In this thesis, we argue for
considering the whole nature of second and higher order tensor signals in order to preserve
all their infrinsic algebraic and geometric information. In this sense, new algorithms
developed under this context have to consider the random nature of tensor data and their
own algebraic structure with the constraint of keeping the algorithmic complexity as low

as possible.

Computer vigion is a fleld of science where tensors arise as an imporfant tool. Based
on three axiomatic requirements, Knutsson demonstrated that the image local structure
is more conveniently described by a second order symmetric positive semidefinite tensor.
This new representation leads to the definition of the local structure tensor which, in
addition, profits from a solid mathematical body that supports a complete analysis in the
fensor domain. In this sense we will also focus on the applications that the local structure
fensor may have in the development of anisotropic processing systems, either with scalar
or tensor data. As an example, fundamental tools of differential geometry like metrics will
be used to constitute a data-dependent geometry on the image which allow us to compute
distance measures that can be used to derive filter kernels, interpolate images or derive

anisotropic models of covariance structure.

xiii
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The development of multidimensional tensor signal processing is of potential interest of
several applications such as electrical conductivity or mechanics, among others. But in this
dissertation, we are specially interested in the applications that multidimensional tensor
signal processing may have in the field of medical imaging. In particular, we use a relatively
new medical image modality called Diffusion Tensor Magnetic Resonance Imaging (DT-
MRI) as proof-of-concept to validate our processing algorithms. A major constraint to
deal with this kind of fensor signals is to preserve the positive semidefinifeness of fhe

fensors as long as tensors that do not satisfy this condifion have no physical meaning.

In conclusion, we present in this thesis different approaches to deal with conventional
signal processing problems, but with the special requirements that tensor datasets demand.
As a result of our research work, we have set several theoretical frameworks that lead us

fo the development of New Schemes for Tensor Signal Processing.
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Resumen

Introduccion

Esta primera seccidn presenta al lector un resumen del trabajo realizado en el contexto
de esta tesis, expuesto en los seis capffulos escritos en inglés que componen la parte
principal de este documento. Fste resumen aborda de forma suficientemente extensa tanto
Ios objetivos propuestos en este trabajo de investigacion, el planteamiento del problema
que se pretende resolver, la metodologia empleada para resolverlo, las aportaciones a la
literatura cientifica, junto con las conclusiones mas importantes, asi como las futuras Iineas
de investigacion que se pretenden ahbordar como continuacidn natural de las conclusiones
de esta tesis doctoral. Puesto que nuestro objefivo se centra principalmente en el
desarrollo de algoritmos para el procesado de senales fensoriales, en este resumen se hace
continua referencia tanto a la formulacidn matemadtica desarrollada en la parte principal
del documento v en la que se fundamentan nuestros algoritmos, asf como a las imagenes y
figuras que presentan los resultados, que nos permiten extraer las conclusiones apropiadas.
De este modo, se evita incluir dos veces las mismas figuras, aunque obviamente formen

parte de este resumen.

El objetivo primordial de esta fesis es contribuir de forma original al establecimienfo
v desarrollo del Frocesado de Senales Tensoriales Multidimensionales, considerando
tanto sus fundamentos matematicos como la implementacicn practica de los algoritmos
desarrollados en computadores digitales. En los tiltimos afios, el procesado de sefiales
tensoriales de segundo orden ha despertado un gran interés en la comunidad cientffica,
va que en diversas 4reas de conocimiento como la dindmica, elasticidad, fluidos,
fermodinamica, electricidad y magnetismo o geometria diferencial, surge la necesidad de

trabajar con este tipo de senales.

Los campos de datos tensoriales de segundo orden, al ser estructuras de datos mds
complejas que los campos de datos escalares (tensores de orden cero) o vectoriales (tensores
de orden uno), requieren algoritmos de procesado especializados capaces de tratar con

tales entidades. Uno de los principales problemas que surge en el procesado de este tipo

XV
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xvi RESUMEN

de dafos es la conservacidn de deferminadas propiedades, como que los fensores sigan
siendo semidefinidos positivos tras aplicar algin filtro. Esta restriccidn impone condiciones

adicionales a los filtros que se puedan utilizar, lIo que complica su disefio.

El procesado de datos tensoriales se ha abordado en numerosas ocasiones como un caso
particular de procesado multicanal. Sin embargo, esta forma de proceder es insuficiente ya
que los tensores son estructuras mucho mas generales que vectores v el hecho de escribir
un tensor como tal no permite preservar las relaciones algebraicas intrinsecas entre sus
elementos. Es decir, operaciones tan sencillas como la descomposicidn espectral o realizar
transformaciones de coordenadas son dificiles de manejar cuando los tensores se escriben
como vectores. Ademds, tratar las seflales fensoriales como sefiales multicanales implica
ignorar informacion importante de las relaciones algebraicas v geométricas que deben

fenerse en cuenta a la hora de procesar los datos.

Por estos motivos, en esta tesis se respeta la propia naturaleza de las sefiales tensoriales
a la hora de desarrollar los distintos algoritmos que aqui se consideran. Por tanto, estos
nuevos modelos no se pueden considerar extensiones de los algoritmos multicanal, sino
algoritmos con un fundamento matemafico propic que engloba al caso mulficanal, del

mismo modo que este Hltimo engloba al caso escalar.

Los campos de tensores aparecen en multitud de dominios de la ciencia. Por ejemplo,
en el campo del procesado de imdgenes, esta muy extendido el uso del tensor de estructura
local como herramienta para describir la forma en la que varfa la serial localmente, De este
modo, ademas de beneficiarse de un marco matematico muy completo, el uso del tensor
de estructura local aporta informacicn de incertidumbre sobre la orientacicn dominante.
Es decir, aporta informacién sobre la orientacién deminante v en la direccién ortogonal.
FPor tanto, un analisis de los autovalores y autovectores ayuda a discriminar el tipo de

vecindario local.

En esta tesis se ha contribuido al desarrollo de filfros anisdtropos en el dominio
espacial partiendo de la informacidn proporcionada por el tensor de estructura, lo que
permite distinguir el caso en el que la sefial no varfa (caso homogéneo) o lo hace en
mas de una direccidn, Ademds, en presencia de discontinuidades - caso no homogéneo
- la cuantificacidn de la variahilidad de la serial en la direccién ortogonal proporciona
la informacién necesaria para que el filtro sepa como tiene que mezclar la informacicn

introduciendo el deseado comportamiento anisdéfropo.

El desarrollo del procesado de senales tensoriales tiene mucho interés en disfintos casos
practicos, como el estudio de la conductividad eléctrica, visidn por ordenador, elastografia,
etc. Sin embargo, este interés se ha visto reforzado gracias a la aparicidén de una nueva
modalidad de imagen llamada Resonancia Magnética de Difusidn Tensorial, del inglés

Diffusion Tensor Magnetic Resonance Imaging (DT-MRI), que define para cada voxel un
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tensor de difusidn, esto es, una matriz simétrica y semidefinida positiva con la informacidn
sobre la magnitud y la direccidn en la que se produce la difusidn de las moléculas de agua
en los tejidos en presencia de un fuerte gradiente. Esto, aplicado al cerebro y junto con las
técnicas de procesado adecuadas, permite realizar una reconstruccidn in vivo de las fibras
nerviosas que recorren la materia blanca del cerebro, asi como estudiar la evolucidn o
detectar deferminadas patelogias neuroldgicas relacionadas con el deterioro de la materia

blanca, como por ejemplo el Parkinson o Alzheimer.

Un tipo de restriccidn para fratar con este tipo de senales tensores es que los tensores a
la salida del sistema de procesado sigan siendo semidefinidos posifivos, puesto que aquellos
tensores que no cumplen este requisito no tienen significado fisico, del mismo modo que
una matriz de covarianza negativa no tiene sentide. Para resolver este problema, en esta
tesis se ha propuesto una transformacion homeomdrfica que nos permite definir una cadena

de procesado que permite garantizar una respuesta semidefinida positiva.

FEste mismo problema también es estudiado desde el punto de vista de la geomefria
diferencial. Los tensores de orden dos se pueden identificar con el subconjunto de matrices
simétricas v definidas positivas, donde se puede obfener una métrica, de forma que aquellas
malrices que no son definidas positivas se encuentran a una distancia infinita. Ademas,
es posible obfener una expresidn analitica de la geodésica, es decir, el camino mds corto
entre dos elementos de un subconjuntc. De este modo, es posible calcular distancias
entre dos matrices definidas positivas v calcular estadisticos sobre ellos, estableciendo una
formulacién equivalente a los filtros definidos utilizando una geometria euclidea para el

caso de datos escalares y vectoriales.

En resumen, en esta tesis se han investigado diferentes formas de ftratar algunos
prohblemas convencionales de procesado de sefiales, pero teniendo en cuenta los requisitos
demandados por los datos tensoriales. Como resultado de nuestro trabajo se han definido
ciertos marcos matematicos que nos conducen al desarrollo de Nuevos Esquemas para el

Procesado de Sehales Tensoriales.

Antecedentes

Antes de comenzar con el desarrollo especifico de este trabajo de investigacidn, en la
seccidn 1.4 se describe la notacidn que se utilizard en este documento. Basicamente, se
utiliza la convencidén de que los datos escalares se escriben con letras mintsculas, los
vectores con letras mintsculas en negrita, las matrices y tensores de segundo orden con
lefras mayiisculas en negrita, mientras que sus elementos se indexan con letras mintsculas

con el niimero de subindices apropiados.
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xviil RESUMEN

El capitulo 2 introduce los conceptos bdsicos que son utilizados en todo el documento.
En este sentido, la seccidn 2.2 presenta conceptos importantes de la teoria de procesado
de serial, como energfa local, fase local y filtros en cuadratura, en los que se basan algunos
algoritmos de los desarrollados en esta tesis. Esta tecoria bdsica se complementa con la
seccicn 2.3, donde describimos los conceptos basicos de la estimacidn en sentido dptimo,
una rama clasica del procesado de senal, con especial interés en la teorfa del filtro de
Wiener. Después, en la seccidn 2.4, se describen las matematicas involucradas en el d4lgebra
tensorial, lo que incluye la definicion de sefiales tensoriales, como las que aparecen, por
ejemplo en Diffusion Tensor Magnetic Resonance Imaging (DT-MRI), una modalidad de

resonancia magnética de particular interés en esta tesis.

Conceptos Previos
Algunos conceptos bdsicos que se usan en todo este documento son los siguientes:

e Fase local: La fase local de una senial s(t) es el argumento de su sefial analitica
(Ec. 2.2): @(t) = arg[sa(t)]. Esta magnitud ofrece una descripcidn continua de la
variacién de la sefial en términos unidimensaionales en un cierto vecindario y a una

cierta escala.

o Amplitud local: La amplitud local de una seifial s(t) is la magnitud de la serial
analitica (Ec. 2.2): A = |sa(t)|, que representa la energfa de la estructura de la

senal en un cierto vecindario v a una cierta escala.

Estos dos conceptos son realmente importantes para una representacicon apropiada de
la estructura local puesto que permiten inferpretar el comportamiento de la senal en dos
componentes independientes. For una parte la amplitud local varfa al mismo tiempo que
cambia Ia estructura local, perc es invariante con respecto al tipo de estructura. Por ofra
parte, la fase local da una descripcicn del tipo de estructura, siendo independiente de las

variaciones locales de la serial.

La generalizacidn de estos conceptos para senales multidimensionales no es trivial. En
este sentido, se suele realizar el andlisis definiendo previamente una direccién dominante,
tal como se muestra en la ecuacidn 2.3. Ksto nos conduce a la definicidn de filtros
direccionables, desarrollados en la seccidn 2.2.3. La teorfa de los filtros direccionables
se basa en explotar la propiedad de linealidad, utilizando unos filtros orientados en unas
direcciones que forman una base en dicho espacio. Después, para calcular la respuesta
del filtro en una determinada direccion arbitraria fan solo es necesario realizar una
combinacidn lineal de las respusestas del filfro orientadas segiin las direcciones base, tal

como se muestra en las ecuaciones de la seccidn 2.2.3 y en la figura 2.1.
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Filtros en Cuadratura

Intimamente ligados a la definicidn de transformada de Hilbert, se encuentran los filtros
en cuadratura, que son los que se usan en la practica para calcular la serial analitica, cuya
definicion estd en la Ec. 2.2, puesto que la transformada de Hilbert no es causal o no tiene

soporte finito en muchas ocasiones.

Los filtros en cuadratura, por tanto, se usan para aproximar la funcidn analffica,
convolucionando una sefial con un filtro q(t) cuyo efecto es eliminar todas las frecuencias

negativas.

Estimacion Optima

La estimacidn en sentido dptimo tiene un soporte tedrico muy bien establecide en el campo
de procesado de senal. Bajo este marco, asumimos que es posible estimar el valor correcto
de una senal basandonos en el estudio del comportamiento estadistico de la senal, lo que
nos conduce a hablar de estimacicn dptima bajo algiin criterio estadistico, normalmente

minimizar el error cuadratico medio.

Una implementacién Finite Impulse Response (FIR) de este tipo de filtros implica
que la estimacidn del valor de una senal en el punfo objetivo X se realiza usando un
nitmero finito de observaciones fomadas en un cierto vecindario de dicho punfo. Distinfas
configuraciones de dicho vecindario conducen a distintos esquemas de estimacion, aunque

Io usual es tomar una rejilla regular con el punto objetivo en el centro de la misma.

El valor estimado se obfiene mediante una combinacidn lineal de las observaciones
dentro de ese vecindario ponderadas con unos pesos que optimizan el criterio de calidad.
Cuando los pesos se obtienen de forma global para foda la senal esto nos conduce a la

utilizacion de la convolucidn, donde el kernel se define con los correspondientes pesos.

En este sentido, el filtro de Wiener es la solucidn dptima para la minimizacién del
error cuadratico medio, usande informacicn estadistica. En la seccidn 2.3.1 se detallan las
caracteristicas de este filtro y la forma de calcular los pesos a partir del analisis estadistico
de primer y segundo orden de la setial, lo que nos conduce a la expresidn final mostrada
en la Fc. 2.16. Un problema fundamental a la hora de llevar a la practica este filtro es
la caracterizacion estadistica de la senal, puesto que normalmente solo se tiene acceso a

observaciones de la senal que vienen distorsionadas por el ruido.

Por tanto, en muchas ocasiones se utilizan modelos para la funcidn de autocovarianza,
como el de la Ec. 2.18 que dependen de una serie de parametros que se obtienen a partir
de las observaciones disponibles de la senal. En esta tesis, se estudian también métodos

para mejorar estos modelos a partir de la informacicn existente,
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Senales Tensoriales

En una primera aproximacion, se puede afirmar que un tensor es una entidad que se puede
expresar como un array multidimensional con respecto a una base, aunque como entidad
matematica en sf misma, un tensor es independiente del sistema de referencia utilizado. El

rango de un tensor es el niimerc de fmdices del array requerido para describir tal canfidad.

En sentido mas estricto, un tensor de rango n en un espacic m-dimensional es un
objeto matematico que tiene n Indices y m™ componentes ¥y que obedece a ciertas reglas
de transformacidn. Visto de este modo, los tensores son generalizaciones de los escalares
- que son tensores de rango 0 - de los vectores - que son tensores de orden 1 - de las
matrices - tenscores de orden 2 -, asi hasta un niimero arbitrario de indices. Por tanto,
los tensores proporcionan un marco matematico natural y compacto para la formulacicn
v resolucidn de problemas en dreas tan independientes como la elasticidad, mecanica de

fluidos y relatividad general.

La notacidn de tensores de orden genérico se hace expresando la magnitud con
subindices (indices covariantes) y superindices (indices contravariantes). Esta distincidn es
significativa para tensores de orden genérico, sin embargo, en el caso parficular de tensores
definidos en un espacio Kuclideo tridimensional, ambas posibilidades son equivalentes.
Como entidades matematicas que son, los tensores pueden operar con ofros tensores, como
tensores de métrica o tensores de permutacion. También hay operadores que actdan sobre
tensores come las derivadas covariantes o contravariantes. La manipulacion de tensores
para formular ecuaciones implica subir v bajar indices, Io que permite establecer una

notacidn especial para las operaciones mas comunes, como la multiplicacicn.

En la seccion 2.4 se describen las operaciones mds comunes con tensores ¥ se muestran
las definiciones de conceptos tensoriales tales como tensor de méirica, tensor covariante
v contravariante, base de fensores, tensor simétrico y semidefinide positivo, norma de

tensores, etc.

¢ Regularizacidn de Datos Tensoriales: Normalmente, como en todo proceso de
adquisicién de datos, suele ser necesario regularizar el campo de datos tensoriales
obtenido con el objetivo de reducir el ruide introducido en la estimacién. En este
gentido, se han realizado muchas aportaciones en Ia literatura lo que demuestra el
interés de este problema. Los métodos y algoritmos propuestos hasta el momento se

pueden clasificar en dos grandes categorias, tal como se ha hecho en la seccidn 2.4.6.

Por una parte estdn los métodos en los que se trata el tensor como una entidad
matematica en si misma dentro del algoritmo de procesado. Dentro de este grupo
hay muchas aportaciones basadas en modelos matematicos tan dispares como FParfial

Differential Equations (PDE), modelos estadisticos o aproximaciones algebraicas.
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For otra parte, algunos aufores deflenden que es mds acerfado realizar una
descompogicidn espectral del fensor ¥ regularizar por separado las direcciones de
difusion y las magnitudes de difusicn, es decir, los campos de autovectores y

autovalores, respectivamente.

En general, esta tultima descomposicidn tiene sentido porque la velocidad de
regularizacién de los autovalores es mayor que la de los autovectores, por lo que suele
darse lo que se denomina efecto de inflado. Sin embargo, utilizando herramientas
matematicas definidas en los espacios geométricos mas adecuados para el procesado
de datos tensoriales es sencillo solucionar este problema. Ksto se estudiara a lo largo

de los capftulos 4 y 5.

¢ Visnalizacion: La visualizacidn de datos tenscriales es un problema que también
ha despertado mucho interds, puesto que requiere mostrar mucha informacidn
con complejas interrelaciones entre los valores de un mismo tensor v de éste con
sus vecinos mds proximos. Durante la dltima década se han presentado muchas
alternativas para visualizar este tipo de datos, tal como se muestra en la seccién 2.4.7.
La mayoria estdn basadas en la reduccion de la dimensiones de los datos mediante
la extraccion de la informacicn més relevante del tensor, Asil, se pueden distinguir
algunas aportaciones que reducen la informacidn de anisotropfa a un valor escalar,
mostrandoe foda la informacidn en una imagen de escala de grises. También existen
alternativas que proponen la utilizacién de imagenes en color con una codificacion
RGB en la que cada canal esta parametrizado por la forma dominante del tensor:
forma lineal, plana o esférica. Finalmente, se han propuesto otras fécnicas que
permiten visualizar la totalidad de la informacidn geométrica del tensor utilizando

formas geométricas como elipseides o superquadrics.

En esta tesis, se utilizaran elipsoides para la representacién de campos tensoriales.
Cada elipsoide estara representada de un color que dependers de la forma geométrica
predominante del tensor, utilizando la codificacién RGB que normalmente se utiliza
como forma de representacidn vectorial. De este modo, los fensores predominante
lineales llevaran estaran asociados al color rojo, los planos al color verde y los esféricos

al azul.

Imagenes Médicas

El diagndstico por imagen se ha convertido en los 1iliimos afios una de las herramientas
que mas ha ayudado a los médicos en sus tareas de diagndstico y seguimiento de las

enfermedades que sufren sus pacientes, sin olvidar sus aplicaciones en el campo de la
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investigacion médica, ayudando a comprender el funcionamiento y leves internas de

Organismos vivos.

Una de las principales razones por las que estas tecnologias se han convertido en una
herramienta fundamental radica en el hecho de que proporciona informacicn ohjetiva de
Io que se esta evaluando, reduciendo en gran medida la probabilidad de una interpretacicn
errdnea de los sintomas que conduzcan a un diagndstico equivocado, reduciendo también
los recursos necesarios para la evaluacion y el tiempo dedicado a esta tarea. Ademas, las
imagenes digitales pueden ser inteligentemente archivadas en sistemas de almacenamiento

digitales, Io que ayuda a salvar mucho espacio v recursos humanos dedicados a esta tarea.

La evolucidn de las distintas modalidades de imdgenes médicas esta ligada a la
evolucién de los sistemas informaticos, beneficiandose de los nuevos avances tanto en
capacidad de computacicn como en sistemas de almacenamiento que facilitan y mejoran
la calidad de las imdgenes obtenidas y la forma de presentacidn a la persona que debe

interpretar los resultados.

En este sentido, se estan realizando numerosos esfuerzos a nivel de investigacidn que
continuamente conducen al desarrollo de nuevas modalidades de imdgenes médicas para la
visualizacidn de procesos con requisitos especificos. En este sentido, la seccidn 2.5 presenta
una lista de las modalidades de imagenes médicas mas importantes desarrolladas en los

iltimos anos.

Resonancia Magnética de Difusién Tensorial (DT-MRI)

La Resonancia Magnética de Difusion Tensorial, DT-MRI, es una modalidad de imagen
médica que mide la difusién media de las moléculas de agua en los tejidos aplicando un
gradiente de campo eléctrico en distintas direcciones. El protocolo de adquisicidn de datos
se muestra en la Fig. 2.10, en la que se usan dos pulsos fuertes posicionados de forma
simétrica sobre un pulso de 180° que permite ponderar la difusién de las moléculas de agua.
En esta secuencia, el primer pulso invierte la fase de giro y durante el periodo A entre
los dos pulsos se producira un cambio de posicién de las moléculas debido al movimiento
Browniano, lo que se traduce en una pérdida de serial al aplicar el segundo pulsc que es

proporcional a la difusidn.

Para eliminar la dependencia con la densidad de moléculas, han de tomarse varias
imagenes de resonancia magnética con v sin ponderacicn de la difusidn. Una vez eliminada
esta dependencia la difusidn en esa direccidn puede calcularse con la fdrmula expresada
en la Kc. 2.53, donde el significado de los parametros de esta ecuacion y sus valores por

defecto se detallan en la seccion 2.6,
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Sin embargo, la difusidn de las moléculas de agua no es isdtropa en todas las direcciones
debido principalmente a la presencia de tejidos que obstaculizan el movimiento en unas
determinadas direcciones. Por este motivoe, una medida escalar de la difusién no es
suficiente para caracterizar la difusidn. For este motive se propuso inicialmente la
utilizacicn de un tensor de orden dos para caracterizar esta magnitud, utilizando una

formulacidn tensorial del proceso de difusion anisdtropa, expresado en la Kc. 2.55.

Por tanto, la estimacion de un campo de tensores 3 X 3, que en nuestro contexto es
equivalente a un campo de matrices siméfricas v semidefinidas positivas, requiere tomar
al menos seis medidas tomadas con gradientes electromagnéticos en diferenfes direcciones.
Ademas, también es necesaria una medida de referencia sin ponderado de difusidn que se
toma como aproximacion a la situacicn de equilibrio o estade inicial. La razén por la que
al menos se necesitan seis direcciones diferentes esta relacionado con los grados de libertad
del tensor de difusidn, puesto que tan solo hay seis componentes que son desconccidas al

ser el tensor simétrico.

A la hora de resolver el sistema de ecuaciones mostrado en la Ec. 2.55, se han propuesto
distintos modelos que se detallan en la seccidn 2.6. Basicamente, la diferencia entre ellos
radica en las restricciones que se imponen a la hora de construir los tensores de difusidn
v en el método matematico empleado para resolver el sistema de ecuaciones. En este
sentido, nos encontramos algunas aproximaciones que garantizan que los tensores son
simétricos semidefinidos positivos mientras que otros métodos propuestos en la literatura
no garantizan esta condicidn, va que el ruido inherente a la medida puede provocar que

esta condicidn se pierda, provocando que los resultados sean incorrectos,

Los datos proporcionados por esta modalidad de imagen médica han demostrado ser
de gran utilidad en gran cantidad de problemas médicos, especialmente en el campo de
la neurociencia. QQuizds, una de las aplicaciones de mayor inferés es Ia tractografia, cuya
finalidad es la construccidn de modelos virtuales de las fibras nerviosas que recorren el
cerebro de un hemisferio al otro formando auténticas redes de comunicaciones. Asumiendo
que la mayoria de los tensores obtenidos en el proceso de adquisicidn de datos son bastante
anisdétropos, algo que no es muy alejado de la realidad, es posible reconstruir el camino
seguido por las fibras siguiendo la direccidn marcada por el autovector principal de la
matriz de difusidn. Ksta técnica suele fallar en aquellas regiones donde dos o mas fibras
se cruzan, ya que el perfil medio de la difusidn en estas regiones es muy similar al caso
isétropo donde no exista una direccién de preferencia. Para solucionar esta limitacidn, se
ha propuesto la utilizacidn de tensores de orden superior con los que es posible cuantificar

correctamente estos casos.

FEstos mapas virtuales fienen una utilidad practica muy importante va que permiten la

planificacidn de una operacién quirdrgica en drganos tan delicados comeo el cerebro de una
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persona, tratando de minimizar el dano que se pueda ccasionar en la intervencidn y, sobre
todo, evitar lesiones en zonas importantes. Ademads, actualmente se esta investigando la
relacién que existe entre el tensor de difusicn y el tensor de conductividad eléctrica pues
parece existir una gran similitud entre ambos. Por tanto, el modelo fisico proporcionado

por DT-MRI proporciona la base en la que resolver las ecuaciones de conduccidn eléctrica.

Ademsdgs, DT-MRI es de gran interés para detectar algunas enfermedades como

isquemia cerebral, infarto cerebral, Alzheimer o esquizofrenia.

Un Nuevo Esquema para el Filtrado Anisétropo de Senales

Los sistemas de procesado convencionales que utilizan la hipdtesis de que Ia variacidn
de serial es semejante en todas las direcciones espaciales, es decir, hajo la hipdtesis de
isotropia presentan la desventaja de que en presencia de cambios abruptos de sefial su
respuesta introduce un error que se traduce, por ejemplo, en el suavizado de dichos
cambios. Fara solucionar estos problemas se suelen proponer sisfemas anisdfropos que

incluyen informacicn sobre la variacidn espacial de las senales.

Normalmente, el gradiente es el operador utilizado para obfener una estimacidn de la
direccion de maxima variacidn de la senal es. Sin embargo, es sabido que este operador
presenta algunas limitaciones, por ejemplo, en presencia de una linea fina se obfiene una
cierta ambigiiedad, puesto que si se mira el gradiente no se sabe si corresponde a dos
bordes seguidos o una sola estructura. Ademads, cuando la sefial varia por igual en mas
de una direccicn, por ejemplo en las esquinas de un cuadrado, la informacicon fambién es
ambigua, puesto que no es posible distinguir esta situacion de la presencia de un simple
borde.

Por tanto, parece ragonable utilizar un descriptor que no introduzca este tipo de
ambigiiedades. Siguiendo esta idea, Knutsson detalld los requisitos imprescindibles que
deberia tener un descriptor de la estructure local y que se estudian en la seccicn 3.2,
proponiendo el uso de tensores para llevar a cabo esta tarea, que finalmente termind
denominandose Tensores de Estructura Local. Los tensores, ademas de permitir una
representacidn compacta de este tipo de informacidn tienen un cuerpo matematico muy
salido que permite realizar un analisis de cualquier problema en el dominio tensorial. La
representacidn tensorial de la estructura local esta basada en la utilizacién de una matriz
simétrica v semidefinida positiva para expresar la variacidn de orientacidn a una escala

determinada.

En el capitulo 3 se investigan nuevas ftécnicas para explotar la informacicn

proporcionada por el tensor de estructura local con el objetivo de construir sistemas de
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procesado anisdtropo de senales de propdsito general. En esfe sentido, en la seccidn 3.4
presentamos un marco general para realizar sisfemas anisétropos de procesado basados en

la informacidn proporcionada por el tensor de estructura local.

En una primera aproximacicn, en la seccidn 3.4.1 se plantea un méfodo para definir los
datos con los que se pretende hacer la estimacicn. La idea bdsica consiste en el calculo de
un vecindario local alrededor de la muestra que se esta procesando teniendo en cuenta
la informacidn proporcionada por el tensor de estructura. FEn este sentido, en zonas
homogéneas las muestras que utilizaremos para la estimacidn estardan distribuidas por
igual en todas las direcciones, mienfras que en zonas con alta anisotropia, sélo utilizaremos
aquellas muestras que se encuentran a lo largo del borde, evitando asf mezclar informacidn
de distinto tipo. La idea propuesta, al ser bastante genérica, puede ser particularizada

para cualquier tipo de sistema de procesamiento de datos.

FEn segundo lugar, la seccidn 3.4.2 propone un esquema de filtrado anisdtropo Gaussiano
donde la forma de la Gaussiana, ¥y por tanto los coeficientes del kernel, dependen del tensor
de estructura, que es interpretado como una matriz de covarianza. FEste marco también
es aplicable al problema de interpolacidn anisdtropa, que normalmente se realiza pesando
muestras en un vecindario siguiendo alguna regla (lineal, ciibica, etc.), tal como se describe
en la seccidn 3.4.3. El comportamiento anisdtropo se introduce pesando mas las muestras
encontradas a lo largo del borde que las encontradas a lo largo de la direccidn de mdxima
variacidn de la senial. FEn nuesfro esquema, acentuamos este comportamiento usando
vecindarios adaptativos ¥ el tensor de estructura como métrica para medir distancias

entre muestras.

Finalmente, también proponemos en la seccicn 3.4.4 el uso de la informacidn
proporcionada por el tensor de estructura local para construir modelos anisdtropos de
la autocovarianza de la senal, lo que nos conduce a poder definir versiones anisétropas de

estimadores dptimos en sentido estadistico, como el famoso filtro de Wiener.

Por iiltimo, se este esquema es generalizado para su utilizacidn no sdlo con datos
escalares, sino también con senales tensoriales. La generalizacidn basicamente radica en Ia
definicién de un tensor de estructura local que codifica la variacidn de senales fensoriales
del mismo modo que se hace para el caso escalar. Nuesfro método, ademass, asegura
que su respuesta siempre es un campo de tensores semidefinidos paositivos, puesto que la
combinacion lineal mediante la que se produce la estimacicn siempre se realiza con pesos
positivos. En la seccidn 3.6 se muestran algunos resultados obtenidos tanto con senales

escalares como tensoriales en datos sintéticos y reales.
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Representacién de la Estructura Local

La representacicn tensorial para describir Ia orientacidn local de las senales se basa en Ia
utilizacicn de una matriz simétrica y semidefinida positiva que codifica la variacicn de la
serial en un cierto vecindario. Fara una sefial multidimensional, un tensor de orden 2 es
suficiente para codificar la complejidad si, y sdlo si, existe una sola orientacion dominante,
En el caso de existir mds de una orientacidn, seria necesario usar tensores de drdenes
superiores para representar debidamente la sefial. Sin embargo, con ejemplos reales, un
fensor de orden dos es suficiente puesto que proporciona la informacidn necesaria para

clasificar las caracteristicas de las imagenes.

Los requisitos de una representacicn tensorial los satisface el mapeado propuesto en
Ia Ec. 3.4, que a partir de un vector proporciona un tensor simétrico y semidefinido
positivo cuya orientacidn dominante es precisamente la del vector original. La condicidn
de simetria garantiza la invarianza ante rotaciones ademas de que sus autovalores sean
reales. Entre otras caracteristicas, este mapeado requiere un tratamiento especial puesto
que intrinsecamente es no lineal v las operaciones de filtrado deben ser aplicadas con

cuidado.

La principal ventaja de esta representacién es que los fensores proporcionan
informacicn no sdlo de la direccién dominante, sino que también proporcionan informacidn
sobre la variacicn de la sefial en las direcciones ortogonales a la principal. Por tanto, con
un analisis de los autovalores de la matriz A\ > ... > Ap, ¥ suS autovectores eq, ..., €m,
tal como se muestra en la fig. 3.3, se pueden distinguir distintos casos en 3D m = 3 {una

clasificacicn angdloga se puede hacer en 2D):

1. Caso plano (A = Az =~ A3 =~ 0): Sélo hay una direccién principal en la que varia
la sefial. El vecindario, por tanto, es aproximadamente una estructura plana cuyo

vector normal viene dado poreq.

2. Caso lineal (A1 ~ Xy 3» Az ~ 0): En este caso, hay dos direcciones principales de
variacién lo que nos leva a un vecindario con estructura Iineal orientado segiin ez,

como por ejemplo los lados de un cubo.

3. Caso puntual (A =~ Ao =~ A3 0): No hay orientacién preferente de variacién de la

senial, lo que equivale a una esquina o una unidn de varias estructuras lineales,

4. Caso homogéneo (A1 ~ Az ~ Az ~ 0): En este caso, no hay variacidn de la seiial, lo

que corresponde al caso de un valor constante de senal.

Ademds de lo expuesto anteriormente, la representacidon tensorial elimina algunos

problemas fundamentales de otras medidas de la estructura local, como puede ser el
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gradiente. Un problema bdsico es el presentado en la fig. 3.1, donde se puede ver que
la magnitud del gradiente no responde igual ante la presencia de Iineas finas o bordes.
Ademads, en la fig. 3.2 se muestra que la respuesta del gradiente no es invariante ante el
cambio de fase. En dicha imagen se puede ver que aunque la orientacion principal de la

senial es constante, la respuesta del gradiente no lo es.

Procesado Anisdtropo de Senales

La herramienta fundamental en la que se basan nuestros esquemas de procesado anisdtropo
es el tensor de estructura. En la seccidn 3.3 se repasan las distintas técnicas que han sido
propuestas en la literatura para estimarlo a partir de los datos, incluyendo el denominado
fensor de estructura no lineal, que introduce un postprocesado diferente al habitual, puesfo
que propone el uso de algoritmos no lineales de regularizacién para incorporar al tensor
informacion de escala evitando los comunes efectos de delocalizacion de estructura. Estos
métodos se pueden clasificar en dos grandes grupos atendiendo a la filosofia en la que se

basan para realizar la estimacidn.

¢ Métodos basados en el gradiente: Estos métodos usan el gradiente espacial para

determinar la orientacicn de la sefial y a partir de esa informacidn calcular el tensor.

¢ Métodos basados en el calculo de la energia local: Estos métodos usan el concepto
de energia local para determinar los elementos de estructura de la senal, mediante

Ia utilizacion de filtros en cuadratura.

Un problema comitn, independientemente del método de estimacidn que se haya
utilizado, es el denominado efecto de delocalizacidcn de la estructura, producido
principalmente por el método de postprocesado empleado para regularizar el campo de
fensores. Tiene sentido, por tanto, comparar la robustez de las estimaciones obfenidas
con cada uno de los métodos, pues este problema es una importante fuente de error,
especialmente para el disefio de filtros anisétropos. Este estudio se realiza en la seccidn
3.3.4 midiendo el error introducido al estimar la localizacidn de elementos de estructura
importantes como son Ias esquinas. In la fig. 3.5 se muestran los resulfados de 1a precisidn
con que son capaces de calcular la posicidn de las esquinas y en la fig. 3.6 se muestra Ia

robustez de estos métodos frente al ruido.

El marco genérico para el procesado anisétropo de senales desarrollado en el contexto
de esta tesis queda completamente descrito en la seccion 3.4. La idea basica en este marco
es la utilizacicn de la informacion proporcionada por el tensor de estructura para introducir
un comportamiento anisdtropo en filtros, empleando conceptos de geometria diferencial

como las métricas para definir una geometria que depende de la estructura de la sefial.
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La aplicacién mas directa es la utilizacidn de la informacidn del tensor de estructura
para determinar la forma del vecindario que usaremos para realizar la estimacién de la
serial. En particular, para estimar el valor de la sefial alrededor de la posicidén x usaremos
las muestras dentro del vecindario N'(x), definido por la elipse xT(x)x” = 1, representada
en la fig. 3.7, cuva forma depende del tensor de estructura local distinguiéndose los casos

explicados anteriormente, y que se muestran de forma esquematica en la fig. 3.8.

Una vez que se ha calculado el vecindario centrado en el punto de procesado, se puede
realizar la estimacicn mediante una combinacicn lineal, tal como se muestra en la Ec, 3.30
donde los pesos vienen determinados por cualguier fécnica de estimacién. En este sentido,
se pueden definir versiones anisétropas de cualquier filtro comiinmente utilizado, como por
ejemplo el filtro de Wiener, Linear Minimum Mean Square Error (LMMSE) estimation,
Kriging, etc.

También es importante senalar que el calculo del vecindario fambién es independiente
de la técnica de estimacicn del tensor de estructura que se haya utilizado. Sin embargo, a la
vista de los resultados presentados en la seccidn 3.3.4 en los que se evaltia la precisidn con la
que es posible detectar ciertos elementos de estructura como las esquinas, parece razonable
pensar que los métodos que utilizan filtros en cuadratura junto con una regularizacién no
Iineal son mas precisos, por lo que es la tdcnica con la que trabajaremos a lo largo de esta

tesis.

Sin embargo, atin es posible explotar la informacicn del tensor de estructura en otras

aplicaciones, que también se presentan en la seccidn 3.4:

e Filtrado Anisdtropo Gaussiano: Una aplicacidn interesante es el disefic de
mascaras en el dominio espacial con un comportamiento anisétropo. Esta idea se
ilustra en la seccidn 3.4.2 mediante el diserio de un filtro anisétropo Gaussiano, donde
la forma de la Gaussiana viene determinada por el tensor de estructura en ese punto.
De este modo, ademas, se pone de manifiesto la estrecha relacidn entre tensor de
estructura y matriz de covarianza, puesto que el primero es utilizade como tal en
el kernel Gaussiano. La ventaja principal que proporciona esta implementacidn es
que el efecto de delocalizacion se reduce sensiblemente puesto que el suavizado se

favorece a lo largo de las orientaciones privilegiadas.

e Interpolacidon Anisdtropa: El marco expuesto en la seccién 3.4.1 también es
valido para el problema de la inferpolacién. FEn el esquema propuesto en Ia
seccidn 3.4.3, una vez calculado el vecindario alrededor del punto de interpolacicn,
para enfatizar el comportamiento anisdtropo cada muestra se pondera de forma
inversamente proporcional a la distancia ufilizando el fensor de estructura local

como métrica para calcular esa distancia, de forma que muestras separadas por un
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borde resultan estar mucho mas lo lejos de lo que estarfan en un espacio Fuclideo.

Esta idea se muestra de forma gréfica en la fig. 3.0

s Estimacidn Anisdtropa de la Funcion de Autocovarianza: Finalmente,
también proponemos el uso del tensor de estructura local para estimar de forma
anisdtropa la funcidén de autocovarianza de la senal a través de modelos de senal.
Esta generalizacion nos conduce a la formulacion de estimadores éptimos en sentido
estadistico con un comportamiento anisétropo, donde la caracterizacion estadistica
de segundo order juega un papel crucial. En este contexto, en la seccicn 3.4.4 se
describe con detalle la forma de estimar esta funcidn de autocovarianza de forma

anisétropa para construir una version anisdtropa del filtro de Wiener 2.3.1.

Por 1iltimo, en la seccidn 3.5, se ha propuesto una formulacion fensorial de los
algoritmos anteriormente expuestos. La generalizacidn radica en la definicion del tensor
de estructura para datos tensoriales de orden dos propuesta en la Ec. 3.39. De este modo,
todos los conceptos v formulaciones utilizados para el caso escalar pueden ser directamente
trasladados para el caso tensorial con la ventaja de que el nuestros esquemas de filtrado
e interpolacidén siempre proporcicnaran tensores semidefinidos positives, puesto que los

datos de entrada siempre son ponderados con pesos positivos.

En la seccidn 3.6 se muestran los resultados obfenidos con los métodos desarrollados
anteriormente en comparacion con otras técnicas de procesado comunmente utilizadas. A
la vista de los resultados mostrados en las figuras comprendidas entre la 3.10 v Ia 3.20 se

puede ver el buen comportamiento de nuestros algoritmos.

Filtrado Homomoérfico de Datos Tensoriales

En el capitulo 4, nuestra atencidon se centra tnicamente en el problema de filtrade de
datos tensoriales, cuyo objetivo es mejorar la calidad de las imagenes reduciendo el ruido
aleatorio inherente al proceso de adquisicidn de datos. En el caso concreto de DT-MRI, Ia
relacidn serial a ruido suele ser baja debido a que la adquisicién de datos estd condicionada
por factores humanos, fales como su capacidad de permanecer inmdviles mientras se realiza

el escaneo.

La principal restriccidn que deben respetar los algorifmos de filtrado disenados para
fratar este tipo de imdgenes, es que su respuesta debe proporcionar un campo de fensores
simétricos y semidefinidos positivos. Ademds, las operaciones aritméticas sobre tensores
deben realizarse cuidadosamente puesto que producen algunos efectos no deseados, tales
como el efecto de inflado o la obtencidn de tensores isdtropos como resultado de fensores

anisétropos orientados con diferentes ejes.
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Para tratar estos problemas, en el capftulo 4 se propone un marco tedrico para disenar
filtros tensoriales. La principal conftribucidn del marco propuesto se basa en el hecho
de que la respuesta del filtro siempre va a ser semidefinida positiva independientemente
del filtro utilizado para llevar a cabo la regularizacién. Nuestro método se basa en una
interpretacion algebraica del conjunto de tensores simétricos v semidefinidos positivos
que, mediante una aplicacion, son transportados al espacio vectorial formado por tensores
simétricos donde se realiza la regularizacién apoyandonos en las herramientas definidas
en un espacio vectorial. Finalmente, mediante la transformacién inversa, los datos son

transportados al dominio original.

El esquema propuesto esta inspirado en la descomposicion homomdrfica comiinmente
utilizada para sefiales escalares, explicado en la seccidn 4.3, tras revisar algunos conceptos
matematicos fundamentales relacionados con los espacios vectoriales v las aplicaciones
lineales en la seccion 4.2. A continuacidn, en la seccién 4.4, se presenta el marco
homomdrfico para tratar con datos fensoriales, basiandonos en Ia interprefacidn algebraica
descrita en la seccidn 4.4.1. Por iltimo, en la seccidn 4.5 se muestran los resultados en

comparacion con otros esquemas comtinmente utilizados.

Filtrado Homomdrfico

La base del procesado homomdrfico radica en la generalizacidn del principio de
superposicidn descrito en la seccidn 4.2.3 y en las ecuaciones 4.9 y 4.10. Por tanto,
el formalismo para la representacién de sistemas con estas propiedades se basa en Ia
interpretacion de las sefiales de entrada y salida como elementos de espacios vectoriales
con unas determinadas reglas de operacidn entre los elementos del espacio vectorial v de
éstos con escalares. Bajo esta perspectiva, el gsistema homomdrfico se interpreta como un
operador algebraico que relaciona elementos del espacio de senales a la entrada del sistema

con los elementos del espacio de senales a la salida.

La teoria del procesado homomdrfico demuestra que cualquier sistema de este tipo se
puede representar como una cascada de tres subsistemas, tal como se muesira en la Fig,

4.2 y cada uno con las propiedades que a continuacidn se describen:

¢ Subsistema de entrada: El primer subsistema transforma elementos del espacio
de senales a la enfrada en elementos de un espacio vectorial Iineal en el sentido

convencional.

¢ Subsistema de filtrado: El segundo subsistema es un sistema lineal en el sentido

convencional que realiza las operaciones de filtrado o suavizado,
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¢ Subsistema de salida: FEl tercer subsistema realiza la transformacicn desde
el espacio vectorial lineal al espacio vectorial definido a la salida del sistema
homomdrfico. En el caso particular de que el espacio vectorial a la entrada y a
la salida sean el mismo, como suele ser habitual, este tercer subsistema resulta ser

el inverso del primero.

En la figura 4.3 se muestra una representacion de la descomposicion homomdrfica
explicada anteriormente, donde se puede ver el camino v las transformaciones realizadas

desde el espacio de entrada hasta el espacio de salida.

En el caso escalar, esta descomposicidn tiene muchas aplicaciones tales como la
descomposicidn de sefiales convolucionadas, utilizando logaritmos y transformadas de
Fourier como subgistemas de entrada y salida. De este modo, como subsistema cenfral se
puede utilizar un filtro lineal disenado bajo la hipdtesis de que las senales a su entrada

son aditivas.

Pero un caso de especial interds andlogo a nuestro problema tensorial es la
descomposicidn de sefiales multiplicativas utilizando comeo subsistemas de entrada v salida
el logaritmo vy la funcicn exponencial, respectivamente. El conjunto de niimeros positivos
reales forma un Grupo de Lie bajo la multiplicacidn habitual y su algebra de Lie es el
grupo aditive de todos los ntimeros reales. El algebra de Lie se puede interpretar como el
espacio tangente al grupo de Lie sobre la identidad y existe una aplicacidn lineal desde el

espacio tangente al dlgebra de Lie llamado exponential map.

FEsta formulacidén algebraica permite una interpretacidn de la descomposicidn
homomedrfica en el que a través del exponential map es pasible realizar las transformaciones

entre subespacios anteriormente descritas.

Filtrado Homomdrfico de Datos Tensoriales

En el caso de sefiales tensoriales, el exponential map también se puede utilizar, aunque
su interpretacidn algebraica ftiene una pequena variacicn. FEn el caso tensorial, tal
como se demuestra en la seccidn 4.4.1, esta transformacién define un homeomorfismo
entre el espacic vectorial de matrices simétricas ¥ el conjunfo de fenscres de segundo
orden simétricos y definidos positivos. Fn ofras palabras, esta transformacion respefa la
estructura topoldgica de ambos grupos, transformando los elementos cercanos del primer
conjunto en elementos cercanos del segundo conjunto v los que estdn lejos, siguen lejos en

el espacio final.

Por tanto, ambos conjuntos son idénticos desde el punto de vista fopoldgico, lo que

permite hacer el procesado tanto en un dominio como en el otro. En este sentido, parece
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Iégico realizar el procesado en el espacio vectorial definide por el conjunto de mafrices
simétricas, puesto que contamos con las herramientas matematicas propias de este espacio:
escalado por escalares, propiedad distributiva y conmutativa, producto escalar, etc. Por
tanto, es necesario transformar el espacio original de la sefial, es decir, el conjunto de
tensores simétricos v definidos positivos en el espacio vectorial de matrices siméiricas
mediante el logarithm map ¥, fras procesar la senal en dicho espacio vectorial, transformar

la senal al espacio original mediante el exponential map.

Una diferencia importante con respecto al filtrado homomdrfico de datos escalares es
que las transformaciones no son homomorfismos, por lo que la descomposicidén de una
senal multiplicativa en la suma de sus logaritmos va no es posible en el caso tensorial. Tan
sclo en el caso particular de que los tensores involucrados conmutaran, serfa posible hacer

esta descompaosicidn ¥, por tanto, una generalizacidn directa del caso escalar.

No ohstante, hay un doble interés en esta descomposicién homeomdrfica. For una
parte, es de interés cualquier otra transformacién que defina un homomorfismo entre
el conjunto de tensores de segundo orden simétricos y semidefinidos positivos y otra
estructura algebraica. Por ofra parfe, el procesado de senales se puede separar de imponer

la restriccidn para conservar los tensores definidos positivos.

En la seccidn 4.5 se muestran los resultados obtenidos utilizando nuestro marco de
procesado en comparacién con otras técnicas de procesado usadas en la literatura. A la
vista de los resultados mostrados en las figuras comprendidas entre la 4.5 v la 4.17 se

puede ver el buen comportamiento de nuestro esquema homomdrfico.

Un Marco Riemanniano para el Procesado de Senales

Tensoriales

En el capitulo 5 abordamos el mismo problema planteado en el capritulo 4, pero
desde un marco matematico distinto presentado en la literatura y que nos permite
calcular estadisticas en campos tenscoriales. En este caso, abordamos el problema desde
la perspectiva de la geometria diferencial del espacio de las distribuciones normales
multivariadas. Kn este marco de procesado, consideramos la familia de distribuciones
normales tridimensionales con media nula parametrizandolo como un espacio de seis
dimensiones de varianzas y covarianzas, identificandolo ademass con el conjunto de matrices

reales v definidas positivas.

En este espacio geométrico es pasible definir una métrica Riemanniana en términos de
la matriz de informacidn de Fisher, como se presenta en el Teorema 5.4, lo que ademas nos

permite definir conceptos tales como distancia geodésica, curvatura, media y matriz de
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covarianza en dichos espacios. Fn la seccidn 5.3 se describen los defalles matemadticos que
conducen al desarrollo de las herramientas estadisticas que ufilizaremos para desarrollar

nuestro esquema de procesado.

La contribucidén mds importante de este capitulo es el desarrollo de un esquema de
procesado anisdtropo controlado por la magnitud del gradiente del campo tensorial, que
es calculado utilizando las herramientas matemadticas desarrolladas dentro de este marco
computacional. La idea general, como viene siendo habitual en el contexto de esta fesis,
es pesar mas aquellas muestras que se encuentran a lo largo del borde que aquellas que
estan en la direccidn perpendicular a éste. Lo realmente original de este algoritmo es la
forma de calcular los pesos, basada en calculo del mddulo del gradiente Riemanniano v en

la forma de calcular Ia media local teniendo en cuenta la métrica definida en este espacio.

Finalmente, la seccidn 5.6 presenta los resultados obtenidos con este nuevo algoritmo

anisdtropo en comparacion con otros esquemas anisétropos desarrollados en la literatura.

Media Local y Calculo del Gradiente

Fara estimar la media local en el marco definide en el capffulo 5, se hace uso de Ia
definicion cldsica de centro de masas y del concepto de distancia geodésica entre dos
matrices, definido en el Teorema 5.3.2. Bajo este contexto, es posible calcular la matriz
media como el mimimeo local de la Ec. 5.8 Comeo no existe una expresicn cerrada para
ese minimo local, es necesario hacer evolucionar un esquema numeérico iterativo (Ec. 5.13)

hacia el centro de masas, empezando con una estimacion inicial cualquiera.

Aunque este esquema iterativo suele converger en no mas de 4 ¢ 5 iteraciones
independientemente de la estimacidn inicial, es posible detectar la convergencia cuando
Ia norma de Frobenius de la velocidad de evolucidn esta por debajo de un determinado

umhbral. Comeo consecuencia, el esquema numérico estd libre de parametros.

Filtrado Anisétropo Riemanniano

Sin embargo, en el esquema propuesto anteriormente todas las muestras contribuyen
igualmente a la media local, por lo que no resulta idéneo para disenar un algoritmo de
procesado anisdtropo de datos. Este problema es abordade en la seccidn 5.4.2, donde
se evoluciona un esquema numeérico similar que s incluye un ponderado de las muestras
que se procesan, cuya formulacicn final, obtenida siguiendo los mismos pasos que para la

versidn isdtropa se encuentra definido en la Ec. 5.15,

En lo que se refiere al calculo de Ios pesos, se ha propuesto el cdlculo del mddulo del

gradiente dentro de este marco Riemanniano mediante la suma ponderada de los cuadrados
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de las distancias geodésicas entre los tensores dentro de un vecindario alrededor del punto
central, fal como muestra la ecuacidn 5.16. Esta formulacién del mddulo del gradiente
Riemanniano se basa en una interpretacicn equivalente del gradiente en espacios Euclideos

para aproximar el gradiente espacial, tal como se demuestra en la seccidn 5.4.3.

Cuando comparamos las propiedades del gradiente bajo el marco Riemanniano con las
del caso FEuclideo, cabe destacar que el primero proporciona una magnitud que resulta
independiente de la escala. Es decir, el mddulo del gradiente en la frontera entre dos
regiones con tensores diferentes a ambos lados es independiente del valor de los aufovalores,
fan solo depende de la relacidn entre ellos. En la Figura 5.2 se realiza una comparacion
de los mdédulos del gradiente Riemanniano y del Fuclideo, donde queda reflejado este
comportamiento con respecto a la escala. Mientras que uno resulta independiente de la
magnitud de los autovalores, el Euclideo viene determinado por la ralz cuadrada de la
suma de los autovalores al cuadrado, por lo que cuanto mayores son los aufovalores mayor

es el mddulo del gradiente.

En nuestro estudio, también hemos estudiado el caso en el que la fronfera en el campo
tensorial esta generada por tensores rotados un cierto angulo. En la Figura 5.3 se pueden
ver distintas respuestas del mddulo del gradiente en funcidn del angulo de rotacicn, Como
cabla esperar, cuanto mas anisdtropos son los tensores, mayor es el médulo del gradiente,
aunque en el caso Riemanniano su dependencia con el valor de los autovalores es menos

importante que en el caso Euclideo.

Finalmente, la seccidn 5.5 describe algunos detalles de la implementacidn del algoritmo
de filtrado basado en los principios expuestos anteriormente, En la seccidn 5.6, se
muestran los resultados en comparacidn con ofras técnicas de filtrado anisétropo de
campos tensoriales basadas en ecuaciones en derivadas parciales, comprendiendo las figuras
comprendidas entre la 5.4 y la 5.12. En comparacién con las técnicas de regularizacidn
en derivadas parciales, nuestro algoritmo presenta un comportamiento mds preciso y no
presenta problemas tales como el inflado de los fensores para un tiempo de regularizacion

demasiado grande.

Conclusiones

El objetivo de esta tesis es el desarrollo de Nuevos Esquemas para el Procesado de
Sefiales Tensoriales abordande problemas clasicos del procesado de sefiales pero con los
requisitos que los datos tensoriales necesitan. Esta nueva rama del procesado de sefiales
se ha convertido en Ios tiltimos anos en un campo fundamental con contribuciones fan

importantes como el tensor de estructura local.
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FEn este sentido, en el capitulo 3 se ha desarrollado un marco general para el procesado
anisdtropo de senales utilizando la informacidn del tensor de estructura local, con diversas
aplicaciones que surgen de manera natural. En primer lugar, dicha informacién se ha
utilizado para definir de forma adaptativa un vecindario alrededor del punto de estimacion.
Otra de las aplicaciones que se han desarrollado es un algoritmo de filtrado Gaussiano en
el que, ademas de seleccionar las muestras de forma anisétropa, se utiliza el tensor de
estructura para definir la forma de la matriz Gaussiana, como si se tratara de una mafriz
de covarianza. Por otra parte, también hemos desarrollade un algoritme anisétropo de
interpolacién en el que el tensor de estructura se utiliza como tensor de métrica para
calcular distancias entre tensores de forma que las muestras en la direccidn de maxima
variacién parecen estar mas lejos de Io que en realidad estdn. Por iltimo, la informacion
proporcionada por el tensor de estructura también se ha utilizado para elaborar de forma
anisdétropa modelos de Ia funcidn de aufocovarianza comiinmente utilizados en el diseno
de filtros éptimos en sentido estadistico, lo que nos permite disenar versiones aniséfropas

de este tipo de filiras, como el filtro de Wiener.

Puesto que Ia forma de estimacion del tensor de estructura tiene cierta influencia en el
resultade final, también se ha llevado a cabo un estudio comparativo para ver el método que
menor error introduce en la delocalizacicn de las estructuras mas importantes del campo
de datos, incluyendo las dencminadas versiones no lineales del tensor de estructura, A
la vista de nuestros resultados, la estimacion del tensor de estructura con formulaciones
basadas en filtros de cuadratura junfo con un suavizado no lineal al final parece la m4ds

apropiada para ser utilizada en nuestro algoritmo.

La generalizacién desde el caso escalar al caso fensorial de nuestros algoritmos pasa por
la generalizacicn del tensor de estructura para datos tensoriales. Una vez hecho esto, se
pueden aplicar los mismos conceptos para desarrollar los algoritmos, con la ventaja de que
de forma natural nuestros algoritmos proporcionaran una respuesta semidefinida positiva,

puesto que los pesos utilizados estan restringidos de forma natural a valores positivos.

En el caprtulo 4 se ha abordado el problema especifico de regularizacidn de datos
fensoriales desde una nueva perspectiva, basada en la generalizacidn de la descomposicidn
homomédrfica para este problema. La base matemadtica recae en la interprefacion algebraica
del espacio de matrices simétricas y del conjunto de mafrices simétricas v semidefinidas
positivas, Aunqgue estas dos estructuras algebraicas son aparentemente distintas, existe

una relacicn entre ellas que nosotros explotamos para generalizar la teorfa homomdrfica,

En este sentido, aunque la interpretacicn algebraica difiere un poquito, nos conduce
a una formulacién matematica totalmente analoga utilizando el logaritmo matricial v la
exponencial matricial como subsistemas de enfrada y salida y en medio un filfro lineal en

el sentido habitual. Ademds, relajando ligeramente algunos requisitos fambién se puede
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utilizar una cadena de procesado que como subsistema de entrada utiliza la rafz cuadrada
del tensor ¥ como subsistema de salida el cuadrado del mismo. La principal ventaja de
esta nueva formulacidn es que también es valida para tenscres semidefinidos positivos,

evitando también problemas numéricos cuando los autovalores son muy pequeiios.

Finalmente, el capftulo 5 presenta un nueve esquema basado en la teorfa de geometria
diferencial para la regularizacidn anisdtropa de datos tensoriales, visfos como campos de
distribuciones normales. Basgdndonos en las propiedades de este espacio de distribuciones
normales, es posible introducir una métrica Riemanniana que proporciona un marco tedrico
para definir geodésicas y distancias entre tensores en las que se fundamenta el algoritmo

presentado en este capitulo.

El comporfamiento anisétropo se introduce mediante el calculo del mddulo del
gradiente en sentide Riemanniano, calculado usande la distancia geodésica entre
distribuciones. El mddulo del gradiente, al contrario del caso Euclideo se heneficia de la
invarianza afin de la distancia. En nuestro estudio de sus propiedades hemos comprobado
que la versidn Riemanniana no es sensible a la escala de los tensores lo que permite
discriminar mejor interfaces de fejidos y regularizar tensores desorienfados a causa del
ruido. En comparacién con ofras versiones anisdfropas de regularizacién para campos
tensoriales basadas en Partial Differential Equations (PDE), hemos visto que nuestro

esquema no presenta algunas limitaciones de estos esquemas, como por ejemplo el efecto
de inflado.

Publicaciones Relacionadas

En esta seccidn mostramos una breve descripcion de los articulos que han sido publicados

en el contexto de esta tesis:

¢ Homomorphic Filtering of D'T-MRI Fields [Castafio03b]:

FEn este articulo, publicado en la conferencia internacional Medical Image Computing
and Computer Aided Intervention se propusieron las bases en las que se fundamenta
el filtrado homomdriico para datos tensoriales presentado en el capitulo 4 y que
consiste en una cadena de procesado que garantiza una respuesta semidefinida

positiva independientemente del filtro utilizado en dicha cadena para reducir el ruido.

e Filtrado Homomodrfico de Datos Tensoriales [Castario03a]:

Los campos de datos tensoriales, como los proporcionados por modalidades de
imagenes médicas como DT-MRI, deben cumplir la propiedad de ser simétricos

v semidefinidos positivos. Sin embargo, debido a una serie de razones esto no
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siempre es cierto en los datos reales. Ademas, seria deseable que dicha propiedad
se mantuviera incluso después de procesar estos datos con los sistemas de procesado
apropiados. En este sentido, esta publicacidn complementa el trabajo realizado en

[Castario03b] mediante una cadena de procesado que garantiza esta propiedad.

Anisotropic Interpolation of DT-MRI [Castafio0O4b]:

En este articulo, se presenta una nueva técnica para interpolar campos de tensores
de difusidn de forma anisdtropa respetando correctamente las fronteras entre
regiones ¥ con la condicién de que la respuesta sea semidefinida positiva. Nuestra
propuesta se bhasa en el uso de la inversa del tensor de estructura local como
métrica para calcular distancias entre el punfo de interpolacion y las muestras
encontradas en un determinado vecindario. La interpolacién es una herramienta
esencial en el manejo de imagenes digitales en gran diversidad de aplicaciones. Para
ilustrar el comportamiento de nuestra técnica, se muestran resultados de remuestreo
(zooming) en campos tensoriales sintéticos y reales de DT-MRI. Este nuevo esquema
proporciona un nuevo marco de filtrado anisétropo, incluyendo aplicaciones en el

filtrado, registrado o segmentacidn.

Esquema Variacional para el Filirado de Imdgenes Médicas Tensoriales
[CastarioO4a]:

En este articulo, se propone un esquema de filtradeo para regularizar campos de datos
de DT-MRI. Nuestra propuesta se basa en la utilizacién de métodos variacionales
combinados con el uso del tensor de estructura local de estos campos. Algunos
gjemplos con dafos sintéticos v reales de D'T-MRI ilustran el comportamiento de

nuestro método.

Estudio Comparativo de FEstimadores no Lineales del Tensor de
Estructura Local [Castano05]:

En este articulo, proponemos el uso de un proceso de difusidn no lineal para mejorar
la robustez de los métodos que ufilizan la energia local de la senal para estimar el
tensor de estructura local. Ademds, se realiza un analisis comparativo de la robustez
con que los distintos métodos presentados en la literatura son capaces de detectar

elementos de estructura comeo las esquinas.

A Generalized Local Structure Measure to Regularize Tensor Fields [SS05]:

Este trabajo describe algunas aplicaciones del tensor de estructura de datos
tensoriales en el procesado de sefiales bajo un marco estadistico. El tensor de
estructura, obtenido a partir de los datos iniciales, se usa como elemento clave para

regularizar de forma anisétropa dichos datos. El desarrollo realizado en este trabajo
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ge hace desde un punto de vista estocastico, incluyendo también una implementacion
invariante en fase. Ademas, se presenta un esquema de filtrado general para
imagenes tensoriales y aplicaciones en interpolacidn y registrado de datos tensoriales

multidimensionales.

¢ Anisotropic Filtering with Nonlinear Structure Tensors [Castano06h]:

En este articulo, presentamos un esquemsa de filtrado anisdtropo que usa una versién
no lineal del tensor de estructura local para adaptar de forma dinamica la forma del
vecindario usado para llevar a cabo la estimacién. De esta forma, sélo las muestras a
lo largo de la direccicn ortogonal a la de maxima variacicn son utilizadas para estimar
el valor en la posicidn actual, Io que ayvuda a respetar de forma adecuada las fronteras
v la informacidn de estructura. Esta idea general es directamente trasladable para
implementar todo fipo de filtros FIR, como el filiro de Wiener o LMMSE entre
otros. En este articulo se describe la idea subyacente usando un esquema de filtrado
anisdtropo gaussiano lo que nos permite, al mismo tiempo, estudiar la influencia
del tensor de estructura no lineal en los esquemas de filtrado, puesto que se realiza
una comparacion con las respuestas obtenidas utilizando las definiciones clasicas de

tensor de estructura.

¢ A Homomorphic Filtering Framework for DT-MRI [Castarfio06c|:

En este arficulo se establecen las bases matemdticas de un marco de filtrado para
seniales tensoriales usando la tecria de espacios vectoriales. Desde este punto de vista,
las sefiales se interpretan como elementos de espacios vectoriales v los operadores
como mapeados de un espacio de entrada a uno de salida. Esta formulacion, nos
permite generalizar el principio de superposicion para cualquier operador definido
en espacios de seriales. Los sistemas que obedecen esta generalizacidn se denominan
homomdrficos ¥ pueden descomponerse en una cadena de tres subsistemas. Fl
primero opera en el espacio de entrada de la senal, el segundo es un sistema Iineal
en el sentido habitual y el tercero opera en el espacio de salida. Por tanfo, es posible
elegir diferentes subsistemas de entrada y salida apropiados para tratar con todo tipo
de sefiales, definiendo de este modo una completa familia de filtros homomdrficos,
En el caso particular de las seriales tensoriales, identificamos los espacios de entrada
v salida como el conjunto de matrices reales, simétricas y semidefinidas positivas
¥, ademas, se proponen subsistemas especificos para garantizar que fodas esas

propiedades se satisfacen a la salida de la cadena de procesado.

¢ A Fast and Rigorous Anisotropic Smoothing Method for DT-MRI
[Castario06]:
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En este articulo, se explotan las proiedades de geometria diferencial del espacio
de distribuciones normales mulfivariadas, donde es posible definir una métrica
Riemanniana para calcular estadisticas en el manifold de matrices simétricas
positivas definidas. Nuestra contribucién en este caso se centra en el uso de estas

herramientas estadisticas en el filtrado anisétropo de campos de datos tensoriales,

¢ A Riemannian Approach to Anisotropic Filtering of Tensor Fields
[Castafiolbal:

Los algoritmos de filtrado desarrollados para tratar con tensores estan hasados en
la interprefacion del campo tensorial como un espacio vecforial de matrices con la
Iimitacion de permanecer simétricos ¥ definidos positivos. Por el contrario, nuestra
propuesta en este arficulo estad fundada en la inferpretacion de los dafos desde
el punto de vista de la geometria diferencial, donde se puede definir un marco
matematico rigurose v explotar las propiedades del manifold de las distribuciones
normales multivariadas, donde es posible definir una métrica Riemanniana y expresar
estadisticas en el manifold de matrices simétricas definidas positivas. FEn este
articulo, centramos nuestra atencicn en la contribucicn de estas herramientas para el
procesado de filtrado anisdfropo v regularizacidn de campos fensoriales, ilustrando

el comportamiento de nuestro algoritmo tanto en datos sintéticos como reales.

Lineas Futuras

El trabajo presentado en esta fesis presenta varias lineas de investigacién donde es posible
realizar nuevas aportaciones y que constituyven algunas de las Ifneas futuras en las que se
va a continuar trabajando con el objetivo de desarrollar nuevos conceptos v algoritmos
para el procesado de senales tensoriales. Entre otras, hemos identificado las siguienfas

Iineas de trabajo futuras:

¢ Una linea de investigacidn que en la que se va a continuar trabajando es la elaboracidn
¥ completa caracterizacion de filtros anisdtropos tradicionales como el filtro de
Wiener, Kriging, etc. bajo el marco de procesado anisdtropo presentado en esta

tesis.

¢ K] uso del fensor de estructura local como tensor métrico para calcular distancias
entre dos muestras cualquiera usado en nuestro esquema de interpolacién tiene
aplicaciones en otros problemas de procesado convencionales, como por ejemplo el
segmentado o registrado de imdgenes, que quedaron fuera de los objetivos de esta

tesis, pero que son de enorme importancia en el campo de procesado de imagenes.

@ Del documento, los autores. Digitalizacion realizada por LUILPGC. Biblioteca Universitaria, 2007



x1

RESUMEN

e En lo que se refiere a los marcos de procesado homomdrfico y Riemanniano, se
pretende realizar un estudio mas detallado para intenfar establecer las relaciones
que puedan existir entre ambaos algoritmos, dada la similitud existente entre ambas
formulaciones que resulta evidente al comparar visualmente las ecuaciones que rigen

sus respectivos comportamientos.
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Chapter 1

Introduction

1.1 Motivation

The overall objective of this thesis is to originally contribute to the development of the
new field of Multidimensional Tensor Signal Procesging as a branch of Signal Processing.
Tensors arise in multiple areas of science and technology, e.g., diffusion tensor, fabric
tensor, electrical conductivity tensor, thermal conductivity tensor, strain tensor, etc.
Different sensing modalities provide tensor measurements, though they are not fully
reliable since any real sensor will provide noigy and posgibly incomplete and degraded data.
Therefore, all problems dealt with in conventional multidimensional signal processing -
such as filtering, restoration, reconstruction, clagsification, ete. - are algo present when
dealing with tensor signals.

Tengor data processing has been mainly approached ag a specific case of multichannel
gignal processing. This procedure ig obviously insufficient, as tensors are much more
general structures than vectors, and writing tensor signals ag a succesgion of vectors fails to
preserve intringic algebraic relationships among its elements. For example, operations that
are commonly applied to tensors, such ag making their eigen-decompositions or applying
general coordinate transformations, are difficult to manage when tensors are written ag
vectors. Moreover, statistics estimated from the stacked components of the tensor fields,
guch as the covariance matrix, offer no insights into the way noise or features of the
experimental design affects their digtribution. In addition, treating tensors signals as
unrestricted multichannel signals implies to ignore important algebraic and geometric
information that should be accounted for during the whole processing procedure.

In this thegis, we argue for considering the whole nature of gecond and higher order
tensor signalg in order to preserve all their intrinsic algebraic and geometric information.
It must be stresged that new models and algorithms baged on multidimensgional tensor
gignal processing are not extensions of currently available multi-channel algorithms. In
this sense, new algorithms developed under this context have to congider the random
nature of tensor data and their own algebraic structure with the constraint of keeping the
algorithmic complexity ag low as possible. Since scalar and vector data correspond to G
and 1% order tensor fields respectively, multidimensional tensor signal processing includes
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them as particular cages of current gignal processing schemes, much in the same way as
multichannel signal processing includes scalar gignal processing.

Computer vigion is one field of science where tensorg arige as an important tool. Baged
on three axiomatic requirements, Knutsson demonstrated that the image local structure
is more conveniently described by a second order symmetric pogitive semidefinite tensor
than it iz done with other more common descriptors used before [Knutsgon88]. This
repregentation leads to the definition of the local structure tensor which, in addition,
profits from a solid mathematical body that supports a complete analysis in the tensor
domain. The main contribution of the local structure tensor is that tenzors contain more
information than only the dominant orientation, since they also quantify uncertainty
about this orientation being actually dominant. Thus, an analysis of the eigenvalues
and eigenvectors helps to discriminate the type local neighborhood.

In this gense, the local structure tensor has become an important image procesging tool
with applications in several computer vigion domains, such as techniques baged on optical
flow analysig, repregentation of spatio-temporal featureg, feature detection or medical data
gsegmentation and regisgtration among others. In this thesie we will also focus on the
applications that the local structure tensor may have in the development of anisotropic
processing systems, either with scalar or tensor data. As an example, fundamental tools
of differential geometry like metrics will be used to constitute a data-dependent geometry
on the image which allow ug to compute distance meagures that can be used to derive
filter kernelg, interpolate images or derive anisotropic models of covariance structure.

The development of multidimensional tensor signal procesging is of potential interest
of several industrial applications, such as the study of electrical conductivity, computer
vision, elastrography, face detection, mechanical strain tensor, among others. But in
thig dissertation, we are specially interested in the applications that multidimensional
tensor signal procesging may have in the field of medical imaging. In particular, we
uge a relatively new medical image modality called Diffusion Tensor Magnetic Resonance
Imaging (DT-MRI) as proof-of-concept to validate our processing algorithms. A DT-MRI
dataget consists of noigy samples drawn from an underlying macroscopic diffusion tensor
field, which is assumed continuous and smooth at a coarse anatomical scale. Within this
context, a symmetric positive semidefinite second order tensor describes the voxel-averaged
diffusion of water molecules in tissues due to Brownian motion [Basser96]. A major
congtraint to deal with this kind of tensor signals is to pregerve the positive semidefiniteness
of the tengors as long ag tensors that do not satisfy this condition have no physical meaning,
much in the same way ag a negative covariance matrix has no sense.

In conclusion, we present in this thesis different approaches to deal with conventional
gignal processing problems, but with the gpecial requirements that tensor datasets demand.
As a result of our research work, we have sel geveral theoretical frameworks that lead us
to the development of New Schemes for Tensor Signal Processing.

1.2 Outline of this thesis

This thesig is organized in several chapters. Each chapter presents the work we have done
concerning the topic that is discussed therein ag well ag the state-of-the-art literature in
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which our contributions are founded. For each new processing scheme presented in this
thesis we also present experimental results in order to validate our approaches. The thesis
is gplit into 6 different chapters, whose contents are described next:

¢ Chapter 1: Introduction. This chapter is the current introduction, where the
main motivations and ohjectives are described.

¢ Chapter 2: Background. Thig chapter deals with some preliminary topics that
are described in order to provide a background to the reader with tensor datasets.

First, we review some of the important concepts that are used throughout this
document to develop our tensor gignal processing algorithms, with special attention
to tensor algebra. Finally, an introduction to medical imaging modalities is presented
with particular interest on D'T-MRI, since datasets from this medical imaging
modality are used to validate the algorithme developed for tensor gignal processing
in this thesis.

¢ Chapter 3: A New Approach for Anisotropic Signal Processing. The
limitations presented by standard descriptors of signal variation such as the gradient,
may lead to a wrong identification of signal structures [Knutsson(3b|. For instance,
when the gignal varies in more than one direction, for example at cornerg or junctions,
the direction given by the gradient is ambiguous since it i not possible to digtinguish
these image features from simple edges. This leads to the use of tensors in order
to get a more robust descriptor of local structure [Knutszon89). The bagic idea ig
to represent the signal orientation at a given scale by a symmetric Positive Semi-
Definite (PSD) tensor, called Local Structure Tensor.

Based on these ideas, we investigate new techniques to exploit the information given
by the local structure tensor in order to derive anisctropic signal processing systems
for general purposes. After a complete revision of the different methods proposed in
the literature to estimate the local structure tengor, including nonlinear counterparts,
we gtudy the robustness of thege methods in terms of structure delocalization in order
to reduce as much ag possible thig undesirable effect on anigotropic gignal processging
systems.

Then, we present our procesging framework to develop anisotropic signal processing
gystems. It 18 remarkable that the ideas behind our approach are quite general
and, hence, they can be particularized for any claggical anisotropic signal processing
technique. In this sense, we particularize our approach for different application
purposes. Firgt, we derive anigotropic Gaussian emoothing kernels uging the local
gtructure tensor to compute anigotropic neighborhoods around a given sample and
to model the shape of the Gaussian distribution. Furthermore, we algo derive
an anisotropic interpolation scheme where the local structure tensor is also used
ag a metric tensor to compute distances. Finally, we also propose the use of
the information provided by the local structure tensor to build an anisotropic
estimator of the covariance estructure of the signal, yielding to anisotropic versiong
of traditional statigtically optimal estimators, such as the well-known Wiener filter.

Our approach is validated with scalar and tensor datasets. An interesting
characteristic on the generalization for tensor data is that our approach naturally
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provides a PSD response, gince the regponse ig given by a linear combination of PSD
matrices with positive coeflicients.

Chapter 4: Homomorphic Filtering of Tensor Data. This chapter presents
a new filtering framework for tensor images. The main restriction that filtering
algorithms that deal with tensor data ig to remove noige with the constraint of
preserving the tensors positive definite after processing the gignal.

This limitation has also been addressed in [Chefd’hotel02] which provides a geometric
interpretation of constrained flows for tensor-valued functions. This yields, through
the use of exponential maps, suitable numerical schemes that are algo constraints
preserving. Another approach presented in [Weickert02] provides a generalization
of anigotropic and nonlinear diffusion process to tensor-valued data. However,
tensor eigenvalues tend to regularize fagter than the associated eigenvectore. This
phenomenon is known as the eigenvalue swelling effect.

In thig chapter we propose a theoretical framework for the design of filters which
presents the advantage that the response of the filter is assured to be symmetric
positive gemidefinite independently from the filter uged to regularize the tensor field
[CastanoO6ec]. The basis of our approach relies on the algebraical interpretation of the
get of symmetric positive semidefinite tensors which are mapped to the vector gpace
of symmetric matrices following a generalization of the homomorphic decomposition
for scalar signals developed in [Oppenheim67].

Chapter 5: A Riemannian Framework for Tensor Signal Processing. This
chapter also deals with the problem of filtering tensor images with the constraint
of pregerving the tensorg posgitive definite. In this case, we derive an anisotropic
filtering framework based on a geometrical interpretation of the set of positive
definite second order tengors, which yields to a rigorous mathematical framework
to compute statistice on tensor fields.

We use the mathematical framework, developed in [Skovgaard81], [Amari90] and
Lenglet05b| where the differential geometrical properties of the space of multivariate
normal distributions are used to define a Riemannian metric, which allow us to
compute distances between tensors and, hence, compute some statistics.

The main contribution of thig chapter is an anisotropic filtering algorithm controlled
by the magnitude of the Riemannian gpatial gradient of the tensgor field. A complete
characterization of the Riemannian gradient magnitude is also performed, since it
does not exhibit the same propertieg as the usual gradient magnitude. A detailed
analysis of the performance of our approach on noisy and synthetic data is also
carried out. In our experiments, we obtain better qualitative and quantitative regults
than with the method proposed in [Weickert(2].

Chapter 6: Conclusions This chapter summarizes the main conclusions we have
obtained from our work and the tensor processing schemes we have developed in
the context of this thesis. Moreover, it presents the related papers that have been
published in the context of thig thesis which contain our core work.
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1.3 Our Main Contributions

In order to facilitate the identification of the main contributions of thisg dissertation, we
summarize them listed by chapters:

¢ Contributions in chapter 3:

A New Approach to Anisotropic Signal Processing (Section 5.4): In this gection
we pregent a new approach to derive adaptive neighborhoods for anisotropic signal
procesging systemg. The idea behind is to wisely adapt the local neighborhood
used to perform the estimation depending on the information provided by the local
structure tensor by means of the ellipsoid associated to that pogitive semidefinite
matrix.

Comparison of the local structure tensor estimalion methods (Section 5.3.4):
Since the estimation methodsg of local structure do not provide an equal response,
we have studied the structure delocalization effect in order to choose the most robust
method in our approach, including the so-called nonlinear structure tensors recently
presented and applied to the Knutsson’s formulation.

Anisotropic Gaussian Smoothing (Section 3.4.2): We derived an adaptive
anigotropic Gaussian filtering echeme to reduce noige in scalar images, where the
shape of the Gausgian kernel is modeled by the local structure tensor.

Anisotropic Interpolation (Section 3.4.5): We derived an adaptive anisotropic
interpolation scheme to upsample gcalar images. In addition to uging the local
structure tensor to compute the local neighborhood, we use it ag a metric tensor to
measure distances between samples. The effect iz that sampleg found in the same
direction of the maximum signal variation seem to be further, while those in the
direction of minimal signal variation seem to be cloger.

Anisotropic Covariance Structure Estimation (Section 5.4.4): We also used the
information provided by the local structure tengor to build an anisotropic estimator
of the covariance estructure of the signal. This formulation leads to the development
of anisotropic versions of traditional statistically optimal estimators, such as the
well-known Wiener filter.

Generalization for Tensor Data (Section 5.5): Finally we generalized all the
previous approaches for tensor-valued datasets by meansg of the generalization of
the local structure tensor. An interesting characteristic on the generalization for
tensor data ig that our approach naturally provides a Pogitive Semi-Definite (PSD)
regponse, since the response is given by a linear combination of PSD matrices with
positive coefficients.

¢ Contributions in chapter 4

Algebraic Interpretation of Homomorphic Systems (Section 4.3.2): We have
performed a reinterpretation of the homomorphic theory from an algebraical point
of view as a preceding step for the generalization for tensor data.

Processing Cascade for Positive Definite Tensor Data (Section 4.4.1): We
proposed a processing chain ingpired on the homomorphic decomposition to engure
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that tensors at the output are positive definite independently of the filter used in
that chain to reduce the noise.

Processing Cascade for Positive Semidefinite Tensor Data (Section 4.4.2): In
order to deal with pogitive gsemidefinite tensor signals, we propose a different
procegging cascade uging other input and output subsystems in the processing chain.

¢ Contributions in chapter 5:

Estimation of the spatial gradient magnitude (Section 5.4.3): We proposed the
egtimation of the gpatial gradient magnitude through the sum of squared geodesic
distances between tensgors in orthogonal directions on a discrete grid.

Characterization of the Riemannian spatial gradient (Section &5.4.3): We
characterized the properties of the Riemannian spatial gradient magnitude to
demonstrate the differences between the Riemannian framework and the traditional
Fuclidean framework.

Anisotropic Riemannian Smoothing Algorithm (Section 5.5): We developed
an anisotropic Riemannian smoothing algorithm to deal with tensor data. This
algorithm uses the statistical tools defined for tensorg in the manifold of positive
definite matrices by the definition of a Riemannian metric.

1.4 Notation

Next ig presented the notation used throughout thig document. We will follow the
convention that vectors will be denoted by hold lowercase letters v, second order tensors
and matrices will be denoted by bold capital letters T. Their elements will be indexed
with one or two subscripts, respectively, using lowercase italic letters v = v;, T = &;
. Vectors are congidered ag column vectors, unless the contrary is outlined in a specific
context.

The following vector operations are uged throughout this document with the notation
uged in the following list:

e Sets of elements:

R” n-dimensgional set of real numbers
R+™ n~dimensional get of positive real numbers
cn n~dimensional get of complex numbers
S(n) Set of n x n symmetric matrices
PST(n) Set of n x n positive definite matrices
PSF(n) Set of n x n positive definite matrices

¢ Signal Transformations:

F() Fourier Transform
S =H{s(t)} Hilbert Transform of signal s(t)
s4(t) Analytic Function of gignal s(t)
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¢ Magnitude of complex or real number z:

K

¢ Bagis of a vector space V € R™:

{e;},withi =1,...,n

¢ Vector inner product:
m

<V, W >= viw = Zaibi

T

¢ Vector norm:

v IP= vy

¢ Vector outer product:
A= VWT = [UﬁUj]

T = > Jt] = o trace(TTT) =[S 22

¢ Figenvalues A; and Eigenvectors e; of a second order tengor T:

7
T = Z /\ieie;
i=1

e Frobenius norm:

¢ The Spectral Radius of a second order tensor T

T) =
p(T) max

¢ Math symbols:

D(¥4,%3) Distance between two second order tensors 3y, 3q

N(xo) Local neighborhood around point xo
H{} Impulge response of a gystem
H *1{'} Inverse impulge response of a gystem
g Lie Algebra associated to the Lie Group &
d(x) Dirac delta.

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

Tengor operations are completely described in section 2.4, where we perform a detailed

description on this mathematical concept.
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Chapter 2

Background

2.1 Introduction

In this chapter we introduce some basic concepts that will be used throughout this
disgertation. In this sense, we define in gection 2.2 important concepts of gignal processing
theory, such ag local energy, local phase and quadrature filters, on which rely the schemes
we develop in other chapters. This bagic theory is extended in section 2.3, where we
describe some basgic concepts of a classic branch of gignal processing such as optimal
estimation, with special interest on Wiener filter theory. Then, in gection 2.4 we review
the mathematics involved in tensor algebra, which includes the definition of tensor
gignals. Since in this dissertation we are specially interested in the applications that
multidimensional tengor signal procesging may have in the field of medical imaging, we
present. in gection 2.5 a hrief review of some medical imaging modalities. In particular, we
focus our attention in DT-MRI, which is widely described in section 2.6, since we use it
ag proof-of-concept to validate our processing algorithms.

2.2 Previous Concepts

In this section we define some concepts that are used throughout this dissertation in order
to provide a background to the reader.

2.2.1 Local phase and Local energy

The Hilbert transform of a real-valued signal s(¢) is the integral transform given by:

S(8) = TU{s{t)} = ht) * s(t) = ; /_0; ;(T)Tdf (2.1)

where h{t) = % ig the convolution kernel. Because of the possible gingularity at £ = 7,
the integral is to be considered ag a Cauchy principal value.
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10 CHAPTER 2. BACKGROUND

In the frequency domain, the Hilbert transform is given by product of the Fourier
transforms of the signal and the kernel: F{S} = H(w)S(w), where H(w) = —i - sgn(w),
with 4 the imaginary unit and sgn{w) the sign function, which returns the sign of the
argument. Hence, the Hilbert transform has the effect of chifting the negative frequency
components 7 /2 radians and the positive frequenecy components by —7 /2.

We are now able to introduce the concept of analytic signal of a real-valued signal s(t),
which was first proposed in [Gabord8] and it is defined as:

sa(t) = s(t) + iS(t) (2.2)

where S(t) is the Hilbert transform of the signal s(¢) and 4 is the imaginary unit. The
bagic idea of the analytic representation ig that the negative frequency components of the
Fourier transform of a real-valued function are superfluous, due to spectral symmetry.
Thus, they can be suppressed with no loss of information, but instead the signhal becomes
a complex-valued function.

The analytic gignal allows us to define two important concepte used in this dissertation:

e Local Phase: The local phase of a signal s(¢) is the argument of its analytic signal
w(t) = arg [s ()], which offers a continuous shape description of a neighborhood at
a given scale in terms of one-dimensional events.

o Local Amplitude: The local amplitude of a signal s(t) is the magnitude of the analytic
gignal A = |sa(¢)|, which represents the energy of a structure in a neighborhood at
a given scale,

Thege two concepts are really important for a proper representation of local gtructure
gince they allow an interpretation in two independent components. On the one hand,
local amplitude varies with the variation of local structure, but it ig invariant to the type
of structure itgelf. On the other hand, the local phase gives a description of the type of
structure, being independent of the local variations of the signal.

Multidimensional Generalization

The generalization of the previous concepts for multidimensional datasets is not a trivial
igsue. First of all, it ig necessary to generalize the notion of Hilbert transform, which
for multidimensional data is associated to a reference direction fiz. Thusg, given a n-
dimensional function s(x), its Hilbert transform is given by:

— 5, (X 2.3
a0 (9 (23)

where 64, (x) is a delta function which passes through the origin and it is parallel to
the vector fig. From this definition, the concepts of local phage and local energy can be
straightforward generalized from the unidimensional cage.
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2.2. PREVIOUS CONCEFTS 11

2.2.2 Quadrature filters

The computation of the analytic signal for general sighals cannot be made in practice
gince it involves convolutions with the function % which is difficult to approximate as a
filter which ig either causal or of finite support. However, it i posgible to obtain a nice
approximation of the analytic signal as the convolution of the signal s(¢) with a filter ¢(¢)
guch that it eliminates all the negative frequencies.

A general expressgion of a quadrature filter in the Fourier domain ig given by:

Q(u) = R([| u [)D(u) (2.4)

where R(|| u ||) is the radial part, which determines the bandpass character of the
quadrature filter and D(u) is the directional part. In general, the quadrature filter is
a vector valued function Q(u) : R™ E?, yielding to several definitions of quadrature
filters. For a complete review, the reader ig referred to [San Jose05).

2.2.3 Steerable filters

The term steecrable filier is used to describe a class of filters in which a filter of arbitrary
orientation is gynthesized asg a linear combination of a set of basig filters oriented along
gome predefined orientations. This kind of filters has been widely used in many signal
procesging domaing, such ag orientation estimation, adaptive filtering, feature detection,
ete.

Let us illustrate this idea with an example drawn from the pioneer work [Freeman91]
and [Hreeman92). Congider the 2-dimensional, circularly symmetric Gaussian function
G(z,y) written in Cartesian coordinates, = and y where scaling and normalization
constants have been set to 1 for convenience:

Gle,y) = e &9 (2.5)

Let us write the n-th derivative of a CGaussian in the @ direction as G,. Let (...}
represent. the rotation operator, such that, for any function f(z,y), the function £(z,y)
represents f(z,y) rotated through an angle # about the origin. Then, the first derivative
of a Gaussian (G in our notation) is:

Gf = 2o ) — e 0 (26)

That same function rotated 90 degrees, is:

GI° — aﬁe(a:“ry?) — —9ye @) (2.7)
Y
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Figure 2.1: Example of Steerable Filters. First Row: Kernels to compute the spatial first
derivatives in the horizontal, vertical and diagonal directions. Second Row: In the left,

signal to be convolved with the kernels. e).f) are the respones of the respective kernels
convolved with the input signal in d). d) is the same linear combination of the cutputs e)
and f) used to synthetise the kernel in ¢).

It is straightforward to show that a Gf filter at an arbitrary crientation € can be
synthesized by taking a linear combination of G?O and G?OO:

¢ = cos()GY + sin(B)G5Y (2.8)

Since G and G span the set of Gf filters we call them basis filters. The cos(6)
and sin(@) terms are the corresponding interpolation functions for those basis filters. In
the same way, since convolution is a linear operation, we can synthesize any signal s(x)

at an arbitrary orientation by taking linear combinations of the images filtered with G?O
and G*°. Let RY" = G{ * s(x) and R}*° = G x s(x), then:

RY = cos(®)RY L+ sin(@ R9%° 2.9
1 1 1

Figure 2.1 shows this idea. In the first row of that figure we represent the kernels
to compute the spatial first derivatives in the horizontal direction (left}, vertical direction
(middle) and diagonal direction (right), respectively. The diagonal direction filter response
was obtained through a linear combination of the first two filter responses. The second
row shows the response to the spatial filters shown on the first row applied to the image of
a disk. The response of the image on the right was obtained through a linear combination
of the responses of the image to the basis filters, which is equivalent to applying the spatial
filter described in the right side of the first row.
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2.3. OPTIMAL ESTIMATION 13

The idea. of steerable filters will be uged in section 3.3 to obtain a descriptor of the local
structure. However, we refer the interested reader to [Hreeman92, Freeman91], where a
complete description of steerable filters is performed with gpecial interegt on the required
number of bagis filters or the requirements on the interpolation functions.

2.3 Optimal Estimation

Optimal estimation is a well established theory in the field of sighal processing. Under
thig framework, we agsume that we can estimate the correct value of a gignal value baged
on statistically related data, vielding to an optimal estimation according to some known
criterion, usually the minimization of the Mean Square Error. This approach has been
succesfully uged in a wide range of science fields, guch as computer vision, signal procesging
or econometry, among others [Kay93, Moon99].

A Finite Impulse Response (FIR) implementation of this kind of estimators implies that
the estimation of a gignal value at the targef point x is performed uging a finite number K of
ohsgervations taken from a given neighborhood of the target point. Different neighborhood
configurations yield to different estimation schemes, although the common procedure ig
to take a regular grid centered at the target point with every node corresponding to an
observation [Dudgeon83].

The estimation is then performed by a linear combination of the obgervations within
the neighborhood with such weighte that optimize a quality criterion. When the
neighborhoods for every target are described by regular grids this leads to convolution
operators, where the kernel is defined by the corresponding weights. In the case of irregular
grids, the convolution operation can no longer be used.

In this sense, the Wiener filter is the well-known sgolution for linear minimum mean
square error Linear Minimum Mean Square Error (LMMSE) signal estimation, i.e.,
it provides the weights that minimize the Mean Square Error using statistical signal
information. Next, we degcribe the bagic theory of Wiener filters with gpecial attention to
the practical implementation issues that have to be taken into account.

2.3.1 Wiener Filter

In order to derive the Wiener filter, let us describe first some previous assumptions on
which this theory relies. The signal s(x) is considered a random field, i.e., each point
X in the signal space is considered a random variable. The estimation problem, then,
congists in the estimation of the unobgervable gignal s(x) using other observable measure
z(x). A measurement model that has to be assumed relates both, the observable and the
unobservable signals. The standard meagurement model is that of signal in noige [RA05]:

2(x) = s(x) + w(x) (2.10)

where w(x) is a zero-mean random noise field with autocovariance function ¢, (xj, X;)
and uncorrelated with respect to the signal s(x), whose mean iz given by n.(x) =
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E{s(x)} and its auto-covariance function is c.(xj, x;). Finally, since signal and noise
are uncorrelated, the auto-covariance function of the observable measure is given by
c(Xi, X;5) = cw(Xi, Xj) + cn (X4, X;) and its mean is 7,(x) = E{z(x)} = n.(x).

The estimation is performed by means of a linear comhination of the observations
z = [2(x1), 2(x2) . .. 2(xx)]* within a given neighborhood N'(xq) centered at the target
point X, as shows the following expression:

K
§(xo) =D kimtb=k'z b (2.11)
=1

Since the estimator must remain unbiased in a bayesian sense, i.e., 7:(x0) = n:(x0) =
kTn, + b, where n, = [7.(x1),7:(x2). ..nz(xK)}T. Thus, the constant b can be easily
determined, yielding to the final expression of the Wiener filter estimator:

$(x0) =k"(z — n,) + ns(xo0) (2.12)

Hence, we want to obtain the coeflicient vector k such that it minimizes the mean
gquare error of the estimator given by:

MSE = E{(s(x0) — 4(x0))’} = E{(s(x0) — ns(x0) ~ k' (2 — n,))"} (2.13)

To that end, we look for the local minimum of the previous expression differentiating
with respect to the coefficients &;:

aﬂgxiE = B{2((2(5) — n: () (s(x0) — me(x0) ~K(m =)} =0 j = 1. K (2.14)

This system of equations can be expressed using matrix notation as:

Chzk = cag (2.15)

where C,; 18 the covariance matrix of the observable data and cg; is the cross-
covariance vector between the signal and the obgervable data. Then, the coeflicients are
given by k = C;ZICSZ, which yields to the final expression of the estimator:

$(x0) = (Clesa) (2 — ) + malx0) (2.16)

Some gimplifications can be performed if the gignal has certain properties:

¢ If signal and noise can be assumed to be independent: Cg,z; = Cgs + Cww and

Csz — Cgs-

e If noise is white: Cyw = o2I, where I is the identity matrix.
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2.4. TENSOR SIGNALS 15

e [fthe signal can be assumed wide sense stationary (WSS): the mean n,(xg is constant
1s and the covariance matrix Cgg 18 Toepliz, which takes the advantage that it can
be efficiently inverted.

From the Fq. 2.18, it can be seen that in order to obtain an estimate some
a priort information about the signal has to be known, such as the mean and the
autocovariance function . Although there might be cases in which the first and second
order characterization of the gignal may be known, the typical situation is that these
parameters have to be estimated from available data, by means of Eq. 2.17. In [RAQ5]
there is a complete review on alternative procedures to estimate these parameters from
available data using ideag from geostatigtics.

K
cs(Xi) = % Z(S(Xi) — (X)) (5(Xheti) — 15(Xke4)) (2.17)

Another regource commonly accepted is the use of a signal model which allow us to
compute a theoretical autocorrelation function which depends on some parameters which
have to be fitted in order to correctly describe the available data. For instance, take the
example of the following autocovariance function model proposed in [Cressie93]:

h
cs(h) = a%exp (') (2.18)
T
where h = x; — x; denotes the distance between samples at positions x; and x;, a? is
the autocovariance at the target point and r ig a free parameter that has to be fixed and
depends on the statistical dependence of data.

Concerning the signal mean 7, the usual procedure is to assume that it is either null
or known, 8o it can be subtracted from the process and added back once the filtering
procedure hag been carried out.

Ag it can be supposed, the better the mean and autocovariance models fit the real
behavior of data, the hetter the estimation can be performed and, hence, the lower ig the
mean square error.

2.4 Tensor Signals

Before any further development, it is an interesting tagk to understand the mathematical
concept of fensors in order to better exploit their properties for the development of apecific
gignal procesging algorithms.

2.4.1 Definition

In an informal sense, a tensor is a generalized linear quantity or geometrical entity that
can be expressed as a multi-dimensional array relative to a choice of bagis; however, ag
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an object itself, a tensor ig independent of any chosen frame of reference. The rank of
a particular tensor is the number of array indices required to describe such a quantity.
For example, mass, temperature, and other gcalar quantities are tensors of rank O; force,
digplacement and other vector-like quantitieg are tensors of rank 1; diffusion, electrical
impedance and other anizotropic measurements are tengors of rank 2.

In a more strict sense, a nth-rank tensor in an m-dimensional gpace ig a mathematical
ohject that has n indices and m™ components and obeys certain transformation rules.
Each index of a tensor ranges over the number of dimensiong of the gpace. However, the
dimension of the space ig largely irrelevant in most tensor equations (with the notable
exception of the contracted Kronecker delta). Tensors are generalizations of scalars (that
have no indices), vectors (that have exactly one index) and matrices (that have exactly
two indices) to an arbitrary number of indices. Tensors provide in this way a natural and
concige mathematical framework for formulating and solving problems in areas of physics
guch ag elasticity, fluid mechanics and general relativity.

In tensor notation, a vector v would be written v;, where ¢ = 1,...,/m and a matrix
is a tensor of type (1, 1), which would be written af. A more general tensor may have
an arbitrary number of indices r + s which may be of mixed type, consisting of r go-
called controvariant (upper indices) and s covariant (lower indices). While the distinetion
between covariant and contravariant indices must be made for general tensors, the two are
equivalent for tensors in three-dimensgional Fuclidean space, and such tensors are known
ag Cartegian tensors. Note that the positions of the glots in which contravariant and

covariant indices are placed are gignificant go, for example, a% i distinct from a?

.

Tensors may be operated on by other tengors, such ag metric tensors, the permutation
tensor or the Kronecker delta or by tensgor operators such ag the covariant or gemicolon
derivatives. The manipulation of tensor indices to produce identities or to simplify
expresgions is known ag index gymnagtics, which includes index lowering and index raiging
as special cases. These can be achieved through multiplication by a so-called metric tensor
955,97 91

Tensor notation algo provides a very concige way of writing vector and more general
identities. For instance, in tensor notation, the scalar product is simply written:

u-v =yt (2.19)

where repeated indices are summed over according to Einstein notation. Similarly, the
vector product can be written as:

(uxv)= eijkujvk (2.20)

where €51, 1s the permutation tensor.

The definition of covariant or contravariant tensgors is more eagily understood under the
context of tensor operations following certain transformation rules. Under thig context,
we can distinguigh:
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2.4. TENSOR SIGNALS 17

¢ Contravariant Tensor: Given a lst-rank tensor «* in a certain reference
system (z!, 2%, ..., 2™) and @ in another reference system (z!,72,...,2™). If the

transformation rule between ¢* and v* is as follows:

ot

g
Oxd

=17

J (2.21)

where J is the Jacobian matrix. In that case, it is said that they are the components
of a contravariant 1st-rank tensor.

e Covariant Tensor: Analogously, given the same lst-rank tensor ¢! in the same

reference system previously used (zz;l, 22 ;2" and ¢ in the other reference system
(51%1, 2, ,2™). 1f the transformation rule between ¢* and +* ig as follows:
. Axd
i ;
T J@iiv (2.22)

where J ig the Jacobian matrix. In that cage, it ig said that they are the components
of a covariant lst-rank tensor.

In the general case of a tensor (p,q), T;ll ;;;Z, the transformation rule is defined as
follows:

T’él,’f;%»--;i’q _ {J(f] 1,82, .0 aFh AFt At ' Ozt Hzbe Habr (2 23)
R z| Thobeoby faar Gues T Gyae Qi §Fd T Bide ’
where the Jacobian matrix ig given hy:
x Azt 2?2, ... ™)
Ji-)= L 2.24
(ﬁ) b z2, ... an ( )

If two tensors A and B have the same rank and the same covariant and contravariant
indiceg, then they can be added in the obvious way,

at + b = ¢ (2.25)

Metric Tensor

The metric tensor appears when we define the scalar product between two vectors
u = u'b;, v = v'b; defined in a basis {by,ba,...., by}

<u,v>=uvl < b,b;> (2.26)

The term < Bi, Bj >= gy; 18 called metric tensor g, since with this tensor we obtain a
scalar product and, hence, a norm.
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In a formal sense, the metric tensor is a second order tensor (0, 2) whose components
are given by:

gij =< by, b; >, g7 =< b B>, gi=<b bj>=g/ =4 (2.27)

T

where 55 is the Kronecker delte:

i1 i=3y
51.{ 0 itj (2.28)

An interegting practical case ig the conventional Euclidean space with Cartesian
coordinates, where the metric tensor defined in this space is the identity tensor, that
ig, the second order tensor repregented by the identity m-dimensional matrix. The metric
tensor, used in the definition of scalar product is alzo used for contravariant and covariant
coordinates transformations. In this sense, taking into account that the coordinates are
given hy the projection of the vector over the bagis elements, that is, they are given by
the scalar product of both, it can be written as:

=gy, vy = g, v = g’ vt = g (2.29)

In the cage of a higher rank tensor, the metric tensor algo allows us to perform this
kind of transformationg, called contraction.

Types of Tensors

Tensors can be classified following different criteria. For this thesis we are particularly
interegted in tensors with the following properties:

¢ Symmetric Tensors: A tensor is called symmetric if we can change the order of
the indices and the tensor gtill remains the game. For instance, a gecond-order tengor
is symmetric if it satisfies the following property:

@t = g (2.30)

¢ Semidefinite Positive: A second-order tensor ig called semidefinite positive if its
eigenvalues are always equal or greater than zero.

2.4.2 Scalar Product of Tensors

The generalization of the scalar product applied to tensors is related to tensor contraction.
The contraction of a tensor is a sum of products of gcalar components of one or more tensors
cauged by applying the summation convention to a pair of dummy indiceg which are bound
to each other in an expresgion. The contraction of a single mixed tensor occurs when a
pair of literal indices (one a subscript, the other a superseript) of the tensor are set equal
to each other and summed over. For instance, take the example D* = T“'S;“.
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2.4. TENSOR SIGNALS 19

In our work, we are gpecially interested in the scalar product of second-order tensors,
where all the indices are contracted, that is, we obtain a zero-order tensgor: a scalar. This
scalar product ig also called double contraction and ig given by:

TeM=<T,M>=#7 my, (2.31)

where 7 and m;; are the components of the second order tensors T and M,
regpectively.

Tensor Norm

From the definition of gcalar product defined in Eq. 2.31, we can define a tensor norm or
magnitude of a given tengor T.

| T|=VTeT=/tity (2.32)

In the particular cage of T being a symmetric gecond order tensor with real elements,
the norm is expressed as the square root of the gum of the absolute squares of its elements:

IT (= /> [t = /trace(TT) = > A2 (2.33)
i [

where )A; are the eigenvalues of the gsecond order tengor T. This repregentation is also
called Frobenius Norm and it is denoted ag | T ||p. But this is not the unique norm
commonly used for gsecond order tensors:

e Norm-1: This norm is the maximum absolute column sum and it is defined as:

1
H7FHf:m?X§:%%ﬂ (2.34)
=1

¢ Norm-2 or spectral norm: This norm is the square roct of the maximum eigenvalue
of the symmetric matrix TTT:

|| T ||2: max/\i(TTT) (2.35)
T
¢ Norm-inf: This norm is the maximum absolute row sum and it ig defined as:

n
|rrmﬁn@x§;m@| (2.36)
i=
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2.4.3 Tensor Basis

The concept of hasig ig also important in the context of tensor algebra. In this way, we
can define a tensor basis {B;} as a set of tensors which allow us to represent any other
tensor T ag a linear combination of the hasis elements, as it 18 expresged in the following
equation:

T=> aB; (2.37)

where ¢; are the coordinates of the tensor T in the basis {B;}.

The concept of orthonormal basis can algo be applied for tensors. In this way, a tensor
bagis ig said orthonormal if it verifies the following property:

1 i=j
B@--Bj:{o i (2.38)

In general, the number of tensors we need to have a basis ig equal to the number
of independent components of the tengor T. The coefficients ¢; are given by the scalar
product of the tensor with each element of an orthonormal bagis:

T = Cz'Bz' =Te Bj = Cz'Bz' L] Bj = Cilij (239)

Dual Basis

The concept of dual basis arises when the bagiz {B;} is not orthonormal. In that case, the
coordinates of T have to be computed in terms of the dual basis {B;}, which is related to
the original bagis by the hi-orthogonality condition:

1 ifi=j

0 otherwise (2.40)

Bi L] Bj = {
The previous condition provide us a closed-form expression to obtain the elements of
the dual bagis by means of the pseudoinverse:

B'=) (BieB;) 'By (2.41)
k

The concept of dual bagis is important whenever a tensor element ig decomposged on
a tensor bagig, asg it is done in Eq. 2.37. Then, the coefficients ¢; in that equation are
always obtained by the inner products of the element T with the dual basis elements. By
symmetry, the coordinates can also be obtained by projecting onto the dual of the dual
bagig, which is the original bagis itgelf:

T =) (B;eT)B; = > (B;eT)B; (2.42)
k

k
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However, for an orthonormal hasig, the dual basis coincides with the original bagis:
B; = Bz

2.4.4 Outer Product of Vectors

A particular cage of second order tensors is that obtained from the outer product of two
vectors u and v:

T=x-y! (2.43)

where the superindex T is for the vector transpose.

For this kind of tengors the following property ig satisfied:

T=NeM=(xy yh)e(Xn Yh) = (xk xa)(yn - yn) (2.44)

The magnitude of a tensor obtained in thig way can be expreszed as follows:

ITP=l =2 ]y |7 (2.45)

A second-order tengor obtained through the outer product of two vectors is called
dyadic tensor or polydyadic tensor if a higher order tensor is obtained through the outer
product of tensors of lower rank. In the particular case of gsecond-order tensors, the dyadic
tensor of a vector with itself represent projector over the given vector. For instance, a
tensor T can be decomposed into a sum of dyadic tensors associated to the projectors over
the principal directiong of the tensors, that ig, their eigenvectors &;.

T=> \ééf (2.46)
=1

where ); are the eigenvalues agsociated to each eigenvector.

2.4.5 Application of Tensor Signals

In this gection we identify several domains of science where tensor signals arise. In general,
the use of second order tensors suits whenever the feature to be measured is intrinsically
anisotropic, like electrical conductivity, diffugion of particles, etc.

Elasticity

In continuum mechanics there are two tensor magnitudeg that are of great importance.
The first one ig the stress tensor ¢% that measures the internal distribution of force per
unit area. The gecond one ig the gtrain tengor =; that measures the deformation per unit
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area caused by the action of strese on a physical body. Both tensor fields are linked by
the generalized Hooke’s law:

= ngkl

Ekl (2.47)
where % is the 4th rank elasticity tensor. Since stress and strain are symmetric
tensors (¢% = ¢7 and g = £, the elasticity tensor obeys the symmetries ikt — oFRl —
%k These three tensors completely describe the mechanical properties of the material
under study.

Fluid Dynamics

In the field of fluid dynamics tensor information ig used to characterize the important
fluid flow features such as vortices, separation and shocks. In this context, let us denote
by v(x) = [u(x),v(x),w(x)]? the velocity vector field that determines the motion of the
fluid flow, where x € R® denotes the spatial coordinates. Then, the spatial gradient of the
velocity vector field, also known ag Velocity Gradient Tensor, containg the information on
how the velocity ig changing in space and is defined as:

[ W0 W[
x‘g x‘g;x‘sf
o5
I3
o5
I3

A common practice to identify the relevant features of the fluid flow is to decomposge V
into its symmetric and antisymmetric parts, which yields to the definition of the symmetric
tensor Vg = 2(V + VT and the antisymmetric tensor V4 = (V — VT) [Raffel98].
The gymmetric part represents the sirain fensor with the elongational strains on the
diagonal and the shearing strains on the off-diagonal, whereas the non-null elements of
the antisymmetric part contain the components of the weorticity vector, which measures
the circulation per unit area of the fluid flow and allow us to detect and meagure the
strength of vortices [Hunt87].

An eigenanalysis of the velocity gradient tensor is used to classify the local features
of the flow pattern [Haimeg09]. In general, we can distinguish two general types of flow
types characterized by the fact that the 3 eigenvalues of V are real numbers or only 1 is
real and 2 complex conjugate numbers.

The sign of the real eigenvalues indicates whether the flow is accelerating, if it is
positive, or decelerating, if it is negative, along the direction determined by the associated
eigenvector. The magnitude of the eigenvalues determines the strength. When there is a
complex conjugate pair of eigenvalues it indicates that there is a spiral flow. The magnitude
of the imaginary part indicates the strength of the spiraling flow. If the value is small the
flow ig hardly swirling, whereas a big magnitude meang that the flow ig rotating rapidly
about the point. The sign of the real part indicates whether the flow is converging, if it is
negative, or diverging, if it is positive, with the magnitude of the real part reflecting the
gtrength of the attraction or repulsion. The special case where the real part is zero, the
flow produces concentric periodic paths [Haimes99]
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Electromagnetism

Electromagnetiem is a field of gcience where tensors algo arigse. The Flectromagnetic Tensor
ig an antisymmetric 4 x 4 second order tensor that describes the electric and magnetic fields,
yvielding to a simplification in notation of the Maxwell equations. It is usually written as:

9 %ew ey L€z
| e O —by by
F = 7;@@, b, 0 by (2.49)
*Eez by bm

where [ew,ey,ez}T are the components of the electric field e, [bx,by,bz]T are the
components of the magnetic field b and ¢ is the gpeed of light. The tensor representation
allows us a compact representation of the Maxwell’s equations in terms of this tensor
and its dual G, which is obtained by replacing the electric components by the magnetic
components and viceversa:

afes -
IE Hald (2.50)
ago‘ﬁ

where «, 3 denote the indices of the tensor and 7% is a four dimensional wvector
which denctes the current density. Hence, the electromagnetic field tensor not only is
a mathematical object to simplify notation, but it also completely describes the inherent
electromagnetic field.

2.4.6 Tensor Signal Regularization

Ag it was seen in the previous section, tensor fields arise in geveral areas of knowledge. In
many cages, raw tensor data are corrupted by noise and specific regularization methods
are needed to obtain more coherent diffusion tensor maps. Recently, several methods
have been proposed in the literature to regularize second-order gymmetric and positive
semidefinite tensors, which, broadly speaking, can be divided into two classes.

Non-spectral regularization methods:

¢ Smoothing the raw images s;: In [VemuriOl], an approach was proposed for
direct regularization of the raw images sx which are uged to build the tensorg, using
a Partial Differential Equation (PDIE) scheme that takes into account the coupling
between the different channels.

dsy, . g()\-l-: A
vE=0... — =4 AN — — 2.52
n, Y o) ( 1Vsr | Vs w8k — Skeo ) ( )
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The coupling is done through the two eigenvalues AL coming from a first egtimation
of the diffusion tensors D, with a least square method. After regularization, the
tensor field is re-estimated from the regularized version 5g, regulting in a smoother
version of D.

¢ Smoothing as multivalued images:  Another approach, proposed in
[Chefd’hotel02, Brox02], is to estimate the tensor field D : © — PS7(n) from
raw data sg, then congider it as a multi-valued image with 6 components, that is,
the number of different coefficients in a 3 x 3 matrix. This multivalued image is then
procegged with classic vector-valued smoothing algorithms such as those proposed,
for instance, in [Kimmel00], [Sapiro01] or [TschumperleO3c].

¢ Statistical smoothing methods: Smoothing tensor datasets has algo been studied
from a statistical point of view. For instance, in [MF04] a Bayesian regularization
approach was presented to deal with thig problem. The approach uses Markov
random field ideas and is based upon the definition of a n-dimensional neighborhood
gystem (n = 2,3) in which the spatial interactions of the tensors are modeled.
As for the prior, the behavior of the tensor field is modeled by means of a
multidimensional multivariate Gaussian local characteristic. As for the likelihood,
the noige process ig modeled by means of conditionally independent multidimensional
multivariate Gaussian variables. The models include inter-tengor correlations, intra-
tensor correlations and colored noige. Finally, the solution tensor field ig obtained
by uging the simulated annealing algorithm to achieve the maximum « peosterior:
estimation.

¢ Riemannian smoothing algorithms: More recently, several algorithms have
been proposed in the literature [PennecO5, CastanoO6a] which are grounded on
the theoretically well-founded differential geometrical properties of the space of
multivariate normal distributions, where it ig posgible to define an affine-invariant
Riemannian metric and express statistice on the manifold of symmetric positive
definite matrices. From this perspective, an elegant and accurate mathematical
framework is provided to deal with tensor signal procesging and solves some problems
derived from the interpretation of symmetric positive matrices as elements of a vector
gpace, guch as the swelling effect. In this sense, several approaches have heen already
proposed. For instance, in [Fletcher04], a statistical analysig of diffusion tensors was
proposed based on a Riemannian computational framework or in [PennecO4], where
the regularization task was addressed with a Riemannian PDE point of view. In
chapter 5 we will study in further detail this approach.

Non-spectral methods cannot have a direct control on the spectral elements of the
tensorg, which carry the relevant information of the tensor. The use of non-spectral
regularization processes, usually leads to an eigenvalue swelling effect due to a different
speed of convergence of tensor eigenvectors and eigenvalues [Techumperlé03].
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Spectral regularization methods

The idea behind spectral regularization methods of tensor fields lies in the separate
regularization of the tensor eigenvalues and eigenvectors. The smoothing process must also
congider the tensor constraints (positivity and symmetry) in the spectral space, which is
equivalent to impose that all the eigenvalues remain pogitive and the eigenvectors remain
orthogonal, that is, their scalar product ig zero.

Usually, tensor eigenvalues are considered as a multi-channel image with 3 components
and can be smoothed by any standard procedure found in the literature [Alvarez04,
Weickert99, Charbonnier94]. The positivity constraint of these eigenvalues A; is simply
ensured by uging a gcheme that satisfies the maximum and minimum principle [BMtHRS4].

The difficult part of the spectral regularization methodg come from the regularization
of the tensor orientations. In [Coulon01], the authors propose to regularize only the
field of the principal eigenvector, using a modified version of the norm constrained Total
Variation (T'V) Regularization approach, as defined in [Chan99]. Then, the two other
tensor directiong are rebuilt from the original noisy eigenvectors and the regularized
principal component. There are also some authors that argue for the regularization of
the complete eigenvector matrix by means of an anisotropic Partial Differential Equation
(PDE)-based scheme [Tschumperlé01].

2.4.7 Tensor Signal Visualization

Meaningful vigualization of second-order gymmetric positive gemidefinite tensor fields ig
challenging because they are multivalued, with complex interrelationships among the
values within a single tensor as well as among different tensors. The last decade has
geen several approaches to visualize tensor data, most of them based on reducing the
dimensionality of the data by extracting relevant information from the tensor [Zhang04].
One posgible clasgification of the different visualization techniques ig by the dimengionality
to which the tensor is reduced. Another important characteristic is the ability of these
algorithms to show local or global information, where global information means the
complex gpatial relationships of tensorg. Our discussion here groups the visualization
methods on the basis of these two criteria. Anisotropy indices reduce the 6D information to
a scalar value (1D). Volume rendering uses anisotropy indices to define transfer functions
that show the anisotropy and shape of the tensor. Tensor glyphs do not reduce the
dimensgionality of the tensor, instead using visual represgentations that show the 6D
tensor ag such; however, these techniques cannot show global information. Vector-field
vigsualization reduces the tensor field to a vector field, and therefore to 3D information at
each point. Several techniques can be used for vector-field visualization that show local
ag well as global information.

Ellipsoids

The natural geometric representation of tensors is by means of ellipsoids, which represent
isosurfaces of the related feature under measurement (e.g. diffusion, electrical impedance,
strain, etc.). The shape of the ellipgoid is inherently related to the eigenvalues and
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Figure 2.2: Barycentric space of tensor ellipsoids

Figure 2.3: Comparison of an ellipsoid and a composite shape depicting the same tensor
with eigenvalues Ay = 1, Ao = 0.7 and A3 = 0.4

eigenvectors of the tensor: the three principal radii are proportional to the eigenvalues
and the axes of the ellipsoid aligned with the three orthogonal eigenvectors.

Figure 2.2 shows the associated ellipsoids to the tensors, represented as a barycentric
space where the corners of a triangle are the three extreme cases: linear, planar, and
spherical. The orientation of the ellipsoid axes corresponds to the tensor’s eigenvector
system, while their length depends on the associated eigenvalues. However, using this
representation some ambiguity may be introduced, since it is difficult to distinguish
between and edge-on, flat ellipsoid and an oblong one or between a face-on, flat ellipsoid
and a sphere one.

To overcome that ambiguity, a new representation was proposed in [Westin97| which
is based on the decomposition of the tensor into their linear, planar and spherical
components. Figure 2.3 compares the ellipsoidal representation of a tensor with the
proposed composite shape. The components are scaled according to the shape measures
¢, ¢p and c¢g. Additionally, coloring based on these shape measures can be used for
visualization. Figure 2.4 shows a coloring scheme where the color is interpolated between
the blue linear case, the yellow planar case and the red spherical case.

Scalar Indices

The complexity of a tensor field requires a complicated visualization scheme; however,
for end-user applications it is more comfortable to present those data sets as scalar fields
on gray-level images slice by slice. Scalar data sets, although limited in the amount
of information they can convey, can be visualized with simplicity and clarity and thus
interpreted quickly and easily. In this sense, several scalar indices have been designed
for a successful visualization of interesting features, which usually complement another
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Figure 2.4: Visualization of tensors. The tensors are color coded according to the shape:
linear case is blue, planar case is yellow and spherical case is red. The radius of the sphere
is the smallest eigenvalue of the tensor; the radius of the disk is second largest and the
length of the rod is twice the largest eigenvalue.

visualization technique in order to better present the results [Vilanova05].

The challenges of reducing a tensor measurement to a scalar index include mapping
to a meaningful physical quantity, maintaining invariance with respect to rotation and

translation, and reducing the effect of noise. Some scalar indices for tensor data are listed
in Table 2.1.

Mean Diffusivity (MD), which measures the overall rate, providing the average of
the tensor eigenvalues, which is a rotationally invariant magnitude. In [vG94], it was
demonstrated that, after a stroke, the trace of the diffusion tensor delineates the affected
area much more accurately than the diffusion image in one orientation.

Several different anisotropy indices were used, such as anisotropic diffusion ratio
[Douekd1]. Unfortunately, these anisotropy indices depend on the choice of laboratory
coordinate system and are rotationally variant: their interpretation varies according to
the relative orientations of the reference system in the laboratory, usually resulting in
an underestimation of the degree of anisotropy [Pierpaocli96a]. Therefore it is important
to use rotationally invariant anisotropy indices such as Volume Ratio (VR), Rational
Anisotropy (RA) or Fractional Anisotropy (FA), which are based on the rotationally
invariant eigenvalues. Note that both RA and FA can be derived from tensor norms
and traces without calculating the eigenvalues.

However, rotationally invariant indices such as RA and FA are still susceptible to
noise contamination. Also in [Pierpaoli9fa] it was proposed the computation of an
intervoxel anisotropy index, the Lattice Intex (LI}, which locally averages inner products
between tensors in neighboring voxels. LI decreases the sengitivity to noise and avoids
underestimation of the anisotropy when the neighbor voxels have different orientations.

Because they contract the tensor to one scalar value, FA, RA and LI do not indicate the
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Scalar Index Equations
Mean Diffusivity (MD) (< d >) Al

Volume Ratio (VR) [Pierpaclif6al (M/:Llii\g)a
Atdotis

Fractional Anisotropy (FA) [Basser96] %%

: 3 /<T T <T Ty>
Lattice Intex (LI) > et On (\/; D Dkk> + Z\/<D,D>\/<ka,Dk>>

Linear anigotropy, ¢ [Westin97] f); )an
Planar anisotropy, ¢, [WestinG7| X +2A; Jj\)g
[zotropy, s [Westind7] m

Table 2.1: Some gcalar indices for tensor data. In LI equation, aj i8 a gpatial mask with
sum of coefficients equal to one, and T is the anisotropic part of the tensor ID, which is
computed as T = D — Ttrace(D)I

directional variation of the anisotropy in a unique gense. For example, a cigar-ghaped and a
pancake-shaped ellipgoid can have equal FA while their shapes differ greatly. Geometrical
measures developed in [Wegtind7] can be uged to overcome thesge limitations. In this sense,
linear anigotropy, ¢, planar anisotropy, ¢, and spherical anigotropy or isotropy, ¢, can be
uged to introduce color in the images, ag it wag already presented in Fig. 2.4, overcoming
such ambiguities. These three metrice parameterize a barycentric space in which the three
shape extremes (linear, planar, and spherical) are at the corners of a triangle, in a similar
way ag it is done in Fig. 2.2, It is worth noting that, unlike FA or RA, geometrical metrics
depend on the order of the eigenvalues and are thus prone to hias in the presence of noige
[Pierpaolidéal.

Figure 2.5 shows one way to compare qualitatively some of the metrics described above
by sampling their values on a slice of a D'T-MRI data set of a brain. Notice that the MI) is
effective at distinguishing between cerebrosgpinal fluid (where MDD is high) and brain tissue
(lower MDD}, but fails to differentiate between different kinds of brain tissue. High fractional
anisotropy, FA, on the other hand, indicates white matter, because the directionality of
the axon bundles permits faster diffusion along the neuron fiber orientation than across
it. FA ig highest inside thick regions of uniformly anisotropic diffusion, such as inside
the corpus callosum. Finally, while both ¢; and ¢, indicate high anisotropy, their relative
values indicate the shape of the diffusion ellipgoids with a color coding different from the
one used in 2.4.

Vector Field Visualization

The tengor field can algo be simplified to a vector field defined by the main eigenvector,
uy. This simplification is baged on the assumption that in the areas of linear anisotropy,
1y defines the orientation of linear structures. The sign of uy has no meaning.

One commonly used method to vigualize tensor data is to map uy to color, e.g., directly
using the absolute value of the uy components for the Read Green Blue (RGB) channel:
R=|el x|, =|el -y |and B =| el -z |. The saturation of this color is weighted hy
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Figure 2.5: Shape metrics applied to one slice of a brain DT-MRI scan. Left: Mean
Diffusion (MD). Middle: Fractional Anisotropy (FA). Right: Geometrical representation:
ggreen and ¢, magenta.

Figure 2.6: Mapping of ey to the RGB channel shown in 2D slices of a human brain.

an anisotropy index to de-emphasize isotropic areas, as shown in Fig. 2.6 in the particular
application of DT-MRI data visualization.

Tensor Glyphs

Another avenue of tensor visualization has focused on using tensor glyphs to visualize the
complete tensor information at one point. A tensor glyph is a parameterized graphical
ohject that describes a single tensor with its size, shape, color, texture, location, etc. Most
tensor glyphs have six or more degrees of freedom and can represent a tensor completely.
However, tensor glyphs do not expose relationships and features across a tensor field;
rather, they imply these relationships from the visual correlation and features of the
individual glyphs. While exploiting many different types of tensor glyphs, from boxes
to ellipsoids to superquadrics, tensor glyph designers aim to make the mapping between
glyphs and tensors faithful, meaningful and explicit.
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Figure 2.7: Left: Arrays of normalized ellipsoids show the tensors in a single slice. Right:
Brush strokes illustrate the orientation and magnitude of the tensors: background color
and texture-map show additional information.

J

366

LA

Figure 2.8: A portion of a brain DT-MRI scan visualization with three different glyph
methods. Left: Using boxes. Middle: Using ellipsoids. Right: Using Superquadrics.

Ellipsoids are the most commonly used representation for tensors. In the first use of
ellipsoids as tensor glyphs, the size of the ellipsoids was associated with the mean of the
tensor cigenvalues. Arrays of ellipsoids were arranged together in the same order as the
data points to show a 2D} slice of tensor data [Pierpacli96al. The normalization of the
size of the ellipsoids to fit more of them in a single image was proposed in [Laidlaw9g]
(see left side of Fig. 2.7). In the context of DT-MRI visualization, this method creates
more uniform glyphs that show anatomy and pathology over regions better than the non-
normalized ellipsoids.

A different method also proposed in [Laidlaw98] uses the concepts of brush strokes and
layering from oil painting to emphasize the signal patterns. They used 2} brush strokes
both individually, to encode specific values, and collectively, to show spatial connections
and to generate texture and a sense of speed corresponding to the magnitude of tensors.
They also used layering and contrast to create depth. An example of this visualization
technique can be seen in right sgide of Fig. 2.7, where it was applied to vigualize gpinal
cords of mice with Experimental Allergic Encephalomyelitis (EAE).

Boxes and cylinders have also been used to show the directions and relative lengths
of all three eigenvectors. Boxes clearly indicate the orientation of the eigenvectors. They
also have fewer polygons and are thus faster to render. But their flat faces usually make
it hard to infer the 3D shapes from a 2D image, ag shown in Fig. 2.8
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Figure 2.9: Superquadrics as tensor glyphs, sampling the same barycentric space as in

Fig. 2.2

sSuperquadrics, a traditional surface modeling technique, was also adapted to generate
tensor glyphs in [Kindlmann04]. The class of shapes created by this technique includes
gpheres in the isotropic case, while emphasizing the differences among the eigenvalues in
the anisotropic cases. As shown in figure 2.9, cylinders are used for linear and planar
anisotropy and intermediate forms of anisotropy are represented by approximations to
boxes. As with ellipsoid glyphs, a circular cross-section accompanies equal eigenvalues,
for which distinct eigenvectors are not defined.

The differences among some of the glyph methods can be appreciated by comparing
their results on a portion of a slice of a DT-MRI brain scan, as shown in Fig. 2.8
The individual glyphs have been colored with the principal eigenvector colormap. The
directional cue given by the edges of box glyphs (left image in Fig. 2.8) is effective
in linearly anisotropic regions, but can be misleading in regions of planar anisotropy
and isotropy, since in these cases the corresponding eigenvectors are not well defined
numerically. The rotational symmetry of ellipsoid glyphs (middle image in Fig. 2.8)
avolds misleading depictions of orientation, with the drawback that different shapes can
be difficult to distinguish. The superquadric glyphs (right image in Fig. 2.8) aim to
combine the best of the box and ellipsoid methods.

2.5 Medical Imaging

Medical Imaging is the process by which physicians evaluate an area of the subject’s body
that is not externally visible. The goal is to facilitate doctors to do their job providing them
with additional information to diagnose, to examine the evolution of diseases in specific
human patients or to understand processes in living organisms. Before the development of
several imaging modalities, the only choice for doctors (appart from invasive techniques)
was simply feeling an area of the body in order to imagine the condition of internal
organs. Fortunately for patients, this subjective methodology has been remaoved by medical
imaging, which provides a more objective vision of the reality. It can be said, then, that
medical imaging is the art by which physicians see where human eye cannot.

A big part of the success of this relatively new branch of medicine is due to
the development of computer science, which provides more sophisticated and powerfull
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computers that can handle huge amounts of information in a short period of time. In
fact, a major milestone in medical imaging history is the introduction of Analog to Digital
(A/D) converters adapted to conventional fluoroscopic image intensifiers and Televigion
(TV) systems in the 1970’s. Then, the analog signal from imaging systems could be
converted to a digital picture which could be enhanced for clearer diagnosis and also
digitally stored for future reviews. In this gense, computers become an usual tool of
doctors, helping them to better detect or diagnose any disease.

Since that moment, a lot of regearch ig done in order to develop better and better
algorithms to deal with digital medical datasets. Moreover, ag long ag algorithms become
more sophisticated, also new medical applications and needs arige. For instance, data
is presented to doctors depicted with different colors depending on the tissue properties
or on the organs shown in the image which ig done by means of accurate segmentation
approaches that have been developed first. Another example is motivated by the fact that
usually doctors need to compare two images of the same patient but they are taken with a
different reference system which may lead to a misinterpretation. This issue motivated the
development of registration algorithme. Similar examples also motivated the development
of other signal processing techniques, such as data fusion, classification, transformations,
edition, etc.

Thug, the main advantage of medical imaging techniques ig the fact that they provide
a non-invagive diagnosis method which provides objective information about the digeage
under evaluation, which reduces the probability of symptoms miginterpretation, reducing
algo time and resources. In addition, digital images can be wigely archived onto compact
optical digks or digital tape drives saving tremendously on storage space and manpower.
Also, digital images can be gent via network to other workstations o that other specialists
can share the information and assist in the diagnosis or uged as learning tools for medicine
students.

Due to the numercus advantages of medical imaging, a lot of regearch is done in this
field yielding continuously to new applications and specific imaging modalities with specific
requirements. The following section presents an enumeration of the most important
medical imaging modalities in order to obtain an idea of the physical principle in which
they are hased on. Then, section 2.6 presents a detailed description of diffusion tensor
magnetic resonance imaging D'T-MRI, the medical imaging modality we are interested in.

Medical Imaging Modalities

¢ X-rays: X-rays are a type of electromagnetic radiation with wavelengthe of around
1071 meter. When medical X-rays are being produced, a thin metallic sheet (usually
tungsten, but sometimes molybdenum) is placed between the emitter and the target,
effectively filtering out the lower energy (goft) X-rays. The resultant X-ray is said
to be hard. The basic production of X-rays ig by accelerating electrons in order to
collide with the metallic sheet. Here the electrons suddenly decelerate upon colliding
with the metal target and if enough energy is contained within the electron it ig able
to knock out an electron from the inner shell of the metal atom and as a result
electrons from higher energy levels then fill up the vacancy and X-ray photons are
emitted.
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Diagnostic radiography involves the use of both ionizing radiation and non-ionizing
radiation to create images for medical diagnoses. Thig application is known as
diagnostic radiography. Since the human body is made up of various substances
with differing densities, X-rays can be used to reveal the internal structure of the
body on film by highlighting these differences using attenuation, or the absorption
of X-ray photons by the denger substances (like calcium-rich bones).

Computed tomography: Computed Tomography (CT), originally known as
Computed Axial Tomography (CAT) and body section roentgenography, is a medical
imaging method employing tomography where digital geometry procesging is used
to generate a three-dimensgional image of the internals of an object from a large
gerieg of two-dimensional X-ray images taken around a single axig of rotation. The
word tomography ig derived from the Greek tomos (slice) and graphia (describing).
CT produces a volume of data which can be manipulated, through a process known
ag windowing, in order to demonstrate various structures baged on their ability to
block the x-ray beam. Although historically the images generated were in the axial
or transverse plane {orthogonal to the long axis of the body), modern scanners allow
thig volume of data to he reformatted in various planes or even ag volumetric 3D
representations of structures. Although most common in healtheare, CT is also used
in other fields, e.g. nondestructive materialg testing.

Ultrasound: Medical ultragonography uses high frequency sound waves of between
2.0to 10.0 MHz that are reflected by tissue to varying degrees to produce a 2D image,
traditionally on a TV monitor. This ig often used to visualize the fetus in pregnant
women. Other important uses include imaging the abdominal organs, heart, male
genitalia and the veing of the leg. While it may provide legs anatomical information
than techniques such as CT or Magnetic Resonance Imaging (MRI), it has several
advantages which make it ideal ag a first line test in numerous gituations, in particular
that it studies the function of moving structures in real-time. It is also very safe to
use, as the patient ig not exposed to radiation and the ultragound does not appear
to cause any adverse effects, although information on this ig not well documented. It
is also relatively cheap and quick to perform. Ultrasound scanners can be taken to
critically ill patients in intengive care units saving the danger of moving the patient
to the radiology department. The real time moving image obtained can be used
to guide drainage and biopsy procedures. Doppler capabilities on modern gcanners
allow the blood flow in arteries and veins to be assessed.

Magnetic Resonance Imaging: Magnetic Resonance Imaging (MRI), formerly
referred to as Magnetic Resonance Tomography (MRT) or Nuclear Magnetic
Resonance (NMR), is a method used to visualize the inside of living organisms
ag well as to detect the composition of geological structures. It is primarily used
to demonstrate pathological or other physiological alterations of living tissues and
is a commonly used form of medical imaging. MRI has also found many novel
applications outside of the medical and biological fields such as rock permeability
to hydrocarbons and certain non-destructive testing methods such as produce and
timber quality characterization.

MRI uses powerful magnets to excite hydrogen nuclei in water moleculeg in human
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tissue, producing a detectahble gignal. Like a CT scan, an MRI traditionally creates
a 20} image of a thin glice of the body. The difference hetween a CT image and an
MRI image ig in the details. X-rays must be blocked by some form of dense tissue
to create an image, therefore the image quality when looking at soft tissues will be
poor. An MRI scan is only sensitive to hydrogen based objects, so bone, which is
calcium baged, will be a void in the image, and will not affect soft tissue views. This
makes it excellent for peering into joints. As an MRI does not use ionizing radiation,
it is the preferred imaging method for children and pregnant women.

In the next section we will focus on a particular imaging modality baged on Magnetic
Resonance Imaging (MRI), which is called Diffusion Tensor Magnetic Resonance Imaging
(DT-MRI). In this thesis, we use this imaging modality as proof-of-concept for the new
schemes for tensor gignal processing presented here.

2.6 Diffusion Tensor Magnetic Resonance Imaging

Diffusion Tensor Magnetic Resonance Imaging (DT-MRI) is a medical imaging modality
developed in the mid- to late-1990g, based on MRI which allows ug to visualize the nerve
fiber tracts within the white matter of the brain. The underlying physical phenomenon ig
baged on the diffusion of water molecules in the white matter, which mainly takes place
along nerve fiber tracts since they are ag natural barriers for their motion. These meagures
are commonly uged clinically to localize white matter lesiong that do not show up on other
forms of clinical MRI.

In the same way that temperature ig a scalar magnitude, diffusion is a tensor magnitude
that can be codified by a second-order symmetric semidefinite tensor whose eigenvalues
determine the amount of diffusion that takes place along the agsociated eigenvector. Hence,
the meagurement of tengor gignalg requires the egtimation of all tengor components yielding
to sophigticated procedures. Next, we degcribe the data acquigition protocol and some
important medical applications for this imaging modality.

2.6.1 Data Acquisition

The data acquigition process is based on the meagurement of water molecules diffusion
in several directions gi. To that task, the Stejskal-Tanner imaging sequence ig used
[Stejekal65]. Thig sequence uses two strong gradient pulses, symmetrically positioned
around a 180° refocusing pulse, allowing for controlled diffusion weighting (Fig. 2.10).
The first gradient pulse will invert this phase shift, thus canceling the phase shift for
static spins. Sping having completed a change of location due to Brownian Motion during
the time period (A in Fig. 2.10) will experience different phase shifts by the two gradient
pulseg, which means they are not completely refocused and consequently will result in a
gignal loss.

To eliminate the dependence of spin density, T1, and T2 we must take at least two
measurements of diffusion-weighted images that are differently sensitized to diffusion but
remain identical in all other respects. By uging, for ingtance, a measurement without
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Figure 2.10: Stejskal-Tanner imaging sequence

diffugion weighting and with diffusion weighting, diffusion can be calculated using the
following equation [Stejskal65]:

s = spe P, (2.53)

where b is the diffusion weighting factor, introduced and defined in [Bihan86] is
computed as follows:

)
b=A-2) |8 (2.5)

where « is the proton gyromagnetic ratio (42 MHz/Tesla), || g || is the strength of
the diffusion sensitizing gradient pulses, ¢ is the duration of the diffugion gradient pulses,
and A is the time between diffusion gradient Radio Frequency (RE') pulses. The diffusion
values, D, are also known as Apparent Diffusion Coeflicients (ADC), which emphasizes the
fact that the diffusion values generated from this procedure depend on the experimental

conditiong such ag the direction of the sensitizing gradient and other gequence parameters
(6 and A).

For the case of anisotropic diffusion, Eq. 2.53 hag to be rewritten in a more general
form:

5= soe_béEDék (2.55)

where I} is the diffusion tensor we want to measure, g < R is the normalized gradient
vector whose coordinates represent the pulse gradient direction/magnitude, used for the
acquigition of the volume sg.

Estimating a field of 3 x 3 diffusion tensors (symmetric and positive-definite matrices)
requires at least six measurements taken from different non-collinear gradient directions
appart form the bageline image data sp in absence of a diffusion-gsensitizing field gradient,
gince the diffusion tensor D has six degrees of freedom, that is, six independent coefficients
in a matrix representation. Hence, the computation of the diffugion tensor requires golving
2.55 system of equations for each voxel. Clagsical methods for computing that tensor D
from the images s are as follows:
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¢ Direct tensor estimation: Authorsin [WestinO2b, Westin02a| proposed an elegant

cloged-form to estimate the tenzors ID directly from a set of 7 raw images. Their
method is basged on the decomposition of D into a specific orthonormal tensor bagis
gkgl computed as the dual basis of {grgf | & = 1..6 }, the original basis used for
the measurement of the sg:

&}
D=>"In (@> Bial (2.56)
=1 Ok

With this method, only 7 images so, ..., ss can be uged to estimate the tensor field D.
However, this low number of images may be not gufficient for a robust egtimation of
D especially if the s; are corrupted with noige.

Least Squares (LS) estimation: It is the most classical method used for diffusion
tensor computation [Basser84a, Poupon99]. The tengors D are estimated by golving
the following leagt square criterion,

n 2

. 50 T

In{— 1}~ .

i, Y () - sfpm) 257)
k=1

which leads to the resolution of an overconstrained system Ax = b (where x i a

vector containing the six unknown coeflicients of D).

The Least Squares (1.S) method is more robust, since all the n available raw images
s (usually n > 7) are used for the tensor estimation.

Note that both methods do not take the prior positive-definiteness congtraint of the
tensorg I} into account. For the case of noisy raw images, nothing prevents the
egtimation process to compute negative tensors. Practically, one solution could be
to reproject the negative tensors into the positive tengor space after such estimation
method. This ig generally done by forcing negative eigenvalues of the tensgors to zero.

Variational approaches: In [Tschumperlé03b], it has been proposed a technique
to avoid these important drawbacks by using a variational approach that estimates
the tensor field D) while introducing important priors on the tersor positivity
and regulerity. The idea ig based on the positive-constrained minimization of the
following functional:

Jmin [

k=1

In CZ) — ¢f'Dg, ) +a ¢l VD ||p) 492 (2.58)

where ¢ : R — R is a function allowing a robust tensor estimation, ¢ : R — R is an
increaging function acting as an anisotropic regularization term of the tensor field,

a € IR is a user-defined regularization weight and || VD [|p= (37, || Vdi; HQ)%
gtands for the classical Frobeniug matrix norm.

Note that if ¢(s) = s® and o = 0, we minimize the LS criterion presented in Eq.
2.57, but with a positive solution gince our minimization ig done on the constrained
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gpace PSSr (3) of the positive semidefinite tensors. This task iz done through a
gradient descent algorithm that ensures the positive-semidefiniteness of the tensors
D for each iteration of the estimation process. Moreover, the regularization term o
introduces spatial regularity on the estimated tengor field, while preserving important
physiological discontinuities, thanks to the anisotropic behavior of the ¢-function
regularization formulation [Alvarez02, Sapiro01, Weickert98].

A related variational approach for tensor estimation has also been proposed in
[Wang03]. But the proposed method does not deal with various estimation and
regularization functionals.

¢ Riemannian Approach: In [LengletO5a], a new approach to estimate the diffusion
tensors has been proposed. The idea is to minimize a functional of the linearized
Stejekal-Tanner equation (Eq. 2.55) by evolving an initial guess of the tensor on the
manifold of gymmetric positive definite matrices. The gpecial feature of this approach
is that the minimization ig achieved taking into account the algebraical structure of
that manifold, which yields to the definition of a Riemannian metric which modifies
the computation of distances, as we will study in chapter 5. Hence, to minimize the
functional proposed in [Lenglet05al, a robust gradient descent algorithm similar to
the one defined in section 5.4.1 has been defined.

2.6.2 DT-MRI Applications

Diffusion Tensor Magnetic Resonance Imaging has proven to be a quite interesting imaging
modality with applications in many medical domains, specially in neurogcience [Bihan01].
In thig section we detail some of the most important applications.

Tractography

The main idea on which rely most classical algorithms for brain connectivity mapping
[Mori99, Moseley99, Pierpacli9th] and references therein) ig that, despite the potentially
multi-directional environment within a voxel, water diffusion in many regions of the white
matter is highly anigotropic and thus, within the limits imposed by the Gaussianity
agsumption, the orientation of the major eigenvector aligns with the predominant axon's
direction. It iz then safe to say that we should be able to identify macroscopical three-
dimensional architectures of the white matter by using simple line propagation techniques.
These local approaches provide fagt algorithme to estimate 3D curves, more or less
accurately, by integration of the major eigenvector field. Euler or higher-order Runge-
Kutta schemes are typically used with intravoxel interpolation of the diffusion tensor field
to achieve subvoxel accuracy and reconstruct smooth and more precige curves. By taking
into account the anigsotropy information in the interpolation process, dynamically adjusting
the time step (in high curvature regions for example) or constraining the angle between
successive steps, various studies have shown coherent results for known anatomical regions.

All these approaches however faile to recover fibers bundles whenever they enter a
region of low anisctropy. The estimate of the curve tangent becomes highly unreliable
and Lazar et al. [Lazar0O3] proposed a method based on diffusion equations and
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making use of the whole diffusion tensor in order to propagate in the most coherent
faghion without getting stopped by locally isotropic regiong. Well known structures
such as the corpus callosum, the external capsule or cortico-spinal tracts can easily be
identified using this technique. These algorithms have been augmented to incorporate
some natural constraints such as regularity, stochastic behavior or local non-Gausgianity
[Basgger00, Campbell03, Parker(3].

To better describe the complexity of the diffusion profile, high angular resclution
Diffusion Weighted Imaging (DWI) [Tuch0O2b, Frank02| or g-space and Diffusion Spectrum
Imaging [Tuch01, Lin03] have been proposed but still yield long acquisition times. Finally
more global algorithms [Cicarelli03] have been introduced to better handle situations of
false planar or spherical tensors (with underlying fibers crossings) or fascicles junctions
[Poupon00] using some a priori knowledge of the low curvature of most of the fascicles.

More global algorithme have been proposed to better handle the situations of false
planar or spherical tensors (with underlying fibers crossings) and to propose some sort
of likelihood of connection. However, they either make use of the major eigenvector field
[Parker02, Cicarelli03] or consider the evolution of a front in an Euclidean space while
adapting its gpeed through the use of the complete diffugion tensgor [O'Donnell02]. In this
last attempt, the diffusion tensor is used to compute the metric of a Riemannian manifold
but the geometry of that manifold was not exploited.

Inference of Conductivity Properties

Knowledge of electrical conductivity properties of nerves and muscles is esgential if we
want to establish a link between the electromagnetic fields generated by those tissues and
the underlying electro-physiological currents used to mediate communications. Indeed,
magneto-encephalography measure magnetic fields from which the tridimensional gpatial
digtribution of currents can be inferred by inversion of a direct model. This procesg i
referred to as Electromagnetic Source Imaging (ESI) and requires solving the quasi-static
Maxwell equations in a resistor model. However, precigion of the reconstruction is highly
dependent on the precigion of the conductivity estimation.

State of the art formalisms have been described for relating the effective electrical
conductivity tensor of white matter tissue to the effective water diffusion tensor as
measured by Diffusion tensor magnetic resonance imaging (DT-MRI) [Basser94b, Tuch01].
Basser et al. first proposed in 1994 to infer the conductivity tensor from the diffusion
tensor through the use of constraints imposed by the tissues geometry. More recently,
Tuch et al., based on the works [Torquatod0, Torquato02] showed a strong linear
relationship between the eigenvalues of the two tensors, supported by reports exhibiting
comparable anisotropy of the two tensors in the white matter. Also, recent studies showed
that skull and white matter conductivity anisotropy have an influence on the forward
solutions for Electro-EncephaloGraphy (EEG) and Magneto-ElectroencephaloGraphy
(MEG) [Haueizgen02, Wolters01] as well the inverse problem in EEG/ MEG source
localization [Anwander(2].
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Other Medical Applications

DT-MRI is particularly relevant to a wide range of clinical pathologieg investigations.
One of the most sucecessful clinical applications of DT-MRI since the early 1990s has been
acute brain ischemia detection [Albers00, Baird98, Sotak(02], but many other potential
applications like stroke, Alzheimer’s disease, schizophrenia [ArdekaniO3] can be foreseen.
Other potentially important applications of INT-MRI include characterization of cardiac
muscle tissue architecture, [Reese05] liver diseage diagnosis, [Muller94], temperature
mapping. [Bihan9], electrical impedance tomography. The interested reader is referred
to [Horsfield02] for a further reading on the current applications of diffusion-weighted and
DT-MRI in diseases of the brain white matter.

A domain of major interest is that of brain surgery. Without a pricr knowledge
irreversible alterations to important fiber bundles may be caused. On the contrary,
knowledge of their pogition and extension could minimize functional damage to the patient
[Talos03]. The information provided by this imaging modality is of great help to recover
the neural connectivity in the human brain, leading to a better understanding of how
brain areag communicate ag part of a distributed network [Tuch02a, Tuch02b, VemuriOl,
Campbell03]. As of today, D'T-MRI ig the only non-invasive method that allows us to
digtinguigh the various anatomical structures of the cerebral white matter such as the
corpus callosum, the arcuate fosciculus or the corona radieta, which are examples of
commisural, associative and projective neural pathways, the three major types of fiber
bundles.
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Chapter 3

A New Approach for Anisotropic
Signal Processing

3.1 Introduction

Conventional isotropic signal processing systemsg pregent the disadvantage that borders
and other important features are either blurred or delocalized. To overcome these effects,
anigotropic systems have been developed. The idea behind these systems is to wigely
combine information about the way the signal varies and introduce it into the procesging
gystem to dizeriminate among orientations. Thig idea, which seems very gimple at a first
glance, requires a lot of care when trying to put it into practice. The literature shows
different approaches based either on linear filters [Geusebroek(3], PDEs [Perona9Q] or
more sophigticated methods [RE03].

In the context of image procesging, the standard operator to measure the gpatial
gignal variation is the gradient, which indicates the direction of maximum signal variation.
However, ag we show in section 3.2, the gradient presents some limitations as a descriptor
for local structure [Knutsgon03b, RF0O1]. Hence, to overcome those limitations Knutsgon
introduced the requirements of a robust desecriptor of local structure, introducing the use
of second-order tensors [Knutsson89]. The basic idea is to represent the signal orientation
at a given scale by a symmetric Pogitive Semi-Definite (PSD) second order tensor, called
Local Structure Tensor (LLST). Tensgors, besides allowing a compact representation, have
a golid mathematical body that supports further analysis.

After that groundwork, a lot of research has been done on this topic yielding to different
methods to estimate the LST [Biglin87]. Moreover, this image processing tool hag been
applied to numerous image procesging techniques such as filtering [Westin94|, gegmentation
[Rousgon04], registration [SS03] or optic flow estimation [Farneback(2].

In this chapter we investigate new techniques to exploit the information given by the
local structure tensor in order to derive anisotropic signal processing gystems for general
purposes. In this senge, we perform a detailed description of the methods proposed in the
literature to egtimate the LST from data in section 3.3, including nonlinear counterparts.

41
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Furthermore, in section 3.3.4, we algo study the robustness of these estimation methods
with respect to the noise and their influence on structure delocalization.

Then, in section 3.4 we present a processing framework to derive anigotropic signal
procesging gystems. It is remarkable that the ideas behind our approach are quite general
and, hence, they can be particularized for any kind of anisotropic signal processging
technique. In this sense, we algo particularize our approach for different application
purposes.

First, we use the local structure tensor to compute a local neighborhood around a given
sample. In thig way, in homogeneous areas we will obtain isotropic neighborhoods, while
near main structures the neighborhood will be extended along the edges. We illustrate
this idea in section 3.4.2 for the specific application of anisotropic Gausgian smoothing,
where in addition, the local structure tensor ig uged to model the shape of the Gaussian
digtribution.

Our second algorithm is described in section 3.4.3 for the specific application of
anigotropic interpolation, which is normally performed by weighting local signal samples
according to some rule (linear, cubie, ete.). The idea behind this approach is to weigh
the samples in the direction of maximum variation (e.g. across and edge) less than in the
orthogonal direction (e.g. along the edge) in order to reduce inter-region blurring. In our
scheme this is achieved by using adaptive neighborhoods and a metric defined from the
local structure tensor.

Finally, we also propose in section 3.4.4 the uge of the information provided by the
local structure tensor to build an anisotropic estimator of the covariance estructure of the
gignal, vielding to anisotropic versiong of traditional statistically optimal estimators, such
as the well-known Wiener filter.

In gection 3.5, we present the necessary steps to generalize thig approach to deal with
multivalued datasets, such as vector or tensor signalg. This generalization basically relieg
on the definition of a spatial local structure tensor for matrix-valued datasets. Moreover,
since weights are naturally constrained to be positive, if the tensors in the input tensor
field are PSD, the system response will be PSD ag well. It is important to note that this
idea can be extended to more general anisotropic tensor egtimation problems. Finally, we
present, in section 3.6 the resulte we have obtained in our experiments for both, scalar and
tensor valued datagets. We conclude this chapter with the main conclusions obtained from
our work.

3.1.1 Contributions in this Chapter

e A New Approach to Anisotropic Signal Processing (Section 3.4): In this section
we pregent a new approach to derive adaptive neighborhoods for anisotropic signal
processing systems. The idea hehind is to wigely adapt the local neighborhood
used to perform the estimation depending on the information provided by the local
structure tensor by means of the ellipsoid associated to that positive semidefinite
matrix.

e Comparison of the local structure tensor estimation methods (Section 5.3.4): Since
the estimation methods do not provide an equal response, we have studied the
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gtructure delocalization effect in order to choose the most robust method in our
approach, including the so-called nonlinear structure tensors recently presented and
applied to the Knutsson's formulation.

o Anisotropic Gaussian Smoothing (Section 3.4.2): We derived an adaptive anisotropic
gausgian filtering scheme to reduce noise in scalar images, where the ghape of the
Gausgian kernel is modeled by the local structure tensor.

o Anisotropic Interpolation (Section 3.4.5): We derived an adaptive anisotropic
interpolation scheme to upsample scalar images. Appart from the use of the local
gtructure tensor to compute the local neighborhood, we use it ag a metric tensor to
measure digtances between samples. The effect is that samples found in the same
direction of the maximum signal variation seem to be further, while those in the
direction of minimal signal variation seem to be cloger.

e Couvariance-based Anisotropic Structure Estimation (Section 3.4.4): We algo used the
information provided by the local structure tensor to huild an anisotropic egtimator
of the covariance estructure of the signal. This formulation leads to the development
of anisotropic versions of traditional statistically optimal estimatorg, such as the
well-known Wiener filter.

e Generalization for Tensor Date (Section 5.5): Finally we generalized all the previous
approaches for tensor-valued datasgets by means of the generalization of the local
structure tensor. An interesting characteristic on the generalization for tensor data
is that our approach naturally provides a PSD response, since the regponse is given
by a linear combination of PSD matrices with positive coefficients.

3.2 Local Structure in Multidimensional Signals

In order to be able to design anizotropic procegsing systems it is mandatory to use a
measure to quantify local structure of multidimensional signale. We understand by local
structure the set of all the meaningful features of a multidimensional signal. At a coarse
gcale and for sufficiently small regions, the meaningful features of a multidimensional signal
can be approximated to one-dimensional signals, where only a dominant orientation of
gignal variation ig present. In this case, it ig gaid that the region ig intrinsically one-
dimensional.

The measurement of the local structure ig still a matter of discussion, although several
methods have been proposed in the literature, such as those based on the gradient
computation or thoge baged on local energy. Next, we are going to study the advantages
and limitations of both descriptors.

3.2.1 Local Structure Measurement

The gradient is a common descriptor for local structure widely uged in computer vigion
and image processing. The gradient of a scalar field provides a vector field that determines
the direction and magnitude of local maximum signal variation. The components of the
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100 130 200

100 130 20
Figure 3.1: Top Row: Synthetic Signal with a step border and a line. Middle Row:
Gradient Magnitude of the signal. Bottom Row: Local Energy of the signal. From the

image it can be seen that the gradient magnitude does not provide the same response to
signal variations with the different phase.

0

gradient vector are the spatial derivatives of the signal, so both concepts are somehow
related. Although several numerical schemes have been developed to accurately estimate
the gradient yielding to low error rates [Raffel98], it is important to remark that discrete
estimation of derivatives is an operation that has to be carefully done.

Independently from the numerical problems that are inherent to the derivative
estimation method, the major problem is that the gradient itself is not invariant to local
phase variations. As a consequence of this, the gradient do not provide the same response
for two structure elements with different local phase. For instance, take the example
presented in Fig. 3.1, where in the top we can see a scalar field with two main structure
areas: a border and a line. In the middle row, we represent the gradient magnitude. As
it can be seen, the response is not the same for both structure elements [RE03].

This idea is also illustrated in Fig. 3.2 where we compute the gradient of sinusoidal
function. As it can be seen, the gradient is maximum when the signal crosses zero and it
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bbb

Figure 3.2: Gradient computed for a sinusoidal signal. As it can be seen the gradient
presents discontinuities in locations where the signal presents a change in the local phase,
although orientation is continuous.

is null when it achieves the maximum or minimum values. However, as it can be seen from
the background signal, local structure and local orientation do not change from point to
point, since there are no discontinuities in the signal. This fact emphasizes the relationship
between both concepts [San Jose05].

To avoid these limitations some authors argue for the use of local energy to identify
the relevant features of the signal, which is free of ambiguity [Knutsson03b, Morrone87]
and, in addition, local energy measures give peak responses at points where human
observers localize contours [Morrone87|, yielding to a direct relationship between energy
and meaningful features of the signal. As an example, let us examine again the lowest row
of Fig. 3.1, where we show the local energy associated to the image shown on the top. As
it can be seen, both structure elements are equally detected.

However, local energy itself is not enough to completely describe local structure since
it does not provide orientation information, as it is a scalar measure. The representation
of local structure using vectors has the additional limitation that in regions that are not
intrinsically one-dimensional (such as corners or junctions, where more than one preferred
orientation is present), the information provided is ambiguous, since only one direction
of signal variation is provided. Moreover, simple averaging of the gradient vector field
presented in Fig. 3.2 would produce cancellation effects over the discontinuities of the
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gradient vector field, since neighboring vectors have opposite directions. For these reagons,
the use of gecond order tensors wasg proposed asg a local gtructure measure. Next, we study
the requirements that such a local structure descriptor ghould hold to properly represent
local structure.

3.2.2 Representation of Local Structure Using Tensors

The tensor representation for local orientation was introduced by Knutsson [Knutsson89]
1o encode the orientation information for signals with dimensionality greater than one.
Tensors, besides allowing a compact representation, have a golid mathematical body that
gsupports further analysis in the tensor domain. The idea ig to represent the orientation of
a neighborhood by a gymmetric and PSI) matrix.

In the case that more than one dominant orientation is present, (for instance, take
the example of a corner in a scalar image), it should be necessary to use higher order
tensors to completely describe local orientation in a strict sense. However, in practice,
a gecond order tengor provides enough information to distinguish the relevant features of
an image, including cornerg [K&the(03], although certain ambiguity might appear under
certain circumstances.

Knutszon studied the requirements that a continuous represgentation of orientation
should hold [Knutsson89]. Let v, € R™ be a known vector which represents the main
orientation and let M be a mapping M : R™ r— R"*" to be defined. Then M should
satiefy the following properties in order to properly describe local structure:

e [nigueness: Antipodal vectors should be mapped onto a singular point. In this way,
vectors pointing in opposite directions are treated equally removing the discontinuity
at m:

M(vy) = M(—v,) (3.1)

o Polur separobility: The norm of the mapped vector ghould be rotation invariant.
Information carried by the norm of the vector does not carry information about
orientation:

| M(vo) llp= f(l[ v ), (3.2)
where f:RT — R7T is an arbitrary function.

e Uniform stretch - Eguivarience: Variations in the original spaces should be
proportional to variationg in the mapped space. In other words, the tensor
representation musgt be invariant to basic transformations such ag translation,
rotation or scale:

| OM (Vo) [[F=b | 8vo || - (3-3)

A mapping that fulfills the above requirements is M : R™ — R™*" [Knutsson89] such
that

M(vg) = . (3.4)
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This mapping ig a non-linear mapping, therefore filtering operations applied to the
elements of M have to be carefully made. This mapping provides a symmetric pogitive
semidefinite matrix with n(nTH) independent components where the dominant orientation
given by the vector v ig codified by the dominant eigenvector of that matrix. The
symmetry condition guarantees the invariance to rotations at the game time that assures
that all the eigenvalues of the matrix are real values and the posgitive semidefiniteness
guarantees that all of them are positive. The matrix provided by this mapping is called
Local Structure Tensor and will be denoted by T. In section 3.3 we digcuss different
approaches to directly estimate the LLST from data.

The main advantage of the tensor representation is that tensors contain more
information than only the dominant orientation, gince they also quantify uncertainty about
thig orientation being actually dominant [Westin02a]. In other words, they quantify how
much the signal varies along the dominant orientations and also along the orientation
orthogonal to the dominant within a certain neighborhood. Thus, through an analysis of
eigenvalueg A1 > ... > An and eigenvectors ey, ...,em we can distinguish different cases
in 3D m = 3 (an analogous classification can be done in 2D):

1. Planar case (A1 3 Az ~ Az ~ 0): There is only one main direction of signal variation.
This neighborhood ig approximately a planar structure whose normal vector ig given
by eq.

2. Linear case (A1 =~ Ay » Az =~ 0): In this case, there are two main directions of signal
variation which yields a line-like neighborhood oriented along es, as the edges of a
cube.

3. Point Structure case (A; ~ Ag =~ Az 3> 0): There is no preferred orientation of signal
variation, which represents a corner or a junction in 30D,

4. Homogeneous case (A =~ A3 =~ Az ~ 0): In this cage, there is neither a
H
preferred orientation of signal variation nor significant variation, which corresponds
to homogeneous regions.

From a statistical point of view, when the signals are regarded as random fields an
interesting relationship can be established between the local structure tensor and the
covariance matrix C. In fact, when the expectation per element is zero (usually on
homogeneous areas such as planes or lines) the local structure tensor and covariance matrix
are identical. The equivalence ig given by the following formulation:

C =T - FE{Vs}E{(Vs)T} (3.5)

where Vs represents the spatial gradient of the signal s and E{ '} is the expectation
operator.

Asg it is shown in section 2.4.7, there exists an interesting equivalence between the
tensor repregentation and the matrix of the quadratic form aseociated to the equation of
an ellipeoid. In this gense, it is illustrative to identify the eigenvectors &; of the tensors to
the main axes of the ellipsoid, where the length of each axis is determined by the associated
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Figure 3.3: Interpretation of a symmetric semidefinite tensor as an ellipsoid.

eigenvalue A;. In Fig. 3.3 we represent an example of this geometric interpretation of the
local structure tensor.

3.3 Estimation of the Local Structure Tensor

In this section we face the problem of local structure estimation from multidimensional
images using the tensor representation described in the previous section. As we said
before, local structure is related to local orientation and to the most relevant features of
an image. As a consequence of this fact, estimation of local structure has been a matter
of discussion in literature for years. The works [Bigiing87|, [Férstner87] and [Kass87] in
1987 together with [Knutsson89] in 1989 represent the seed of the tensor representation of
local structure. These methods can be classified, as done in [San Jose05], in two different
groups:

¢ Gradient methods: These methods use the spatial gradient to determine the
signal orientation. Among others, the following references are of interest [Bigiin&7,
Férstner87, Kass87, Rao91, Mester(1].

¢ Local-energy methods: These methods involve the use of quadrature filters to
quantify the energy of the signal and, hence, to he able to determine local structure.

Among others, the following references are of interest [Knutsson89, Knutsson03h,
Knutsson03a, Rieger04]

Let us now describe both estimation methods.

3.3.1 Gradient Methods

As it was sald before, these methods use the spatial gradient to compute the local structure
tenscr. These methods are based on the principle that states that the Fourier transform
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Fo(u) of a signal s(x) = g(x? i) with only one main orientation i is concentrated along a
line through the origin

F(u) = G u)sime () (3.6)

In order to estimate the orientation fi, Biglin tries to find the minimum of an error
function E(i1) given by the Euclidean distance o(u, i) between a point in the Fourier
domain and a candidate direction fi weighted by the spectrum of the signal:

B(n) = f o%(u, ) | F(u) > du (3.7)

The error function degcribed above can be rewritten as a quadratic form:

E(i) = dTJh (3.8)

where J is the inertia matrix, whose components are expressed in the following
equation:

I [ () Pdu i i=
JM_{ Swiug | F(u) Pda if i#j (3.9)

Finally, the solution to the minimization problem ig given by the eigenvector
corresponding to the emallest eigenvalue of J. Biglin showed that the problem of fitting
a line in the Fourier domain is algebraically equivalent to fitting a hyperplane to F(u)
that pasges through the origin ag well. To solve this equivalent problem, the Euclidean
digtance from a point in the Fourier domain to the given orientation has to be redefined ag
the perpendicular distance from a point in the Fourier domain u to the hyperplane which
passes through the origin and whose normal vector is fi. That is:

o(u, i) =i’ unTh (3.10)

Again, the error function can be written ag a quadratic form E(f) = AT Tha where

T = {ti;} = fuuj | Flu) [ du (3.11)

is the local structure tensor, whose eigenvector corregsponding to the largest eigenvalue
is the main orientation of the signal. Both, the inertia matrix and the structure tensor
are pogitive gemidefinite and have common eigenvectors but different eigenvalues. In this
way, the inertia matrix is related to the gtructure tensor by means of

J=tr(TI-T (3.12)

Then, Eq. 3.11 provides an analytic expression to compute the local structure tensor.
However, in [Bigiin&7] it was also presented an equivalent formulation to Eq. 3.11 that
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avolds the computation of the gignal Fourier transform, which uses the Parseval theorem
to express the local structure tensor components in the spatial domain as follows:

1 ds Os
o)1) gl [ e 13

where }(xg) is a local neighborhood of the function s(x) around the point x¢ where
the local structure tensor is going to be estimated. In practice, where we asgsume we are
working on a digcrete grid, Eq. 3.13 can be written using the following expression:

T(xo) = G(x0) * (Vs(x0) V¥ s(x¢)) (3.14)

where G;(Xo) ig a Gaussian kernel with standard deviation o, used to regularize the
outer product of the gradient introducing the information of the local neighborhood at
a given scale ¢ in order to obtain a full rank tensor. Otherwise, the outer product of
the gradient itself would not incorporate the uncertainty information since it is a rank-
1 tensor. The partial derivatives in the discrete domain are computed with Gaussian
derivative filters.

An analogoug formulation to Eq. 3.14 can be obtained by means of a probabilistic
interpretation of the signal s(x) [Alzola0O1]. In other words, we can think of the signal
s(x) as a field where a random variable ig assigned to each position x € R"™. Then, to
characterize the variation of the signal we make use of the second order joint statistics of
the signal gradient. Assuming a zero mean gradient, an estimate of the covariance matrix
of the signal gradient ig given by Eq. 3.15, where V(N (x0)) stands for the number of
samples of the neighborhood A/{xg) centered at point xg:

R — s(x;)Vs(x;)T .
Ovsl0) = YiNTxo) ,qe;@m)v v o

The elements of the covariance matrix, i.e. local structure tengor, are estimateg of the
gsecond order cross moments of the signal gradient. Thus, an analysis of the eigenvalues
and eigenvectors provide information on the manner in which the gradient changes. In
brief, the eigendecomposition helps to discriminate the type local neighborhood among
the different cases already presented in section 3.2.2.

Both formulations are then coherent with the properties that any descriptor of
orientation should hold, which were outlined in section 3.2.2. In addition, it is clear
that Fqgs. 3.14 and 3.15 are particular formulations of the proposed mapping M.

3.3.2 Local Energy Method

Thig method, mainly developed by Knutsson [Knutsson&9], involves the use of quadrature
filters to quantify the local energy of the signal to infer the local structure, baged on
the relationship hetween these two concepts described in section 3.2. However, local
energy itself is not enough to completely degcribe local structure since it does not provide
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orientation information, ag it i8 a scalar meagure. Then, the estimation of the local
gtructure tensor requires some previous steps.

Using basic theory of tensor algebra, it is known that any tensor T(x) can be expressed
ag a linear combination of the elements of a tensor basis {Mj} weighted by the coeflicients
qr(x), where & = 1,..., K is the number of elements in the basig of tensors:

[]=

T(x) =Y qu(x)Ms (3.16)

k=1

Knutsgon, then, proposed the way to compute the tensor basis {Mpg} and the
coefficients ¢ (x) using a bank of K spherically separable quadrature filters oriented along
a given get of directions fiz symmetrically distributed in the n-dimensional space of the
signal s(x) [Knutsson89]. The set of quadrature filters is defined in the Fourier domain
by:

Qk(u) _ (B2m2)( , (ﬁTﬁk)z if ﬁTﬁk ~ 0 (317)
0] otherwise

These filters can be seen ag oriented Gaussian functions in a logarithmic scale, centered
at || up || and with bandwidth B.

Assuming a signal model like the one proposed at the beginning of this gection whose
Fourier transform is given by Eq. 3.6, each coefficient g(x) (with k = 1,..., K) is given
by the magnitude of the complex function given hy the convolution of the gighal with the
quadrature filter, which is more easily computed in the Fourier domain:

9k (X)

/ G(RT )5 (1) O (w)e™ *du || (3.18)

Concerning the tensor basis, the set {My} is defined as the dual or reciprocal basis of
the tensor basis {IN} given by the outer product of the set of directions fig, as it shown
in the following expression:

Ny, = fighs (3.19)

Since the get {IN3} form a basis of tensors which may not be orthonormal, we have to
use its dual basis {M} in order to get a proper representation for the tensor T(x), as it
was detailed in section 2.4.3.

Finally, the K elements of the hasig till have to be determined. The number K ig
related to the number of directionsg fiy needed to orientate each quadrature filter in order
to compute the local energy over all the orientation space of the signal, i.e. R” in an
n-dimensional space. A practical rule is that the directions fi should pass through the
adjacent vertexes of a regular polytope (an hexagon in 213, an icosahedron in 3D, ete.).
Then, in a n-dimensional gcalar dataget, the minimum number of directions required for
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the quadrature filters is K = n(nTH) [Granlund95]. This requirement is based on the fact

that T'(x) by definition is invariant to rotation of the filters [San Jose(5].

A common practice is to regularize the final result with a Gaussian kernel with standard
deviation o to provide a more robust response against noise. Although this regularization
ig not needed in a strict sense, it algo introduces an integration scale to provide a robust
regponse. Hence, the final expression of the local structure tensor is as follows:

ni{n+1)

2

T(x) = Go(x) * Z | s(x) * hg(x) || Mg (3.20)
k=1

where hi(x) ig the gpatial formulation of the quadrature filter in Eq. 3.17.

The local structure tenzor estimated with this method inherits the phase invariance
advantage from the quadrature filters, which do not present the problems of the gradient.
To illugtrate this idea, let us take again the example from the Fig. 3.2, where the gradient
vector field ig computed for a sinuscidal signal. At locations where the signal achieves a
maximum or a minimum, the gradient is zero and, hence, the outer product of the gradient
ig also a null tensor. On the contrary, at other locations, the gradient ig not null vector
and, hence, the outer product of the gradient provides a not null tensor. In fact, the
gradient magnitude reaches a maximum value at locations where the signal value crosges
zero. Despite thiz undesired effect is relaxed by means of the gaussian smoothing, this
problem introduces a source of error in the egtimation of the local structure.

Figure 3.4 illugtrates the phasge invariance property of the local structure tensor
estimated with the local energy approach. On top, the ellipsoids represent the local
structure tensor computed with the gradient before the Gaussian smoothing ig performed,
where it is clear that the tensors change as long ag the phase gighal does because of the
phase dependence inherited from the gradient. On the bottom, the approach based on the
usge of quadrature filters is used. On the contrary, the tensors are constant, as it ig the
local structure of the signal.

3.3.3 Nonlinear Structure Tensors

In the previous section we described two different methods to estimate the local structure
tensor. Although the philosophy behind them is completely different, in both cases it is
a common practice to regularize the tensor field by meansg of a Gaussian convolution. In
this way, we incorporate gpatial information within a certain neighborhood at the degired
integration scale and, at the same time, the estimation is more robust against noise.

However, it is known that Gaussian smoothing has two main drawbacks: the blurring
effect and delocalization of main structures. This is mainly due to the use of a fixed kernel
that does not depend on the local characteristics of the signal. Thus, near boundaries,
where the structure information is mainly present, the result will be inaccurate since we
are mixing different kinds of information.

To avoid these two effects, Brox et al. proposed the definition of the nonlinear structure
tensor [Brox(06]. The main idea ig to substitute the Gaussian convolution by a nonlinear
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Figure 3.4: Illustrative example of the phase invariance property of the different LST
estimation methods. Top: Local Structure Tensor computed with the gradient method
before Gaussian regularization is performed. Bottom: Local Structure Tensor computed

with the local energy method before Gaussian regularization is performed.
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regularization method to aveid the delocalization and blurring effects.

In this genge, it has been shown that Gaussgian smoothing can be modeled by the heat
diffusion PDE shown in Fq. 3.21, where the amount of smoothing of the image u(x) is
determined by the diffusion time ¢, which is related to the scale-gpace parameter ¢ through
the following expresgion ¢ = %2 [Koenderink84].

Bru(x) = Au(x) (3.21)

In this way, an equivalent formulation for the local structure tensor in Eq. 3.14 can be
achieved with a generalized heat equation for matrices developed in [Weickert(2]. Briefly,
this generalization applies the heat equation 3.21 to the compoenents ¢;;, ¢,7 =1...m of
the matrix To = (Vs(x))}(Vs(x))T:

(%tij(x) = d@lv(Vtij(x)) (322)

Thig idea can be generalized by means of nonlinear diffusion filters, which reduce
smoothing across boundaries [Peronad0] introducing in Eq. 3.21 a function g, called
diffusivity function, which correlates the amount of smoothing with the gradient magnitude
of the image, as follows:

Hu(x) = div(g(]| Vu [ )Vu(z)) (3.23)

or anisotropic diffusion filters, where a privileged direction of smoothing is introduced
through the diffusion matrix D.

Bru(x) = div(DVu(x)), u(x,t=0)=I(x) (3.24)

Thege new formulations naturally lead to the definition of nonlinear structure tensors
[Brox06], which are based on a generalized nonlinear matrix-valued heat diffusion equation
[Weickert02]. As it is done for the scalar case, a diffusivity function g(3>77%_; || Vig(x) [|)
ig introduced in Fq. 3.22 to correlate the amount of smoothing with the magnitude of the
gradient of all tensor components, ag gshown in the following equation:

Ditij(x) = div(g Z | Vtii(x) |7 Ve (X)), tii(x,t = 0) = ti(x) (3.25)

2,7=1

In this way, when the gradient in any tensor component ig high due to the presence of
structure, the diffusivity is low to avoid smoothing while the diffusivity is high when there
is no structure in any component. As a consequence, this technique is different from just
applying nonlinear diffugion independently to every component of the tensor field, since a
boundary in one component reduces the amount of smoothing in all the others.
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Several diffusivity functions have been proposed in the literature [Weickert83| each of
them with different properties. In our case, we will use the diffusivity function expressed
in Eq. 3.26, also called total variation flow [Dibos00, Andreu01]:

™ 1
g( | Vi (x) ) =
1JZ=:1 \/62 + 30 | Vit (x) |2

where the parameter ¢ is a small constant that avcids singularities and allows
differentiability.

(3.26)

There exist another natural extension for the linear structure tensor which consists on
the uge of an anigctropic matrix-valued diffusion process algo generalized in [Weickert02].
In the anisotropic case, not only the amount of diffusion is adapted locally to the data,
but also the direction of smoothing. Hence, in presence of houndaries, the smoothing will
take place along the edges of the boundary but not across them. To do that, we only
have to replace the diffusivity function defined in Eq. 3.26 by a diffusion tensor G(x)
that determines the direction in which the diffusion takes place. The anisotropic structure
tensor is given by the following expression:

m

Bitij(x) = div(G( Y (Vg(x)T (Ve (x)))VE5(x)),  t(x,t=0) =t;(x)  (3.27)

=1

There exists an inverse relationship between the diffugion tensor and the structure
tensor given by the outer product of the gradient of the tensor components [Castafnio04a).
In other words, the main eigenvector of the structure tensgor is the smaller one of the
diffusion tensor and viceversa. Thus, the diffusion tensgor ig calculated applying the
diffusivity function in Eq. 3.26 to the eigenvalues of the matrix A = (Vit;(x))T (Vt;(x)),
exploiting the property that the function of a matrix can be expressed as follows:
g{A) = PTg{diag(\;))P, where P is a orthonormal matrix whose columns are the
eigenvectors of A and diag(A;) is a diagonal matrix with the eigenvalues A; of A the
diagonal elements.

To deal with digital images, whether tensor- or scalar-valued images, we have to
discretize the izsotropic or anisotropic PDEs and build iterative algorithms in order to
obtain a filtered version of the initial digital image. The final resulte mainly depends on
the number of iterations n and the time step 6t between two consecutive iterationg, The
main drawback of these approaches is that there iz no criterion to decide the optimal
number of iterations and/or time step, and different solutions may be obtained.

Concerning the positive gemidefiniteness, it can be eagily shown that tensors evolving
under Eq. 3.27 stay symmetric positive definite if the initial value T(0) = (u(0); ;) is
symmetric positive definite [Brox(6].

Although in the original work [Brox(06] the nonlinear and anisotropic generalizations
were proposed using the local structure tensor given by [Bigiin87] and [Forstner87] in
3.14, it is straightforward to apply these ideas to the structure tensor given by Knutsson's
formulation (Fq. 3.20), ag we have done in [Castano(5], where we study the performance
of both methods in order to identify their limitations and their advantages.
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3.3.4 Robustness of Local Structure Tensor Estimation Methods

Local structure tensor is nowadays a common tool in the field of image processging
with applications in orientation estimation [Forstner87], optic flow estimation [Lucas81]
and detection of interest pointg such ag corners or landmarks [Rohr94]. Obwvicusly, to
characterize the robustness of the local structure estimators presented in section 3.3, it
should be necessary to study their influence on all these domaing. However, for the aim of
our work, we are more interegted in the study of the structure delocalization effect, which
is a common source of error in the degign of anisotropic filters, in order to use the more
robust method in our procesging framework.

In this senge, it is useful to study how accurate the proposed egtimation methods are
in the tagk of corner detection. In 2D, cornerg are pointg where two or more intringically
1D structures (i.e., edges) with different orientation meet, so they are intrinsically 2D
gtructures, that is to say, locations where two or more main orientations are present.
Several methods have been proposed in the literature as a cornermness measure, which
compute the strength of the intrinsically 2D regponse of the gignal at that point. For
instance, in [Forstner86] it has been proposed the following scalar measure baged on the
information provided by the structure tensor T

_ det(T)
“T w(T)

(3.28)

Another well-known meagure is the corner response function proposed by [Harris8g],
which ig given by the following expression:

c = det(T) — 0.04(t»(T))? (3.29)

In our experiments, we are going to use the method proposed in [K&the03], which
localizes the corners looking for the local maxima over a given threshold of the emallest
eigenvalue of the smoothed local structure tensor, which is the component that quantifies
the intringically 2D properties of the gignal.

Thug, to compare the robustness of the six structure tensgor estimation techniques
defined in section 3.3 (linear, nonlinear and anisotropic nonlinear versions of the LST
computed as the outer product of the gradient or by Knutsson’s method), we use a figure
with several geometric structures at given locationg. Then, we add different levels of white
Gaussian noise with zero mean to perturb the image and we try to localize the corners
from the noisy image using all the egtimation methods of the structure tensor.

Figure 3.5 shows the detected corners using the algorithm in [K6the03]. In the images,
the corners detected by the gradient methods are repregented with a red crogg, while those
detected by the energy methods are represented with a blue circle. On the top we used
linear emoothing with ¢ = 1.4. In the middle we uged a nonlinear matrix-valued diffusion
procesg to regularize the tensgor field and at the hottom we used the anisotropic nonlinear
counterpart, in both cases with diffusion time n - §¢ = 1.6ms.

When comparing these images, we clearly gee that the least accurate response ig that
given by the structure tengors with linear smoothing, where cornerg are detected some
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Figure 3.5: Corners detected with different estimators of the Local Structure Tensor.
Red cross repregents the detected corners with the gradient method while the blue circle
are estimated with the energy methods. Top: linear gaussian smoothing was used to
introduce an integration scale (Eq. 3.22). Middle: we used a nonlinear matrix-valued
diffusion process (Eq. 3.25). Bottom: we used an anisotropic nonlinear matrix-valued
diffusion process (Eq. 3.27)
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LX)
in

a

Error (Num. Pixels)

Potencia Ruido

Figure 3.6: Mean localization error in pixels for increasing noise level. Red: gradient
methods. Blue: energy methods. Continuous line: Gaussian smoothing. Dashed Line:
Nonlinear smoothing. Dotted line: Anisotropic nonlinear smoothing.

pixels away from the true location. In addition, we observe that the energy method
with linear smoothing detects double-corners. This effect is mainly due to the Gibbs
phenomenon that appears at abrupt discontinuities in the Fourier domain [Lukin05].

On the other hand, the response provided by the nonlinear matrix-valued diffusion
overcomes the problems stated before. From the middle image it is clear that the accuracy
on detected corners is clearly improved at the same time that the double-corners effect
disappears. Finally, the use of anisotropic nonlinear matrix-valued diffusion smoothing,
in the right side of Fig. 3.5, still provides a very accurate response for corner detection.
However, a large number of false corners are detected due to the contribution of noise.

Figure 3.6 shows the evolution of the error, measured in pixels, for an increasing noise
level. In that figure, the red lines correspond to the gradient methods, while the energy
methods are represented in blue. The type of smoothing is coded with the type of line:
the continuous line means that Gaussian smoothing was used, the dashed line corresponds
to nonlinear smoothing and dotted line is for anisotropic nonlinear smoothing. From the
figure it is clear that as long as the noise level is increased, the error increases linearly. It
iz remarkable the fact that we always obtained a lower error for the energy methods for
every noise level, which indicates that these methods are more robust against noise.

From these results, we argue for the use of the Knutsson method followed by a nonlinear
smoothing since it is the method that produces a lower error rate.
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1/2

Figure 3.7: Ellipse represented by the quadratic form xTx” = 1.

3.4 A New Approach for Anisotropic Signal Processing

3.4.1 Adaptive FIR Processing Systems

The previous section showed us that the local structure tensor is a nice tool to
describe local structure. Now, we present a new signal processing framework to derive
anisotropic systems that uses the information provided by the local structure tensor T(x)
[Castano06b|. First, we develop in this section the complete theoretical framework of our
approach and in sections 3.4.2, 3.4.3 and 3.4.4 we present some practical applications of this
processing framework. For illustrative purposes, we are going to develop the theoretical
framework for scalar 2D} data, but results can be easily generalized for tensor data, as it
is done in section 3.5 and also for the 3D case.

Many image processing techniques derived either in the spatial or frequency domains
are based on the design of a kernel function k(x) that is convelved with the signal s(x) to
provide aresponse. Inmost cases, the kernel function is designed on a neighborhood whose
size is usually fixed and a paremeter of the processing system. On the contrary, the main
idea of our approach is to estimate the signal value at position x using the samples within
a neighborhood A (x) defined by the ellipse xT(x)x” = 1, whose size varies depending on
the local structure of the signal.

Let us denote by Ay > Ay > 0 the eigenvalues of T(x) and by ey, eq the associated

eigenvectors. Then, the quadratic form xT(x)x’ = 1 defines an ellipse as the one
represented in Fig. 3.7, where the length of the semimajor axis is %2 and it is oriented

along the direction determined by es. Analogously, the length of the semiminor axis is

—L_ and it is oriented in the direction given by e; and its length is —-.

ony ey
The local structure tensor can therefore be used to wisely adapt the shape of
the neighborhood depending on the local structure of the signal, vielding to different
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neighborhood configurations:

e Point Structure cage (A; =~ Ag 3» 0): Thig situation represents a point with high
gtructure such ag a corner or junction. In this case, both semiaxis of the ellipse are
quite small yielding to a small neighborhood with only a few samples.

e Planar case (A1 > Az ~ 0): There is only one main direction of signal variation,
which corregponds to a structure similar to a border. In this case, the ellipsoid
corresponds to a neighborhood whose semimajor axis is oriented along the border
and the length of the semiminor axig is quite small. Hence, the samples within the
neighborhood are only found along the border.

e Homogeneous cage (A ~ Ap ~ 0): This case corregponds to homogeneous regions
where there ig no preferred orientation of signal variation. In this case, both semiaxis
of the ellipse are quite long yielding to a wide neighhorhood wit a lot of samples
which helps to better remove noise.

Figure 3.8 shows all the possible configurations in a 2D image with two different
homogeneous areas. For instance, to estimate the value at point xy, we are going to use
only the sampleg along the boundary, avoiding the mixture of information of both sides
of the border. Something similar happens at point x3 where the neighborhood AN (x3)
only takes a few sampleg avoiding as much ag possible the mixture of information from
different regions. On the contrary, at point x which corresponds to an homogeneous area,
the associated ellipse surrounds a lot of samples in order to better remove the inherent
noise.

Hence, once the local neighborhood A(xg) centered at point x¢ has been computed,
we can estimate the gignal value at xg with a linear combination of the sample values
weighted by some coefficients w; determined by any other algorithm, as shown in the
following equation:

V(N
iz(l (xo))wif(xo — Xi)

f(Xo) = Z

VWG, (3.30)

One advantage of this framework is that the idea behind ig quite general and can be
uged to compute anisctropic versions of any kind of filters, such as Wiener, LMMSE, etc.
In such situations, once the neighborhood hag heen computed, we locally apply the desired
filter on the gelected samples to obtain an estimation of the signal value at the desired
point. Moreover, it ig important to remark that our approach ig also independent from
the method of egtimation of the local structure tensor, although in the next section we
gtudy their influence on the structure delocalization.

3.4.2 Anisotropic Gaussian Filtering

As it was stated before, the coefficients that weigh the samples within the neighborhood
can be chosen by any algorithm. In this section, we present the way we derive adaptive
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Figure 3.8: Different neighborhoods locally adapted to the structure of the image.

kernels to reduce noisge in images within the proposed procesging framework. To achieve
that task, we illugtrate thig idea by means of the implementation of a non-iterative
anigotropic gaussian filtering approach in the gpatial domain.

The idea behind conventional isotropic Gaussian filtering in 2D images ig to uge the
Gaussian distribution gshown in Eq. 3.31 ag the impulge regponse of the system. In practice,
this ig done by the definition of a gquare fixed-gized mask which represents a discrete
approximation of the function and performing a convolution with the image. Since neither
the parameters of the Gaussian function (i.e. standard deviation o) nor the size of the
neighborhood are optimized with respect to the local variation of the gignal, the result is
that the response 18 usually blurred and details are remove.

XXT

G(x) 257

exp( (3.31)

~ 2no?

It has been shown that Gaussian smoothing can be modeled by the heat diffusion PDE
shown Eq. 3.21, where the amount of smoothing of the image determined by the diffusion
time ¢ ig related to the scale-space parameter o through the following expression ¢ = %2
[Koenderink84|. This idea ig quite interesting since it relates filters defined in the gpatial

domain with a PDE.

The main practical drawback of anigotropic diffusion echemes is the dependence on the
diffusion time ¢, which is given by n iterations of a time-step 9¢, since there is no criterion
to determine neither the best number of iterations nor the best #ime-siep. On the other
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hand, Gaussian filtering schemes take the advantage of using non-iterative approaches
with a single parameter o that determines the amount of smoothing. In addition, practical
implementation is quite simple and fast since the response ig obtained by the convolution
of the signal with the gaussian kernel.

Thus, it is interesting to define anisotropic Gaussian filters in the gpatial domain from
the anigotropic diffusion PDIE defined in Eq. 3.24. The anigotropic Gausgian digtribution
that ig used to compute the kernel ig given in Eq. 3.32, where the diffusion matrix D
determines the global anisotropy of the kernel [Weickert98]. Then, the response of the
filter is computed by means of the convolution f4(x) = G(x) * I{x). The main advantage
of the anisotropic counterpart ig that the blurring effect and the structure delocalization
are gignificantly reduced, since the smoocthing is favored along a privileged orientation.
However, gince the anizotropy is defined globally for the whole domain of the signal, any
gtructure found in a different orientation from the privileged one will be blurred.

1 xD1x?
= meexp(— 5 ) (3.32)

To golve that limitation, one may take into consideration the use of a non-constant
diffusion matrix D(x) to locally adapt the kernel to the signal variation at every point xo,
as shown in Eq. 3.33, reducing the amount of emoothing along the direction of maximum
gignal variation while it is increaged in the orthogonal direction. This anisotropic Gaussian
smoothing is no longer equivalent to the solution of the anisotropic diffusion problem
defined by the PDE with a diffugion matrix that depends on the spatial pogition, although
a sophisticated relationship can be locally established [Nitzberg92].

G(x)

1 (x — xo)Dfl(xo)(x—xo)T

= det(Dixg)) exp(— 5 ) (3.33)

Due to the inverse relationship between the diffusion matrix and the local structure
tensor D71(xg) o T(xg) [Castafio04a], we can introduce the latter in the Gaussian
digtribution equation to determine the anisotropy in the Gaussian kernel. Hence, the
role of the local structure tensor in thig algorithm is twofold. On the one hand, we use
it to compute the neighborhood around the estimation point. On the other hand we alzo
uge it to locally adapt the shape of the Gaussian function we use to compute the weights
w; in FEq. 3.30 following this expression:

G(x — xo)

1 (X—XO)T(XO)(X—XO)T

= o Jael(T(xg)) P )

G(x — xo)

) (3.34)

3.4.3 Anisotropic Interpolation

The interpolation problem requires the estimation of the gignal values at unsampled points
in order to obtain an upgampled vergion of the gignal. Of course, in this case it is
also desirable that boundaries are well preserved, something that is not achieved with
simple interpolation algorithms. In thig section, we generalize our approach to derive
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an anigotropic interpolation scheme. To achieve that task, we assume that the unknown
gignal value at a desired point can be egtimated as a linear combination of signal values
found within a neighborhood of the interpolation point, as previously described in Eq.
3.30. The neighborhood ig chogen ag described in section 3.4.1, using the local structure
tensor of the nearest neighbor to build the ellipse.

Concerning the coefficients wjy, different interpolators and signal estimators assign
different weights to samples. In some cages it iz possible to obtain very efficient separable
kernels. Nevertheless, in order to preserve edges, the local structure should be accounted

for, and the estimator must be adaptive, with weighte changing from one location to
another.

Congider for example the weights to be obtained as inversely proportional to the

squared distance to the gample,

1
(x —xp) T (x—x;)’

Wi = (3.35)

This inverse squared digtance interpolator is usual in many applications with
conventional gcalar images, but it smooths boundarieg and other highly structured regions.
If only digtance to the gample is accounted for, the estimator mixes samples drawn from
areas that can be very different even though they are cloge, e.g.. samples from two sides of
an edge. Therefore it i8 necessary to introduce a weighting factor depending on the local
complexity of the signal prior to aggign weights to samples in order to avoid the undesired
smoothing effect.

Asg it was detailed in section 3.2.2, the information provided by the local structure
tensor 18 quite ugeful. Through an analysis of the eigenvalues and eigenvectors of the L.ST
we obtain a complete characterization of the sourrounding neighborhood.

The computation of the weights is then basged on the use of the local structure tensor
inverse as a metric tensor to compute the norm of the distance from the samples to the
interpolation point. This takes the advantage that those samples found in the direction
of maximum data variation, seem to be at a greater digtance while those found in the
orthogonal direction seem to be cloger. The inversion corresponds to a 7 /2 radians rotation
of the aseociated ellipsoid, and it is necessary to weigh the gamples along the direction of
maximum signal variation less than those in the orthogonal one. Thus, we estimate the
value at the upsampled point using Fq. 3.30, but the weights w; are obtained from:

1

“ie (x — xi)TTgl(x — Xj)

(3.36)

where T, denctes the local structure tensor at the interpolation point.

This idea is illustrated in Fig. 3.9, where signal values from different regiong are
repregented as black and white dots in a regular grid. For the sake of simplicity, we
illustrate a 2D local neighborhood which only consists of the 4 nearest sampleg, although
this conceptual idea ig straightforward generalizable to larger neighborhoods. From the
Figure, it can be geen that although the distance between the interpolated point and data
samples i the same, their contributions are not.
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Figure 3.9: Regular grid with tensors from different regions repregented ag white and black
dote, respectively.
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Note that the local structure tenszor behaves similarly to a covariance matrix in a
Mahalanobbis digtance computation commonly used in pattern recognition, though now
the metric tensor changes from point to point (instead of from class to class).

3.4.4 Covariance-based Anisotropic Structure Estimation

As it was described in section 2.3, optimal estimation includes the desgign of signal
procesging systems that make a guess for the correct value of a signal which is optimal
according to gome known criterion. In order to develop these estimators, the second order
probahilistic characterization is agsumed to be known or fitted to a model gimilar to the
following expresgion, propoged in [Cressief3]:

ce(h) = a2 exp (—ﬂ> (3.37)

T

where h = x; — x; denotes the distance between samples at positions x; and x;, a? is
the autocovariance at the target point and » is a free parameter that has to be fixed and
depends on the statistical dependence of data.

This model, ag it is a common practice, implicitly assumes that the signal ig, at least,
gtationary in wide sense since the autocovariance function only depends on the distance
h = x; — x; between the samples. This assumption, when working with real-world images,
is quite strong and the model usually fails when boundaries between different regions are
present, in presence of textures and, in general, when the gignal varies abruptly.

However, the local structure tensor provides enough information to overcome this issue.
Ag it was done in sections 3.4.2 and 3.4.3, we can use the local structure tensor as a metric
tensor to ponderate the distances between the samples used to perform the estimation. In
thig sense, we want that those samples found in the direction of maximum data variation,
geem to be at a greater distance while those found in the orthogonal direction seem to be
cloger. This can be done ag it is shown in the following equation:

x; — x3)T{xi — xj
cs{xi — x5) = % exp ( Vi X Tx J)) (3.38)
T
where the square root hag the same geometric interpretation of digtance ag in the

precedent cage. The only difference is that the autocovariance function has an elliptic
shape instead of a circular one.

This generalization can he eagily applied to any other model given in the literature,
yvielding to anisotropic estimation of the covariance egtructure. Hence, this generalization
leads to anisotropic formulations of traditional LMMSE estimators such as Wiener filter
or Kriging. In section 3.6 we applied this idea to develop an anisotropic version of the

Wiener filter described in section 2.3.1 using the autocovariance model presented in Fq.
3.38.
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3.5 Generalization for Tensor Signals

The concept of local structure can also be generalized for vector and higher order tensor
data (multivalued data). In regions where the signal changes abruptly a local structure
tensor can be defined and estimated for such data, in a equivalent way to the scalar case.

Although this generalization is almost straightforward, it is important to take into
account some considerations. On the one hand, in a strict sense, the local structure tensor
for tensor data should be a fourth-order tensor instead of a second-order one. With this
formulation, we are able to quantify how much the tensor signal varies in the same way
that the second order tensor does for scalar gignals.

However, the idea of this generalization relies on the combination of the sgpatial
variation information for every component of the tensor into a single second-order gtructure
tensor. For instance, following the estimation method of the local structure tensor defined
by Knutsson (an equivalent formulation can also be obtained for the gradient methods), we
can generalize that approach using the following expression initially proposed in [RF03]:

n{n+l)/2 %

k=1 YN

where we use the game notation defined in Eq. 3.20 and subscripts zy=..n are associated
to the components of the tensors in the field.

This generalization ig consistent with the fact that each component addg itg own
local structure (edges, lines, etc), and the sum of the filter responses only adds isotropic
information unless they provide additional high structure.

An additional constraint to deal with tensor data is that the signal estimator must
provide a positive gemidefinite response. Thig consgtraint is an additional requirement in
the design of the processing system in order to provide a meaningfull response in the
tensor signal domain. Fortunately, gince the weights w; described for the smoothing
and interpolation algorithms are always positive numbers, they naturally satisfy this
requirement yielding to a straightforward generalization [Castano(4b].

3.6 Results

In this gection we pregent some results to validate the procesging scheme presented in
thig chapter for signal smoothing and interpolation. Firgt, we present some results on
gcalar images to better illustrate the different applications of the local structure tensor
information presented in this chapter and, finally we use tensor data to validate the results
of the generalization.

3.6.1 Experiment 1: Filtering on Synthetic and Real Images

For this experiment we use the synthetic image shown on the left side of Fig. 3.10. Then,
we add white gaussian noise with zero mean and standard deviation oy = 30 to obtain
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Figure 3.10: Left: Original Synthetic Image. Right: Noisy image oy = 30.

10 20 30 40 50 (1] o 80 a0 100

the noisy version in the right side of Fig. 3.10. Finally we compare in Fig. 3.11 the
result of our filtering scheme with other anisctropic schemes, such as a nonlinear diffusion
scheme for scalar images described in Eq. 3.23, our anisotropic Wiener filter using the
autocovariance model presented in Eq. 3.38 and anisotropic gaussian smoothing driven
by local structure tensors, but using fixed N x N neighborhoods, with N = 5.

From Fig. 3.11 we can see that the blurring effect that appears in isotropic
filtering schemes is negligible. Concerning the behavior near boundaries, several effects
derived from the filter responses can be shown. For instance, the response from the
nonlinear diffusion scheme presents some isolated points near the boundaries that were
not completely removed, even after 318 iterations with time step /¢ — 0.2, which are the
parameters that provide an optimal response in terms of the mean squared error. Such
behavicr is due to a high level of noise at those locations that is similar to the signal value
and, hence, the filter believes the boundary is some pixels further.

Asg it can be seen, the response of the Wiener filter with anisotropic covariance structure
estimation, shown at the bottom row (right), provides a similar response to that given by
the anisotropic Gaussian filter with adaptive neighborhoods, preserving the boundaries
quite well at the same time that the noise is also well removed from homogenous areas
and boundaries. Finally, the response of Gaussian filtering with a fixed neighborhood
presents a displaced boundary two pixels inside the cross due to the mixture of information
achieved by the use of square neighborhoods. As it can be seen, none of these effects can
be appreciated in the response of the algorithm presented here, which is shown on the top
row (left), where even corners of the cross are better preserved than in other regions.

Table 3.1 shows the Mean Squared Error (MSE) error between the original image and
the outputs of the filtering algorithms involved in the experiment. From that table we can
see that the minimum mean square error corresponds to the nonlinear diffusion approach,
although from a qualitative point of view the response from our anisotropic gaussian might
seem better. In this sense, the synthetic image used for this experiment is better suited
for a diffusion process, since it consists of two regions with constant values. The numerical
solution of the diffusion process provides a more regular estimation of the signal since it
uses global information of the whole image.
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Figure 3.11: Image restored with the follwing filtering schemes. Top Left: Anisotropic
Gaussian filtering described in section 3.4.2. Top Right: Nonlinear diffusion scheme.

Bottom Left: Anisotropic Gaussian filtering with a fixed 5 x 5 neighborhood. Bottom
Right: Our anisotropic Wiener filter.

20 100

Restoration Method ‘ MSE ‘ Std Dev. MSE ‘ Max. Zs) ‘ Min. fa) ‘
Nonlinear Diffusion 7.7260 63.4430 293.0800 | -29.0975
Anis. Gaussian (adapt. neighb.) | 40.35 158.3836 307.5281 | -40.2651
Anis. Wiener 43.9271 153.3887 297.0241 | -34.5161

Anis. Gaussian (5 x 5 neighb.) | 61.8055 166.4386 307.8018 | -41.6958

Table 3.1: Comparison of the Mean Squared Error between the original image in Fig. 3.10
and results in Fig. 3.11. Columns from left to right: MSE, Standard Deviation of the
MSE, Maximum value of the estimated signal and Minimum value of the estimated signal.
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Figure 3.12: Left: Original Image. Right: Noisy image oy = 10.

Restoration Method ‘ MSE ‘ Std Dev. MSE ‘ Max. Es) ‘ Min. Es) ‘
Anis. Gaussian (adapt. neighb.) | 33.0283 74.8910 266.4196 | -21.4702
Anis. Gaussian (5 x5 neighb.) 36.2003 91.7741 261.4415 | -16.9438

Anis. Wiener 40.0312 95.5984 267.7890 | -17.5412

Nonlinear Diffusion 41.2948 102.7876 275.1842 | -20.4475

Table 3.2: Comparison of the Mean Squared Error between the original image in Fig. 3.12
and results in Fig. 3.13. Columns from left to right: MSE, Standard Deviation of the
MSE, Maximum value of the estimated signal and Minimum value of the estimated signal.

Then, to validate our results we use the real image shown on the left side of Fig. 3.12.
As in the precedent case, we add some white Gaussian noise with zero mean and standard
deviation ¢pr = 10 and then we try to recover the original image with the filtering schemes
previously used.

In Fig. 3.13 we present the responses from the anisotropic filtering schemes used in
our previous experiment. Asg it can be seen, noise is well removed with the anisotropic
Gaussian methods (either with a fixed neighborhood or with adaptive ones) and with
nonlinear diffusion at the same time that boundaries are preserved, as it is with the
Wiener filker with anisotropic covariance structure estimation.

Table 3.2 performs a comparison from a quantitative point of view. As it can be seen,
the minimum mean squared error is now obtained with the anisotropic Gaussian filtering
scheme that uses adaptive neighborhoods. From our results, we also observe that a fixed
kernel size may provide a slightly worse behavior. A quite similar result is obtained with
the anisotropic Wiener filter, where the noise is also very well removed. In this case, the
mean squared error obtained for the nonlinear diffusion response is higher than the one
provided by our anisotropic Gaussian algorithm, since the image is not as well suited for
this method as the one presented in Fig. 3.11.
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Figure 3.13: Image restored with the follwing filtering schemes. Top Left: Anisotropic
Gaussian filtering described in section 3.4.2. Top Right: Nonlinear diffusion scheme.
Bottom Left: Anisotropic Gaussian filtering with a fixed 5 x 5 neighborhood. Bottom
Right: Our anisotropic Wiener filter.
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50 100 150 200 250

Figure 3.14: Influence of the Local Structure Tensor estimation method used in our
anisotropic Gaussian filtering approach. Left: Response from our method using Knutsson’s
formulation with Nonlinear smoothing. Right: Responge from our method using
Knutsson’s formulation with linear smoothing.

3.6.2 Experiment 2: Influence of the structure tensor estimation
method

In this experiment we use again the images shown in Fig. 3.12 to demonstrate the influence
of the structure tensor estimation method in the response of our anisotropic Gaussian
filtering approach. To do that, we try to recover the original image (left side of Fig.
3.12) with the filtering scheme proposed in section 3.4.2 using, on the one hand, the linear
structure tensor and, on the other hand, the nonlinear counterpart. In this way, we will be
able to determine whether the nonlinear structure tensor helps to better preserve structure
in the image or not.

Figure 3.14 presents on the left the filter response using Knutsson’s formulation with
nonlinear smoothing as a post-processing step, while on the right a linear smoothing was
carried out. As it can be seen, structure and boundaries are better preserved on the left
image, which is the one that uses nonlinear structure tensor. From the details depicted
on Fig. 3.15, it can also be geen that the linear structure tensor also introduces a bit of
blurring in some structures and textures, although the boundaries are well preserved.

Table 3.3 shows the MSE error between the original image and the output of the
proposed algorithm using the nonlinear structure tensor on one hand, and on the other
the classical linear structure tensor. From those results it is clear the superior performance
using nonlinear structure tensors to compute the neighborhcoods, something which is
coherent with the comparison carried out in section 3.3.4.

3.6.3 Experiment 3: Performance of the Wiener Filter

In order to validate the anisotropic covariance estructure methodology presented in section
3.4.4, we compare four different implementations of the Wiener filter:
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Figure 3.15: Details of the images presented in Fig. 3.14. Left Column: Details of the
response from our method using Knutsgon’s formulation with Nonlinear smoothing. Right
Column: Details of the responsge from our method using Knutsson’s formulation with
linear smoothing.
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‘ Restoration Method ‘ MSE ‘
Anisot. Gaussian (Adaptive Neighborhoods, nonlinear str. tensor) | 42.0659
Anisot. Gaussgian (Adaptive Neighborhoods, linear str. tensor) 60.5272

Table 3.3; Comparigson of the Mean Squared Error between the original image and the
output.

1. A FIR implementation where the covariance estructure is directly estimated from
data uging the following expression:

K
cs(Xj) = % Z(S(Xi) — 7s(Xi) ) (8(Xaeti) — s (Xaeyi)) (3.40)

2. A FIR implementation where the covariance estructure is computed using the
exponential model presented here:

ce(h) = a%exp (|h|> (3.41)

T

3. A FIR implementation where the covariance estructure is anisotropically estimated
using the information of the local structure tengor, as expresged in the following

equation:
co(h) = o2 exp (— /(%= X Txi — Xj)) (3.42)

4. An Infinite Impulse Response (IIR) implementation uging the adaptive Wiener filter
algorithm developed by Lee [Lim90]. The impulse response in the Fourier domain
‘H(w) is given by the following expression:

Sa(w)
Sa(w) + Seolw)

where Sg(w) and Sy, (w) are, respectively, the signal and noise power spectra, which
are directly estimated from data.

H(w) = (3.43)

Figure 3.16 shows the results obtained with these four implementations after removing
the noise introduced in the image shown in Fig. 3.12, but the noige image is built with
a higher noige level oy = 25. In all cases, the local neighborhood used to compute
the estimated value is optimized in order to obtain the best result. For instance, in
implementation 1 and 2 we have used a 3 x 3 local neighborhood, in implementation 3
we have used a 7 x 7 neighborhood and in implementation 4 a 5 x 5 neighborhood. From
the images, it can be geen that the noige perturbation ig well remaoved, specially with our
anigotropic version of the Wiener filter.

Table 3.4 shows the MSE error between the original image and the ocutput of the
different Wiener filter implementationg used in our experiment. From the results, it can be
geen that the noige ig better removed with our anisotropic Wiener filter implementation,
which provides the lowest MSE. It ig interesting to remark that using the exponential
covariance model without the local structure tensor we obtain the highest error rate.
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50 100 150

Figure 3.16: Wiener Filter responses obtained with the four implementations described
in section 3.6.3. Top Left: FIR implementation with covariance directly estimated from
data. Top Right: FIR implementation with an isotropic exponential covariance model.
Bottom Left: FIR implementation with an anisotropic exponential covariance model using
the local structure tensor. Bottom Right: Adaptive Wiener filter using Lee’s algorithm
[Lim90].

’ Restoration Method MSE | Std Dev. MSE ’ Max. Zs) ‘ Min. zs) ‘
Implementation num. 3 | 91.4020 235.6948 269.9761 | -33.0372
Implementation num. 1 | 146.5894 981.6200 255.6570 0
Implementation num. 4 | 154.2067 360.1334 208.3844 | -63.3675
Implementation num. 2 | 193.2791 516.5352 255.4840 | -27.3688

Table 3.4: Statistics on the Mean Squared Error between the original image in Fig. 3.12
and results in Fig. 3.16. Columns from left to right: MSE, Standard Deviation of the
MSE, Maximum value of the estimated signal and Minimum value of the estimated signal.
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Figure 3.17: Left: Upsampled image using our anisctropic interpolation approach. Right:
Upsampled image using bilinear interpolation.

3.6.4 Experiment 4: Anisotropic Interpolation

Finally, we present the results we have obtained using our anisctropic interpolation
algorithm. To that end, we start from the original image shown in Fig. 3.12 to generate
an upsampled image of double size. The result is shown on the left side of Fig. 3.17 in
contrast with the result obtained with a bilinear interpolation technique. At a first glance,
both images seem to be quite similar, but step boundaries are only well preserved with
the anisotropic interpolation technique, as it was expected.

This fact can more clearly seen in Fig. 3.18, where some details of the images are
shown. On the left column, we show the original image details. In the middle, we present
the same details upsampled using the anisotropic interpolation technique presented in
section 3.4.3. Finally, on the right we show the result of bilinear interpolation. From these
results, we can clearly verify the anisotropic behavior of the proposed algorithm, since the
step boundaries are not blurred, as seen, for instance, in the detail of the arm or in the
background building of the image.

3.6.5 Experiment 5: Interpolation on Synthetic Tensor Data

To assess our approach in the presence of edges, we perform interpolation of a tensor
field consisting of a step edge with constant tensors on one side and quite small tensors
on the other side. In figure 3.19 we compare the upsampled tensor field obtained with
linear interpolation (shown on the left) with the upsampled tensor field obtained using the
approach presented in section 3.4.3 (shown on the right). To estimate the local structure
tensor field with (3.39), we use the values || wg ||= §, and B = 2in (3.17). The quadrature
filters are oriented in the directions pointing to the vertexes of a hexagon.

From that figure, it iz noticeable that the edge is smeared out further using linear
interpolation compared to the proposed method using the inverse structure tensor as a
local metric, as it was expected. The estimated tensors that are pointed out by the arrows
correspond to the values where the linear interpolation method fails because information of
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Figure 3.18: Left Column: Details from the original image. Middle Column: Details of the
upsampled image using our anisotropic interpolation approach. Right Column: Details of
the upsampled image using bilinear interpolation.
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Figure 3.19: Results from interpolation of tensor valued data using linear interpolation
(left), and anisotropic interpolation (right).

both sides of the edge is mixed, vielding to overestimated tensor values. On the contrary,
with our approach that effect is almost negligible. Since we use the inverse of the local
structure tensor as a metric, samples along the direction of maximum signal variation
seems to be much further than they are. In contrast, those samples along the boundary
seems to be closer. The global effect is that the contribution of tensors on the other side
of the step is almost negligible, as shown in the figure.

3.6.6 Experiment 6: Interpolation on clinical D'T-MRI Data

‘We have also tested our approach with 2D clinical DT-MRI data, which was obtained at
Brigham & Women’s Hospital (Boston (MA) - USA) from a GE Signa 1.5 Tesla Horizon
Echospeed 5.6 system with standard 2.2 Gauss/cm field gradients. The voxel resolution
is 0.85 mmx0.85 mm x5 mm.

Figure 3.20 shows on the left a 2D representation of an axial slice, with the
corresponding anatomycal MRI T2 image in the background. On the right, we can see the
highlighted area with double resolution. As it can be seen, edges are correctly preserved
by the interpolation algorithm also with real data.

3.7 Conclusions

In this chapter we have studied the local structure tensor as an image processing tool
to develop algorithms for scalar and tensor-valued signals. Motivated by the fact that
several methods have been proposed in the literature to estimate that tensor, mainly,
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Figure 3.20: DT-MRI 64 x 64 slice of the corpus callosum superposed over the
corresponding MRI T2 image (left) and a zoomed part of the central area (right).

those based on the outer product of the gradient and those based on the computation of
the signal local energy, we have studied the robustness of these methods against noise.
From our results, we have seen that the postprocessing smoothing usually applied to the
estimated tensor field usually yields to structure delocalization, which can bhe reduced by
means of a nonlinear smoothing technique. Also from our results, we verified that energy-
based methods are more robust against noise that those based on the outer product of the
gradient.

Then, we presented an anisotropic gaussian filtering scheme which usges nonlinear
structure tensors to define the neighborhood to be used in the estimation and to drive
an anigsotropic gaussian function. On the one hand, the definition of the neighborhood by
means of the local structure tensor leads us to a general framewok to build anisotropic
versions of classical linear estimators, such as Wiener or constrained LMMSE. On the
other hand, we introduce the use of nonlinear structure tensors in a well known filtering
approach, as it is anisotropic gaussian filtering.

The local structure tensor can also be used to derive models of the signal
covariance function taking into account its own structure. Statistical second order signal
characterization is important in the field of signal processing since it yields to the derivation
of filters that are grounded on a bayesian framework, interpreting signals as fields of
random variables, using statistics to perform estimations. In this context, the use of the
local structure tensor contributes to obtain covariance models that better fit the real signal
behavior, yielding to improved sighal estimators.

Finally, the previous ideas were also used to interpolate tensor fields, which is essential
for many important tasks managing digital imagery and, in particular for data of low
resolution such as clinical D'T-MRI data. We presented a new method to interpolate a
tensor field, preserving boundaries and assuring the positive-semidefinite constraint. Our
approach interpolates tensors uging the natural neighbors of the interpolation point, in
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a regular grid, with weights proportional to the inverse squared digtance between the
gamples and the interpolation point, uging the inverse of a generalization of the local
structure tensor ag a metric to compute those distances.
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Chapter 4

Homomorphic Filtering of Tensor
Data

4.1 Introduction

In this chapter, we focus our attention in the problem of filtering tensor images. Filtering
algorithms are mainly motivated by the necesgity of improving the quality of images
degraded by noise during the acquisition process. In the context of tensor images, such
ag those provided by D'T-MRI, the Signal-to-Noige Ration (SNR) ig often low because
the acquisition time ig restricted by human facts like patient’s ability to rest immobile.
Indeed, the study of the effects of noigse in DT-MRI ig still a matter of discussion
[Anderson01, Skare00)]

A D'T-MRI dataset consists of noisy samples drawn from an underlying macroscopic
diffugion tensor field, which i assumed continuous and smooth at a coarse anatomical
scale [REO4]. Within this context, a symmetric pogitive semidefinite tensor describes the
voxel-averaged diffusion of water molecules in tissues due to Brownian motion [Basser96].
The main restriction of filtering algorithms that deal with tensors is to remove noige
with the constraint of preserving tensors positive semidefinite after processing the signal
[Castano03h]. In addition, usual arithmetic operations on tensors have to be carefully done
since they produce some artifacts on the results, such as igsotropic tensors as the result of
the addition of two anisotropic tensors [Westin(2a| or the swelling effect [Tschumperlé03a)
due to a faster regularization of eigenvalues than eigenvectors.

In thig chapter we propose a theoretical framework for the design of filters to deal
with tensor data. The main contribution of the proposed method is the fact that the
regponse of the filter is assured to be gymmetric positive sgemidefinite independently from
the filter used to regularize the tensor field [CastanoO6c]. The bagis of our approach relies
on the algebraical interpretation of the set of symmetric positive semidefinite tensors which
are mapped to the vector space of symmetric matriceg following a generalization of the
homomorphic decomposition for scalar signals developed in [Oppenheim67].

In gection 4.2 we review gome fundamental mathematical concepts that we will use
later in our generalization of the homomorphic theory for tensor data. Then, section
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4.3 explaing the homomorphic theory for scalar data and the decomposition that can be
achieved for homomorphic systems. A well-known practical application of homomorphic
systems ig detailed in Section 4.3.2, where a new perspective ig offered in order to generalize
the homomorphic processing for tensor signals in Section 4.4. To achieve our objective,
Section 4.4.1 presents the algebraical properties of the set of positive definite matrices.
Finally, some results on both synthetic and real D'T-MRI data are pregented in Section
4.5 in order to validate our approach.

4.1.1 Contributions in this Chapter

o Algebraic Interpretation of Homomorphic Systems (Section 4.8.2): We have
performed a reinterpretation of the homomorphic theory from an algebraical point
of view ag a preceding step for the generalization for tensor data.

o Processing Cascade for Positive Definite Tensor Data (Section 4.4.1): We proposed
a procesging chain inspired on the homomorphic decomposgition to ensure that tensors
at the output are positive definite independently of the filter used in that chain to
reduce the noise.

e Processing Cascade for Positive Semidefinite Tensor Data (Section 4.4.2): In order
to deal with positive gsemidefinite tensor gighals, we propose a different processing
cagcade using other input and output subsystems in the processing chain.

4.2 Theory of Vector Spaces and Basic Matrix Functions

Before any further development of our scheme, it is necesgary to hroadly review some
mathematical concepts that will be used later on sections 4.3 and 4.4.

4.2.1 Groups, Subgroups and Homomorphisms

From an algebraical point of view, numbers are organized in following certain relationships
that can be gtudied. In this section we define the concept of groups that will be used later
in this chapter.

Definition 4.2.1 A group (G, o) under K =R or C is a non-empty set G with an internal
low to combine elements of that set such that the combination results in a new element of
the same set,

0 Gx G G (4.1)

and, wm addition, satisfies the following properties:

e foranya,b,ce G, (aob)oc=ac(boc)

o There exists o identity element e;5 € G such that, foranya € G, aceyy = a =ejycA.
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o Foranya € G there exists an inverse element a1 € G such thataoa 1 =a 1oa =

€id.

A group that, in addition, satisfies the conmutative property for the group operation
aob="boa for any a,b € & is called conmutative group or Abelian.

Several matrix groups can be defined following the previous definition. In this sense,
let M,(R) denocte the set of n x n matrices with values in R. Then, we can distinguish
the following groups with matrix multiplication ag group operation:

o General Linear Group: GL,(R) = {A € M,(R)|det(A) # 0}.

e Special Linear Group: SL,(R) = {A € My(R)|det(A) = 1}.

e Orthogonal Group: On(R) = {A € Mn(R)\ATA — AAT I

e Special Orthogonal Group: SOn(R) = {A € M,(R)|det(A) = 1, ATA = AAT = I}.
A group such that ite elements have the topology of a manifold, that is, every element

hag a neighborhood which can be approximated to an Euclidean space, then it is called
Lie Group .

Within a group (G, ¢), we can also have a subset of elements with an algebraical
gtructure similar to a group:

Definition 4.2.2 Let (G, o) be a group. A subgroup (H, o) of G is o subset of G satisfying
the following three arioms:

e foranya,be H, (acb)e H
e There erists a identity element e;qg € H such that, for anya € H, ace;y = a = g;goa.

o Foranya c H there exists an tnverse element a™' € H such that aJa™ ' = o '0a =
€5

The subgroup axiome ensure that a subgroup H of a group & is itgelf a group, with
group operation, identity and inversesg inherited from &

Finally, an important concept in wvector algebra iz the concept of Group
Homomorphism, which is defined as follows:

Definition 4.2.3 Let (G,[)) and (H,o) be groups, with [ and o their respective group
operations. A group homomorphism is a function © : G — H such that, for any two
elements a,b € G

®(allb) = B(a) o B(b) (4.2)
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If ¢ : ¢ — H ig a homomorphism such that there is a one-to-one corregpondence
between the elements of both groups, we call it a bijection. In other words, & is a bijection
if for each element g ¢ G there is only one k ¢ H such that ®(g) = h at the same time
that for each element k& € H there is only one g € G such that ®1(k) = g. Then, if ! is
algo a homomorphigm, we call ® a group isomorphism and, therefore, ¢ and H are called
isomorphic.

A special isomorphism is the homeomorphism, which is a isomorphism hetween
algebraic structures, (i.e. sets, groups, ete.) which respects their topological properties.
In other words, an homeomorphism ¥ : X — Y is a mapping from an algebraic structure
X to a different one Y, such that ¥ ig a continucus function, it ig also a bijection and the
inverse function W1 is continuous.

4.2.2 Vector Spaces

The mathematical concepts of vector spaces are widely used in gignal processing techniques
to derive different kinds of algorithme. This is mainly due to the solid foundation and
toolg they provide which make the task of designing the algorithms and understanding their
behavior much easier [Moon99]. In this senge, we review in thig section some important
concepts of vector spaces theory and how they can be generalized in order to develop our
homomorphic filtering approach for tensor gignals.

Definition 4.2.4 [Isham89] A linear vector space V' under K =R or C is a non-empty
set with an wmternel law to combine elements of that set such that the combination results
in a new element of the some set,

bV ViV (4.3)

an outer low to combine scalars and elements of V' such that also provides o new element
of V,
G K x VeV (4.4)

and, in addition, satisfies the following properiies:

1. (V,+4) is a conmutative group.

2 Forany A€V, and any o, B € K, o - (BA) = (- B) - A

S ForanyAcV,andanya, 3 c K, (a+ fA=a - A+3 A

4. Forany A BeV, andanya e K, c(A+B)=a - A+a-B

5. IJACV anda € K, - A—0, then it implies that o — 0 or A — 0

The canonical rule + to combine elementg from a vector gpace ig the addition in the
ugual senge. This law iz algo called the inner operation gince it defines how we can operate
with vector space elements. On the other hand, scalar multiplication - is the canonical
rule to operate with scalars and vectors.
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Neverthelegs, other internal and external rules can he defined yielding to a
generalization of the notion of vector gpace. In this way, the necessary properties for
a vector space desgcribed in definition 4.2.4 are modified as follows:

Definition 4.2.5 A generalized linear vector space V under K = R or C 15 a non-empty
set with an internal low to combine elements of that set such thot the combination results
in a new element of the same set,

O0:VxVeoV (4.5)

an outer law to combine scalars and elements of V' such that alse provides o new element
of V,
KX VeV (4.6)

and, tn addition, satisfies the following properiies:
1. (V,0) is a conmutative group.
2 ForanyAcV,and anyo,Bc K, a: (f:A)=(a:5): A
3 ForanyAcV,and anyo, 8 c K, (a+ 8): A= (a: A)O(B: A)
4. Forany A, BeV, and any o € K, o : (AODB) = (oo : A)O(ex : B)
5 fAcV andac K, a: A=0, then it implies that a =0 0or A=0

Now, the associative and digtributive properties rely on the new rules vielding to a
straightforward generalization of the whole theory of vector gpaces.

4.2.3 Linear Systems

Linear systems have generated a particular interest in the field of signal processing since
they facilitate the analytical characterization of the system response. Any system H{ } is
called linear if it satisfies the principle of superposition [Oppenheim97],

H{si(t) + sa(t)} = H{s1 (1)} + H{s2(t)} (4.7)

H{Oq . Sl(t)} =1 H{Sl(t)} (4.8)

which states that the response of the system H{ } to the combination of any two input
signals s1(¢) and s3(t) is the combination of the system responses for each signal. Also,
the system response of a scaled version of the input signal s1(¢) produces a scaled response
of the system response for the input gignal with the same scale factor a;.

It ig very interesting to analyze the principle of superposition from the perspective
of vector spaces theory. From thig point of view, the system transformation H{-} can
be interpreted as a mapping from the input signal vector space, denoted as Vi, to
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Voutput {o,*}

s51(%)

sa(t)

;;(t)

V:L'nput{[|7 :}

Figure 4.1: System transformation interpreted as a mapping from the input signal vector
space to the output signal vector space.
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the output signal vector space, denoted as Viuipue, a8 it i8 represented in Fig. 4.1
[Oppenheim 65]

When this mapping is such that preserves the algebraical structure of the input space
at the corresponding output space, then it is a linear system. In other words, when the
bagis of the output space iz a linear combination of the bagis elements in the input space,
then, the principle of superposition ig satisfied. This fact means that we can either combine
the signalg on the input space hefore computing the response of the combined input signal
or compute the responses of the input signals and after that combine the responses on the
output space.

From this point of view, it iz not hard to generalize the principle of superposition to
vector spaceg with inner and outer operationg different from + and -, respectively. Let us
define Vinput (O, 1) and Vouput (0, %) as the input and output signal spaces, regpectively, with
the internal laws defined by [] and ¢ and the outer operations given by : and %. Then, any
system H{-} that transforms the elements s;(¢) on Vipue (L, 2) t0 Vougput (0, ) satisfies the
generalized principle of superposition if the following properties are met [Oppenheim67]:

H{s1(6)0sa(t)} = H{s1(t)} o H{sa(t)} (4.9)

H{Ozl . 81(?5)} = Q1 * H{Sl(t)} (410)

This generalization hag the same meaning of the original principle, but in this case
the comhination of the gignals has to be done with the correct operator, depending on the
rules defined for each gpace [Oppenheim68h].

4.2.4 Basic Matrix Functions

Some basic matrix functions that arise in our approach are described in thig section,
showing the simplifications that can be achieved for the particular case of symmetric
positive definite matrices. The following matrix functions are of particular interest in our
approach:

1. Matrix Square Root: [Bjorck83, Higham86, Higham87, Higham 07| Let A = R™*"
be a matrix with real elements. Any X such that X? = A is a square root of A.

o If A is positive definite, that ig, all its eigenvalues are greater than zero, then
there ig a unique square root X all of whose eigenvalues are also positive, which
ig called principal square root.

o If A is symmetric positive semidefinite with at leagt one of its eigenvalues
equal to zero and, hence, a singular matrix, it has a square root gince
the previous sequence of numbers is always equal to zero: dim(ker(A%)) =
dim(ker(A*1)) = numberofzero — eigenvalues.
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2. Matrix Exponential: [Moler78, Ward77, Higham05b] The exponential of A &
R™**™ ig defined by:

o0

exp(A) =

=0
e exp(A + B) = exp(A)exp(B) holds if AB = BA.

ATL

n!

(4.11)

3. Matrix Logarithm: [Kenney89, Cheng01, HighamO1] Let A € R™"*™ be a matrix
with real elements. Any X such that exp(X) = A is a logarithm of A.

o If A has positive eigenvalues, then there ig a unique logarithm X of A all of
whose eigenvalues are real numbers which ig called principal logarithm of A.

o If A hag a real logarithm if and only if A is nonsingular and A has an even
number of Jordan blocks of each size for every negative eigenvalue.

o [f the spectral radius p{A) = maxj<;<,{| X[} < 1, then

T
log(I+ A) = AT 4.12
T Ay =30 (1.12)
It i8 also interesting to compute any general function of a matrix. This tasgk can
be defined in several ways, for instance, through its spectral decomposttion, a polynomaal
approximatiorn. or the definition of Cauchy integral. Here, we briefly describe the first and
the second methods exploiting the properties of symmetric positive definite matrices in
order to apply the results later., We refer the interested reader to [HighamO5a) for further
details on more general matrices.

1. Spectral decomposition: For symmetric matrices, the spectral decomposition
A =PTDP is always posgible where P is a orthonormal matrix whose columns are
the eigenvectors of A, while its eigenvalues X; are the diagonal elements of matrix
D. Thus, any function f(A) can be computed as f(A) = PTf(D)P, where £(D) is
algo a diagonal matrix whose non-zero elements are given by f{A;).

For non-symmetric matrices, the Schur decomposition can be achieved B = QTTQ,
with Q orthonormal and T upper triangular, in order to simplify the computation of

the function, which can be written as f(B) = QY f(T)Q, where T can be efficiently
computed with Parlett’s recurrence algorithm [Parlett7g].

2. Polynomial Approximations: Polynomial approximations of any matrix
function, such as the given in Eq. 4.13 can be obtained by truncating a power series
representation such as a Taylor series expansion. Another option is to construct a
best approximation of the desired function (in some norm) of a given degree.

f(X) = Zm:kak (4.13)
k=0

The major concern of these methods is to efficiently evaluate a polynomial at a
matrix argument. Several methods have been proposed to solve that problem, such
ag the method of Paterson and Stockmeyer [Golub96, Paterson73.
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Figure 4.2: Canonic repregentation of a homomorphic system

4.3 Homomorphic Signal Processing of Scalar Signals

4.3.1 Homomorphic Systems

The hasig of homomorphic signal processing techniques relies on the generalization
of the principle of superposition described in section 4.2.3. In this sense, the
system transformation H{} is called homomorphic if it satisfies Eqs. 4.9 and 4.10
[Oppenheim 68b)].

As it was previougly explained, the formalism for representing systems with this kind
of properties lieg in interpreting input and output signalg as vectors within a vector
space where the rules [ and o corregpond to vector addition, that is, the way in which
two elements of the vector gpace are combined; the rules : and % corregpond to scalar
multiplication, i.e. the way in which an element of the vector space is combined with
scalars; and, finally, the system transformation H{-} is interpreted as an algebraically
linear transformation on that space [Oppenheim635].

Within this framework, the traditional formulation of the principle of superposition
(Eqs. 4.7 and 4.8) is a particular case when both, the input and output spaces, use
traditional addition + as inner rule and traditional scalar multiplication - as external law
to combine signals and scalars [Oppenheim68h].

It has been ghown that any homomorphic system can be represented as a cascade of
three subsystems [Oppenheim68b], as shown in Fig. 4.2. The first subsystem D},
where [] denotes the rule to combine two elements on the input gpace, which transforms
elements on the input vector space to a linear vector gpace and satisfies the following
properties:

Da{si(0s2(1)} = Defs(0)} + Dofsa(1)) (4.14)

Do{r :s1(t)} = 7D{s1(t)} (4.15)

The second subsystem L{-} is a linear system in the usual sense. Finally, the third
subsystem is the inverse of D.{ }, where o denotes the rule to combine two elements on
the output space, which transforme elements on the output vector gpace to a linear vector
space and satisfies Eqs 4.16 and 4.17. In this case, the inverse mapping D;1{-} is required
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in order to transform hack from the linear space where the filtering was carried out to the
output gignal space.

Do{s1(t) o s2(t)} = Do{s1(6)} + Do{s2(t)} (4.16)

Do{r*s1(t)} = 7D {s1(4)} (4.17)

An interesting particular case, and also the most common practical situation, is the cage
when both input and output spaces are the same, that is to 8ay Viapue ([, 1) = Vougpue (0, %).
Thig gituation implies that the third subsystem is the same as the first one, D.{-} = Dg{-}
and gatisfy the following property:

D, Y Dals()]} = DM Dals(t)]} = s(t) (4.18)

Figure 4.3 represents the homomorphic decompogition explained in this section, where
it is clearly seen the path followed from the input vector space to the cutput vector space
through the linear one, where we can apply the traditional mathematical concepts and
tools to develop the linear filter L{-}, which is an easier task than the design of the filter

H{).

4.3.2 An Example of Homomorphic Signal Processing

An example of particular interest in practical situations is to consider waveforms as the
ordinary product of two signals (Eq. 4.19). For instance, amplitude modulation and image
procesging are two different domaing where a common gituation is to find two signals, one
varying slowly and the other rapidly, comhined as a product. In this kind of sgituations,
the homomorphic decomposgition allows usg either to modify only one gignal or to filter each
one geparately according to different objectives [Blair05].

Sl(t)DSQ(t) = 81(75) . Sg(t) (4.19)

In order to be able to apply the homomorphic decomposition we must define the rule
to combine scalars and signals. Although several possibilities are possible, a particular
interest is found on the rule proposed in [Oppenheim68a|, where the scalar multiplication
takes a gignal to a scalar power:

c 1 s(t) = [s(t)° (4.20)

Hence, we identify both input and output spaces as the same set of signals
(Vingut (-, -%) = Vippue (-, -%)) with the operations defined in Eqgs. 4.19 and 4.20. Then,
to apply the homomorphic decomposition according to the canonic decomposition on Fig.
4.2, we require an input subsystem Dp{-} with these three properties:

Do{si1(t) - s2(t)} = Do{s1(t)} + Do{sa(8)}) (4.21)
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V'input{lj> '} Voutput{©, ¥}

Figure 4.3: Homomorphic decomposition interpreted as a sequence of mappings from one
signal space to another.
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Do{[s(4)]7} = eDo{s(t)} (4.22)

D {(Dr(s(H)) = s() (4.23)

If we limit our congideration to include only positive real gignals and real scalars, the
characteristic system Dp{-} may be chogen as the ordinary logarithm function and, hence,
Dil{} ig the corresponding exponential function. We may think of several cases on the
image processing field in which we encounter only positive real scalar signals, for instance,
an image gignal can be decomposed in term of light conditions where only positive values
have physical meaning.

In the event that the signals to be processed cannot be restricted to positive values,
we may congider complex signals and either real or complex scalars, but it is not possible
to use the complex logarithm since the principal value of the logarithm of a product
of complex signals is not always the sum of the principal values corresponding to the
individual complex signalg, as required by Eq. 4.21. However, there are some restrictions
which can be placed upon complex input signals such that a satisfactory characteristic
system Dp{ -} clogely related to the complex logarithm can be found, as it is detailed in
[Oppenheim 68a].

An Algebraical Perspective

It i an instructive exercise to analyze the homomorphic decomposition for scalar signals
from an algebraical point of view, since our generalization to deal with second-order tensors
is better explained from an algebraical perspective. But before any further development,
we briefly describe three important concepts:

¢ Tangent Space: Broadly speaking, the tangent space of a set M at a point = € M,
denoted as T, M, iz the vector space whose elements are all the possible directions
in which one can pass through that point. For instance, the tangent space of a
sphere in 3D at a point = of the surface is the plane which touches that point and is
perpendicular to the radius of the sphere.

¢ Lie Group: A Lie Group & is a set of continuous elements, i.e. every element has
a neighborhood, with a cloged operation * : G x G — 7 that satisfies certain rules,
such as ageociativity, neutral element and inverse element for the operation defined,
which, in addition, is a continuoug function of the elements. For instance, the set
of positive real numbers, defined as RT : {z € R, = > 0} is a Lie Croup under
multiplication since it satisfies the associativity (Va,b,c € RT, (a-b)-c=a - (b-c)),
there exists a neutral element under multiplication (a-1 = 1-a = a), there exists an
inverse for each element (a-b =1 b = é), every element has a neighbor and the
multiplication is a continuous function of the elements.

¢ Lie Algebra: To every Lie Group (¢, we can associate a Lie algebra g, whose
underlying vector space is the tangent gpace of ' at the identity element
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Following our example, the set of positive real numbers R1 is a group with usual
multiplication as group operation. In fact, thiz set iz also a Lie Group since it ig a
differentiable manifold [Moakher05]. Hence, any system whose impulse response H{.}
satisfies the property in Eq. 4.24 is a homomorphism ®(z) : BT ++ RT with multiplication
as group operation.

H{z -y} = H{z} H{y},withz,y cR" (4.24)

However, the analysis of the homomorphism between groups with multiplicative
operation might result a hit complicated. A common practice for an eagier analysis is
to transform the original group by means of a isomorphism, which provides a structurally
identical group where the analysis can be better performed.

In this sense, the ezponential map exp : IR — R 7T is a group isomorphism that transform
the group of real elements R with addition as group operation into IRT. The inverse
operation, the logarithm map, log : BT +» R is also a group isomorphism that transform
back from the set of strictly positive real numbers BT into the set of positive real numbers.

The initial homomorphism ®(x) : R+ BT is transformed into an equivalent mapping
in the transformed gpace in order to provide the same response on the initial vector gpace.
To find such a correspondence, it is necessary to look at the group BT as a Lie Group
whose Lie algebra g is the additive group of all real numberg R [Moakher05].

The geometric link between a Lie group ¢ and its Lie algebra g is the fact that the
Lie algebra can be viewed as the tangent space to the Lie group at the identity [Curtis87].
Indeed, the exponential map already defined is the map that allows to completely recapture
the local group structure from the Lie algebra. More precisely, the exponential map ig a
map exp : g — G given by exp(X) = (1) where v : R — & is the unique one-parameter
subgroup of G whose tangent vector at the identity is equal to X, '(0) = =.

Then, if ¢ : ¢ — H iz a homomorphism of Lie groups, and g and b are the Lie algebrag
of G and H respectively, then the induced map 4d® : g — b, on tangent spaces is a Lie
algebra homomorphiem, where d® denctes its derivative at the identity.

From the above, we have the following lemma [Curtis87]:

Lemma 4.3.1 Let & : & — H be o homomorphism of Lie groups ond d® : g +— b be
the corresponding Lic algebra homomorphism, where d® denotes the dertvative of © ot the
sdentity. Then, the diagram shown on . 4.4 conmutes.

Proof By the definition of d®, we have that d®(x) = (® o ) (0). Then, ®(exp(z)) =
e(v(1)) = (2o y)(1) = expld®(z)). 1l

Hence, this algebraical interpretation of the homomorphic decomposition allow us to
transform the initial group R with multiplication ag group operation into the set of all
real numbers with addition as group operation by means of the logarithm map. Then,
we can design a linear filter d®(x) with the inherent property of being also a Lie algebra
homomorphism. Finally, through the exponential map we can get back to the initial

domain. All this process is equivalent to the definition of a Lie group homomorphism
O(x) : Rt RT.
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Figure 4.4: Correspondence between a Lie Group and the associated Lie algebra through
the exponential map.

4.4 Homomorphic Tensor Signal Processing

The generalization of the homomorphic processing framework for tensor signals has a
slightly different meaning than the scalar case. First, we review the algebraic structure of
symmetric second order tensors S(n) and symmetric positive definite second order tensors
PS*(n) on which relies our generalization.

4.4.1 Algebraic Structure of Symmetric Positive Definite Tensors

The set of symmetric matrices S(n) forms a vector space under usual matrix addition +
and scalar multiplication - [Gallier05] since the properties from definition 4.2.4 are satisfied
as demonstrated as follows:

1. (S(n),+) is a conmutative group.

For any A € S(n), and any o, B € R, a- (- A) = (a-3)- A

For any A € S(n), and any o, BER, (a+ ) - A=a-A+[-A
For any A,B € S(n),and any a € R, - (A+B)=a-A+a-B

DA o N o

If Ae S(n) and @ € R, - A =0, then it implies that « =0 or A =0

However, the set of symmetric positive definite matrices PS™(n) does not satisfy
the requirements to form a vector space under usual matrix addition + and scalar
multiplication -. For instance, it is not hard to see that properties 2, 3 and 4 from
definition 4.2.4 may not be satisfied if scalars «, § are negative numbers. Indeed, the set
PS*(n) is not even a group with matrix addition as group operation, since there is neither
an identity element nor an inverse element that belongs to the group:
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1. The operation is asgociative, that is, for any A, B, C € PST(n) we have:

(A+B)+C=A+(B+C),

2. There exists an identity element I € PS*(n) such that:
A+I=I+A=A

The identity element under addition is the zero matrix, that iz, a matrix whose
elements are all equal to zero, which does not belong to the set PST(n).

3. For any A € PST(n) there is an element A~! € PS*{n) such that A + A=1 = 1.
This property also fails for PST(n) since A~! may not belong to the set of symmetric
positive semidefinite matrices.

The algebraic interpretation of the homomorphic decomposition described in gection
4.3.2, showed us that any homomorphism ® : Rt  RT is equivalent to the composition
of three different homomorphism: log : RT > R, d® : R+~ R and exp : R+ RT,

In the case of matrices, it iz not gtraightforward to generalize these properties, gince
PST(n) does not have the algebraical structure of a group. This means that neither the
exponential map nor the logarithm map are group homomorphigms and S(n) cannot be
its associated Lie algebra [Gallier05].

From this point of view, the generalization we propose has a elightly different
algebraical interpretation. It is founded on the fact that the exponential map exp : S(n)
PST(n) is a homeomorphism. A homeomorphism is a kind of isomorphism between any
two algebraic structures which respects their topological properties. Thig means those
elements that are neighbors in S(n) are mapped to a local neighborhood in PS*(n), at
the same time that those which are further in S(n) are still far away in PSt(n), preserving
the structure.

Any mapping ¥ : X — ¥ between two topological spaces X and Y is called a
homeomorphism if it has the following properties:

1. ¥ is continuous.
2. ¥ ig a bijection.

3. The inverse function ¥~ ig continuous.

It is straightforward that the exponential function is continuous, so in the following
lemma we demonstrate that it is also a bijection [Gallier0O5]:

Lemma 4.4.1 The exponentiol map
exp : S(n) — PST(n) (4.25)
is o byjection which maps every symmetric matriz A ¢ S(n) to another matriz

B =exp A € PST(n) which is symmetric positive definite and for every symmetric positive
defintte motriz B, there is o unique symmetric motriz A such that B = exp A.
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Proof A mapping f : X — Y is said to be bijective if and only if for every y € ¥ there
is exactly one z € X such that f(xz) = y. In other words, f is bijective if and only if it is
injective and surjective:

1. Let us denote by Aj,Ay ¢ S(n) any two symmetric matrices whose spectral
decompositions are given by Ax = PAdeiag()\fl’“)PAk k= {1,2} where
Pa, are orthonormal matrices and diag()\f’“) is a diagonal matrix whose non-
zero elements are the eigenvalues of, respectively, Aj, Az. Then, exp(Ax) =
PAdeiag(eXp()\f’“))PAk. From that formula it is clear that exp(Ay) = exp(A3) is
true if and only if Ay = As, which implies that the mapping is injective.

2. Let us now denote by B = PBTdiag(/\f) PR a symmetric positive definite matrix
in PS*(n). Then, for every B there exists a matrix A = Pp¥diag(log(AF))Pp in
S(n) such that exp(A) = B. This means the mapping is also surjective. |

The following corollary also arises for bijective mappings:

Corollary 4.4.2 A map f: X — Y s bijective if and only if there exists another relation
g Y — X such that the composition go f is the wdentity function on X and f o g s the
identity function on Y. In that case g is the inverse relation of f, that is, g = {1 which is
also o bijection. The inverse mapping for the exponential map exp{A) : S{n) > PST(n)
is the logarithm map log(A) : PST(n) — S(n) defined in 4.12, which is also a continuous
function.

Hence, the vector gpace S{n) and the set PST(n) are identical from this point of view.
In this senge, ag it is done between group isomorphisms, it is possible to transform the
original signal space PSt(n) to S(n) with the logarithm where we profit from all the
mathematical toolg for vector spaces to process the input signal. Then, we can transform
back the processed gignal to its original signal space through the exponential. It is
important to remark that thig transformation only deals with positive definite tensors,

gince the matrix logarithm is not defined for symmetric positive semidefinite tensors
PSJ {n) [Cheng01].

An important congequence of this transformation is that the characteristic
decomposition of multiplicative signals into additive signals (AB — log(B) + log(B))
that is usually achieved within the homomorphic processing framework does not apply for
matrices any more, gince the mappings are not homomorphisms. Only in the particular
case that A and B conmute (AB = BA) we may have this property and, hence, a direct
generalization of the homomorphic decomposition.

Thug, using the notation of the homomorphic cascade represented in Fig. 4.2, the
first subsystem Dp{-} transforms our input tensor signal on PS*(n) to S(n) by means
of the matrix logarithm. Then, any traditional tensor linear filtering scheme L{-} can be
applied in order to process data. The output of this system is a tensor field of symmetric
matrices not necessarily positive definite, but the third subsystem DD_1{~} maps bhack
the symmetric tensors from S(n) to PST{n) by means of the exponential map.

@ Del documento, los autores. Digitalizacion realizada por LUILPGC. Biblioteca Universitaria, 2007



4.4. HOMOMORPHIC TENSOR SIGNAL PROCESSING a7

The interesting thing about thig decomposition is twofold [Castafic03b]. On the one
hand, we are free to choose any pair of input and output subsystems with the only
restriction of finding a homeomorphic mapping between PST(n) and any other algebraic
gstructure. On the other hand, we simplify the filter degign since the problem of noise
reduction ig geparated from the tagk of preserving the tensors pogitive definite.

4.4.2 A Relaxed Homomorphic Processing System

Ag it was stated in the previous section, other input and output subsystems different
from the exponential and logarithm maps can be used in the processing cascade. In
thig section we propose the use of the principal matrix square root asg input subsystem
and matrix squares as output subsystem to guarantee a symmetric pogitive semidefinite
response independently of the filter used to regularize the tensor field [CastainoO6c].

The main advantage of thiz new approach is the fact that it can also deal with
semadefinite tensor data robustly. This characteristic overcomes the limitation of using
the exponential and logarithm maps which can only deal with definite tensor data, since
the logarithm ig not defined at 0. Moreover, the new mappings algo avoid numerical
unstability which may appear when tensor eigenvalues are too close to zero.

The ability to deal with semidefinite tengor fields is important in practice because
real datagets with inherent noise usually provide tengors with negative eigenvalues. The
algebraical structure of the set of positive semidefinite tensors has the shape of a cone,
where ingide we can find definite tensors, in the faces the semidefinite tensors (any
eigenvalue equal to zero) and outside those with negative eigenvalues. In this sense, the
clogest tengors in a least squares sense to those with negative eigenvalues those with
eigenvalues equal to zero instead of the negative ones [Niethammer06], yielding to a
semidefinite tensor dataset.

The new processing cascade usges as input subsgystem the principal matrix square root.
Then, any matrix linear filter on the usual sense may be applied to regularize the tensor
field. Finally, we transform back the matrix square agsures us to get a posgitive semidefinite
regponse, as it is demonstrated in the following equation:

M? = (UsUDy(UxUD) = (UsxUY) = (Ux?Ul) (4.26)

where M represents a symmetric matrix whose singular values decomposition is given
by UX U, with U an orthonormal matrix and ¥ a diagonal matrix whose elements are the
eigenvalues of M. Thus, since the eigenvalues of M? are given by the squared eigenvalues
of M, then we guarantee posgitive semidefinite matrices at the output.

An algebraic interpretation similar to the one performed in section 4.4.1 can also
be performed in this cage, where the mapping +/- : PSJ(n) — PSSF(n) transforms the
input signal space to itself, where the inverse mapping is the matrix squares defined as:
()2 : PSg (n) > PSJ(n). The principal matrix square root is a continuous mapping as it is
the matrix squares. It can algo be demonstrated that thege mappings are algo a hijection
from 1’3’5'5r (n) to itself. Hence, these gystem transformations define a homeomorphism,
which allow us to define the corresponding procesgging cascade.,
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However, in a strict sense, we are limited to the use of a linear system whose response
also provides a positive semidefinite response L{-} : PSJ (n) — PS8 (n), since the input
elements of the last subsystem must be in the set PSJ(n) to be rigorous with the
theoretical framework.

In practice, this requirement can be relaxed to the use of any linear filter L{-} even if
its regponse may provide negative eigenvalues. In this case, the procesging framework is
equivalent to project the filter response to the cone of positive gsemidefinite tensors using
the projection method proposed in [San JoseU3], which argues for taking the absoclute
value of the tengor elgenvalues instead of using a least square argument. Thig method i
motivated on a phyeical interpretation of the tensor information, since the chances that
a tensor with negative eigenvalues comes from a tensor inside the cone ig higher than it
comes from one in the wall.

4.5 Results

In this section we pregent some resulte to validate the performance of the proposed
approach. In our experiments we use both synthetic and real D'T-MRI data to compare
the behavior of the homomorphic filtering framework developed in this chapter. In all of
our experiments we compare the output of our homomorphic cagcades to the output of
the linear filter used in the middle of the chain in order to evaluate the difference.

4.5.1 Synthetic data:
Experiment 1:

To evaluate the performance of our filtering framework we used a 32 x 32 x 32 synthetic
volume of 3 » 3 tensors which simulates a small cube of tensors oriented along a horizontal
direction inside a bigger cube of tengors oriented along a vertical direction, as shows the
image on the left side of Fig. 4.5, where a slice of the whole volume ig represented.
Then, we generated the noisy tensor field shown on the right in Fig. 4.5 by using the
algorithm proposed in [LengletO5a], which allow us to easily generate a set of random
positive definite tenszors with the degired mean and covariance matrix. This method is
a much more satisfying approach than, as it is usually done, simply building symmetric
matrices with iid normally distributed components and then enforcing their positiveness
since this leaves no gragp on the actual distribution of the tensorg. Moreover, the algorithm
proposed in [LengletO5a] is consistent with the parametric model for noise in DT-MRI
proposed in [Pajevic03] where it is proven that, agsuming that the magnitude diffusion
weighted images are Rician distributed, noige in diffusion tensor data within a voxel follows
a 6-dimensional Normal distribution.

Then, we introduced the noigy tensgor field in our homomorphic cascade. In our
experiments, we have used both decompositiong propoged in section 4.4: the Exponential-
Logarithm cascade and the Root-Squares one. For each cascade, we have also used two
different linear filters, a Gaussian filter and a Wiener filter. Finally, we also compared
their respective responses to those provided by the linear filters. Figure 4.6 shows the
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Figure 4.5: Left: Slice of the original tensor volume. Right: Same slice after noise addition.
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responses of the six systems used in our experiments. On the left side, we present the
systems that use the Gaussian filter and on the right, we present the responses of the
systems that use the Wiener filter. On the first row, we present the responses from the
linear filters, on the second one we use the root-squares approach and on the last one, the
exponential-logarithm cascade.

In Figs. 4.7 and 4.8, we show some details of the images shown in Fig. 4.6. As it
can be seen, the noise is better removed from images within the homomorphic framework,
which provide a smoother tensor field. It is remarkable the fact that the Gaussian and the
Wiener filter responses provide tensors that tend to be rounder than the ones provided by
the homomorphic decomposition. This effect is produced when we perform operations on
tensors within an Euclidean framework. For instance, take the example of two anisotropic
tensors oriented in perpendicular directions that are summed. The result in that case is an
isotropic tensor. However, we can say that using the homomorphic decomposition, the sum
is performed after applying a nonlinear transformation (the root or the logarithm in our
case) that reduces this effect. In any case, in the next chapter we will better understand
why this swelling effect is reduced, once we had studied the geometry of the set PS*(n).

A quantitative comparison is also performed to evaluate our approach. In this sense,
Table 4.1 compares the mean squared error between the original tensor field shown in
4.5 and the regularized versions obtained with the different approaches described in this
chapter. To do that, we make use of the following error measure:

>t I So(xi) = S(x) Il
N

Error =

(4.27)

which computes the mean of the Frobenius magnitude (|| A [p= /> |ai;] =

\/trace(AAT) = /57,02 with ay; the elements of the tensor A, and ); its eigenvalues)
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Top Row: Gaussian
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H{-} is Gaussian filter (Left) and Wiener filter

Wiener Filter (Right).
Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right).

Figure 4.6: Responses of different tensor regularization methods.
Exponential Homomorphic Filtering.

Smoothing (Left).
(Right).
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Figure 4.7: Details on the responses of different tensor regularization methods. Top
Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).
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Figure 4.8: Details on the responses of different tensor regularization methods. Top
Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).
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Method MSE Error | Std. Dev. Max Min
Wiener Exp-Log Homomorphic 0.8828 0.4345 4.5647 | 0.1242
Gaussian Exp-Log Homomorphic 0.9885 0.5205 4.1856 | 0.0956
Wiener Root-Sq. Homomorphic 1.4073 0.5830 17.3132 | 0.2529
Gaussian Root-5¢. Homomorphic 1.5163 0.5042 4.4810 | 0.1340
Gaussian Filter 2.1866 0.7624 10.4433 | 0.3204
Wiener Filter 2.2003 0.9928 40.7226 | 0.1125

Table 4.1: Results from Experiment 1. Comparison of the MSE error between the original
input and the regularized signals.
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Figure 4.9: Left: Slice of the original tensor volume. Right: Same slice after noise addition.

of the error tensor field, where N denotes the number of samples in the field, So(xy) the
original tensor field and S(x;) the estimated one.

Experiment 2:

In our second experiment we use a 50 x 50 x 50 synthetic volume of 3 x 3 tensors which
simulates a bifurcation of a fiber bundle in the brain, as shows the image represented in
the left side of Fig. 4.9. Then, we generated the noisy version of this synthetic field shown
in the right side of Fig. 4.5 using the same algorithm used in the previous case.

Then, we introduced the noisy tensor field in the same filters used in the previous
experiment. Figure 4.10 shows the responses of the six processing systems used in our
experiments. On the left side, we present the systems that use the Gaussian filter and
on the right, we present the responses of the systems that use the Wiener filter. On the
first row, we present the responses from the linear filters, on the second one we use the
root-squares approach and on the last one, the exponential-logarithm cascade.

In Figs. 4.11 and 4.12, we show some details of the images shown in Fig. 4.10. From
those figures, we observe again the same effects of rounder ellipsoids for the linear filter
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Top Row: Gaussian
Bottom Row: Log-

Middle Row: Root-Squares Homomorphic

Wiener Filter (Right).

Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right).
Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter

Figure 4.10: Responses of different tensor regularization methods.
(Right).

Smoothing (Left).
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Method MSE Error | Std. Dev. | Max Min
Wiener Exp-Log Homomorphic 0.5239 0.0455 0.9819 | 0.1601
Gaussian Exp-Log Homomorphic 0.5239 0.0505 0.9785 | 0.1734
Wiener Root-Sq. Homomorphic 0.5262 0.0462 0.9974 | 0.1650
Gausgian Root-Sq. Homomorphic 0.5263 0.0515 1.0141 | 0.1776
Wiener Filter 0.5285 0.0476 1.0134 | 0.1649
Gaussian Filter 0.5288 0.0541 1.0530 | 0.1803

Table 4.2: Results from Experiment 2: Comparison of the MSE error between the original
input and the regularized gignals.

regponses than those provided by the homomorphic decomposition, which provide a more
accurate regponse.

Finally, table 4.2 compares the mean error between the original tensor field shown in
4.9 and the regularized versions obtained with the different approaches described in this
chapter uging the same error measure previously presented:

4.5.2 Real DT-MRI Data:

For experiments with real data, diffusion weighted images were acquired on a 3 Tesla
MEDSPEC 30/80 AVANCE (Bruker) at the Centre IRMI de Marseille, France, using a
quadrature bird-cage head coil. We used 12 gradient directions and a b-value of 1000
s/mm?. Acquisitions were repeated 8 times for each direction to ensure a good signal-to-
noise ratio. The sequence parameters were chosen as follows: A — 38.5ms, d — 21.6ms,
TR =10000ms, TF = 79ms and voxel size was 2 x 2 x 2 mm?.

Different views of the tengor field are shown on Fig. 4.13. They were estimated by
a robust gradient descent algorithm preserving their symmetry and positive definiteness,
ag presented in [LengletO5a|. The idea of thig method is to minimize a functional of
the linearized Stejskal-Tanner equation by evolving an initial guess of the tensor on the
manifold PST(3) with a numerical scheme similar to the one presented in the following
chapter to compute the mean of a tensor field.

The most important anatomical structures present in thig axial slice are labeled on the
detail of the right side of Fig. 4.14. In this way we can gee the tensors orientation within
the splenium of the corpus callosum (CC(S) in the image) and in the genu of the corpus
callosumn (CC(G) in the image) inside the plane of the image from one hemisphere to the
other. On the contrary, tensors within the corona radiate (CR in the image) are oriented in
the orthogonal plane of the image from the top to the bottom of the brain volume. Finally,
the ventricles areas (VE in the image), since they are mainly homogeneous structures are
repregented by isotropic tensors.

Then, we introduced the estimated tensor field in the filtering systems used in the
previous experiments. Figure 4.15 shows the responseg of the six processing systems used
in our experiments. As it was done in the previous experiments, on the left side we
present, the systems that use the Gaussian filter and on the right, we present the regponses
of those that use the Wiener filter. On the first row, we present the outputs from the
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Figure 4.11: Details on the responses of different tensor regularization methods.
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Details on the responses of different tensor regularization methods.

Figure 4.12:



CHAPTER 4. HOMOMORPHIC FILTERING OF TENSOR DATA

108

100 ‘euelsISAUN BIBj0IqIE "ODd N Jod epezjes) uowez|elbiq salolne SO| ‘ojusLNIop [8a @

Right: Same slice after noise

Slice of the original tensor volume.
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Figure 4.14: Axial view of a DT-MRI slice with the most important anatomical structures

CC(S): splenium of the corpus callosum. CC(G): genu of the corpus

callosum. CR.: corona radiata. VE: ventricles.

depicted in it.
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linear filters, on the second one we uge the root-squares approach and on the last one, the
exponential-logarithm cascade.

In Fig. 4.16, we show some details of the images shown in Fig. 4.10. From those figures,
we observe again that the anatomical structures are better preserved with the Exp-Log
homomorphic cascade since tengor orientation ig more coherent and anisotropies are lesg
blurred, specially within the Splentum of the Corpus Cellosum (CC(S) in Fig. 4.14).
Figure 4.17 shows 3D views of the regularized tensor fields where the main structures of
the brain can be observed from a more general perspective.

4.6 Conclusions and Discussion

In this chapter, we have addressed the gpecific problem of regularization of tensor fields
from a new pergpective. We presented a generalization of the homomorphic processging
framework for the regularization of tensor fields. The mathematical background relieg
on the algebraical interpretation of the vector gpace of gymmetric matrices and the
set. of symmetric positive definite matrices. Although these two algebraical structures
geem different, there exists a relationship hetween them that we exploit to generalize the
homomorphic theory for tensors.

In this sense, the properties of the generalized theory differ from the usual
homomorphic decompogition, even though the mathematical formulation iz completely
analogousg, uging the matrix logarithm and the matrix exponential ag input and output
subeystems, respectively, in the processing cascade since it is the natural mapping which
trangforms symmetric positive definite matrices into elements of the vector space of
gymmetric matrices and viceversa. We show that this is not the only possibility. For
instance, we relaxed some requirements to propose the use of the matrix square root and
matrix squares, respectively, as input and output subsystems of the processing cagcade.
Thig approach takes the advantage that it aleo dealg with symmetric positive semidefinite
tensors.

To validate our algorithms we compared the outputs of the homomorphic processing
cascades to the output of the filter used in the middle of the processing cascade. In our
experiments with synthetic and true data, we obtained better results in all cageg with the
homomorphic framework than with the filter itself.
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Figure 4.15: Responses of different tensor regularization methods. Top Row: Gaussian
Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares Homomorphic
Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom Row: Log-
Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter
(Right).

iversitaria, 2007
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Figure 4.16: Details on the responses of different tensor regularization methods.
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Top

Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).
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Figure 4.17: 3D Views of the tensor fields obtained with different tensor regularization
methods. Top Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row:
Root-Squares Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter
(Right). Bottom Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter
(Left) and Wiener filter (Right).
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Chapter 5

A Riemannian Framework for
Tensor Signal Processing

5.1 Introduction

In this chapter, we will rely on a rigorous mathematical framework to compute gtatistics on
tensor fields. We use the mathematical framework, developed in [Skovgaard81] and used
in [Lenglet05b] where the differential geometrical properties of the gpace of multivariate
normal digtributions are used to define statistics on diffusion tensorg, seen as covariance
matricez. This work is baged on the information geometry derived from the Fisher
information, as proposed for instance by Amari in [AmariS0].

Independently, other recent papers algo addressed the issue of defining statistical
quantities and filtering tools for tensor fields. [FletcherO4] first analyzes the space of
gymmetric, positive definite matrices from a Lie groups perspective and shows that this
gpace does not form a vector space but can be regarded as a Riemannian symmetric
gpace and they used these ideag to develop efficient and elegant methods for computing
statistice and modes of variation of diffusion tensor data in this non linear space. More
recently, [Pennec04] developed also a nice and elegant computational framework for tensor
procesging with a particular emphasize on interpolation, regularization and restoration of
noigy tensor fields.

It ig thus very interesting to note that comparable resulte were obtained through
different means while studying the statistical variability of diffusion tensor images.

The main contribution of this chapter is an anigotropic filtering algorithm controlled by
the magnitude of the Riemannian gradient of the tensor field. As opposed to [Fletcher(4],
where a statistical analyeis of diffusion tensors was proposed but without addressing the
problem of smocthing, or [Pennec(4], where the regularization tagk was addresged with a
PDE point of view, our emoothing method only relies on simple and local anisotropic
averaging. Adding to that, our method is favorably compared to a state-of-the-art
approach [Weickert(2]. A detailed analysis of the performance of our approach is achieved
uging both, noisy synthetic data and real tensor data. In our experiments, we obtain

113
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114 CHAPTER 5. A RIEMANNIAN FRAMEWORK FOR TENSOR SIGNAL PROCESSING

better results than those obtained with other methods in the state-of-the-art, such as the
one pregented in [Weickert(02].

Section 5.3 recalls basgic facts on the differential geometry of the space of multivariate
normal digtributions and gection 5.4 shows how they can be used to compute local averages
and spatial gradient of diffugion tensor images. Section 5.5 introduces the filtering process.
Finally, section 5.6 presents and digcusses numerical experiments. We will show that our
Riemannian anisotropic filtering method yields better results on both synthetic and real
DT-MRI datasets when compared to other approaches such ag the nonlinear diffusion
proposed in [Weickert(2].

5.1.1 Contributions in this Chapter

e [stimation of the spatiol gradient magnitude (Section 5.4.3): We proposed the
egtimation of the gpatial gradient magnitude through the sum of squared geodesic
distances between tensgors in orthogonal directions on a discrete grid.

e Characterization of the Riemannion spatial gradient (Section 5.4.3): We
characterized the properties of the Riemannian spatial gradient magnitude to
demongtrate the differences between the Riemannian framework and the traditional
Euclidean framework.

e Anisotropic Riemonnian Smoothing Algorithm (Section 5.5): We developed an
anisotropic Riemannian smoothing algorithm to deal with tensor data. This
algorithm uses the statistical tools defined for tensorg in the manifold of positive
definite matriceg by the definition of a Riemannian metric.

5.2 Theory of Differential Geometry

In this chapter we study the set PST(n) using concepts of differential geometry. In order
to facilitate the reader the understanding of this topological space, we define briefly some
important concepts that will be used throughout this chapter. The hasis of thig study
relies on the interpretation of the set of gymmetric positive definite tensors PST(n) as a
differentiable manifold. Bagically, a differentiable manifold is an algebraical structure that
any local neighborhood regembles Euclidean space, although the global structure might be
much more complicated, with a globally defined differentiable structure. In other words,
for every point, its neighborhood is similar enough to Euclidean space to allow one to
define differentiable equations.

For every point P in a manifold M, we can define a vector space with the same
dimensgion as the manifold which consists of all the possible directional derivatives at that
point. Thig vector field ig called the tangent space at point F, Tp M. Itsimportance resides
on the fact that it allows to define generalized differential equations on the manifold. In
the particular case that the tangent space at every point is equipped with an inner product
and it varies smoothly from point to point, the manifold is called Riemannian manifold.
The continuous collection of scalar products on the tangent space at each point of the
manifold is called Riemansnian meiric and it is denocted ag g.
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5.3. GEOMETRY OF THE SPACE OF MULTIVARIATE NORMAL DISTRIBUTIONS 115

Riemannian manifolds are quite interesting structures since it is possible to define
concepts such as lengths of curves, areas, volumes, gradient of functions and divergence
of vector fields. Thus, if we consider a continuously differentiable curve «(t) : [a,b] — M
on the manifold M, we can compute at each point its instantaneous speed vector 7/(#) in
the tangent space TM(tp) at any point ¢ € [a,b] and the instantaneous speed || v/'(0) ||g,
which ig the norm of the speed vector induced by the inner product with metric g. To
compute the length of the curve, we can proceed ag usual by integrating this values along
the whole curve:

b
L) = [ 14l e (5.1

The distance between two points of a connected Riemannian manifold is the minimum
length among the curves joining thege points, as shows Eq. 5.2. The curves realizing this
minimum for any two points of the manifold are called geodesics.

D(a,b) = inf{L()} (5.2)

5.3 Geometry of the Space of Multivariate Normal
Distributions

The set PST(n) has been studied from different points of view in the literature. For
instance, in [Fletcher04] they identify PST(3) with the quotient space G'LT(3)/S0(3),
which is the space of all the left cosets of GLT(3), the set of 3 x 3 matrices with positive
determinant, generated by the elements of SO(3), the set of 3 x 3 orthogonal matrices with
determinant equal to one, i.e. the rotation group. We understand by the lefi cosef of an
element ¢ € G (with G a group), the get of elements generated by the combination of g with
all the elements £ € H (with H asubgroup of G), and it is denoted as gH = {gh : h € H}.
Then, since the quotient space GLT(3)/SO(3) is a smooth manifold, it is possible to
derive statistical toolg to develop filtering algorithmg within that framework. In another
approach, [Lovric05] extended the group of rotations to SL(3), the set of 3 x 3 general
matrices with determinant equal to one, defining a slightly different manifold with a
metric that turns out to exhibit an additional term in one direction. This extension
was also recently formulated by [MicchelliO5] in terms of a weighted Figher information
matrix, which is a symmetric pogitive definite matrix that defines a metric in such space.
This approach can also be generalized to a wider clags of elliptical densities. Although
with different, interpretations of the set PST(3), it is thus very interesting to note that
comparable results were obtained through different means while studying the statistical
variability of tensor fields.

In our approach, we identify PST(3), the set of 3 x 3 real symmetric positive definite
matrices, with the family of three-dimensional normal distributions with 0-mean as the 6-
dimensional parameter gpace of variances and covariances, that is a Riemannian manifold.
We hereafter present the necessary material related to the Riemannian geometry of the
multivariate normal model needed to derive our numerical schemes. For a further reading
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116 CHAPTER 5. A RIEMANNIAN FRAMEWORK FOR TENSOR SIGNAL PROCESSING

on the fundamental mathematical tools on which is bhased thig framework, we refer the
reader to [Skovgaard81], [Burbea86], [Eriksen86], [Calvo01], [Forstnerd9], [Pennec(5] and
[Moakher03].

Following the work by Rao [Rac45] and Burbea-Rao [Burbea82], where a Riemannian
metric was introduced for PS7(3) in terms of the Figsher information matrix, it is possible
to define notions such ag the geodesic digtance, the curvature, the mean, and the covariance
matrix for elements in PST(3). The tangent space T PST(3) at ¥ € PST(3) is taken
to be Sx(3), the vector space of symmetric matrices, as it is done in [Skovgaard81]. We
denote by E;, i =1, ..., 6 the basis of such a vector gpace, which ig given by:

E, = E; = E; =

(5.3)
By =

Es = Eg =

o I o B R R
oo, OO0
o000 00
o000 00
[ o il Bl e R S
O, OO0 00
I el e e i e i e
= el N o i
OOk~ OO

The Riemannian metric for PST(3), derived from the Fisher information matrix is
given by the following theorem, which ig proved in [Skovgaard81]:

Theorem 5.3.1 The Riemannian metric for the space PST(3) of multivariate normal
distributions with zero mean is given, V¥ € PST(3) by:

1 .
gi; = 9(Bq, By) = {E;, Ej)m = 5m: (X'EX'E;) 4,5=1,..,6 (5.4)

In practice, this means that for any tangent vectors A, B, their inner product relative
to X is {A,B)s = tr (X7'AX!B).
We recall that, if 3 : ¢ — 3(t) € PST(3), Vi € [t1,42] C R denotes a curve segment in

PST(3) between two normal distributions parameterized by the matrices 3y and X, its
length is expressed as:

o s ' ' 1/2
L(B, %) — L S gij(z(t))di;it)deéit) dt (5.5)

As stated for example in [Moakher05], the geodesic starting from (1) € PST(3)
in the direction V = X(#;) of the tangent space T, PST(3) = Sx(3), is given by the
exponential map:

() = B(t1)Zexp ((t — t)B(t) 2VE() V) () Ve € [, 8] (5.6)

We recall that the geodesic distance T2 between any two elements 3y and X3 ig the
length of the minimizing geodesic between 3, and 3Xs:
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D(El, 22) = irzl}f{ﬁg(zl, 22) ¥y = E(tl), 3o = E(tg)}

It ig given by the following theorem, whose original proof ig available in an appendix
of [Atkinson81] but different versions can algo be found in [Skovgaard81] and [Férstner89].

Theorem 5.3.2 (S.T. Jensen, 1976) Consider the fomily of multivariate normal
distributions with common mean vector but different covarionce matrices. The geodesic

distance between two members of the famaly with covariance matrices 31 and Yo is given
by

D(¥4,3%3) = \/%tr (log2 (21’1/2222;1/2)) _

where n; denote the 3 eigenvalues of the matrix 2;1/2222;1/2.

5.4 Local Average and Spatial Gradient of Diffusion Tensor
Fields

Now, we can recall how the local average and spatial gradient of a diffusion tensor image
can be computed.

5.4.1 Intrinsic mean

The average of a set of elements iz one of the bagic statistical tools we can derive in
this Riemannian framework. In this sense, the normal distribution parametrized by
e PST(3) and defined as the empirical mean of N distributions 3y, 35, ..., X, achieves
a local minimum of the function p: PST(3) — RT given as:

N
. 1 .
,LL(E, ElaEZa"':EN) = ar E DQ(E: Ek) (58)
k=1

It has been proved in [Karcher77] that such a local minimum, also known ag the
Riemannian harycenter, exists and iz unique for manifolds of non-positive sectional
curvature, which is the case for PS1(3). In this sense, we call the distribution parametrized
by 3 e pst (3) the intrinsic mean , as it is the empirical mean of guch a set of distributions
which ig an element of the manifold PS*(3).

Since cloged-form expression cannot he ohtained, we regort to a gradient descent
algorithm for the computation of the intringic mean ag shown in [Lenglet05b]. We use
the clagsical definition of the Riemannian center of mass and the geodesic equations to
derive a manifold constrained numerical integrator and thus ensure that each step forward
of the gradient descent stays within the space PST(3). To derive such a flow evolving an
initial guess 3:(0) towards the Riemannian barycenter of the set ¥;, ¥, ..., By ¢ PST(3),
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we denote by 3(s),s € [0,00) the family of solution of 8,3(s) = V(3:(s)), where V is
the direction of evolution. Then, we have:

3(s) € PST(3),¥s > 04 {3(0) € PST(3) and V(3(s)) € € Ty PST(3),¥s > 0} (5.9)

We thus identify V with the oppogite of the gradient of ocur objective function

(X1, g, ..., Xn), which is [Moakher05]:

Vi3, 2, 8,...,35) = 3(s)) (5.10)

Hence, the evolution is:

~

B2 (s) = — (s)) (5.11)

Moreover, numerical implementation has to be dealt with carefully and we have to build
a step-forward operator such that the discrete flow provides an intrinsic approximation of
the evolution in Eq. 5.11. As proved in [LengletO5b], this can be achieved for any tangent
vector V = =V € 5(3), by resorting to the geodesic equation:

1/2
>

S = 2 Pep(—dts, v, s (5.12)

Finally, using Eq. 5.10 in Eq. 5.12, we obtain the following evolution to calculate the
intringic mean:

. 1/2
S =3 exp ( (Z log(3713)) ) 21/2) 572 (1=0,... Nuw) (5.13)

Numerical experimentation demonstrates that the evolution toward the desired mean
3. converges in no more than Nyer = 4 or 5 iterations for any initial guess 3g.

5.4.2 Weighted intrinsic mean

In the same way the intringic mean is defined, we can also calculate a weighted intrinsic
mean which ponderates a set of N normal distributions X1, ¥s,..., Xy € PST(3) with
the weights wy,ws, ..., wn,w; € RT

In this cage, the normal distribution parameterized by »" e ps T(3) and defined as
the weighted empirical mean of N distributions 3¢, 34, ..., Xy, achieves a minimum of
the weighted sum of squared distances defined by

Eg:l wkpg(ilw: Ek)

(33,3, . BN = N
D 1 Wk

(5.14)
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Following the same steps asg in section 5.4.1, the following weighted step-forward
operator ig readily obtained:
s /2
E’UJ
. A l/2 {
E;il = E;w / exp | —dt

N ) ~w —1/2
(Zk:l wi, log (33,132, )) > S 1/2

N i
Dok Wk

(5.15)

5.4.3 Spatial gradient of tensor fields

It is possible to estimate the magnitude of the gradient of the tenszor field ¥ (z) : @ C
R3 — PST(3) at = € Q through the sum of squared geodesic distances between tensors in
orthogonal directions on a discrete grid, as indicated by the following expression:

3
| VE(z) P~ ) DHZ(x), B(w = ex)) (5.16)
k=1

where e;, denotes the elements of the canonical basis in 2.

To derive Eq. 5.16, we use the explicit formulation of geodesic presented in Eq. 5.6,
which allows us to calculate the geodesic starting at 3o = 3(z) in the direction V = 3:(0)
as:

() = B exp(eng Ve w2 (5.17)

Hence, ag we know that 3(1) = X (z + e;) = 31, we obtain that:

V =3 log(x2; 2y 3 )3 = 3(0) (5.18)
It can be shown that this quantity is actually equivalent to the opposite of the gradient

of the squared geodesic distance VD?(3p, ¥1) whose expression was given by Moakher
[Moakher(5]:

VD?#(%0,%1) = Bolog (371%0)

Indeed, it is easy to see that Eé/g 10g(261/221261/2)25/2 can be rewritten ag

DI SAS TS Sl B Dt S il
Using the following property:

M; tlog{M2)M; = log(M; MsM;), YM;, My € GL(m) (5.19)

we get

V =3glog (B;1%)) = glog (,1%0)
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The symmetric matrix V can thus be used to approximate the spatial directional
derivative of a tensor field. To better understand why this is correct, we can congider the
Fuclidean distance between tensors

DE(30,31) = [0 — Bi[f = tr (B — X1)(o — 21)7)

for which, using the fact that Vtr(XY) = Y VX,V < GL(m), we have
VD%(EO, 1) = ¥p — ¥;. In other words, this corresponds to the difference tangent
vector, usually used in finite difference schemes to approximate a spatial gradient. V

generalizes this notion by taking into account the Riemannian structure of the space
PST(3).

All we need to prove now is that the magnitude of the tangent vector V, taking
into account the Riemannian metric of PS1(3), is equal to the squared geodesic distance
between 3, and 3¢, go that Eq. 5.16 ig true.

Noting that V ig, by definition, the logarithm map of 331 at g logy, (31) = 3, we
know this is true gince one of ite properties is:

<20, 20)20 =D*(Z0, %1)

Indeed, we have

(V,V)s;, = %tr ((—2612010g(2f120))2) — %tr ((1og(25121))2)

and since the matrices 7' and 261/221261/2 are gimilar, we have (V, Vg, =
Lor (log2 (231/221251/2)) — D3, 34).

Hence, to obtain the gradient magnitude within the Riemannian framework, we simply
calculate the geodesic distances in orthogonal directions following Eq. 5.16.

Let us now compare the differences between the gradient magnitude in a Fuclidean
gense and our definition in the Riemannian framework. For the sake of simplicity, we
are going to study the case of tensors in a two-dimensional neighborhood A containing
a boundary like that shown in Fig. 5.1, where white dots represent tensors Ti =
Avivit 4+ Aavavae® and black dots repregent tensors To = Eidivivil + kg)\ngVzT,
with A, (¢ = 1,2) the eigenvalues of Ty, associated to eigenvectors vi and constants k;.

Using Eq. 5.16 and the definition of the geodesic distance in Eq. 5.7, it is not hard to
see that: .
| VN P=DTy, Ty) = §(log2(k1) + log?(ky)) (5.20)

while the magnitude of the Euclidean gradient is:

| VA 3= Ty — Ta [[3= A2 — k1)? + AZ(1L — ko) (5.21)
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Figure 5.1: 3 % 3 Neighborhood A of a tensor field. White dots represent tensors T
whereag black dots are tensors To

It is remarkable that the Riemannian gradient magnitude ig independent of the
eigenvalues since it only depends on the constant factors, that is to say, the magnitude
ig scale-independent. Fig. 5.2 presents both gradient magnitudes for different values of
k1 = kg = K and different values of A1, Az. While the Riemannian gradient is not affected
by different values of Ay, Az, the slope of the Euclidean gradient magnitude is determined
by the square root of the sum of the squared eigenvalueg, showing that the greater the
eigenvalues, the bigger the slope represented by the blue lines in Fig. 5.2

Let us now study the different behaviors when we have, in our neighborhood N,
the same tensors but rotated by an angle «. The white tensors are now defined as
Ty = Mvivil 4+ Aovavye! while Ty = PTTlP, with P an orthogonal unitary rotation
matrix. Again, using Eqs. 5.16 and 5.7 it is not difficult to derive the following expression
for the Riemannian gradient magnitude;

| VA [P= DAL, T) = S (log?(41) + log*(47) (5.22)

where AT and A~ are, respectively

2A1 9 + Sing(a)()q — Az)g + Siﬂ(a’)()\l — )\2)\/811’12(0:)()\1 — )\2)2 + 4)\1A2)
2A1A2

Aﬂ::(

(5.23)
On the other hand, the Fuclidean gradient magnitude is:

| VN [5=| Ty — Ty ||%=2sin?(a) (A — A2)? (5.24)
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@
T
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Gradient Magnitude
o o

Figure 5.2: Gradient magnitudeg as a function of parameter K. Red Line: Riemannian
Gradient Magnitude. Blue Lines: Euclidean Gradient Magnitude for different eigenvalues
Dashed Line: Ay = 0.22, Ay = 0.22. Solid Line: Ay = 0.94, Ay = 0.33. Dashed-Dotted
Line: Ay = 1.05, Az = 0.80.

Again, the dependence of the Riemannian gradient magnitude on eigenvalues is less
important than that of the Euclidean gradient magnitude. Fig. 5.3 shows different
responses of the gradient magnitudes as a function of the angle o € [0, 7]. On the left, we
show the gradient magnitudes for anisotropic tensors, for which eigenvalues ratio ig large.
In that case, for Ay = 0.99, As = 0.2 it can be seen that the response of the Riemannian
gradient (golid red line) is bigger than the response of the Fuclidean gradient. On the right,
we show the gradient magnitudes with more igotropic tensors, with eigenvalues ratio cloge
to one (A; = Az). In thig case, the Riemannian gradient magnitude provides a smaller
regponge (solid red line) than the Euclidean gradient magnitude (=olid blue line). However,
ag the Euclidean gradient magnitude is proportional to the eigenvalueg, a problem may
arige with isotropic tensors if the eigenvalues are too large, as the daghed lines show. In
that cage, with Ay = 19, Ag = 17.5, the Euclidean gradient magnitude is much bigger than
the Riemannian one which, on the contrary, stays almost identical to itg value for small
p.YH

5.5 Riemannian Anisotropic Smoothing

We now make use of the concepts previously presented to develop our Riemannian
anigotropic smoothing algorithm. We use the mathematical tools presented in section
5.4 to develop a houndary preserving emoothing algorithm. In practice, we simply use the
gtep-forward operator shown in Eq. 5.15 to compute local weighted averages.

The anisotropic behavior is introduced hy weighting each sample, within a local
neighborhood, by a function that depends on the Riemannian gradient magnitude
developed in section 5.4.3. This function ig chosen so that, in homogeneous regions,
the weights are constant and the tensors are isotropically averaged. On the contrary,
when lying on an edge of the image, we would like that only samples on that boundary,
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Figure 5.3; Gradient magnitudesg ag a function of rotation angle «.. Red Lines: Riemannian
Gradient Magnitude. Blue Lines: Fuclidean Gradient Magnitude. Left Image: Regponse
for anisotropic tensors. Right Image: Response for more isotropic tensors.

and not those across, contribute to the local averaging. To achieve this goal and
avoid mixing structures of the image, one possible choice for the weighting function is
wp = et | VE(z) |

A major advantage of this approach is that a straightforward C++4 implementation
yields a quite computationally efficient algorithm since, to regularize a 50 x 50 x 50 volume
of 3 3 tensors, using a 3 x 3 x 3 averaging neighborhood, we obtain an average procesging
time of 8 minutes on a 1.7 GHz Pentium M CPU with 1 Gb of RAM. Moreover, it is easy
to automatically detect the convergence of the gradient degcent, detailed in Eq. 5.15, by
checking the evolution speed

1 (0 wrlog(33,13)) )

N
> k=1 Wk

and stopping whenever a given norm (Frobenius for instance) of this symmetric matrix
has reached a certain threshold (le-6 in practice). Hence not only do we ensure the
convergence of the weighted mean but we also discard the need for a parameter such ag
the number of iterations.

The theoretical framework developed in sections 5.3 and 5.4 implies that the tensgor field
congiste of symmetric positive definite tensors. Depending on the estimation procedure
uged to compute those tensors (see [Tschumperlé3b] and references therein), positive
semidefinite tensors may arige, vielding inaccurate results, since any semidefinite tensor ig
at an infinite distance from a definite one. To golve thig issue, it is necesgary to resort to
a dedicated estimation algorithm, such as the one proposged in [Lenglet05a/, that ensures
to stay within PST(3).
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5.6 Results

In this section, we present varioug numerical experiments and compare the regularization
methods previously detailed on synthetic and real DT-MRI data.

5.6.1 Synthetic Data
Experiment 1

We now would like to evaluate the behavior of the different algorithms pregentend in this
chapter. To that end, we uge the volume usged in Experiment 1 from section 4.5.1 where a
16 x 16 x 16 volume with tensors oriented along the horizontal direction is introduced in
the central part of a 32 x 32 x 32 cube with tensorg oriented in the orthogonal direction,
ag shown on Fig. 4.5. Then, we add a high level of Gaussian noige using the algorithm
proposed in [Lenglet(5a], resulting in the noisy tensor field in the right side of Fig. 4.5.

Figure 5.4 shows on the left gide the responge obtained with the anisctropic Riemannian
filtering approach presented in this chapter while on the right side it is shown the output of
the nonlinear diffugion process for tensors [Weickert(2]. Differences arise when comparing
these two images or any of the details shown in Fige. 5.5 or 5.6. First of all, noise is
better removed with the Riemannian approach than with the nonlinear diffusion, where
some misoriented tensorg remain even after 536 iterations with a time step of 0.01, which
are the parameters that provide the optimal response. We must point out here that the
optimization of the diffusion time for the nonlinear diffusion scheme is clearly both critical
and difficult to adjust. It is definitely a major limitation of this last approach.

Furthermore, the well-known swelling effect, due to a faster regularization of the
eigenvalues, is obgerved for the nonlinear diffusion, whereas it is not noticeable for our
Riemannian approach. But most importantly, we can gee that the regularized tensor field
obtained with our approach is more anisotropic (FA is around 0.75, while the FA of the
original tensor field is 0.77) than that obtained with the nonlinear diffusion (FA is around
0.60).

From a quantitative point of view, we meagure the error between the original and the
regularized imageg following two different parameters. The first one, whose expression is
shown in Eq. 4.27, is a traditional error measure we already used to validate our results
in previous chapters. The second one ig a new error measure which computes the mean
geodegic digtance between the original field and the obtained one, which ig given in Eq.
5.25. Table 5.1 ehows the error gtatistice following Eq. 4.27. It ig obvious that the accuracy
of the Riemannian approach is much better than that achieved with the nonlinear diffusion
which ig consigtent with the results shown in table 5.2 using Eq. 5.25.

Error(z) = tr ((E(z) ~ (@)Y (B () — 5](:17))T) (5.25)

where ¥ (x) is the original tensor field and 3(z) is the filtered one.
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Figure 5.4: Responses of different tensor regularization methods. Left: Anisotropic
Riemannian filtering approach. Right: Nonlinear diffusion filtering scheme.
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Figure 5.5: Details on the responses of different tensor regularization methods. Top
Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).

‘ ‘ Mean Error ‘ Std. Deviation ‘ Max ‘ Min
Anisotropic Riemannian Filtering 0.6296 0.5166 4.4222 | 0.0600

Nonlinear Diffusion 2.1677 0.7970 91.2742 | 0.7367

Table 5.1: Statistics of the error measured following Eq. 4.27 for experiment 1.
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Figure 5.6: Details on the responses of different tensor regularization methods. Top
Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).

‘ ‘ Mean Error ‘ Std. Deviation ‘ Max ‘ Min ‘
Anisotropic Riemannian Filtering 0.2572 0.1313 1.3065 | 0.0300
Nonlinear Diffusion 0.8284 0.1209 3.2551 | 0.2630

Table 5.2: Statistics of the error measured following Eq. 5.25 for experiment 1.
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Figure 5.7: Responses of different tensor regularization methods. Top Row: Gaussian
Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares Homomorphic
Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom Row: Log-
Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter
(Right).

‘ ‘ Mean Error ‘ Std Deviation ‘ Max ‘ Min ‘
Anisotropic Riemannian Filtering 0.5218 0.0712 1.0770 | 0.1651

Nonlinear Diffusion 0.5283 0.0409 0.9957 | 0.2044

Table 5.3: Statistics of the error measured following Eq. 4.27 for experiment 2 using the
different regularization schemes proposed in this chapter.

Experiment 2

In order to check the performance of our approach with different datasets we use again
the 50 x 50 x 50 volume of 3 x 3 tensors synthesized for the experiment 2 in the previous
chapter, which can be seen in Fig. 4.9. Then, we generate the noisy version shown in Fig.
4.9 with the procedure previously explained.

We then try to recover the original image from the noisy version. Figure 5.7 shows
on the left the response from our anisotropic Riemannian smoothing algorithm, while on
the right the response of the nonlinear diffusion algorithm with time step 0.01 and 36
iterations is shown. From those figures, it is obvious that boundaries are well preserved
with these anisotropic methods. To more clearly emphasize the differences, Figs. 5.8 and
5.9 show some details of the referred responses near boundaries.

In order to quantify and compare the performances of the nonlinear diffusion with
our Riemannian anisotropic smoothing method, we also measure the mean error with the
proposed parameters described in Eqgs. 4.27 and 5.25. Table 5.4 shows some statistics on
the error, where it can be seen that the Riemannian approach improves the behavior of
the Euclidean counterparts.
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Figure 5.8: Details on the responses of different tensor regularization methods. Top
Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).

Figure 5.9: Details on the responses of different tensor regularization methods. Top
Row: Gaussian Smoothing (Left). Wiener Filter (Right). Middle Row: Root-Squares
Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener filter (Right). Bottom
Row: Log-Exponential Homomorphic Filtering. H{-} is Gaussian filter (Left) and Wiener
filter (Right).

‘ ‘ Mean Error ‘ Std Deviation ‘ Max ‘ Min ‘
Anisotropic Riemannian Filtering 0.4216 0.1816 1.7076 | 0.1327

Nonlinear Diffusion 0.4240 0.1590 1.6562 | 0.1617

Table 5.4: Statistics of the error measured following Eq. 5.25 for experiment 2 using the
different regularization schemes proposed in this chapter.
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5.6.2 Real DT-MRI Data

Figure 5.10 (top left) shows the estimated diffusion tensors. On the top right, we display
the regularized image using the Riemannian filtering approach, while bottom images are
regularized using nonlinear diffusion, hoth with 10 iterations, but different time steps:
0.001 on the left and 0.01 on the right.

If we analyze the different structures found on this axial slice, we can see that
tensors orientation within the splenium of the corpus callosum {(CC(S) in the image)
and in the genu of the corpus calloswm (CC(G) in the image) is more coherent with
our Riemannian filtering scheme. Anisotropy in these areas is also better preserved than
with the nonlinear diffusion cage, which yields blurred areas most likely because of the
properties of the Fuclidean gradient. In addition, the ventricles areas (VE in the image),
since they are mainly homogeneous structures, are better regularized with our approach,
ag inhomogeneities do not disappear with nonlinear diffusion. Finally, the corone radicta
(CR in the image) is well preserved in our approach while it is completely smoothed away
from the image with longer diffusion time.

On Fig. 5.11, we show a complete human brain volume where fiber orientation is color
coded as follows: Red: Right-Left / Green: Anterior-Posterior / Blue: Inferior-Superior.
Original data iz ¢hown at the top of the image, while the filtered version i chown at the
bottom. An axial slice from that volume is presented on Fig. 5.12, where we compare
original data (on the left) with the filtered version (on the right) using our approach. It
ig clear that tensors belonging to particular fiber bundles are more coherent while the
interfaces hetween the various tracts have been preserved.

5.7 Conclusions

We have pregented a novel differential geometrical approach for the anisotropic
regularization of tensor fields, seen as fields of multivariate normal distributions. We
focused on the properties of the gpace of multivariate normal distributions to introduce
an affine invariant Riemannian metric and notions such ag the mean and spatial gradient
which provide a well-founded framework to develop a non iterative anigotropic filtering
algorithm for tensor data.

The anisotropic behavior ig introduced through the gradient magnitude, simply
computed by using the geodesic digtance between distributions. This gradient magnitude,
contrary to the Euclidean one, benefits from the affine invariance of the underlying
distance. It is not sensitive to the scale of the tensors which allows to better discriminate
tissues interfaces and regularize migoriented tensors because of the noise ag shown in our
numerical experiments.

Our filtering scheme ig also compared to nonlinear diffusion of matrix-valued data to
point out its added value over the PIDE-hased approaches and to show that our approach

can eagily solve some of their limitations, yielding better results on gynthetic and real
DT-MRI data.
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Figure 5.11: Real data volume of a human brain.

Figure 5.12: Axial view of DT-MRI data. Left:

version of the tensor field.

Raw tensor field. Right: Regularized
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Chapter 6

Conclusions

6.1 Conclusions and Discussions

The aim of thig dissertation i the development of New Schemes for Tensor Signael
Processing to deal with conventional signal processing problems, but with the special
requirements that tensor datasets demand, since intrinsic algebraic relationships among
the elements of the tengor and between adjacent tensors have to be preserved.

Furthermore, tensors have also become an important signal processing tool, specially
in the domain of image processing approaches, mainly motivated by the use of the local
gtructure tensor for the measurement of spatial signal variation. The tensor representation
presents the advantage that provides information about the dominant direction of signal
variation ag well ag the uncertainty of being actually dominant. This fact resolves
certain ambiguity which arises in conventional structure descriptors based on a vector
repregentation, such as the gradient.

In chapter 3, we have studied the local gtructure tensor ag an image processing tool to
develop algorithms for scalar and tensor-valued gignals. Motivated by the fact that several
methods have been proposed in the literature to estimate that tengor, mainly, thoge baged
on the outer product of the gradient and those baged on the computation of the signal local
energy, we have gtudied the robugtness of these methods againgt noise. From our results,
we have reached the conclusgion that the postprocessing smoothing step usually applied
to introduce an scale factor into the estimated tensor field usually yields to structure
delocalization, which can be reduced by means of a nonlinear smoothing technique. Also
from our results, we verified that energy-based methods are more robust against noise that
those baged on the outer product of the gradient.

Then, we presented an anigotropic filtering scheme which uses nonlinear structure
tensors to define the neighborhood to be uged in the estimation and to drive an anisotropic
gausgian function. On the one hand, the definition of the neighborhood by means of
the local structure tensor lead ug to a general framewok to build anisotropic versions of
clagsical linear estimatorg, such ags Wiener or constrained LMMSE. On the other hand, we
introduced the use of nonlinear structure tensors in a well known filtering approach, ag it
is anisotropic gaussian filtering.

133
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The local structure tensor can algo be used to derive models of the gignal
covariance function taking into account its own structure. Statistical second order signal
characterization is important in the field of signal processing since it yields to the derivation
of filters that are grounded on a bayesian framework, interpreting signals as fields of
random variables, using statistics to perform esgtimations. In this context, the use of the
local structure tensor contributes to obtain covariance models that better fit the real signal
behavior, yielding to improved signal estimators.

The previous ideas were also used to interpolate tensor fields, which is essential
for many important tagks managing digital imagery and, in particular for data of low
regolution such as clinical DT-MRI data. We presented a new method to perform
interpolation, preserving boundaries. Qur approach interpolates samples using the natural
neighbors of the interpolation point, in a regular grid, with weights proportional to the
inverse equared distance between the samples and the interpolation point, using the inverge
of a generalization of the local structure tensor as a metric to compute the distances.

Both signal procesging systems, those uged for image filtering and the latter used to
perform interpolation, can be gtraightforwardly generalized for tensor-valued gignals with
the inherent advantage that they preserve tensors semidefinite positive gince they are
weighted by positive values.

In chapter 4, we have addressed the specific problem of regularization of tensor fields
from a new perspective. We presented a generalization of the homomorphic processing
framework for the regularization of tensor fields. The mathematical background relieg
on the algebraical interpretation of the vector space of symmetric matrices and the
set of symmetric positive definite matrices. Although these two algebraical structures
geem different, there exists a relationsghip between them that we exploit to generalize the
homomorphic theory for tensors.

In this sense, the properties of the generalized theory differ from the usual
homomorphic decomposition, even though the mathematical formulation is completely
analogous, using the matrix logarithm and the matrix exponential as input and output
gubsystems, regpectively, in the processing cascade since it is the natural mapping which
transforms symmetric pogitive definite matrices into elements of the vector space of
symmetric matrices and viceversa. We ghow that this is not the only possibility. For
ingtance, we relaxed some requirements to propose the use of the matrix square root and
matrix squares, regpectively, as input and output subsgystems of the procesging cascade.
This approach takes the advantage that it also deals with symmetric positive semidefinite
tensors.

To validate our algorithme we compared the outputs of the homomorphic procesging
cascades to the output of the filter used in the middle of the processing cascade. In our
experiments with synthetic and true data, we obtained better resulte in all cases with the
homomorphic framework than with the filter itself.

Finally, in chapter 5, we have presented a novel differential geometrical approach
for the anisotropic regularization of tensor fields, seen ag fields of multivariate normal
digtributions. We focused on the properties of the space of multivariate normal
digtributions to introduce an affine invariant Riemannian metric and notions such as the
mean and spatial gradient which provide a well-founded framework to develop a non

@ Del documento, los autores. Digitalizacion realizada por LUILPGC. Biblioteca Universitaria, 2007



6.2. RELATED PUBLICATIONS 135

iterative anisotropic filtering algorithm for tensor data.

The anisotropic behavior ig introduced through the gradient magnitude, simply
computed by using the geodesic distance between distributions. This gradient magnitude,
contrary to the Euclidean one, benefits from the affine invariance of the underlying
digtance. It is not sensitive to the scale of the tensors which allows to better discriminate
tigsues interfaces and regularize misoriented tensors because of the noise as shown in our
numerical experiments.

Our filtering scheme ig also compared to nonlinear diffusion of matrix-valued data to
point out its added value over the PIDE-hased approaches and to show that our approach
can eagily solve some of their limitations, yielding better results on gynthetic and real
DT-MRI data. A major advantage of our approach is the fact that it is almost parameter-
free, gince it only depends on the neighborhood uged to calculate the weighted intrinsic
mean. From our experience, we always get the better results with a 3 x 3 x 3 averaging
neighborhood, so it can be considered a default value. In addition, its implementation
yvields a quite computationally efficient algorithm since, to regularize a 50 x 50 x 50 volume
of 3 x 3 tensors, we obtain an average processing time of 8 minutes. Moreover, it is eagy to
automatically detected the convergence of the gradient descent by checking the evolution
speed and stopping whenever its Frobenius norm, for ingtance, has reached a certain
threshold. Hence not only do we engure the convergence of the weighted mean but we also
discard the need for a parameter such ag the number of iterations for the gradient descent
algorithm.

6.2 Related Publications

In this section we show a short description of the papers that have been published in the
context of this thesis.

¢ Homomorphic Filtering of DT-MRI Fields [Castano03b):

In this paper, we propose the embryonic foundations of the homomorphic processing
cascade that guarantees PSI) tensor output motivated by the fact that D'T-MRI
tensor fields must remain symmetric positive definite even when these datasets are
filtered, something that iz not allways true when working with real data.

¢ Filtrado Homomdrfico de Datos Tensoriales [Castano03al:

DT-MRI tengor fields must be symmetric positive definite. However, due to a number
of reagons this is not true in real data. Furthermore, it would be desirable to maintain
that condition when tensor data ig filtered. This paper complements the work done
in [Castano03b| by means of a homomorphic cagcade that guarantees this property.

¢ Anisotropic Interpolation of DT-MRI [Cagtano(04b]:

In this paper, we present a new technique to interpolate the diffusion tensor field,
preserving boundaries and the constraint of positive-semidefiniteness. Our approach
ig based on the uge of the inverse of the local structure tensor as a metric to compute
the digtance between the samples and the interpolation point. Interpolation is an
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esgential etep in managing digital image data for many different applications. Results
on resampling (zooming) synthetic and clinical D'T-MRI data are used to illustrate
the technique. This new gcheme provides a new framework for anisotropic image
procegsing, including applications on filtering, registration or segmentation.

Esquema Variacional para el Filtrado de Imigenes Médicas Tensoriales
[Castaniol4a):

In this paper, we propose a filtering scheme to regularize DT-MRI tensor fields.
Our approach is based on variational methods combined with the computation of a
local structure measure of this non-scalar data. Some examples with synthetic and
DT-MRI data illustrate the performance of the method.

Estudio Comparativo de Estimadores no Lineales del Tensor de
Estructura Local [Castano05]):

In this paper, we present a method to improve energy estimators of the structure
tensor based on nonlinear diffusion. Furthermore, we perform a comparative
analygis on the quality of different estimators presented in the literature, measuring
the accuracy in the corner detection task, since it is one of the more important
applications of the structure tensor.

A Generalized Local Structure Measure to Regularize Tensor Fields [SS05]:

In this work we describe gsome approaches to tensor statistical signal processing baged
on local structure. The local structure tensor, obtained from initial data, is used
ag a key element in regularization. A stochastic point of view as well as a phage-
invariant implementation are included in this chapter. Furthermore, we present
a general filtering gcheme for multidimensional tensor images, and applications on
multidimensional interpolation an registration of tengor data.

Anisotropic Filtering with Nonlinear Structure Tensors [Castano06h]:

In thig paper, we pregent an anisotropic filtering scheme which uses a nonlinear
version of the local structure tensor to dynamically adapt the shape of the
neighborhood used to perform the estimation. In this way, only the samples along
the orthogonal direction to that of maximum &ignal variation are chosen to egtimate
the value at the current position, which helps to better preserve boundaries and
structure information. This idea sets the basis of an anisotropic filtering framework
which can be applied for different kinds of linear filters, such as Wiener or LMMSE,
among others. In this paper, we describe the underlying idea using anisotropic
gausgian filtering which allows us, at the same time, to study the influence of
nonlinear structure tensors in filtering schemeg, as we compare the performance
to that obtained with classical definitions of the structure tensor.

A Homomorphic Filtering Framework for DT-MRI [Castano(éc]:

In this paper we set the mathematical foundationg of a filtering framework for tensor
signals uging the theory of vector spaces. From thig point of view, signals are regarded
ag elements of vector gpaces and operators as mappings from the input space to the
output gpace. Hence, it ig possible to generalize the principle of superpogition to
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any operator defined on the signal spaces. Systems that obey that generalization
of the principle of superposition are referred to ag homomorphic and they can be
decomposed in a cagcade of three homomorphic subsystems: the first one operates
on the input signal space, the second one is a linear system in the usual senge and
the third one operates on the output signal space. Thus, suitable input and output
subsystems can be chosen to deal with input signals, which defines a whole family
of homomorphic filters. To apply thig idea for DT-MRI signals, which consist of
positive semi-definite matrices, we identify input and output signal gpaces as the set
of those real symmetric positive semi-definite matrices. Our homomorphic filtering
framework not only guarantees a positive-semidefinite output tensor field whatever
linear filter ig used to regularize the noigy input, but algo reduces the swelling
effect produced by a faster regularization of diffusivities rather than orientations,
as demonstrate the encouraging results that have been carried out.

¢ A Fast and Rigorous Anisotropic Smoothing Method for DT-MRI
[Castano06]:

In this paper, we exploit the theoretically well-founded differential geometrical
properties of the gpace of multivariate normal distributions, where an affine-invariant
Riemannian metric can be defined, to develop some statistics on the manifold
of symmetric positive definite matrices. We focus on the contributions of these
gtatigtical tools to the anigotropic smoothing problem of tensor fields.

¢ A Riemannian Approach to Anisotropic Filtering of Tensor Fields
[CastanoO6a):

Up to now, algorithms and tools developed to deal with tensors were founded
on the assumption of a matrix vector space with the constraint of remaining
gymmetric positive definite matrices. On the contrary, our approach is grounded
on the theoretically well-founded differential geometrical properties of the space of
multivariate normal distributions, where it ig possible to define an affine-invariant
Riemannian metric and expresg statistics on the manifold of gymmetric positive
definite matrices. In thig paper, we focus on the contribution of thege tools to the
anigotropic filtering and regularization of tensgor fields. To validate our approach we
present promiging results on both, synthetic and real DT-MRI data.

6.3 Future Work

Following the work presented in this dissertation, further resgearch can &till be done in
order to develop new concepts and/or algorithms for tensor signal processing. Among
others, we can distinguish the following research topics:

¢ An interesting task is to perform a complete characterization of anisotropic versions
of traditional signal estimators (Wiener, LMMSE, etc.) under the anisotropic
procesging framework presented in this thesis.

¢ The use of the local gtructure tensor as a metric tengor to compute distances bhetween
any two samples used in our interpolation algorithm can still be exploited in other
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conventional problems, such as image segmentation or registration. These two
problems, although out of the scope of this thesis, are quite important in the image
procegsing world. Hence, the use of the local structure tensor ig expected to improve
the current results.

Concerning the homomorphic and Riemannian frameworks, further regearch have
to be done in order to find the relationship among them. When the equations
associated to each framework are compared to the other, it is quite surprising that
both frameworks provide similar expressions, specially when the exponential and
logarithm maps are used in the input and output subsystems, respectively, of the
homomorphic chain.
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