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/LVW RI 7DEOHV [LLL

� ,QWURGXFWLRQ DQG EDFNJURXQG �
��� ,QWURGXFWLRQ �
��� /LWHUDWXUH UHYLHZ �
��� $LPV DQG REMHFWLYHV �
��� 3XEOLVKHG ZRUNV GHULYHG IURP WKLV 3K� '� WKHVLV ��

����� &RQWULEXWLRQV LQ -&5 MRXUQDOV ��
����� &RQIHUHQFH FRQWULEXWLRQV ��

��� 6WUXFWXUH RI WKH GLVVHUWDWLRQ ��

� 6XEVWUXFWXULQJ PHWKRGRORJ\ ��
��� ,QWURGXFWLRQ ��
��� 7KH WKUHH�VWHS DSSURDFK ��

����� 'LUHFW DSSURDFK ��
����� 6XEVWUXFWXUH DSSURDFK ��

��� 3UREOHP GHILQLWLRQ ��
��� 6XEVWUXFWXUH PRGHO ��

����� (TXDWLRQV RI PRWLRQ ��
��� 0DLQ SDUDPHWHUV FKDUDFWHUL]LQJ SLOHV G\QDPLF EHKDYLRXU ��
��� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\ RQ WKH G\QDPLF EHKDYLRXU RI SLOHV ��

����� ,PSHGDQFH IXQFWLRQV ��
����� .LQHPDWLF LQWHUDFWLRQ IDFWRUV ��

��� 6\VWHP HTXDWLRQV DQG GLPHQVLRQOHVV SDUDPHWHUV ��
��� 'LDJRQDOL]DWLRQ RI WKH LPSHGDQFH PDWUL[ ��
��� (IIHFWLYH SHULRG DQG GDPSLQJ RI WKH VRLO�IRXQGDWLRQ�VWUXFWXUH FRXSOHG

V\VWHP ��
���� ,PSOHPHQWDWLRQ ��
���� 0RGHO YDOLGDWLRQ ��

������ 6KDOORZ IRXQGDWLRQV� &RPSDULVRQ ZLWK 9HOHWVRV DQG 0HHN ��
������ (PEHGGHG IRXQGDWLRQV� &RPSDULVRQ ZLWK $YLOpV DQG 3pUH]�5RFKD ��

� %RXQGDU\ HOHPHQWV EDVHG PRGHOV IRU VRLO�VWUXFWXUH LQWHUDFWLRQ ��
��� ,QWURGXFWLRQ ��
��� *RYHUQLQJ HTXDWLRQV RI OLQHDU HODVWRG\QDPLFV ��
��� 7KH HODVWRG\QDPLF LQWHJUDO UHSUHVHQWDWLRQ ��
��� %RXQGDU\ HOHPHQW PHWKRG ��
��� %RXQGDU\ HOHPHQW � ILQLWH HOHPHQW FRXSOLQJ PRGHO ��

� 1XPHULFDO FRPSXWDWLRQ RI LPSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV ��
��� ,QWURGXFWLRQ ��
��� &RPSXWDWLRQ RI LPSHGDQFHV ��
��� &RPSXWDWLRQ RI NLQHPDWLF LQWHUDFWLRQ IDFWRUV ��
��� 3UREOHP GHILQLWLRQ ��
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&RQWHQWV

��� 3LOH JURXS FRQILJXUDWLRQV FRQVLVWLQJ RI YHUWLFDO SLOHV ��
��� ,PSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV IRU YHUWLFDO SLOH JURXSV ���
��� ,QIOXHQFH RI GLUHFWLRQ DQG DQJOH RI LQFOLQDWLRQ RI SLOHV RQ WKH NLQHPDWLF UH�

VSRQVH RI GHHS IRXQGDWLRQV ���
����� 9DOLGDWLRQ RI WKH %(0�)(0 FRXSOLQJ IRUPXODWLRQ ���
����� 3LOH JURXS FRQILJXUDWLRQV XQGHU LQYHVWLJDWLRQ ���
����� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI VLQJOH SLOHV ���
����� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI VLQJOH SLOHV ���
����� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI SLOH JURXSV ���
����� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI SLOH JURXSV ���
����� ,QIOXHQFH RI SLOH�VRLO <RXQJ
V PRGXOXV UDWLR DQG SLOH VOHQGHUQHVV UDWLR ���
����� ,QIOXHQFH RI UDNH DQJOH RQ SLOH NLQHPDWLF EHQGLQJ PRPHQWV ���
����� &RQFOXVLRQV ���

��� 3LOH JURXS FRQILJXUDWLRQV LQFOXGLQJ LQFOLQHG SLOHV ���
��� ,PSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV IRU SLOH JURXSV FRPSULVLQJ LQ�

FOLQHG HOHPHQWV ���

� 6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV ���
��� ,QWURGXFWLRQ ���
��� &RQILJXUDWLRQV XQGHU LQYHVWLJDWLRQ ���
��� ,QIOXHQFH RI IRXQGDWLRQ�VWUXFWXUH PDVV UDWLR ���
��� ,QIOXHQFH RI FURVV�FRXSOHG LPSHGDQFHV ���
��� ,QIOXHQFH RI VWUXFWXUDO VOHQGHUQHVV UDWLR DQG ZDYH SDUDPHWHU ���
��� ,QIOXHQFH RI NLQHPDWLF LQWHUDFWLRQ IDFWRUV ���
��� ,QIOXHQFH RI SLOH VOHQGHUQHVV UDWLR ���
��� ,QIOXHQFH RI HPEHGPHQW UDWLR ���
��� ,QIOXHQFH RI SLOH JURXS VL]H ���
���� ,QIOXHQFH RI SLOH�VRLO <RXQJ
V PRGXOXV UDWLR ���
���� ,QIOXHQFH RI IL[HG�EDVH VWUXFWXUH GDPSLQJ UDWLR ���
���� ,QIOXHQFH RI PDVV GHQVLW\ UDWLR ���
���� &RQFOXVLRQV ���

� 6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ EDWWHUHG SLOH JURXSV ���
��� ,QWURGXFWLRQ ���
��� &RQILJXUDWLRQV XQGHU LQYHVWLJDWLRQ ���
��� ,QIOXHQFH RI UDNH DQJOH RQ WKH V\VWHP HIIHFWLYH SHULRG ���
��� ,QIOXHQFH RI UDNH DQJOH RQ WKH PD[LPXP VWUXFWXUDO VKHDU IRUFHV ���
��� ,QIOXHQFH RI UDNH DQJOH RQ WKH HODVWLF UHVSRQVH VSHFWUD ���
��� &RQFOXVLRQV ���

� 6XPPDU\� FRQFOXVLRQV DQG IXWXUH UHVHDUFK GLUHFWLRQV ���
��� 6XPPDU\ DQG FRQFOXVLRQV ���
��� )XWXUH UHVHDUFK GLUHFWLRQV ���

$SSHQGLFHV ���

$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK ���
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&RQWHQWV

%LEOLRJUDSK\ ���
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/LVW RI )LJXUHV

/LVW RI )LJXUHV
��� 'LUHFW DSSURDFK� ��
��� 6WHS �� .LQHPDWLF LQWHUDFWLRQ� ��
��� 6WHS �� ,PSHGDQFH IXQFWLRQV� ��
��� 6WHS �� ,QHUWLDO LQWHUDFWLRQ� ��
��� 3UREOHP GHILQLWLRQ� 6LQJOH VKHDU VWUXFWXUH VXSSRUWHG RQ D SLOHG IRXQGDWLRQ HP�

EHGGHG LQ D KRPRJHQHRXV KDOI�VSDFH XQGHU YHUWLFDOO\�LQFLGHQW 6 ZDYHV� ��
��� 3UREOHP GHILQLWLRQ DQG VXEVWUXFWXUH PRGHO RI D RQH�VWRUH\ VWUXFWXUH� ��
��� 7KH WKUHH�VWHS DSSURDFK� ��
��� %HDP RQ '\QDPLF :LQNOHU )RXQGDWLRQ� ��
��� 3LOHV FURVV�VHFWLRQ� ��
���� 3LOH IRXQGDWLRQ JHRPHWU\� ��
���� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\� +RUL]RQWDO LPSHGDQFHV RI 2 × 2 DQG

3× 3 SLOH JURXSV� ��
���� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\� 5RFNLQJ LPSHGDQFHV RI 2× 2 DQG 3× 3

SLOH JURXSV� ��
���� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\� +RUL]RQWDO�URFNLQJ FURVV�FRXSOHG LP�

SHGDQFHV RI 2× 2 DQG 3× 3 SLOH JURXSV� ��
���� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ

IDFWRU RI 2× 2 DQG 3× 3 SLOH JURXSV� ��
���� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDF�

WRU RI 2× 2 DQG 3× 3 SLOH JURXSV� ��
���� (TXLYDOHQW PRGHO ZLWK GLDJRQDOL]HG LPSHGDQFH PDWUL[� ��
���� 6XEVWUXFWXUH PRGHO RI D RQH�VWRUH\ VWUXFWXUH DQG HTXLYDOHQW VLQJOH�GHJUHH�RI�

IUHHGRP RVFLOODWRU� ��
���� 0D[LPXP VHDUFKLQJ VWUDWHJ\ �0$;� IRU REWDLQLQJ WKH QDWXUDO IUHTXHQF\ DQG

GDPSLQJ RI WKH HTXLYDOHQW 6'2) V\VWHP� ��
���� 5RRW ILQGLQJ VWUDWHJ\ �5227� IRU REWDLQLQJ WKH QDWXUDO IUHTXHQF\ DQG GDPSLQJ

RI WKH HTXLYDOHQW 6'2) V\VWHP ZLWKRXW QHJOHFWLQJ VHFRQG�RUGHU GDPSLQJ WHUPV� ��
���� 5HSODFHPHQW RVFLOODWRU DSSURDFK WR �'2) V\VWHP RQ D 3 × 3 SLOH JURXS ZLWK

s/d = 5 DQG L/b = 1� 5227 VWUDWHJ\� ��
���� 5HSODFHPHQW RVFLOODWRU DSSURDFK WR �'2) V\VWHP RQ D 3 × 3 SLOH JURXS ZLWK

s/d = 5 DQG L/b = 4� 5227 VWUDWHJ\� ��
���� 5HSODFHPHQW RVFLOODWRU DSSURDFK WR �'2) V\VWHP RQ D 3 × 3 SLOH JURXS ZLWK

s/d = 5 DQG L/b = 2� (,*(1�6 VWUDWHJ\� ��
���� 3URSRVHG SURFHGXUH �(,*(1� IRU REWDLQLQJ WKH QDWXUDO IUHTXHQF\ RI WKH HTXLYD�

OHQW 6'2) V\VWHP E\ QHJOHFWLQJ VHFRQG�RUGHU GDPSLQJ WHUPV� DQG GHWHUPLQLQJ
WKH GDPSLQJ FRHIILFLHQW E\ FRQVLGHULQJ WKHP� ��

���� 5HSODFHPHQW RVFLOODWRU DSSURDFK WR �'2) V\VWHP RQ D 3 × 3 SLOH JURXS ZLWK
s/d = 5 DQG L/b = 4� (,*(1 YV (,*(1�6� ��

���� ,QIOXHQFH RI QHJOHFWLQJ DOO VHFRQG�RUGHU GDPSLQJ WHUPV� (IIHFWLYH SHULRG T̃/T
DQG GDPSLQJ UDWLR ξ̃ IRU 2× 2 SLOH JURXSV ZLWK L/b = 2� ��

���� ,QIOXHQFH RI QHJOHFWLQJ DOO VHFRQG�RUGHU GDPSLQJ WHUPV� (IIHFWLYH SHULRG T̃/T
DQG GDPSLQJ UDWLR ξ̃ IRU 4× 4 SLOH JURXSV ZLWK s/d = 3.75� ��
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/LVW RI )LJXUHV

���� ,QIOXHQFH RI QHJOHFWLQJ DOO VHFRQG�RUGHU GDPSLQJ WHUPV� (IIHFWLYH SHULRG T̃/T
DQG GDPSLQJ UDWLR ξ̃ IRU 2 × 2� 3 × 3 DQG 4 × 4 SLOH JURXSV ZLWK L/b = 4 DQG
L/d = 15� ��

���� 6WUDWHJLHV IRU REWDLQLQJ WKH QDWXUDO IUHTXHQF\ DQG GDPSLQJ RI WKH HTXLYDOHQW
6'2) V\VWHP� ��

���� 5RRW ILQGLQJ SURFHGXUH �(,*(1� YV PD[LPXP VHDUFKLQJ DOJRULWKP �0$;�� (IIHF�
WLYH SHULRG T̃/T DQG GDPSLQJ UDWLR ξ̃ IRU D 2× 2 SLOH JURXS� ��

���� 5HSODFHPHQW RVFLOODWRU DSSURDFK WR �'2) V\VWHP RQ D 2 × 2 SLOH JURXS� L/b =
1, 7.5� DQG 15� 7UDQVIHU IXQFWLRQV� HODVWLF UHVSRQVH VSHFWUD FRUUHVSRQGLQJ WR
WKH ���� (O &HQWUR (DUWKTXDNH DQG GDPSLQJ UDWLR �ξ̃� RI WKH HTXLYDOHQW 6'2)
UHSODFHPHQW RVFLOODWRU� ��

���� 3UREOHP GHILQLWLRQ� 6LQJOH VKHDU VWUXFWXUH VXSSRUWHG RQ D VKDOORZ IRXQGDWLRQ
DW WKH VXUIDFH RI D KRPRJHQHRXV KDOI�VSDFH XQGHU YHUWLFDOO\�LQFLGHQW 6 ZDYHV� ��

���� 'LPHQVLRQOHVV FRHIILFLHQWV LQ H[SUHVVLRQV IRU IRXQGDWLRQ VWLIIQHVV DQG GDPSLQJ� ��
���� &RPSDULVRQ EHWZHHQ WKH UHVXOWV REWDLQHG ZLWK WKH SURSRVHG PRGHO DQG WKRVH

H[WUDFWHG IURP GH RULJLQDO SDSHU� E\ 9HOHWVRV DQG 0HHN� ��
���� &RPSDULVRQ EHWZHHQ VWLIIQHVV DQG GDPSLQJ FRHIILFLHQWV JLYHQ E\ 9HOHWVRV DQG

0HHN DQG WKRVH SURYLGHG E\ 9HOHWVRV DQG 9HUELF� ��
���� 3UREOHP GHILQLWLRQ� 6LQJOH VKHDU VWUXFWXUH VXSSRUWHG RQ D IRXQGDWLRQ HPEHGGHG

LQ D KRPRJHQHRXV KDOI�VSDFH XQGHU YHUWLFDOO\�LQFLGHQW 6 ZDYHV� ��
���� &RPSDULVRQ EHWZHHQ WKH UHVXOWV REWDLQHG ZLWK WKH SURSRVHG PRGHO DQG WKRVH

GLJLWL]HG IURP WKH RULJLQDO SDSHU� E\ $YLOpV DQG 3pUH]�5RFKD� ��

��� 6WUDWHJ\ IRU WKH VLQJXODULW\ VXEWUDFWLRQ� 6HPLVSKHUH DURXQG WKH FROORFDWLRQ
SRLQW IRU LQWHJUDWLRQ� ��

��� 0XOWL�UHJLRQ ERXQGDU\�HOHPHQW PRGHO GHILQLWLRQV DQG %(0 PHVK� ��
��� %(0�)(0 PRGHO� ��
��� )LQLWH HOHPHQW GHILQLWLRQ ��
��� ([WHUQDO SXQFWXDO IRUFHV �OHIW� DQG WUDFWLRQV DORQJ WKH SLOH�VRLO LQWHUIDFH GHILQHG

RQ WKH JHQHULF HOHPHQW ��

��� 3LOH IRXQGDWLRQ JHRPHWU\� ��
��� 6NHWFKHV RI WKH GLIIHUHQW YHUWLFDO SLOH JURXS FRQILJXUDWLRQV DVVXPLQJ WKH VDPH

GLDPHWHU d = FWH IRU DOO FDVHV� ���
��� 5DQJH RI WKH GLPHQVLRQOHVV IUHTXHQF\ ωd/cs IRU DOO FDVHV XQGHU LQYHVWLJDWLRQ� ���
��� ,PSHGDQFH IXQFWLRQV RI GLIIHUHQW 2× 2 SLOH JURXSV� Ep/Es = 103 DQG ξs = 0.05� ���
��� ,PSHGDQFH IXQFWLRQV RI GLIIHUHQW 3× 3 SLOH JURXSV� Ep/Es = 103 DQG ξs = 0.05� ���
��� ,PSHGDQFH IXQFWLRQV RI GLIIHUHQW 4× 4 SLOH JURXSV� Ep/Es = 103 DQG ξs = 0.05� ���
��� ,GHDOL]HG VKDSH RI WKH NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW SLOH JURXSV

HPEHGGHG LQ D VRLO ZLWK Ep/Es = 103 DQG ξs = 0.05� ���
��� ,GHDOL]HG VKDSH RI WKH NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW SLOH JURXSV ZLWK

L/d = 7.5� Ep/Es = 103 DQG ξs = 0.05� ���
��� ,GHDOL]HG VKDSH RI WKH NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW SLOH JURXSV ZLWK

L/d = 15� Ep/Es = 103 DQG ξs = 0.05� ���
���� ,GHDOL]HG VKDSH RI WKH NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW SLOH JURXSV ZLWK

L/d = 30� Ep/Es = 103 DQG ξs = 0.05� ���
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/LVW RI )LJXUHV

���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW 2 × 2 SLOH JURXSV� Ep/Es = 103 DQG
ξs = 0.05� ���

���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW 3 × 3 SLOH JURXSV� Ep/Es = 103 DQG
ξs = 0.05� ���

���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW 4 × 4 SLOH JURXSV� Ep/Es = 103 DQG
ξs = 0.05� ���

���� ,PSHGDQFH IXQFWLRQV RI GLIIHUHQW 2× 2 SLOH JURXSV� Ep/Es = 102 DQG ξs = 0.05� ���
���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW 2 × 2 SLOH JURXSV� Ep/Es = 102 DQG

ξs = 0.05� ���
���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV� Iu DQG Iϕ� RI 2×2 SLOH JURXSV ZLWK GLIIHUHQW VSDF�

LQJ UDWLRV s/d� UDNH DQJOHV θ DQG VWLIIQHVV UDWLRV Ep/Es� &RPSDULVRQ EHWZHHQ
%(0�%(0 DQG %(0�)(0� ���

���� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iu DQG YHUWLFDO GLVSODFHPHQW uz/ugo
RI D VLQJOH SLOH IRU GLIIHUHQW UDNH DQJOHV θ� ���

���� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iϕ RI D VLQJOH SLOH IRU GLIIHUHQW UDNH
DQJOHV θ� ���

���� 'HIRUPHG VKDSH DQG XQGHIRUPHG VKDSH RI VLPSOH LQFOLQHG SLOHV ZLWK GLIIHUHQW
UDNH DQJOHV θ FRQVLGHULQJ |ugo | = 1� ao = 0.3� Ep/Es = 1000� ���

���� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iu RI D 2× 2 SLOH JURXS ZLWK EDWWHUHG
SLOHV ZLWK GLIIHUHQW UDNH DQJOHV θ DQG s/d = 5� ���

���� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iu RI D 2× 2 SLOH JURXS ZLWK EDWWHUHG
SLOHV ZLWK GLIIHUHQW UDNH DQJOHV θ DQG s/d = 10� ���

���� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iu RI D 3× 3 SLOH JURXS ZLWK EDWWHUHG
SLOHV ZLWK GLIIHUHQW UDNH DQJOHV θ DQG s/d = 5� ���

���� 7UDQVODWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iu RI D 3× 3 SLOH JURXS ZLWK EDWWHUHG
SLOHV ZLWK GLIIHUHQW UDNH DQJOHV θ DQG s/d = 10� ���

���� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iϕ DQG PD[LPXP SLOH KHDG EHQGLQJ
VWUDLQ εp �FRQVLGHULQJ |ugo | = 1� RI D 2 × 2 SLOH JURXS ZLWK EDWWHUHG SLOHV ZLWK
GLIIHUHQW UDNH DQJOHV θ DQG s/d = 5� ���

���� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iϕ DQG PD[LPXP SLOH KHDG EHQGLQJ
VWUDLQ εp �FRQVLGHULQJ |ugo | = 1� RI D 2 × 2 SLOH JURXS ZLWK EDWWHUHG SLOHV ZLWK
GLIIHUHQW UDNH DQJOHV θ DQG s/d = 10� ���

���� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iϕ RI D 3 × 3 SLOH JURXS ZLWK EDWWHUHG
SLOHV ZLWK GLIIHUHQW UDNH DQJOHV θ DQG s/d = 5� ���

���� 5RWDWLRQDO NLQHPDWLF LQWHUDFWLRQ IDFWRU Iϕ RI D 3 × 3 SLOH JURXS ZLWK EDWWHUHG
SLOHV ZLWK GLIIHUHQW UDNH DQJOHV θ DQG s/d = 10� ���

���� 'HIRUPHG VKDSH DQG XQGHIRUPHG VKDSH RI 2× 2 SLOH JURXSV ZLWK EDWWHUHG SLOHV
ZLWK GLIIHUHQW UDNH DQJOHV θ EHLQJ s/d = 5 FRQVLGHULQJ |ugo | = 1� ao = 0.3� ���

���� ,QIOXHQFH RI WKH UDNH DQJOH RQ WKH URFNLQJ PRWLRQ DW WKH SLOH FDS� ���
���� ,QIOXHQFH RI WKH SLOH�VRLO <RXQJ
V PRGXOXV UDWLR Ep/Es RQ WKH URWDWLRQDO NLQH�

PDWLF LQWHUDFWLRQ IDFWRU Iϕ RI 2 × 2 SLOHV JURXSV ZLWK SLOHV LQFOLQHG SDUDOOHO WR
WKH GLUHFWLRQ RI H[FLWDWLRQ ZLWK GLIIHUHQW UDNH DQJOHV θ EHLQJ s/d = 5� ���

���� ,QIOXHQFH RI WKH SLOH VOHQGHUQHVV UDWLR L/d RQ WKH URWDWLRQDO NLQHPDWLF LQWHUDF�
WLRQ IDFWRU Iϕ RI 2 × 2 SLOHV JURXSV ZLWK SLOHV LQFOLQHG SDUDOOHO WR WKH GLUHFWLRQ
RI H[FLWDWLRQ ZLWK GLIIHUHQW UDNH DQJOHV θ EHLQJ s/d = 5� ���

���� 6NHWFKHV RI WKH GLIIHUHQW SLOH JURXS FRQILJXUDWLRQV FRPSULVLQJ LQFOLQHG SLOHV�
DVVXPLQJ WKH VDPH GLDPHWHU �d = FWH� IRU DOO FDVHV� ���
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/LVW RI )LJXUHV

���� '\QDPLF VWLIIQHVV IXQFWLRQV RI GLIIHUHQW 2 × 2 SLOH JURXSV� Ep/Es = 1000 DQG
ξs = 0.05� L/d (s/d) = 7.5(3.75), 15(7.5), 30(15)� ���

���� '\QDPLF VWLIIQHVV IXQFWLRQV RI GLIIHUHQW 3 × 3 SLOH JURXSV� Ep/Es = 1000 DQG
ξs = 0.05� L/d (s/d) = 7.5(2.5), 15(5), 30(10)� ���

���� 'DPSLQJ IXQFWLRQV RI GLIIHUHQW 2 × 2 SLOH JURXSV� Ep/Es = 1000 DQG ξs = 0.05�
L/d (s/d) = 7.5(3.75), 15(7.5), 30(15)� ���

���� 'DPSLQJ IXQFWLRQV RI GLIIHUHQW 3 × 3 SLOH JURXSV� Ep/Es = 1000 DQG ξs = 0.05�
L/d (s/d) = 7.5(2.5), 15(5), 30(10)� ���

���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW 2× 2 SLOH JURXSV� Ep/Es = 1000 DQG
ξs = 0.05� L/d (s/d) = 7.5(3.75), 15(7.5), 30(15)� ���

���� .LQHPDWLF LQWHUDFWLRQ IDFWRUV RI GLIIHUHQW 3× 3 SLOH JURXSV� Ep/Es = 1000 DQG
ξs = 0.05� L/d (s/d) = 7.5(2.5), 15(5), 30(10)� ���

��� ,QIOXHQFH RI WKH IRXQGDWLRQ�VWUXFWXUH PDVV UDWLR mo/m� 0D[LPXP VWUXFWXUDO
UHVSRQVH YDOXH Qm IRU 4 × 4 SLOH JURXSV ZLWK L/b = 2 DQG Ep/Es = 103 DQG
ξs = 0.05� ���

��� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ��� ZKHQ FRQVLGHULQJ d = FWH� ���

��� ,QIOXHQFH RI WKH FURVV�FRXSOHG LPSHGDQFHV� (IIHFWLYH SHULRG T̃/T � GDPSLQJ
UDWLR ξ̃ DQG PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU D 2 × 2 SLOH JURXS ZLWK
L/b = 2� Ep/Es = 103 DQG ξs = 0.05� ���

��� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ��� ZKHQ FRQVLGHULQJ d = FWH� ���

��� ,QIOXHQFH RI WKH FURVV�FRXSOHG LPSHGDQFHV� (IIHFWLYH SHULRG T̃/T � GDPSLQJ
UDWLR ξ̃ DQG PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU D 2 × 2 SLOH JURXS ZLWK
L/d = 15� Ep/Es = 103 DQG ξs = 0.05� ���

��� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ��� ZKHQ FRQVLGHULQJ d = FWH� ���

��� ,QIOXHQFH RI WKH FURVV�FRXSOHG LPSHGDQFHV� (IIHFWLYH SHULRG T̃/T � GDPSLQJ
UDWLR ξ̃ DQG PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU SLOH JURXSV ZLWK L/d =
15�L/b = 2� Ep/Es = 103 DQG ξs = 0.05� ���

��� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ��� ZKHQ FRQVLGHULQJ d = FWH� ���

��� ,QIOXHQFH RI WKH VWUXFWXUDO VOHQGHUQHVV UDWLR h/b� (IIHFWLYH SHULRG T̃/T IRU D
4 × 4 SLOH JURXS ZLWK s/d = 3.75� DQG IRU D SLOH JURXS ZLWK L/b = 4� L/d = 15�
Ep/Es = 103 DQG ξs = 0.05� ���

���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ WKH OHIW FROXPQ LQ ILJXUH ��� ZKHQ FRQVLGHULQJ d = FWH� ���

���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ WKH ULJKW FROXPQ LQ ILJXUH ��� ZKHQ FRQVLGHULQJ d = FWH� ���

���� ,QIOXHQFH RI WKH NLQHPDWLF LQWHUDFWLRQ DQG WKH VL]H RI WKH SLOH JURXS� (IIHFWLYH
SHULRG T̃/T � GDPSLQJ UDWLR ξ̃� PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm DQG NLQH�
PDWLF LQWHUDFWLRQ IDFWRU |Iu + (h/b)Iϕ| IRU SLOH JURXSV ZLWK L/b = 4� L/d = 15�
Ep/Es = 103 DQG ξs = 0.05� ���

���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ���� ZKHQ FRQVLGHULQJ d = FWH� ���
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/LVW RI )LJXUHV

���� ,QIOXHQFH RI WKH SLOH VOHQGHUQHVV UDWLR L/d� (IIHFWLYH SHULRG T̃/T � GDPSLQJ
UDWLR ξ̃� PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm DQG PD[LPXP UHODWLYH YDOXHV
RI WKH IRXQGDWLRQ KRUL]RQWDO GLVSODFHPHQW |ω2

nu
c
r/ügo | DQG URFNLQJ |ω2

nhϕ
c
r/ügo |

IRU D 2× 2 SLOH JURXS ZLWK L/b = 2� Ep/Es = 103 DQG ξs = 0.05� ���
���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG

LQ ILJXUHV ���� DQG ���� ZKHQ FRQVLGHULQJ d = FWH� ���
���� ,QIOXHQFH RI WKH SLOH VOHQGHUQHVV UDWLR L/d� (IIHFWLYH SHULRG T̃/T IRU 2× 2 SLOH

JURXSV ZLWK L/b = 2� Ep/Es = 103 DQG ξs = 0.05� h/b = 0.6� ���
���� ,QIOXHQFH RI WKH HPEHGPHQW UDWLR L/b� (IIHFWLYH SHULRG T̃/T � GDPSLQJ UDWLR

ξ̃� PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm DQG PD[LPXP UHODWLYH YDOXHV RI WKH
IRXQGDWLRQ KRUL]RQWDO GLVSODFHPHQW |ω2

nu
c
r/ügo | DQG URFNLQJ |ω2

nhϕ
c
r/ügo | IRU D

4× 4 SLOH JURXS ZLWK s/d = 3.75� Ep/Es = 103 DQG ξs = 0.05� ���
���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG

LQ ILJXUHV ���� DQG ���� ZKHQ FRQVLGHULQJ d = FWH� ���
���� ,QIOXHQFH RI WKH HPEHGPHQW UDWLR L/b� (IIHFWLYH SHULRG T̃/T IRU 4×4 SLOH JURXSV

ZLWK s/d = 3.75� Ep/Es = 103 DQG ξs = 0.05� h/b = 0.6� ���
���� ,QIOXHQFH RI WKH NLQHPDWLF LQWHUDFWLRQ DQG WKH VL]H RI WKH SLOH JURXS� 0D[LPXP

UHODWLYH YDOXHV RI WKH IRXQGDWLRQ KRUL]RQWDO GLVSODFHPHQW |ω2
nu

c
r/ügo | DQG URFNLQJ

|ω2
nhϕ

c
r/ügo | IRU SLOH JURXSV ZLWK L/b = 4� L/d = 15� Ep/Es = 103 DQG ξs = 0.05� ���

���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ���� ZKHQ FRQVLGHULQJ d = FWH� ���

���� ,QIOXHQFH RI WKH SLOH�VRLO <RXQJ
V PRGXOXV UDWLR Ep/Es� (IIHFWLYH SHULRG T̃/T �
GDPSLQJ UDWLR ξ̃ DQG PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU 2×2 SLOH JURXSV
ZLWK L/b = 2� δ = 0.15� ξ = 0.05 DQG ξs = 0.05� ���

���� 6NHWFKHV RI WKH SLOH JURXS FRQILJXUDWLRQV FRUUHVSRQGLQJ WR WKH FDVHV DQDO\VHG
LQ ILJXUH ���� ZKHQ FRQVLGHULQJ d = FWH� ���

���� ,QIOXHQFH RI WKH IL[HG�EDVH VWUXFWXUH GDPSLQJ UDWLR ξ� (IIHFWLYH SHULRG T̃/T �
GDPSLQJ UDWLR ξ̃ DQG PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU D 3 × 3 SLOH
JURXS ZLWK L/d = 30� L/b = 2� δ = 0.15� Ep/Es = 103 DQG ξs = 0.05� ���

���� ,QIOXHQFH RI WKH PDVV GHQVLW\ UDWLR EHWZHHQ VWUXFWXUH DQG VXSSRUWLQJ VRLO δ�
(IIHFWLYH SHULRG T̃/T � GDPSLQJ UDWLR ξ̃ DQG PD[LPXP VWUXFWXUDO UHVSRQVH YDOXH
Qm IRU D 3× 3 SLOH JURXS ZLWK L/d = 15� L/b = 2� Ep/Es = 103 DQG ξs = 0.05� ���

��� (IIHFWLYH SHULRG T̃/T IRU GLIIHUHQW 2×2 SLOH JURXSV� Ep/Es = 1000 DQG ξs = 0.05�
L/d (s/d) = 7.5(3.75), 15(7.5), 30(15)� h/b = 1, 2, 5, 10� ���

��� (IIHFWLYH SHULRG T̃/T IRU GLIIHUHQW 3×3 SLOH JURXSV� Ep/Es = 1000 DQG ξs = 0.05�
L/d (s/d) = 7.5(2.5), 15(5), 30(10)� h/b = 1, 2, 5, 10� ���

��� 0D[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU GLIIHUHQW 2×2 SLOH JURXSV� Ep/Es =
1000 DQG ξs = 0.05� L/d (s/d) = 7.5(3.75), 15(7.5), 30(15)� h/b = 1, 2, 5, 10� ���

��� 0D[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU GLIIHUHQW 3×3 SLOH JURXSV� Ep/Es =
1000 DQG ξs = 0.05� L/d (s/d) = 7.5(2.5), 15(5), 30(10)� h/b = 1, 2, 5, 10� ���

��� 0D[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU GLIIHUHQW 2×2 SLOH JURXSV� Ep/Es =
1000 DQG ξs = 0.05� L/d (s/d) = 7.5(3.75), 15(7.5), 30(15)� h/b = 1, 2, 5, 10� ���

��� 0D[LPXP VWUXFWXUDO UHVSRQVH YDOXH Qm IRU GLIIHUHQW 3×3 SLOH JURXSV� Ep/Es =
1000 DQG ξs = 0.05� L/d (s/d) = 7.5(2.5), 15(5), 30(10)� h/b = 1, 2, 5, 10� ���

��� &HQWHU RI VWLIIQHVV D DQG KHLJKW RI WKH JHRPHWULF SRLQW hp� ���
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/LVW RI )LJXUHV

��� (YROXWLRQ RI hp/d �hp� KHLJKW DERYH WKH FDS RI WKH JHRPHWULF SRLQW ZKHUH SLOH
D[HV PHHW� DQG HYROXWLRQ RI UDWLR D/d �D� FHQWHU RI VWLIIQHVV� DW ao = 0 DQG
ao = ao(0D[|Qm|) IRU 2× 2 SLOH JURXSV �b = s� ZLWK GLIIHUHQW UDNH DQJOHV� ���

��� (YROXWLRQ RI WKH VWUXFWXUDO PD[LPXP UHVSRQVH RI D VWUXFWXUH ZLWK h/b = 2 VXS�
SRUWHG RQ 2× 2 SLOH JURXSV �b = s� ZLWK GLIIHUHQW UDNH DQJOHV ZKHQ h/hp YDULHV
IURP h/hp > 1 WR h/hp < 1� s/d = 7.5� Ep/Es = 1000 DQG ξs = 0.05� ���

���� (ODVWLF UHVSRQVH VSHFWUD FRUUHVSRQGLQJ WR WKH ���� (O &HQWUR (DUWKTXDNH IRU
GLIIHUHQW 2 × 2 SLOH JURXSV ZLWK SLOHV LQFOLQHG θ = 10�� Ep/Es = 1000 DQG ξs =
0.05� L/d (s/d) = 7.5(3.75), 30(15) DQG h/b = 1, 2, 5, 10� 6'2) YV �'2)� ���

���� (ODVWLF UHVSRQVH VSHFWUD FRUUHVSRQGLQJ WR WKH ���� (O &HQWUR (DUWKTXDNH IRU
GLIIHUHQW 2 × 2 SLOH JURXSV� Ep/Es = 1000 DQG ξs = 0.05� L/d = 7.5, 15, 30 DQG
h/b = 1, 2, 3� ���

���� (ODVWLF UHVSRQVH VSHFWUD RI WKH PRWLRQ RI WKH PDVV FRUUHVSRQGLQJ WR WKH ����
(O &HQWUR (DUWKTXDNH D 2 × 2 SLOH JURXS ZLWK s/d = 3.75 EHLQJ T = 0.44 s�
Ep/Es = 1000 DQG ξs = 0.05� ���
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��� 9DOXHV DGRSWHG IRU WKH SDUDPHWHUV FKDUDFWHUL]LQJ WKH 66, SUREOHP� ��
��� 0RGHO VROLG FLUFXODU FURVV�VHFWLRQ JHRPHWU\ DQG HTXLYDOHQW PDWHULDO SURSHUWLHV� ��
��� $FWXDO DQQXODU FURVV�VHFWLRQ JHRPHWU\ DQG PDWHULDO SURSHUWLHV� ��
��� 3HUFHQWDJH HUURU IRU LPSHGDQFH IXQFWLRQV \LHOGLQJ IURP PRGHOOLQJ D KROORZ SLOH

E\ DQ HTXLYDOHQW VROLG SLOH� ��
��� 3HUFHQWDJH HUURU IRU NLQHPDWLF LQWHUDFWLRQ IDFWRUV \LHOGLQJ IURP PRGHOOLQJ D

KROORZ SLOH E\ DQ HTXLYDOHQW VROLG SLOH� ��
��� 1XPHULFDO FRHIILFLHQWV LQ HTXDWLRQV WR � ��

��� 4XDGUDWLF WULDQJXODU DQG TXDGULODWHUDO HOHPHQW W\SHV� ��

��� 3LOH JURXS FRQILJXUDWLRQV FRQVLVWLQJ RI YHUWLFDO SLOHV� ��
��� 3LOH JURXS FRQILJXUDWLRQV IRU WKH DQDO\VLV RI WKH LQIOXHQFH RI UDNH DQJOH RI SLOHV

RQ WKH NLQHPDWLF LQWHUDFWLRQ IDFWRUV RI GHHS IRXQGDWLRQV� ���
��� &RQILJXUDWLRQV RI SLOH JURXSV FRPSULVLQJ LQFOLQHG SLOHV� ���

��� 9HUWLFDO SLOH JURXS FRQILJXUDWLRQV� ���

��� &RQILJXUDWLRQV RI SLOH JURXSV FRPSULVLQJ LQFOLQHG SLOHV� ���
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⎤
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⎡
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21

ms
31

0

⎤

⎥⎥⎦ · δ1

����� 6XEVWUXFWXUH DSSURDFK

δKI
2

δKI
3 δ1

f s
2 = 0 f s

3 = 0

[
Ks

22 Ks
23

Ks
32 Ks

33

]
·
[
δKI
2 − δ1
δKI
3

]
− ω2

[
ms

21 ms
22 ms

23
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31 ms

32 ms
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]
·

⎡

⎢⎢⎣

δ1

δKI
2

δKI
3

⎤

⎥⎥⎦ =

[
0

0

]
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·
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δKI
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=
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·
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=
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f s
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·
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f s
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f s
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Io mo
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⎪⎪⎨

⎪⎪⎩
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0 0 0

⎤
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⎡
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⎥⎥⎦
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⎪⎪⎭
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⎥⎥⎦
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⎪⎪⎨
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⎢⎢⎣
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⎡
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32 mstr

33 + Io mstr
34

mstr
42 mstr

43 mstr
44

⎤

⎥⎥⎦
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⎪⎪⎬

⎪⎪⎭
·

⎡

⎢⎢⎣

δ2

δ3

δ4

⎤

⎥⎥⎦

=

{[
Ks

22 Ks
23

Ks
32 Ks

33

]
− ω2

[
ms

22 ms
23

ms
32 ms

33

]}
·
[
δKI
2

δKI
3

]

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ��



� 6XEVWUXFWXULQJ PHWKRGRORJ\

��� 3UREOHP GHILQLWLRQ

T m k h

I ξ

Io
L d

b
s θ

L
d

s

b

s/2

x

y

uc ϕc u
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��� 6XEVWUXFWXUH PRGHO

L
d

ug ϕg

(kxx, cxx) (kθθ, cθθ) (kxθ, cxθ)

Kij = kij + aocij ao = ωb/cs
=
√
−1 ω cs =

√
µs/ρs

µs ρs
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����� (TXDWLRQV RI PRWLRQ

ucr = uc − ug ϕc
r = ϕc − ϕg

m · [ü+ ücr + üg + h(ϕ̈c
r + ϕ̈g)] +K · u = 0

mo · [ücr + üg] +Kxx · ucr +Kxθ · ϕc
r −K · u = 0

m · h[ü+ ücr + üg + h(ϕ̈c
r + ϕ̈g)] + I(ϕ̈c

r + ϕ̈g)

+Kθx · ucr +Kθθ · ϕc
r + Io(ϕ̈

c
r + ϕ̈g) = 0

ωt

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

K 0 0

−K Kxx Kxθ

0 Kθx Kθθ

⎤

⎥⎥⎦− ω
2

⎡

⎢⎢⎣

m m mh

0 mo 0

mh mh IT

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

·

⎡

⎢⎢⎣

u

ucr

ϕc
r

⎤

⎥⎥⎦ = ω2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

m

mo

mh

⎤

⎥⎥⎦ug +

⎡

⎢⎢⎣

mh

0

IT

⎤

⎥⎥⎦ϕg

⎫
⎪⎪⎬

⎪⎪⎭

IT = mh2 + Io + I K = k + 2ωnmξω ωn = 2π/T

��� 0DLQ SDUDPHWHUV FKDUDFWHUL]LQJ SLOHV G\QDPLF EHKDYLRXU
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Kx = kx + ωcx kx cx
=
√
−1 ω

Es

ρs µs ξs

uI L
d Ãp Ĩp

Ẽp ρ̃p
µ̃p ξ̃p u = u(ω, z) v = v(ω, z)

ẼpĨp
∂ 4u

∂z4
+ (Kx − ρ̃pÃpω

2)u = Kx uI

uI

uI =
1

2

(
− κ(z−zs) + κ(z−zs)

)

κ = ω/cs zs

µ̃pÃp
∂ 2v

∂z2
+
(
Kz − ρ̃pÃpω

2
)
v = Kz vI
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Kz = kz + ωcz vI

vH uH vP uP
v = vH + vP u = uH + uP

∂ 4u

∂z4
+ λ4uu = 0 ;

∂ 2v

∂x2
+ λ2vv = 0

λ4u =
Kx − ρ̃pÃpω2

ẼpĨp
; λ2v =

Kz − ρ̃pÃpω2

µ̃pÃp

αz

α4
u + λ4u = 0 ; α2

v + λ2v = 0

α4
u = −Kx − ρ̃pÃpω2

ẼpĨp
; α2

v = −Kz − ρ̃pÃpω2

µ̃pÃp

αj
u = 4

√
Mu

(θu/4+(j−1)π/2) j = 1, 2, 3, 4

αj
v =

√
Mv

(θv/2+(j−1)π j = 1, 2

Mu Mv θu θv
α4
u α2

v

uH =
j=4∑

j=1

Dj
αj
uz vH =

j=2∑

j=1

D̃j
αj
vz

(αuL)
4 =

KxL4

ẼpĨp

(
1− ρ̃pÃpω2

Kx

)

(αvL)
2 =

KzL2

µ̃pÃp

(
1− ρ̃pÃpω2

Kz

)

Kx nxEs Kz nzEs nx nz

Es = 2(1 + νs)c2sρs

(αuL)
4 = nx

Es

Ẽp

L4

Ĩp

(
1− ρ̃p

ρs

Ãpω2

c2s

1

nx2(1 + νs)

)

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ��



� 6XEVWUXFWXULQJ PHWKRGRORJ\
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2 = nz
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Ẽp

L2

Ãp
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ρs

Ãpω2

c2s

1

nz2(1 + νs)

)

κL

ρ̃p
ρs

Ãpω2

c2s

Ẽp
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Ĩp
L4

Ẽp

Es

Ãp

L2

Ẽp

Es

Ĩp
L4

=
Ẽp
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Ĩp
Ip

Ip
L4

=
Ep

Es

π

64

(
d

L

)4

Ip = πd4/64

Ep = ẼpĨp/Ip

Ẽp

Es

Ãp

L2
=

Ẽp

Es

Ĩp
Ip

Ip

Ĩp

Ãp

L2
=

Ep

Es

Ip
L4

L2

ĩ2p
=

Ep

Es

π

64

(
d

L

)4(L

ĩp

)2

Ap = πd2/4 d

ρ̃p
ρs

Ãpω2

c2s
=

Ãp

Ap

ρ̃p
ρs

Apω2

c2s
=
ρp
ρs

(
ωd

cs

)2 π

4

ρp = ρ̃pÃp/Ap

ĩ2p = Ĩp/Ãp

Ep

Es
;

L

d
;

L

ĩp
;

ρp
ρs

;
ωd

cs
; νs ;

s

d

s/d
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��� ,QIOXHQFH RI SLOH FURVV�VHFWLRQ JHRPHWU\ RQ WKH G\QDPLF EHKDYLRXU
RI SLOHV

Ep/Es = 103 ρs/ρp = 0.7

Ep/Es ρs/ρp

γ
0 ≤ γ < 1

Ãp =
πd2

4
(1− γ2)

Ĩp =
πd4

64
(1− γ4)

γ = 0
Ap Ip γ = 0

Ap = Ãp(γ = 0) =
πd2

4

Ip = Ĩp(γ = 0) =
πd4

64
ip

ip = ĩp(γ = 0) =

√
Ip
Ap

=
d

4
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L/̃ip L/d

Ep

Es
;

L

d
;

ρp
ρs

;
ωd

cs
; νs ;

s

d

Ãp = Ap =
Ĩp = Ip =

γ

Ep ρp γ

Ep = Ẽp
Ĩp
Ip

= Ẽp(1− γ4)

ρp = ρ̃p
Ãp

Ap
= ρ̃p(1− γ2)

Ẽp ρ̃p

Ẽp = 2.8 · 103
ρ̃p = 1 / 3 d = 2

L = 30

L/̃ip γ
L/d

Ep/Es L/d ρs/ρp ωd/cs νs s/d

103 15 0.7 0− 1 0.4 5 10
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γ Ap Ip L/̃ip Ep Es ρp ρs

0.00 3.1416 0.7854 60.00 2.800 · 103 2.800 1.000 0.700

0.50 3.1416 0.7854 60.00 2.625 · 103 2.625 0.750 0.525

0.80 3.1416 0.7854 60.00 1.653 · 103 1.653 0.360 0.252

0.90 3.1416 0.7854 60.00 0.962 · 103 0.962 0.190 0.133

0.95 3.1416 0.7854 60.00 0.519 · 103 0.519 0.098 0.068

γ Ãp Ĩp L/̃ip Ẽp Es ρ̃p ρs
ẼpĨp
EsL4

· 104 ẼpÃp

EsL2

0.00 3.1416 0.7854 60.00 2, 800 2.800 1.000 0.700 9.6963 3.4907

0.50 2.3562 0.7363 53.67 2, 800 2.625 1.000 0.525 9.6963 2.7929

0.80 1.1310 0.4637 46.85 2, 800 1.653 1.000 0.252 9.6963 2.1283

0.90 0.5969 0.2701 44.60 2, 800 0.962 1.000 0.133 9.6963 1.9287

0.95 0.3063 0.1457 43.50 2, 800 0.519 1.000 0.068 9.6963 1.8347

ĩp
ip

ĩp =

√
Ĩp

Ãp
= ip

√
1− γ4
1− γ2

L/̃ip

L

ĩp
= 4

L

d

ip
ĩp

L/̃ip
ĩp

ip

L/̃ip
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2 × 2 3 × 3 s/d = 5
10

θ = 10 20 30

Ãp = Ap = cte Ĩp = Ip = cte
Ep ρp

Ep/Es L/d L/̃ip ρp/ρs νs
γ = 0
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����� ,PSHGDQFH IXQFWLRQV

θ = 0
θ = 30

γ
γ > 0

γ = 0

γ = 0.9
0 ≤ ωd/cs ≤ 0.5

θ = 30

γ = 0.9 0 ≤ ωd/cs ≤ 0.5

2× 2 3× 3

s/d 5 10 5 10

θ 0 30 0 30 0 30 0 30

kxx/(µs d) 1.88 1.06 1.11 3.51 2.57 0.14 1.07 2.88

cxx/(µs d) 0.49 3.93 0.23 5.05 0.59 2.53 0.21 3.50

kθθ/(µs d3) 5.71 1.40 5.55 4.73 0.45 0.80 6.42 5.34

cθθ/(µs d3) 10.71 6.12 11.28 9.13 6.65 6.38 10.92 9.39

kθx/(µs d2) 2.02 0.06 1.42 16.36 4.06 2.25 1.46 14.04

cθx/(µs d2) 0.19 27.43 0.90 20.42 1.96 19.11 0.38 18.45
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6XEVWUXFWXULQJ PHWKRGRORJ\ �

����� .LQHPDWLF LQWHUDFWLRQ IDFWRUV

γ > 0

γ = 0
2×2 3×3

θ = 30
θ = 10 20

γ

γ = 0.9
0 ≤ ωd/cs ≤ 0.5

θ = 30

γ = 0.9 0 ≤ ωd/cs ≤ 0.5

2× 2 3× 3

s/d 5 10 5 10

θ 0 30 0 30 0 30 0 30

[Iu] 1.91 3.13 0.93 1.73 1.99 2.82 0.80 1.34

[Iu] 2.92 0.03 2.78 1.47 2.87 1.58 3.02 2.19

[Iϕ] 7.70 0.67 7.65 2.00 3.60 0.51 7.37 1.86

[Iϕ] 11.03 3.22 4.75 0.27 6.83 8.51 4.67 2.21
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ügo

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

ω2
nm+ 2ωnmξω 0 0

0 Kxx Kxθ

0 Kθx Kθθ

⎤

⎥⎥⎦−ω
2

⎡

⎢⎢⎣

m m mh

m m+mo mh

mh mh IT

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

·

⎡

⎢⎢⎣

u/ügo
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r/ügo

⎤

⎥⎥⎦ =

− λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1

⎤

⎥⎥⎦ Iu +
h

b

⎡

⎢⎢⎣

1

1

1+ b2

3h2

(
1+mo

m

)

⎤

⎥⎥⎦ Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

I = mb2/3 Io =
mob2/3

K̃xx =
Kxx/(µsb) K̃θθ = Kθθ/(µsb3) K̃xθ = Kxθ/(µsb2)

ugo Iu = ug/ugo Iϕ =
ϕgb/ugo ao

�� 66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH



6XEVWUXFWXULQJ PHWKRGRORJ\ �

��� 'LDJRQDOL]DWLRQ RI WKH LPSHGDQFH PDWUL[

Q =

∣∣∣∣
ω2
nu
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u/ügo

uPr /ügo
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r /ügo

ω2
n(h+D)ϕP

r /ügo
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b1 0.525 0.5 0.45 0.4
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m · [ü+ ücr + üg + (h+De)(ϕ̈
c
r + ϕ̈g)] +K · u = 0
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r/ügo

⎤

⎥⎥⎦ =−λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1 + mo
m

De+2D
2(h+D+De)

⎤

⎥⎥⎦Iu+

(
h

b
+
De

b

)
⎡

⎢⎢⎣

1

1+mo
m

De
2(h+De)

1+ b2

3(h+De)(h+D+De)

(
1+mo

m

)
+mo

m
De(De+2D)

4(h+De)(h+D+De)

⎤

⎥⎥⎦Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

uPg = ug − ϕgD

ξ′ =
1

λ
ξ

α2
xx = σ2

1

16π2
h

b

1

δ
k̃xx

ξxx =
c̃xx

2 ˜kxx

α2
θθ = σ2

1

16π2
h

b

1

δ

[
b2

(h+D +De)2
K̃θθD

]

ξθθ =

[
b2

(h+D+De)2
K̃θθD

]

2
[

b2

(h+D+De)2
K̃θθD

]

K̃xx = k̃xx + c̃xx

K̃θθD =
1

µsb3

(
Kθθ −

K2
θx

Kxx

)

b2

(h+D +De)2
=

(
h

b
+

De

b
− K̃θx

K̃xx

)−2

De + 2D

h+D +De
=

(
De

b
− 2

K̃θx

K̃xx

)(
h

b
+

De

b
− K̃θx

K̃xx

)−1

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ��



� 6XEVWUXFWXULQJ PHWKRGRORJ\

b

h+De
=

(
h

b
+

De

b

)−1

De

h+De
=

De

b

(
h

b
+

De

b

)−1

mo I Io

⎧
⎪⎪⎨

⎪⎪⎩
λ2

⎡

⎢⎢⎣

(1+ 2ξ′) 0 0

0 α2
xx(1+ 2ξxx) 0

0 0 α2
θθ(1+ 2ξθθ)

⎤

⎥⎥⎦−

⎡

⎢⎢⎣

1 1 1

1 1 1

1 1 1

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

⎡

⎢⎢⎣

ω2
nu/ügo
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nu/ügo

Q

∣∣∣∣
ω2
nu
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%RXQGDU\ HOHPHQWV EDVHG PRGHOV IRU VRLO�VWUXFWXUH LQWHUDFWLRQ �
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� 1XPHULFDO FRPSXWDWLRQ RI LPSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV

Kij

ω

Kij = kij + aocij

kij cij
=
√
−1 ao

ao =
ωb

cs

b cs

cs =

√
µs

ρs

µs ρs

��� &RPSXWDWLRQ RI NLQHPDWLF LQWHUDFWLRQ IDFWRUV

ug ϕg

�� 66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH



1XPHULFDO FRPSXWDWLRQ RI LPSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV �

ao
ugo

Iu =
ug
ugo

Iϕ =
ϕgb

ugo

��� 3UREOHP GHILQLWLRQ

L d s
θ b = d

b = s 2 × 2 b = 3s/2 3 × 3 b = 2s
4 × 4 3 × 3

4× 4 θ = 0

Ep/Es

L/d

ρs/ρp

ao = ωd/cs

νs

s/d

L/b

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ��



� 1XPHULFDO FRPSXWDWLRQ RI LPSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV
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� 1XPHULFDO FRPSXWDWLRQ RI LPSHGDQFHV DQG NLQHPDWLF LQWHUDFWLRQ IDFWRUV
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� 6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV
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� 6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV

��� ,QIOXHQFH RI VWUXFWXUDO VOHQGHUQHVV UDWLR DQG ZDYH SDUDPHWHU
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��� 66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH



6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV �

��� ,QIOXHQFH RI NLQHPDWLF LQWHUDFWLRQ IDFWRUV
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� 6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV
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6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV �

��� ,QIOXHQFH RI SLOH VOHQGHUQHVV UDWLR
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6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV �

d =

1

2

3

0.0 0.1 0.2 0.3 0.4 0.5

T ˜
/T

1/σ

h/b=0.6

L/d=7.5
L/d=15 
L/d=30 

L/d T̃/T 2 × 2
L/b = 2 Ep/Es = 103 ξs = 0.05 h/b = 0.6

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ���



� 6HLVPLF EHKDYLRXU RI VWUXFWXUHV VXSSRUWHG RQ YHUWLFDO SLOH JURXSV

��� ,QIOXHQFH RI HPEHGPHQW UDWLR
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$������,QIOXHQFLD GHO FRHILFLHQWH GH DPRUWLJXDPLHQWR GH OD HVWUXFWXUD HQ

EDVH UtJLGD ���
$������,QIOXHQFLD GH OD GHQVLGDG GH PDVD UHODWLYD HVWUXFWXUD�VXHOR ���
$������&RQFOXVLRQHV ���

$��� 5HVXPHQ� FRQFOXVLRQHV \ GHVDUUROORV IXWXURV ���
$����� 5HVXPHQ \ FRQFOXVLRQHV ���
$����� 'HVDUUROORV IXWXURV ���
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ÌQGLFH GH ILJXUDV

ÌQGLFH GH ILJXUDV
$��� 'HILQLFLyQ GHO SUREOHPD� ���
$��� 'HILQLFLyQ GHO SUREOHPD \ PRGHOR GH VXEHVWUXFWXUDFLyQ� ���
$��� (O PpWRGR GH ORV WUHV SDVRV� ���
$��� 0RGHOR :LQNOHU� ���
$��� 6HFFLyQ WUDQVYHUVDO GH ORV SLORWHV� ���
$��� *HRPHWUtD GH OD FLPHQWDFLyQ SLORWDGD� ���
$��� ,QIOXHQFLD GH OD JHRPHWUtD GH OD VHFFLyQ WUDQVYHUVDO GH ORV SLORWHV� ,PSHGDQFLDV

KRUL]RQWDOHV GH GLVWLQWRV JUXSRV GH 2×2 \ 3×3 SLORWHV FRQ HOHPHQWRV YHUWLFDOHV
�θ = 0�� R LQFOLQDGRV �θ = 30��� ���

$��� ,QIOXHQFLD GH OD JHRPHWUtD GH OD VHFFLyQ WUDQVYHUVDO GH ORV SLORWHV� ,PSHGDQFLDV
GH EDODQFHR GH GLVWLQWRV JUXSRV GH 2×2 \ 3×3 SLORWHV FRQ HOHPHQWRV YHUWLFDOHV
�θ = 0�� R LQFOLQDGRV �θ = 30��� ���

$��� ,QIOXHQFLD GH OD JHRPHWUtD GH OD VHFFLyQ WUDQVYHUVDO GH ORV SLORWHV� ,PSHGDQFLDV
FUX]DGDV KRUL]RQWDO�EDODQFHR GH GLVWLQWRV JUXSRV GH 2 × 2 \ 3 × 3 SLORWHV FRQ
HOHPHQWRV YHUWLFDOHV �θ = 0�� R LQFOLQDGRV �θ = 30��� ���

$����,QIOXHQFLD GH OD JHRPHWUtD GH OD VHFFLyQ WUDQVYHUVDO GH ORV SLORWHV� )DFWRU GH
LQWHUDFFLyQ FLQHPiWLFD WUDVODFLRQDO Iu SDUD GLVWLQWRV JUXSRV GH 2 × 2 \ 3 × 3
SLORWHV FRQ HOHPHQWRV YHUWLFDOHV �θ = 0�� R LQFOLQDGRV �θ = 30��� ���

$����,QIOXHQFLD GH OD JHRPHWUtD GH OD VHFFLyQ WUDQVYHUVDO GH ORV SLORWHV� )DFWRU GH
LQWHUDFFLyQ FLQHPiWLFD URWDFLRQDO Iϕ SDUD GLVWLQWRV JUXSRV GH 2×2 \ 3×3 SLORWHV
FRQ HOHPHQWRV YHUWLFDOHV �θ = 0�� R LQFOLQDGRV �θ = 30��� ���

$����0RGHOR HTXLYDOHQWH FRQ PDWUL] GH LPSHGDQFLDV GLDJRQDOL]DGD� ���
$����0RGHOR GH VXEHVWUXFWXUDFLyQ GH XQD HVWUXFWXUD GH XQD SODQWD \ RVFLODGRU HTXL�

YDOHQWH GH XQ JUDGR GH OLEHUWDG� ���
$����(VWUDWHJLD GH E~VTXHGD GHO YDORU Pi[LPR �0$;� SDUD REWHQHU OD IUHFXHQFLD QD�

WXUDO \ HO DPRUWLJXDPLHQWR GHO VLVWHPD GH �*'/ HTXLYDOHQWH� ���
$����(VWUDWHJLD GHO FiOFXOR GH OD UDt] �5227� SDUD REWHQHU OD IUHFXHQFLD QDWXUDO \ HO

DPRUWLJXDPLHQWR GHO VLVWHPD GH �*'/ HTXLYDOHQWH� ���
$����$SUR[LPDFLyQ PHGLDQWH XQ RVFLODGRU GH UHHPSOD]R GH OD UHVSXHVWD GH XQ VLVWHPD

GH �*'/ VRSRUWDGR SRU XQ JUXSR GH 3×3 SLORWHV FRQ s/d = 5 \ L/b = 1� Ep/Es =
103 \ ξs = 0.05� (VWUDWHJLD 5227� ���

$����$SUR[LPDFLyQ PHGLDQWH XQ RVFLODGRU GH UHHPSOD]R GH OD UHVSXHVWD GH XQ VLVWHPD
GH �*'/ VRSRUWDGR SRU XQ JUXSR GH 3×3 SLORWHV FRQ s/d = 5 \ L/b = 4� Ep/Es =
103 \ ξs = 0.05� (VWUDWHJLD 5227� ���

$����$SUR[LPDFLyQ PHGLDQWH XQ RVFLODGRU GH UHHPSOD]R GH OD UHVSXHVWD GH XQ VLVWHPD
GH �*'/ VRSRUWDGR SRU XQ JUXSR GH 3×3 SLORWHV FRQ s/d = 5 \ L/b = 2� Ep/Es =
103 \ ξs = 0.05� (VWUDWHJLD (,*(1�6� ���

$����3URFHGLPLHQWR SURSXHVWR �(,*(1� SDUD REWHQHU OD IUHFXHQFLD QDWXUDO GHO VLVWHPD
GH �*'/ HTXLYDOHQWH� ���

$����$SUR[LPDFLyQ PHGLDQWH XQ RVFLODGRU GH UHHPSOD]R GH OD UHVSXHVWD GH XQ VLVWHPD
GH �*'/ VRSRUWDGR SRU XQ JUXSR GH 3×3 SLORWHV FRQ s/d = 5 \ L/b = 4� Ep/Es =
103 \ ξs = 0.05� (,*(1 YV (,*(1�6� ���
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ÌQGLFH GH ILJXUDV

$����,QIOXHQFLD GH ORV WpUPLQRV GH VHJXQGR RUGHQ GHO DPRUWLJXDPLHQWR� 3HULRGR T̃/T
\ DPRUWLJXDPLHQWR ξ̃ HIHFWLYRV SDUD JUXSRV GH 2× 2 SLORWHV FRQ L/b = 2� ���

$����,QIOXHQFLD GH ORV WpUPLQRV GH VHJXQGR RUGHQ GHO DPRUWLJXDPLHQWR� 3HULRGR T̃/T
\ DPRUWLJXDPLHQWR ξ̃ HIHFWLYRV SDUD JUXSRV GH 4× 4 SLORWHV FRQ s/d = 3.75� ���

$����,QIOXHQFLD GH ORV WpUPLQRV GH VHJXQGR RUGHQ GHO DPRUWLJXDPLHQWR� 3HULRGR T̃/T
\ DPRUWLJXDPLHQWR ξ̃ HIHFWLYRV SDUD JUXSRV GH 2 × 2� 3 × 3 \ 4 × 4 SLORWHV FRQ
L/b = 4 \ L/d = 15� ���

$����(VWUDWHJLDV SDUD REWHQHU OD IUHFXHQFLD QDWXUDO \ HO DPRUWLJXDPLHQWR GHO VLVWHPD
GH �*'/ HTXLYDOHQWH� ���

$����3URFHGLPLHQWR GHO FiOFXOR GH OD UDt] �(,*(1� YV DOJRULWPR GH E~VTXHGD GHO Pi�
[LPR �0$;�� 3HULRGR T̃/T \ DPRUWLJXDPLHQWR HIHFWLYRV ξ̃ SDUD XQ JUXSR GH 2× 2
SLORWHV� ���

$����$SUR[LPDFLyQ PHGLDQWH XQ RVFLODGRU GH UHHPSOD]R GH OD UHVSXHVWD GH XQ VLVWHPD
GH �*'/ VRSRUWDGR SRU XQ JUXSR GH 2× 2 SLORWHV� L/b = 1, 7.5� \ 15� )XQFLRQHV
GH WUDQVIHUHQFLD� HVSHFWUR GH UHVSXHVWD HOiVWLFD FRUUHVSRQGLHQWH DO WHUUHPRWR
GH (O &HQWUR GH ���� \ DPRUWLJXDPLHQWR HIHFWLYR �ξ̃� GHO RVFLODGRU HTXLYDOHQWH
GH �*'/� ���

$����'HILQLFLyQ GHO SUREOHPD� ���
$����&RHILFLHQWHV DGLPHQVLRQDOHV HQ ODV H[SUHVLRQHV GH OD ULJLGH] \ HO DPRUWLJXD�

PLHQWR GHO FLPLHQWR� ���
$����&RPSDUDFLyQ HQWUH ORV UHVXOWDGRV GHO PRGHOR SURSXHVWR \ ORV SURSRUFLRQDGRV

SRU 9HOHWVRV \ 0HHN� ���
$����&RPSDUDFLyQ HQWUH ORV FRHILFLHQWHV SURSRUFLRQDGRV SDUD ODV LPSHGDQFLDV SRU

9HOHWVRV \ 0HHN \ DTXHOORV SURSXHVWRV SRU 9HOHWVRV \ 9HUELF� ���
$����'HILQLFLyQ GHO SUREOHPD� ���
$����&RPSDUDFLyQ HQWUH ORV UHVXOWDGRV REWHQLGRV PHGLDQWH HO PRGHOR SURSXHVWR \

DTXHOORV SURSRUFLRQDGRV SRU $YLOpV \ 3pUH]�5RFKD� ���
$����*HRPHWUtD GH ODV FLPHQWDFLRQHV FRQ SLORWHV YHUWLFDOHV� ���
$����5HSUHVHQWDFLyQ GH ODV GLVWLQWDV FRQILJXUDFLRQHV GH SLORWHV YHUWLFDOHV FRQVLGH�

UDQGR HO PLVPR GLiPHWUR d = FWH SDUD WRGRV ORV FDVRV� ���
$����5DQJR GH OD IUHFXHQFLD DGLPHQVLRQDO ωd/cs SDUD WRGRV ORV FDVRV DQDOL]DGRV� ���
$����,PSHGDQFLDV SDUD GLVWLQWRV JUXSRV GH 2× 2 SLORWHV� Ep/Es = 103 \ ξs = 0.05� ���
$����,PSHGDQFLDV SDUD GLVWLQWRV JUXSRV GH 3× 3 SLORWHV� Ep/Es = 103 \ ξs = 0.05� ���
$����,PSHGDQFLDV SDUD GLVWLQWRV JUXSRV GH 4× 4 SLORWHV� Ep/Es = 103 \ ξs = 0.05� ���
$����)DFWRUHV GH LQWHUDFFLyQ FLQHPiWLFD SDUD GLVWLQWRV JUXSRV GH SLORWHV HPEHELGRV

HQ XQ VXHOR FRQ Ep/Es = 103 \ ξs = 0.05� ���
$����)DFWRUHV GH LQWHUDFFLyQ FLQHPiWLFD SDUD GLVWLQWRV JUXSRV GH 2×2 SLORWHV�Ep/Es =

103 \ ξs = 0.05� ���
$����)DFWRUHV GH LQWHUDFFLyQ FLQHPiWLFD SDUD GLVWLQWRV JUXSRV GH 3×3 SLORWHV�Ep/Es =

103 \ ξs = 0.05� ���
$����)DFWRUHV GH LQWHUDFFLyQ FLQHPiWLFD SDUD JUXSRV GH 4× 4 SLORWHV� Ep/Es = 103 \

ξs = 0.05� ���
$����,PSHGDQFLDV SDUD GLVWLQWRV JUXSRV GH 2× 2 SLORWHV� Ep/Es = 102 \ ξs = 0.05� ���
$����)DFWRUHV GH LQWHUDFFLyQ FLQHPiWLFD SDUD GLVWLQWRV JUXSRV GH 2×2 SLORWHV�Ep/Es =

102 \ ξs = 0.05� ���
$����,QIOXHQFLD GH OD UHODFLyQ GH PDVDV FLPLHQWR�HVWUXFWXUD mo/m� 5HVSXHVWD Pi[L�

PD HVWUXFWXUDO SDUD JUXSRV GH 4× 4 SLORWHV� L/b = 2� Ep/Es = 103 \ ξs = 0.05� ���
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ÌQGLFH GH ILJXUDV

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV GLVWLQWDV FRQILJXUDFLRQHV DQDOL]DGDV HQ OD
ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GH ODV LPSHGDQFLDV FUX]DGDV� 3HULRGR HIHFWLYR T̃/T � DPRUWLJXDPLHQWR
ξ̃ \ UHVSXHVWD Pi[LPD HVWUXFWXUDO Qm SDUD XQ JUXSR GH 2×2 SLORWHV FRQ L/b = 2�
Ep/Es = 103 \ ξs = 0.05� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�
]DGDV HQ OD ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GH ODV LPSHGDQFLDV FUX]DGDV� 3HULRGR HIHFWLYR T̃/T � DPRUWLJXDPLHQWR
ξ̃ \ Pi[LPD UHVSXHVWD HVWUXFWXUDOQm SDUD XQ JUXSR GH 2×2 SLORWHV FRQ L/d = 15�
Ep/Es = 103 \ ξs = 0.05� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�
]DGDV HQ OD ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GH ODV LPSHGDQFLDV FUX]DGDV� 3HULRGR HIHFWLYR T̃/T � DPRUWLJXDPLHQWR
ξ̃ \ UHVSXHVWD Pi[LPD HVWUXFWXUDOQm SDUD JUXSRV GH SLORWHV FRQ L/d = 15�L/b =
2� Ep/Es = 103 \ ξs = 0.05� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�
]DGDV HQ OD ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GHO UDWLR GH HVEHOWH] GH OD HVWUXFWXUD h/b� 3HULRGR HIHFWLYR T̃/T SDUD
XQ JUXSR GH 4× 4 SLORWHV FRQ s/d = 3.75 �FROXPQD L]TXLHUGD� \ SDUD XQ JUXSR GH
SLORWHV FRQ L/b = 4 \ L/d = 15 �FROXPQD GHUHFKD�� Ep/Es = 103 \ ξs = 0.05� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�
]DGDV HQ OD FROXPQD L]TXLHUGD GH OD ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�
]DGDV HQ OD FROXPQD GHUHFKD GH OD ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GH OD LQWHUDFFLyQ FLQHPiWLFD \ HO Q~PHUR GH SLORWHV� 3HULRGR HIHFWLYR
T̃/T � DPRUWLJXDPLHQWR ξ̃� UHVSXHVWD Pi[LPD HVWUXFWXUDO Qm \ IDFWRU GH LQWH�
UDFFLyQ FLQHPiWLFD |Iu+(h/b)Iϕ| SDUD JUXSRV GH SLORWHV FRQ L/b = 4� L/d = 15�
Ep/Es = 103 \ ξs = 0.05� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV DQDOL]DGDV HQ OD ILJXUD $���
FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GHO UDWLR GH HVEHOWH] GH ORV SLORWHV L/d� 3HULRGR HIHFWLYR T̃/T � DPRU�
WLJXDPLHQWR ξ̃� UHVSXHVWD Pi[LPD HVWUXFWXUDO Qm \ YDORUHV UHODWLYRV Pi[LPRV
GHO GHVSOD]DPLHQWR KRUL]RQWDO |ω2

nu
c
r/ügo | \ HO JLUR |ω2

nhϕ
c
r/ügo | GHO FLPLHQWR SD�

UD XQ JUXSR GH 2× 2 SLORWHV FRQ L/b = 2� Ep/Es = 103 \ ξs = 0.05� ���
$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�

]DGDV HQ ODV ILJXUDV $��� \ $��� FRQVLGHUDQGR d = FWH� ���
$����,QIOXHQFLD GHO UDWLR GH HVEHOWH] GH ORV SLORWHV L/d� 3HULRGR HIHFWLYR T̃/T SDUD

JUXSRV GH 2× 2 SLORWHV FRQ L/b = 2� Ep/Es = 103 \ ξs = 0.05� h/b = 0.6� ���
$����,QIXHQFLD GHO UDWLR GH HPEHELPLHQWR L/b� 3HULRGR HIHFWLYR T̃/T � FRHILFLHQWH GH

DPRUWLJXDPLHQWR ξ̃� UHVSXHVWD Pi[LPD HVWUXFWXUDO Qm \ YDORUHV UHODWLYRV Pi[L�
PRV GHO GHVSOD]DPLHQWR KRUL]RQWDO |ω2

nu
c
r/ügo | \ HO JLUR |ω2

nhϕ
c
r/ügo | GHO FLPLHQWR

SDUD XQ JUXSR GH 4× 4 SLORWHV FRQ s/d = 3.75� Ep/Es = 103 \ ξs = 0.05� ���
$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�

]DGDV HQ ODV ILJXUDV $��� \ $��� FRQVLGHUDQGR d = FWH� ���
$����,QIXHQFLD GHO UDWLR GH HPEHELPLHQWR L/b� 3HULRGR HIHFWLYR T̃/T SDUD JUXSRV GH

4× 4 SLORWHV FRQ s/d = 3.75� Ep/Es = 103 \ ξs = 0.05� h/b = 0.6� ���
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ÌQGLFH GH ILJXUDV

$����,QIOXHQFLD GHO Q~PHUR GH SLORWHV� 9DORUHV Pi[LPRV UHODWLYRV GHO GHVSOD]DPLHQWR
KRUL]RQWDO |ω2

nu
c
r/ügo | \ HO JLUR |ω2

nhϕ
c
r/ügo | GHO FLPLHQWR SDUD JUXSRV GH SLORWHV

FRQ L/b = 4� L/d = 15� Ep/Es = 103 \ ξs = 0.05� ���
$����5HSUHVHQWDFLyQ HVTXHPDWL]DGD GH ODV FRQILJXUDFLRQHV DQDOL]DGDV HQ OD ILJX�

UD $��� FRQVLGHUDQGR d = FWH� ���
$����,QIOXHQFLD GHO UDWLR GHO PyGXOR GH <RXQJ SLORWH�VXHOR Ep/Es� 3HULRGR HIHFWLYR

T̃/T � DPRUWLJXDPLHQWR ξ̃ \ UHVSXHVWD Pi[LPD HVWUXFWXUDO Qm SDUD JUXSRV GH
2× 2 SLORWHV FRQ L/b = 2 \ ξs = 0.05� ���

$����5HSUHVHQWDFLyQ HVTXHPiWLFD GH ODV FRQILJXUDFLRQHV GH JUXSRV GH SLORWHV DQDOL�
]DGDV HQ OD ILJXUD $��� FRQVLGHUDQGR d = FWH� ���

$����,QIOXHQFLD GHO FRHILFLHQWH GH DPRUWLJXDPLHQWR GH OD HVWUXFWXUD HQ EDVH UtJLGD
ξ� 3HULRGR HIHFWLYR T̃/T � DPRUWLJXDPLHQWR ξ̃ \ Pi[LPD UHVSXHVWD HVWUXFWXUD Qm

SDUD XQ JUXSR GH 3× 3 SLORWHV FRQ L/d = 30� L/b = 2� Ep/Es = 103 \ ξs = 0.05� ���
$����,QIOXHQFLD GH OD GHQVLGDG GH PDVD UHODWLYD HQWUH OD HVWUXFWXUD \ HO VXHOR δ�

3HULRGR HIHFWLYR T̃/T � DPRUWLJXDPLHQWR ξ̃ \ UHVSXHVWD Pi[LPD HVWUXFWXUDO Qm

SDUD XQ JUXSR GH 3× 3 SLORWHV FRQ L/d = 15� L/b = 2� Ep/Es = 103 \ ξs = 0.05� ���
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ÌQGLFH GH WDEODV

ÌQGLFH GH WDEODV
$��� 9DORUHV GH ORV SDUiPHWURV DGLPHQVLRQDOHV TXH FDUDFWHUL]DQ HO SUREOHPD GH LQ�

WHUDFFLyQ VXHOR�HVWUXFWXUD� ���
$��� *HRPHWUtD \ SURSLHGDGHV HTXLYDOHQWHV GH OD VHFFLyQ WUDQVYHUVDO FLUFXODU GHO PR�

GHOR� ���
$��� *HRPHWUtD \ SURSLHGDGHV GHO PDWHULDO GH OD VHFFLyQ WUDQVYHUVDO UHDO� ���
$��� (UURU SRUFHQWXDO FRPHWLGR HQ HO FiOFXOR GH LPSHGDQFLDV DO XVDU XQ PRGHOR GH

VHFFLyQ FLUFXODU PDFL]D SDUD UHSUHVHQWDU XQD VHFFLyQ DQXODU FRQ γ = 0.9� ���
$��� (UURU SRUFHQWXDO FRPHWLGR HQ HO FiOFXOR GH ORV IDFWRUHV GH LQWHUDFFLyQ FLQHPi�

WLFD DO XVDU XQ PRGHOR GH VHFFLyQ FLUFXODU PDFL]D SDUD UHSUHVHQWDU XQD VHFFLyQ
DQXODU FRQ γ = 0.9� ���

$��� &RHILFLHQWHV QXPpULFRV GH ODV HFXDFLRQHV GH OD D OD � VHJ~Q 9H�
OHWVRV \ 9HUELF� ���

$��� &RQILJXUDFLRQHV GH JUXSRV GH SLORWHV YHUWLFDOHV� ���

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH L[





$� 6800$5< 2) 7+(
',66(57$7,21 ,1
63$1,6+

$��� ,QWURGXFFLyQ \ DQWHFHGHQWHV
$��� 0HWRGRORJtD GH VXEHVWUXFWXUDFLyQ
$��� &RPSRUWDPLHQWR VtVPLFR GH HVWUXFWXUDV

VXVWHQWDGDV SRU SLORWHV YHUWLFDOHV
$��� 5HVXPHQ� FRQFOXVLRQHV \ GHVDUUROORV

IXWXURV





6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

$��� ,QWURGXFFLyQ \ DQWHFHGHQWHV

$����� ,QWURGXFFLyQ
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK
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6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

2×2 3×3 4×4
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

$����� 5HYLVLyQ ELEOLRJUiILFD
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6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

8 × 8
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

2×2 10×10

2 × 2 4 × 4

5 × 5

3× 3

2×2 3×3
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6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

2×1

3× 3
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

$����� $OFDQFH \ REMHWLYRV
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$����� 3XEOLFDFLRQHV GHULYDGDV GH HVWD WHVLV GRFWRUDO

$������� 3XEOLFDFLRQHV HQ UHYLVWDV FLHQWtILFDV -&5

$������� &RQWULEXFLRQHV D FRQJUHVRV
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$����� (VWUXFWXUD GHO GRFXPHQWR
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2×2 3×3 4×4
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2× 2 3× 3
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$��� 0HWRGRORJtD GH VXEHVWUXFWXUDFLyQ

$����� ,QWURGXFFLyQ

$����� 'HVFULSFLyQ GHO SUREOHPD

T m k h
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$����� 0RGHOR GH VXEHVWUXFWXUDFLyQ

L
d

ug ϕg

(kxx, cxx) (kθθ, cθθ)
(kxθ, cxθ)

Kij = kij + aocij ao = ωb/cs =
√
−1 ω

cs =
√

µs/ρs
µs ρs
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$������� (FXDFLRQHV GH PRYLPLHQWR

ucr = uc − ug ϕc
r = ϕc − ϕg

m · [ü+ ücr + üg + h(ϕ̈c
r + ϕ̈g)] +K · u = 0

mo · [ücr + üg] +Kxx · ucr +Kxθ · ϕc
r −K · u = 0
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+Kθx · ucr +Kθθ · ϕc
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c
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ωt
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$����� 3DUiPHWURV TXH FDUDFWHUL]DQ HO FRPSRUWDPLHQWR GLQiPLFR GH ORV SLORWHV
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Kx = kx + ωcx kx cx
=
√
−1 ω

Es ρs
µs ξs

uI L
d Ãp

Ĩp Ẽp

ρ̃p µ̃p ξ̃p
u = u(ω, z) v = v(ω, z)

ẼpĨp
∂ 4u

∂z4
+ (Kx − ρ̃pÃpω

2)u = Kx uI
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uI

uI =
1

2

(
− κ(z−zs) + κ(z−zs)

)

κ = ω/cs zs

µ̃pÃp
∂ 2v

∂z2
+
(
Kz − ρ̃pÃpω

2
)
v = Kz vI

Kz = kz + ωcz vI

vH uH vP uP
v = vH + vP u = uH + uP

∂ 4u

∂z4
+ λ4uu = 0 ;

∂ 2v

∂x2
+ λ2vv = 0

λ4u =
Kx − ρ̃pÃpω2

ẼpĨp
; λ2v =

Kz − ρ̃pÃpω2

µ̃pÃp

αz

α4
u + λ4u = 0 ; α2

v + λ2v = 0

α4
u = −Kx − ρ̃pÃpω2

ẼpĨp
; α2

v = −Kz − ρ̃pÃpω2

µ̃pÃp

αj
u = 4

√
Mu

(θu/4+(j−1)π/2) j = 1, 2, 3, 4

αj
v =

√
Mv
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Mu Mv θu θv α4
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v
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Dj
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uz vH =

j=2∑

j=1

D̃j
αj
vz

(αuL)
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1− ρ̃pÃpω2

Kx

)
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Ẽp
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Ãpω2
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Ãp
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=
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ρp
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;
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$����� ,QIOXHQFLD GH OD JHRPHWUtD GH OD VHFFLyQ WUDQVYHUVDO GHO SLORWH

Ep/Es = 103 ρs/ρp = 0.7

Ep/Es ρs/ρp

γ
0 ≤ γ < 1

Ãp =
πd2

4
(1− γ2)
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Ĩp =
πd4

64
(1− γ4)

γ = 0 Ap Ip
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πd2
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Ãp = Ap = Ĩp = Ip =

γ
Ep ρp γ

Ep = Ẽp
Ĩp
Ip

= Ẽp(1− γ4)

ρp = ρ̃p
Ãp
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= ρ̃p(1− γ2)

Ẽp ρ̃p
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d = 2 L = 30

L/̃ip γ
L/d

Ep/Es L/d ρs/ρp ωd/cs νs s/d

103 15 0.7 0− 1 0.4 5 10

γ Ap Ip L/̃ip Ep Es ρp ρs

0.00 3.1416 0.7854 60.00 2.800 · 103 2.800 1.000 0.700

0.50 3.1416 0.7854 60.00 2.625 · 103 2.625 0.750 0.525

0.80 3.1416 0.7854 60.00 1.653 · 103 1.653 0.360 0.252

0.90 3.1416 0.7854 60.00 0.962 · 103 0.962 0.190 0.133

0.95 3.1416 0.7854 60.00 0.519 · 103 0.519 0.098 0.068

ĩp
ip

ĩp =

√
Ĩp

Ãp
= ip

√
1− γ4
1− γ2

L/̃ip

L

ĩp
= 4

L

d

ip
ĩp
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

γ Ãp Ĩp L/̃ip Ẽp Es ρ̃p ρs
ẼpĨp
EsL4

· 104 ẼpÃp

EsL2

0.00 3.1416 0.7854 60.00 2.8 · 103 2.800 1.000 0.700 9.6963 3.4907

0.50 2.3562 0.7363 53.67 2.8 · 103 2.625 1.000 0.525 9.6963 2.7929

0.80 1.1310 0.4637 46.85 2.8 · 103 1.653 1.000 0.252 9.6963 2.1283

0.90 0.5969 0.2701 44.60 2.8 · 103 0.962 1.000 0.133 9.6963 1.9287

0.95 0.3063 0.1457 43.50 2.8 · 103 0.519 1.000 0.068 9.6963 1.8347

L/̃ip
ĩp ip

L/̃ip

2 × 2 3 × 3
s/d = 5 10

θ = 10 20 30

Ãp = Ap = cte Ĩp = Ip = cte Ep ρp
Ep/Es L/d L/̃ip ρp/ρs νs

γ = 0
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$������� ,PSHGDQFLDV

θ = 0
θ = 30

γ

γ > 0 γ = 0
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6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

γ = 0.9

0 ≤ ωd/cs ≤ 0.5

θ = 30

γ = 0.9

2× 2 3× 3

s/d 5 10 5 10

θ 0 30 0 30 0 30 0 30

kxx/(µs d) 1.88 1.06 1.11 3.51 2.57 0.14 1.07 2.88

cxx/(µs d) 0.49 3.93 0.23 5.05 0.59 2.53 0.21 3.50

kθθ/(µs d3) 5.71 1.40 5.55 4.73 0.45 0.80 6.42 5.34

cθθ/(µs d3) 10.71 6.12 11.28 9.13 6.65 6.38 10.92 9.39

kθx/(µs d2) 2.02 0.06 1.42 16.36 4.06 2.25 1.46 14.04

cθx/(µs d2) 0.19 27.43 0.90 20.42 1.96 19.11 0.38 18.45

$������� )DFWRUHV GH LQWHUDFFLyQ FLQHPiWLFD

γ > 0

γ = 0

2× 2 3× 3

θ = 30
θ = 10 20

γ
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

γ = 0.9

2× 2 3× 3

s/d 5 10 5 10

θ 0 30 0 30 0 30 0 30

[Iu] 1.91 3.13 0.93 1.73 1.99 2.82 0.80 1.34

[Iu] 2.92 0.03 2.78 1.47 2.87 1.58 3.02 2.19

[Iϕ] 7.70 0.67 7.65 2.00 3.60 0.51 7.37 1.86

[Iϕ] 11.03 3.22 4.75 0.27 6.83 8.51 4.67 2.21

γ = 0.9

θ = 30

$����� (FXDFLRQHV GHO VLVWHPD \ SDUiPHWURV DGLPHQVLRQDOHV

σ = csT/h

h/b

δ = m/(ρsAbh) Ab

Ab = 4b2 δ = m/(4ρsb2h)

mo/m

ξ

λ = ωn/ω

ao = ωb/cs = (b/d)(ωd/cs)
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µs = [µs](1 + 2 ξs) ξs

s/d

L/b

Ep/Es

ao

ρs/ρp

L/d

θ

νs

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

K 0 0

0 Kxx Kxθ

0 Kθx Kθθ

⎤

⎥⎥⎦− ω
2

⎡

⎢⎢⎣

m m mh

m m+mo mh

mh mh IT

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

·

⎡

⎢⎢⎣

u

ucr

ϕc
r

⎤

⎥⎥⎦ = ω2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

m

m+mo

mh

⎤

⎥⎥⎦ug +

⎡

⎢⎢⎣

mh

mh

IT

⎤

⎥⎥⎦ϕg

⎫
⎪⎪⎬

⎪⎪⎭

k =
ω2
nm c = 2mωnξω/ao

ügo

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ���



$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

ω2
nm+ 2ωnmξω 0 0

0 Kxx Kxθ

0 Kθx Kθθ

⎤

⎥⎥⎦−ω
2

⎡

⎢⎢⎣

m m mh

m m+mo mh

mh mh IT

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

·

⎡

⎢⎢⎣

u/ügo

ucr/ügo

ϕc
r/ügo

⎤

⎥⎥⎦ =−

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

m

m+mo

mh

⎤

⎥⎥⎦ Iu+
1

b

⎡

⎢⎢⎣

mh

mh

IT

⎤

⎥⎥⎦ Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

Iu = ug/ugo Iϕ = ϕgb/ugo
ao

ω2/ω2
n

m

1

λ2
·

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

λ2+2λξ 0 0

0 Kxx
ω2m

Kxθ
ω2m

0 Kθx
ω2m

Kθθ
ω2m

⎤

⎥⎥⎦−

⎡

⎢⎢⎣

1 1 h

1 1 + mo
m h

h h IT
m

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

·

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

c
r/ügo

ω2
nϕ

c
r/ügo

⎤

⎥⎥⎦ =−

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

h

⎤

⎥⎥⎦Iu+
1

b

⎡

⎢⎢⎣

h

h
IT
m

⎤

⎥⎥⎦Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

h
Io I

Io = mob2/3 I = mb2/3

1

λ2
·

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

λ2+2λξ 0 0

0 Kxx
ω2m

Kxθ
ω2mh

0 Kθx
ω2mh

Kθθ
ω2mh

⎤

⎥⎥⎦−

⎡

⎢⎢⎣

1 1 1

1 1 + mo
m 1

1 1 1+ b2

3h2

(
1+mo

m

)

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

·

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

c
r/ügo

ω2
nϕ

c
r/ügo

⎤

⎥⎥⎦ =−

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1

⎤

⎥⎥⎦Iu+
1

b

⎡

⎢⎢⎣

h

h

h+ b2

3h

(
1+mo

m

)

⎤

⎥⎥⎦Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

Kθx = Kxθ
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Kxx

ω2m
=

µsbK̃xx

ω2m
=

(c2sρs)bK̃xx

ω2m
=

(
σh

T

)2 m

4δb2h

bK̃xx

ω2m
=
λ2σ2

16π2
h

b

1

δ
K̃xx

Kxθ

ω2mh
=

µsb2K̃xθ

ω2mh
=

(
c2sρs

)
b2K̃xθ

ω2mh
=

(
σh

T

)2 m

4δb2h

b2K̃xθ

mhω2
=
λ2σ2

16π2
1

δ
K̃xθ

Kθθ

ω2mh2
=

µsb3K̃θθ

ω2mh2
=

(
c2sρs

)
b3K̃θθ

ω2mh2
=

(
σh

T

)2 m

4δb2h

b3K̃θθ

mh2ω2
=
λ2σ2

16π2
1

δ

b

h
K̃θθ

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

λ2+2λξ 0 0

0 λ2σ2 1
16π2

h
b
1
δ K̃xx λ2σ2 1δ

1
16π2 K̃xθ

0 λ2σ2 1δ
1

16π2 K̃θx λ2σ2 1
16π2

b
h
1
δ K̃θθ

⎤

⎥⎥⎦

−

⎡

⎢⎢⎣

1 1 1

1 1+mo
m 1

1 1 1 + b2

3h2

(
1 + mo

m

)

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

c
r/ügo

ω2
nhϕ

c
r/ügo

⎤

⎥⎥⎦ =

− λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1

⎤

⎥⎥⎦ Iu +
h

b

⎡

⎢⎢⎣

1

1

1+ b2

3h2

(
1+mo

m

)

⎤

⎥⎥⎦ Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

I = mb2/3
Io = mob2/3

K̃xx = Kxx/(µsb) K̃θθ = Kθθ/(µsb3)
K̃xθ = Kxθ/(µsb2)

ugo Iu = ug/ugo Iϕ = ϕgb/ugo
ao

$����� 'LDJRQDOL]DFLyQ GH OD PDWUL] GH LPSHGDQFLDV

Q =

∣∣∣∣
ω2
nu

ügo

∣∣∣∣

Q
ω2
nu/ügo
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

Q

D(ω) = −Kxθ/Kxx

[
F

M

]
=

[
Kxx Kxθ

Kθx Kθθ

]
·
[

ucr

ϕc
r

]

D(ω)

[
FP

MP − FPD

]
=

[
Kxx Kxθ

Kθx Kθθ

]
·
[

uPr + ϕP
r D

ϕP
r

]

FP = F MP − FPD = M uPr = ucr − ϕP
r D ϕP

r = ϕc
r

[
FP

MP

]
=

[
Kxx Kxθ +KxxD

Kθx +KxxD Kθθ + 2KxθD +KxxD2

]
·
[

uPr

ϕP
r

]

D(ω) = −Kθx/Kxx
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Kθx = Kxθ

[
FP

MP

]
=

⎡

⎣
Kxx 0

0 Kθθ −
K2

θx

Kxx

⎤

⎦ ·
[

uPr

ϕP
r

]

Kθθ −K2
θx/Kxx = KθθD

D

m ·
[
ü+ üPr + üPg + (h+D) ·

(
ϕ̈P
r + ϕ̈P

g

)]
+K · u = 0

mo ·
[
üPr + üPg +

(
ϕ̈P
r + ϕ̈P

g

)
·D
]
+Kxx · uPr −K · u = 0

m · (h+D)
[
ü+ üPr + üPg + (h+D) ·

(
ϕ̈P
r + ϕ̈P

g

)]
+ I ·

(
ϕ̈P
r + ϕ̈P

g

)
+

mo ·D
[
üPr + üPg +

(
ϕ̈P
r + ϕ̈P

g

)
·D
]
+ Io ·

(
ϕ̈P
r + ϕ̈P

g

)
+KθθD · ϕP

r = 0

D

ωt

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

K 0 0

−K Kxx 0

0 0 KθθD

⎤

⎥⎥⎦

−ω2

⎡

⎢⎢⎣

m m m(h+D)

0 mo moD

m(h+D) m(h+D) +moD IT

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

⎡

⎢⎢⎣

u

uPr

ϕP
r

⎤

⎥⎥⎦ =

ω2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

m

mo

m(h+D) +moD

⎤

⎥⎥⎦u
P
g +

⎡

⎢⎢⎣

m(h+D)

moD

IT

⎤

⎥⎥⎦ϕ
P
g

⎫
⎪⎪⎬

⎪⎪⎭

IT = m(h+D)2+moD2+Io+I K = k+ aoc
u(t) = u ω t
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$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

uPg ϕP
g

ug ϕg

uPr ϕP
r

ucr ϕc
r

k = ω2
nm c = 2mωnξω/ao

ügo

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

ω2
nm+ 2ωnmξω 0 0

0 Kxx 0

0 KθθD

⎤

⎥⎥⎦−

ω2

⎡

⎢⎢⎣

m m m(h+D)

m m+mo m(h+D) +moD

m(h+D)m(h+D)+moD IT

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭

⎡

⎢⎢⎣

u/ügo

uPr /ügo

ϕP
r /ügo

⎤

⎥⎥⎦

=ω2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

m

m+mo

m(h+D)+moD

⎤

⎥⎥⎦
uPg
ügo

+

⎡

⎢⎢⎣

m(h+D)

m(h+D)+moD

IT

⎤

⎥⎥⎦
ϕP
g

ügo

⎫
⎪⎪⎬

⎪⎪⎭

ω2/ω2
n

m

1

λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

λ2+2λξ 0 0

0 Kxx
ω2m 0

0 0
KθθD
ω2m

⎤

⎥⎥⎦

−

⎡

⎢⎢⎣

1 1 h+D

1 1+mo
m h+D+mo

m D

h+D h+D+mo
m D IT

m

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

P
r /ügo

ω2
nϕ

P
r /ügo

⎤

⎥⎥⎦

=ω2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

h+D + mo
m D

⎤

⎥⎥⎦
uPg
ügo

+

⎡

⎢⎢⎣

h+D

h+D+mo
m D

IT
m

⎤

⎥⎥⎦
ϕP
g

ügo

⎫
⎪⎪⎬

⎪⎪⎭
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(h + D)

1

λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

λ2+2λξ 0 0

0 Kxx
ω2m 0

0 0
KθθD

ω2m(h+D)2

⎤

⎥⎥⎦

−

⎡

⎢⎢⎣

1 1 1

1 1+mo
m 1+mo

m
D

h+D

1 1+mo
m

D
h+D 1+ b2

3(h+D)2

(
1+mo

m

)
+mo

m
D2

(h+D)2

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

P
r /ügo

ω2
n(h+D)ϕP

r /ügo

⎤

⎥⎥⎦

=ω2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1+mo
m

D
h+D

⎤

⎥⎥⎦
uPg
ügo

+

⎡

⎢⎢⎣

h+D

h+D+mo
m D

h+D+ b2

3(h+D)

(
1+mo

m

)
+mo

m
D2

(h+D)

⎤

⎥⎥⎦
ϕP
g

ügo

⎫
⎪⎪⎬

⎪⎪⎭

Kxx

ω2m
=

µsbK̃xx

ω2m
=

(c2sρs)bK̃xx

ω2m
=

(
σh

T

)2 m

4δb2h

bK̃xx

ω2m
=
λ2σ2

16π2
h

b

1

δ
K̃xx

KθθD

ω2m(h+D)2
=

µsb3K̃θθD

ω2m(h+D)2
=

(
c2sρs

)
b3K̃θθD

ω2m(h+D)2
=

=

(
σh

T

)2 m

4δb2h

b3K̃θθD

m(h+D)2ω2
=
λ2σ2

16π2
1

δ

h

b

b2

(h+D)2
K̃θθD

ϕP
g = ϕg

ϕP
r = ϕc

r uPg = ug − ϕgD

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

λ2+2λξ 0 0

0 λ2σ2 1
16π2

h
b
1
δ K̃xx 0

0 0 λ2σ2 1
16π2

1
δ
h
b

b2

(h+D)2 K̃θθD

⎤

⎥⎥⎦

−

⎡

⎢⎢⎣

1 1 1

1 1+mo
m 1 + mo

m
D

h+D

1 1+mo
m

D
h+D 1+ 1

3
b2

(h+D)2

(
1 + mo

m

)
+ mo

m
D2

(h+D)2

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

P
r /ügo

ω2
n(h+D)ϕc

rügo

⎤

⎥⎥⎦

=−λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1 + mo
m

D
h+D

⎤

⎥⎥⎦Iu+
h

b

⎡

⎢⎢⎣

1

1

1 + 1
3
b
h

b
3(h+D)

(
1 + mo

m

)

⎤

⎥⎥⎦Iϕ

⎫
⎪⎪⎬

⎪⎪⎭
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⎧
⎪⎪⎨

⎪⎪⎩
λ2

⎡

⎢⎢⎣

(1+ 2ξ′) 0 0

0 α2
xx(1+ 2ξxx) 0

0 0 α2
θθ(1+ 2ξθθ)

⎤

⎥⎥⎦−

⎡

⎢⎢⎣

1 1 1

1 1+mo
m 1 + mo

m
D

h+D

1 1+mo
m

D
h+D 1+ 1

3
b2

(h+D)2

(
1 + mo

m

)
+ mo

m
D2

(h+D)2

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

⎡

⎢⎢⎣

ω2
nu/ügo

ω2
nu

P
r /ügo

ω2
n(h+D)ϕc

r/ügo

⎤

⎥⎥⎦

=−λ2

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

1

1+mo
m

1 + mo
m

D
h+D

⎤

⎥⎥⎦Iu+
h

b

⎡

⎢⎢⎣

1

1

1 + 1
3
b
h

b
(h+D)

(
1 + mo

m

)

⎤

⎥⎥⎦Iϕ

⎫
⎪⎪⎬

⎪⎪⎭

ξ′ =
1

λ
ξ

α2
xx = σ2

1

16π2
h

b

1

δ
k̃xx

ξxx =
c̃xx

2 ˜kxx

α2
θθ = σ2

1

16π2
h

b

1

δ

[
b2

(h+D)2
K̃θθD

]

ξθθ =

[
b2

(h+D)2 K̃θθD

]

2
[

b2

(h+D)2 K̃θθD

]

K̃xx = k̃xx + c̃xx

K̃θθD =
1

µsb3

(
Kθθ −

K2
θx

Kxx

)

b2

(h+D)2
=

⎛

⎝
(
h

b

)2

− 2

(
h

b

)
K̃θx

K̃xx
+

(
K̃θx

K̃xx

)2
⎞

⎠
−1

D

h+D
=

K̃θx

K̃xx

(
K̃θx

K̃xx
− h

b

)−1
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mo I Io

⎧
⎪⎪⎨

⎪⎪⎩
λ2

⎡

⎢⎢⎣

(1+ 2ξ′) 0 0

0 α2
xx(1+ 2ξxx) 0

0 0 α2
θθ(1+ 2ξθθ)

⎤

⎥⎥⎦−

⎡

⎢⎢⎣

1 1 1

1 1 1

1 1 1

⎤

⎥⎥⎦

⎫
⎪⎪⎬

⎪⎪⎭
·

⎡

⎢⎢⎣
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/ü

g

∣ ∣ Q(λ′) =
1

2 ξ̃

λ′ λ = ωn/ω

��� 66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH



6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

 7

 8

 9

10

11

Q
h/b = 1

1/σ=0.1
3DOF

ROOT

 7

 8

 9

10

11
h/b = 2

 7

 8

 9

10

11
h/b = 5

 2

 3

 4

 5

 6

Q

1/σ=0.2

 5

 6

 7

 8

 9

 8

 9

10

11

12

 0

 1

 2

 3

 4

Q

1/σ=0.3

 3

 4

 5

 6

 7

 8

 9

10

11

12

 0

 1

 2

 3

 4

Q

1/σ=0.4

 2

 3

 4

 5

 6

 7

 8

 9

10

11

 0

 1

 2

 3

 4

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Q

ω/ωn

1/σ=0.5

 1

 2

 3

 4

 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

ω/ωn

 1

 2

 3

 4

 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

ω/ωn

3× 3 s/d = 5 L/b = 1
Ep/Es = 103 ξs = 0.05

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ���



$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

 7

 8

 9

10

11

Q

h/b = 1

1/σ=0.1
3DOF

ROOT

 7

 8

 9

10

11
h/b = 2

 7

 8

 9

10

11
h/b = 5

 2

 3

 4

 5

 6

Q

1/σ=0.2

 5

 6

 7

 8

 9

 8

 9

10

11

12

 0

 1

 2

 3

 4

Q

1/σ=0.3

 3

 4

 5

 6

 7

 8

 9

10

11

12

 0

 1

 2

 3

 4

Q

1/σ=0.4

 2

 3

 4

 5

 6

 7

 8

 9

10

11

 0

 1

 2

 3

 4

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Q

ω/ωn

1/σ=0.5

 1

 2

 3

 4

 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

ω/ωn

 1

 2

 3

 4

 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

ω/ωn

3× 3 s/d = 5 L/b = 4
Ep/Es = 103 ξs = 0.05

��� 66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH



6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

A B

A(λ) = 1− 1

λ2
− 1

λ2α2
xx
− 1

λ2α2
θθ

B(λ) = 2

[
ξ
′ − ξ

′ − ξxx
λ2α2

xx
− ξ

′ − ξθθ
λ2α2

θθ

]

λ̃ = ωn/ω̃n

ξ̃ = 1/(2Q(λ̃)) Q(λ̃)
A B

ξ̃ =

∣∣∣∣∣

(
Iu +

h

b
Iϕ

)−1 1

λ̃2

(
ξ′ +

ξxx
α2
xx

+
ξθθ
α2
θθ

)∣∣∣∣∣

3× 3 s/d = 5 L/b = 2

66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH ���



$ 6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK

 7

 8

 9

10

11

Q

h/b = 1

1/σ=0.1
3DOF

EIGEN-S

 7

 8

 9

10

11
h/b = 2

 7

 8

 9

10

11
h/b = 5

 2

 3

 4

 5

 6

Q

1/σ=0.2

 5

 6

 7

 8

 9

 8

 9

10

11

12

 0

 1

 2

 3

 4

Q

1/σ=0.3

 3

 4

 5

 6

 7

 8

 9

10

11

12

 0

 1

 2

 3

 4

Q

1/σ=0.4

 2

 3

 4

 5

 6

 7

 8

 9

10

11

 0

 1

 2

 3

 4

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Q

ω/ωn

1/σ=0.5

 1

 2

 3

 4

 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

ω/ωn

 1

 2

 3

 4

 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

ω/ωn

3× 3 s/d = 5 L/b = 2
Ep/Es = 103 ξs = 0.05

��� 66, HIIHFWV RQ WKH G\QDPLF UHVSRQVH RI SLOHG VWUXFWXUHV | 6,$1, 8QLYHUVLW\ ,QVWLWXWH



6XPPDU\ RI WKH GLVVHUWDWLRQ LQ 6SDQLVK $

λ̃
ξ̃

A B

ξ̃ =

∣∣∣∣∣

(
Iu+

h

b
Iϕ

)−1
[
ξ
′

λ̃2
+

1

λ̃2

(
ξxx

α2
xx(1 + 2ξxx)

+
ξθθ

α2
θθ(1 + 2ξθθ)

)]∣∣∣∣∣

3DOF
EIGEN

Q
=
∣ ∣ ω

2 n
u
/ü
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r/ügo | |ω2

nhϕ
c
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