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Campus de Tafira S/N, Las Palmas 35017, Spain.
(3)E.T.S.I. Telecomunicación, U.P.M.

francis@cibeles.teleco.ulpgc.es, eugenio@cibeles.teleco.ulpgc.es

Abstract

The increasing use of microstrip technology require more accurate analysis methods like full wave method of moments.
However, this involves a great computational effort. To reduce the computation time, an alternative parallel method to analyze
irregular microstrip structures is presented in this paper. This method calculates the unknown surface current on the planar
structure trough a irregular rectangular division using basis and weighted functions. The parallel algorithm performs the
calculus of a[Z] matrix and then solves the system using current densities as the unknowns. This parallel program was
implemented in the IBM-SP2 using MPI library.

1 Introduction

The moment method is a numerical method to compute the current distribution of any arbitrary microstrip structure. This
is accomplished transforming the EFIE ‘Electrical Field Integral Equation’ (1) into a linear algebraic equations system.

E
i
+ jωµ0L(Js) = 0 (1)

HereL is a known linear (integral) operator,E
i

is the incident field in the boundary andJs is the surface current density
to compute. The method of the moments solves this equation dividing the structure intoM different entities calledpatches.
Whichever it is the planar structure microstrip to analyze, it always can be splitted in non-uniforms cells following a ver-
tical and horizontal pattern. With these cells or segments, it is formed an entity calledpatchcomposed by 4 cells called
subdomains. Each subdomain is defined by 4 vertices with its coordenates (x,y) (figure 1).
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Figure 1: Discretization of the microstrip structure.
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The current distribution is expanded as a linear combination of two-dimensionalbasisfunctions which are defined over
each subdomain (2).

Js =
M∑
i=1

IxiJxi(x
′, y′)x̂+

M∑
i=1

IyiJyi(x
′, y′)ŷ (2)

Thebasisfunction can be decomposed into two indepent variable functionsJxi(x
′, y′) = Ti(x′)Qi(y′). The longitudinal

component has a piecewise sinusoidal or triangular behaviour (3) while the transversal component has a constant distribution
(4). This function is an arch shape one like showed in the figure 2. The descomposition ofJyi(x

′, y′) is similar.

Ti(x′) =



sin[ke(l1i + x′ − xi)]
sin(kel1i)

if xi − l1i ≤ x′ ≤ xi

sin[ke(l2i − x′ + xi)]
sin(kel2i)

if xi ≤ x′ ≤ xi + l2i

0 otherwise.

(3)

Qi(y′) =


1

w1i + w2i
if yi − w1i ≤ y′ ≤ yi + w2i

0 otherwise.
(4)

Hereke is a propagation effective constant which value is usually taken aske = 2π
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Figure 2: Several arch shapes in the structure.

The EFIE has two scalar functional equations that haveM unknowns each one. These equations are not enough to
determine the2M unknown constants[Ixi , Iyi ]i=1,2,...,M . In order to solve the2M constants, it is necessary to compute2M
linearly independent equations. A way to solve this system is using a Galerkin’s method [1]. This method calledweighted
residualsmethod minimize the residual error (5).

4Et = E
i

t +E
r

t 6= 0 (5)

To minimize this residual, the method of weighted residuals is used in conjunction with the Hilbert inner product defined
as: 〈

w(x, y), g(x′, y′)
〉

=
∫∫

S

w(x, y)g(x′, y′)∗ ds (6)



The basisg(x′, y′) andweightw(x, y) functions are the same in this method. The final system of equations has2M
equations and 2M unknowns, where1 ≤ i, j ≤M and can be expressed:

(
Zijxx Zijxy

Zijyx Zijyy

)
2M×2M

(
Iix

Iiy

)
2M×1

=

(
V jx

V jy

)
2M×1

i = 1..M
j = 1..M (7)

The elements of the matrixZijxx andZijyy are the autoimpedances due to the couplings between the same components
of the current densities.Zijxy andZijyx are the couplings due to distinct components. The elements of the matrix[Z] are
composed by the sum of two quadruple integrals (integral 1 and integral 2) which general expression is collected in (8).

∫ xj+l2j

xi−l1i
dx′
∫ xj+l2j

xj−l1j
dx

∫ yi+w2i

yi−w1i

dy′
∫ yj+w2j

yj−w1i

Fi(x′, y′) Fj(x, y) Gα(x− x′, y − y′)dy (8)

whereGα are Sommerfeld Integrals. The expression and computation of these integrals are collected in [4], where
Fi(x′, y′) andFj(x, y) arebasisandweight functions. The table 1 shows the value of these functions for each integral
(defined over rectangular shapes).

Integral 1 Integral 2
Fi(x′, y′) Fj(x, y) Fi(x′, y′) Fj(x, y)

Zijxx Ti(x′)Qi(y′) Tj(x)Qj(y) ∂Ti(x
′)

∂x′ Qi(y′)
∂Tj(x)
∂x Qj(y)

Zijxy − − Qi(x′)
∂Ti(y

′)
∂y′

∂Tj(x)
∂x Qj(y)

Zijyx − − ∂Ti(x
′)

∂x′ Qi(y′) Qj(x)∂Tj(y)
∂y

Zijyy Qi(x′)Ti(y′) Qj(x)Tj(y) Qi(x′)
∂Ti(y

′)
∂y′ Qj(x)∂Tj(y)

∂y

Table 1:[Z] functions.

Since the functionsFi andFj are defined within patches, the coupling between the patchi andj has to be computed by
parts [2]. This computation will be accomplished through the sum of the coupling of each one of the subdomains the patchi
is divided into, with each one of the subdomains of the patchj.

2 Numerical Integration

Each term of[Z] can be divided into 16 quadruple integrals and computed directly through a Gauss-Laguerre quadrature
but their cost would be large. In order to minimize this cost, a domain change transforming (8) to a double sum of double
integrals is accomplished. Using the new transformation (9) and other similar for the domain(y, y′), the computation time
reduces considerably.

u =
1√
2

(x− x′) v =
1√
2

(x+ x′) (9)

Each quadruple integral defined by parts is transformed in the sum of nine two-fold integrals. The total integral has the
following expression:∫ xj+l2j

xi−l1i
dx′
∫ xj+l2j

xj−l1j
dx

∫ yi+w2i

yi−w1i

dy′
∫ yj+w2j

yj−w1j

Fi(x′, y′) Fj(x, y) Gα(x− x′, y − y′)dy

=
12∑
L=1

12∑
K=1

∫ ULSL

ULIL

du

∫ V LSK

V LIK

fTTL(u) · fTTK (v) ·Gα(
√

2u+ xj − xi,
√

2v + yj − yi)dv

(10)



lower limit v upper limitv lower limit u upper limituindex
V LI V LS ULI ULS

1 −w1j√
2

−(w1j−w1i)√
2

−l1j√
2

−(l1j−l1i)√
2

2 −(w1j−w1i)√
2

0 −(l1j−l1i)√
2

0

3 0 w1i√
2

0 l1i√
2

4 0 w1i√
2

0 l1i√
2

5 w1i√
2

w2j√
2

l1i√
2

l2j√
2

6 w2j√
2

w2j+w2i√
2

l2j√
2

l2j+l1i√
2

7 −w2i√
2

0 −l2i√
2

0

8 0 w2j−w1i√
2

0 l2j−l2i√
2

9 w2j−w2i√
2

w2j√
2

l2j−l2i√
2

l2j√
2

10 −(w1j+w2i)√
2

−w1i√
2

−(l1j+l2i)√
2

−l1j√
2

11 −w1j√
2

−w2i√
2

−l1j√
2

−l2i√
2

12 −w2i√
2

0 −l2i√
2

0

Table 2: Integral limits.

where the integral limits for each one of the integrals of both sums are collected in table 2. When the expression
(10) has been obtained and its limits calculated, the elements of the[Z] matrix are calculated numerically. The functions
fTT (u), fTT (v) are thebasis andweight functions in the transformed domain.

In the transformed domain, there are 144 double integrals. If the time to compute a single integral by a 8 points Gauss-
Laguerre quadrature is 8 time units, we can see in table 3 the computed time for an element of the[Z] matrix.

Quadrature Normal Method Transformed Domain
8 pts. 65.536 u.t. 9.216 u.t.
32 pts. 16.777.216 u.t. 147.456 u.t.

Table 3: Computed Time.

The final system can be divided into 4 submatricesM×M . The submatrices[Zxx] and[Zyy] compute2M2 integrals and
[Zxy] and[Zyx] computeM2, so the sum of integrals is 6M2. The termsV jx andV jy are obtained using a delta-gap model.
This model assumes that the voltage sourceV tm is within an infinitesimally small gap and across the extended ground plane.
For this model, a physical port is used within apatch o severalpatchs. The impressed field originated is:

E
i
(ρ) = V tmδ(ρ− ρm)n̂m (11)

whereρm is the location of the port and̂nm is a normal vector parallel to the feed-line. This voltage source originates
induced currents which are modeled through half-basis function located atρm. Then, thepatchs having ports are composed
of 2 physical rectangular subdomains and 2 of zero length. The choice of subdomains will depend on the position of the
excitation.

TheVj coefficients are normalized to the unity in thesepatchs and zero on the rest [3]. The total result is the linear
superposition of each one of the excitations. It has supossed that a port is modeled through the discretation of apatch.
However, the structure can be splitted in severalpatches in function of the layout, the physical port can be discretized into
various segments so several logic ports are conected in parallel to model a physical port.



3 Parallelization of the moment method

The moment method can be parallelized in two ways: computation of the[Z] matrix and solving the system of equations.
In this section, we discuss the parallelization of the computation of[Z] and the computation of theLU factorization, involved
in the linear system of equations. So:

[Z]× [I] = [V ] [L]× [U ]× [I] = [V ] =⇒ [L]× [Y ] = [V ], [Y ] = [U ]× [I]

3.1 Computation of the [Z] matrix

In order to compute the[Z] matrix , we need to analyze the microstrip structure. The shape of this structure is stored in
a geometric file. This file has to be read in order to stablish the values of the dimensions and build a vector (this vector has
a 2M dimension), which is used by the generation of the couplings among the patches of the structure. This computation
involves the double sum of double integrals explained before. With this information, we compute the values of the complex
matrix [Z]. The computation of each element of the matrix is independent, being only function of the couplings vector. The
code, which computes these elements, is in table 4.

do j=1,N/2
do i=1,N/2

call coupling(coup,j,i,dimp(1,j),dimp(1,i),l0)
Z(j,i)=(coup(1)+coup(2))/c4
Z(j,i+N/2)=coup(3)/c4
Z(j+N/2,i)=coup(4)/c4
Z(j+N/2,i+N/2)=(coup(5)+coup(6))/c4

end do
end do

Table 4: Algorithm to compute the[Z] matrix (M = N/2).

The algorithm, which computes the[Z] matrix, has not data dependencies [5] in the computation of the[Z] terms (c4
is a complex constant), so these elements can be calculated in different processors, at the same time. In order to compute
the matrix[Z], we use one dispatcher-worker processor and several workers (figure 3). In any case, the data distribution is
depending on the later computation.
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Figure 3: Dispatcher-Worker scheme.



3.2 LU factorization

In order to distribute the[Z] terms in the local memories of the processors, it’s necessary a previous study of theLU
sequential algorithm [6] (table 5) and its data dependencies. We solve this problem using our semi-automatic data distribution
tool that carries out this study and builds one coloured graph by each dependence [9]. These graphs represent the distribution
of the different vectors among the processors, by assigning a colour by processor. In figure 4, we can see the data distribution
designs by our tool, using an example with a matrix of4 × 4 dimension. InLU sequential algorithm, there are five data
dependencies (Ai,j ← Ai,j (d1), Ai,j ← Ai,k (d2), Ai,j ← Ak,j (d3), Ai,k ← Ai,k (d4) y Ai,k ← Ak,k (d5)). Any
dependence shows how the data have to be distributed. In this way, the elements enclosed with a line (figure 4), can be
distributed in different processors and computed in parallel. But, this is not really true, because communications are needed.

dok = 0, n− 2
Search for the pivot
do i = k + 1, n− 1

Ai,k = Ai,k/Ak,k
do j = k + 1, n− 1

Ai,j = Ai,j −Ai,k ×Ak,j
enddo

enddo
enddo

Table 5: LU factorization.

In order to reduce the number of communication (and reduce the total time of execution), there is a new data distribution:
by row or by column. This redistribution is based on the more restrictive distributions that can be seen in figure 4. Although
according to the dependencyd1, the elements in a row of the matrix can be stored in different processors, according to the
dependencyd2 these elements have to be stored in only one processor. The same happens with the elements in a column of
the matrix.

Z 3 1 Z 3 2 Z 3 3Z 3 0

Z 2 1 Z 2 2 2 3Z 2 0 Z

Z 1 1 Z 1 2 Z 1 3Z 1 0

Z 0 1 Z 0 2 Z 0 3Z 0 0

Z 3 1 Z 3 2 Z 3 3Z 3 0

Z 2 1 Z 2 2 2 3Z 2 0 Z

Z 1 1 Z 1 2 Z 1 3Z 1 0

Z 0 1 Z 0 2 Z 0 3Z 0 0

Z 3 1 Z 3 2 Z 3 3Z 3 0

Z 2 1 Z 2 2 2 3Z 2 0 Z

Z 1 1 Z 1 2 Z 1 3Z 1 0

Z 0 1 Z 0 2 Z 0 3Z 0 0

Z 3 1 Z 3 2 Z 3 3Z 3 0

Z 2 1 Z 2 2 2 3Z 2 0 Z

Z 1 1 Z 1 2 Z 1 3Z 1 0

Z 0 1 Z 0 2 Z 0 3Z 0 0

Z 3 1 Z 3 2 Z 3 3Z 3 0

Z 2 1 Z 2 2 2 3Z 2 0 Z

Z 1 1 Z 1 2 Z 1 3Z 1 0

Z 0 1 Z 0 2 Z 0 3Z 0 0

dependency d1 dependency d2 dependency d3

dependency d4dependency d5

Figure 4: Data distribution of LU factorization (n = 4) according to the dependencies.

In this work, we have chosen the data distribution by column, because in any iteration of the algorithm, we have to search
for the pivot (maximum absolute value in a column). In order to reduce the number of communications, it’s necessary that
all the elements in a column of the matrix, are stored in the memory of one specific processor, so that, the processors have
not to communicate each other. So,[Z] matrix is distributed in groups ofG = M

nproc consecutive columns in a cyclic way.
With this data distribution, theLU factorization of submatrices is possible (groups of columns) and then, this blockLU is
communicated to the remaining processors, in parallel with the computations of the[Z] terms (overlapping of computations
and communications).



4 Experimental result

The parallel algorithm was implemented using C and Fortran77 languages and MPI library to communicate the data.
The kernel of the computation was developed in Fortran77, because in the code, there are many routines using complex data
types. This routines read the geometric files and build the vectors used in the computation of the double integrals. The main
program and the LU factorization program were written in C language with some routines in Fortran77. These programs
calls Fortran77 routines, interchanging data.

The execution time has been measured in three different architectures: SUN Ultra 5 (UltraSparc II 270MHz/64Mb),
DualPentium (300MHz/128Mb) and IBM-SP21. We implemented the parallel program in the IBM-SP2 [7] usign MPI library
[8], and measured the sequential time in the three architectures. In the measurement, we took the access to disk into account
(read the geometric files and build the final files with the results). In this way, we used double precision (in complex and real
numbers) in the computation of the[Z] terms, because the order of the number is between10e−10 and10e4. In table 6, we
can see the studied structures, with their characteristics. The shape of these structures are in figures 5 and 6 The experimental
results can be analyzed in table 7.

Dstub2 Hybrid Stub2 Meander
Patches 66 44 25 32

Subdomains 92 68 40 62
Vertices 134 96 64 96

Excitations 4 4 2 2
Ports 2 4 2 2

No. Frecuencies 20 10 81 10

Table 6: Structures and characteristics.
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Figure 5:Dstub2andHybrid structures.
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Figure 6:Stub2andMeanderstructures.
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Dstub2 Hybrid Stub2 Meander

' 27 ' 8 ' 30 ' 8
(6 proc) (4 proc) (5 proc) (4 proc)

SP-2 ' 25 ' 6 ' 9 ' 5
Parallel (11 proc) (11 proc) (25 proc) (8 proc)

' 14 ' 4 ' 3
(22 proc) (22 proc) (16 proc)

SP-2 (seq.) ' 131 ' 30 ' 75 ' 15
DualPentium ' 170 ' 39 ' 82 ' 19

Sun ' 200 ' 43 ' 97 ' 21

Table 7: Execution time (minutes).

5 Conclusions

It has been showed the parallelization of the moment method to analyze irregular microstrip structures. There are two
steps to parallelize the sequential method, the computation of the[Z] matrix which has not data dependencies and the LU
factorization. This method has been applied over several structures such as stubs, dstubs, hybrids in which the computed
time has been decreased with the number of proccesors. The data distrubution is important in this method to avoid the
communications between proccesors.
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