
Contents lists available at ScienceDirect

Ocean Engineering

journal homepage: www.elsevier.com/locate/oceaneng

Research paper

Considerations on the superposition method’s applicability to pile group 

impedance functions for offshore wind turbine foundations

Eduardo Rodríguez-Galván , Guillermo M. Álamo ∗, Juan J. Aznárez , Orlando Maeso
Instituto Universitario de Sistemas Inteligentes y Aplicaciones Numéricas en Ingeniería (SIANI), Universidad de Las Palmas de Gran Canaria, 35017, Las Palmas de 
Gran Canaria, Spain

a r t i c l e  i n f o

Keywords:
Pile-soil-pile model
Pile groups
Impedance functions
Dynamic analysis
Elastic superposition method
Offshore wind turbines

 a b s t r a c t

The modelling of pile-soil-pile interaction using the superposition method is studied. For this purpose, a general 
matrix-based formulation is implemented, explicitly incorporating all flexibility components of the problem: hor-
izontal, rocking, vertical, and their coupled terms. This model is employed to: (1) investigate the impact of each 
individual flexibility terms, by selectively removing them within the global formulation, on the horizontal, rock-
ing, and cross-coupled impedances functions; and (2) evaluate the method’s applicability to polygonal pile group 
configurations, representative of those used in jacket-supported offshore wind turbines. A previously developed 
continuum model has been used as a benchmark for validation. Results show that the horizontal, cross-coupled 
and rocking dynamic impedances for regular pile groups are accurately reproduced through the superposition 
method. It is revealed that the horizontal impedances are correctly estimated when the terms related to vertical 
behaviour are neglected, by only considering the horizontal and rocking flexibilities. The rocking impedances 
are mainly influenced by the vertical component, although the flexibility terms related to the vertical-lateral 
coupling can be disregarded. However, to correctly reproduce the group cross-coupled impedances, all vertical, 
horizontal, rocking, and their coupling flexibility terms must be considered.

1.  Introduction

Offshore wind energy has emerged as a key source of renewable 
power in the pursuit of a sustainable future. In recent years, the installa-
tion of Offshore Wind Turbines (OWTs) has been increasing. According 
to the 2024 Global Offshore Wind Report (GWEC, 2024), 2023 was the 
second highest year in terms of OWT installations, incorporating 11 GW 
of offshore wind power into the grid, reaching at the end of this year 
a total offshore wind capacity of 75 GW. Even with the current chal-
lenges that are affecting the world market and economy, such as sup-
ply chain issues, rising inflation, and high interest rates, offshore wind 
installations are expected to continue growing in the coming years. At-
tending to the predictions of this report (GWEC, 2024), nearly 380 GW 
of offshore wind capacity will be added during the next decade. These 
OWTs can be supported by several structure typologies, which can be 
substructures directly founded on the seabed or floating platforms. De-
spite floating OWTs had been acquiring interest in recent years, they 
are currently in development, presenting higher costs than the directly 
founded solutions. For this reason, it is also predicted that in the coming 
years the majority of the new installed power will be mainly represented 
by directly founded substructures. Among these substructure typologies, 
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monopiles are the predominant foundation, due to their ease of instal-
lation and lower production costs. Attending to the Offshore Wind Mar-
ket Report (McCoy et al., 2024), 55.6% of the installed OWTs are sup-
ported by monopiles. Afterwards, jacket substructures are the second 
most common substructure typology, with a representation of 13.4% of 
the installed OWTs, followed by pile caps (7.6%) and tripods (1.6%). 
Jacket representation is expected to increase in the coming years due 
to the need to install OWTs further from the coast. These substructures 
are structurally more efficient than monopiles for installing OWTs in 
deeper seabed depths. Jackets are founded on group of several (gen-
erally between 3 and 5) piles or suction caissons forming a polygonal 
configuration. While suction caissons have become more popular due 
to their quieter installation process and ease of deployment, pile groups 
offer greater versatility in terms of soil conditions and higher bearing 
capacity thanks to their larger slenderness. Due to all these factors, pile 
groups, which are also extensively employed in a broad range of struc-
ture foundations, have gained significant popularity as OWT founda-
tions.

As a consequence of the great versatility of pile groups serving 
as foundations, the response of pile groups under dynamic loads has 
been widely analysed throughout the years, being an essential factor to
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ensure the efficient design and safe of the whole structural system (Ab-
hinav and Saha, 2015; Jalbi and Bhattacharya, 2018; Plodpradit et al., 
2019; Romero-Sánchez and Padrón, 2024; Quevedo-Reina et al., 2024). 
The dynamic response of pile groups refers to the coupled behaviour 
of the entire group and the surrounding soil. In this way, two complex 
phenomena are presented within this problem: pile-soil and pile-soil-
pile interaction. This dynamic response can be addressed by assum-
ing a non-linear or linear soil-structure interaction modelling. On the 
one hand, non-linear models reproduce pile-soil interaction by means 
of soil resistance-deflection curves (𝑝 − 𝑦, 𝑡 − 𝑧, 𝑞 − 𝑧 curves), which 
are capable to capture plastic behaviour under cyclic loads, stiffness 
degradation, hysteresis, or other effects such as soil gapping. In these 
modes, pile-soil interaction is usually reproduced by Beam on Dynamic 
Winkler Foundation models, where the pile is modelled as a beam 
and the surrounding soil through distributed non-linear springs and 
dashpots. For pile groups, pile-soil-pile interaction is usually quanti-
fied by employing p-multipliers, which reduce the 𝑝 − 𝑦 relationship 
of a single pile to account for shadowing effects, group efficiency, 
and other non-linear aspects within the group. Because this non-linear 
modelling realistically simulates soil-structure interaction, it has been 
and continues to be widely applied in OWT dynamic analyses (Kim 
et al., 2014; Bisoi and Haldar, 2015; Yang et al., 2019; Ali et al., 
2021; Shi et al., 2022). However, it requires high-computational ef-
fort, and an extensive geotechnical characterization. This may repre-
sent a limitation when addressing the initial phases of structural de-
sign or when conducting parametric studies that involve the assess-
ment of numerous scenarios. On the other hand, linear models assume 
constant stiffness and damping independent of deflection. In the dy-
namic analysis of OWT, linear models usually reproduce pile-soil in-
teraction by frequency-dependent impedance functions, whereas pile-
soil-pile interaction is treated using superposition techniques or em-
pirical interaction factors. They are simplified models, and their main 
advantage is their computational efficiency, enabling them to perform 
large number of simulations, which is particularly valuable for prelim-
inary design and parametric studies. It is primarily in this context that 
they have been employed within the dynamic analysis of OWT struc-
tures (Medina et al., 2021; Padrón et al., 2022; Romero-Sánchez and 
Padrón, 2024; Kaynia et al., 2025). Once feasible foundation configu-
rations are identified, non-linear models can then be employed in de-
tailed design stages to refine predictions under extreme or critical load
conditions.

For both assumptions (non-linear and linear) the coupled behaviour 
between pile-soil and pile-soil-pile interaction can be reproduced by ad-
vanced rigorous models. Nevertheless, for the linear modelling the su-
perposition of elastic effects can also be used. On the one hand, ad-
vanced models (Kaynia, 1982; Kaynia and Kausel, 1991; Dezi et al., 
2009, 2016; Álamo et al., 2016; Wang et al., 2017) employ sophisticated 
numerical techniques to reproduce pile-soil-pile and pile-soil interac-
tion phenomena. The finite and boundary element methods are usually 
used to account for these effects. Advanced models can be based on 
linear or non-linear assumptions, providing an accurate analysis but re-
quiring a high computational effort. On the other hand, the elastic su-
perposition method (Poulos, 1968; Dobry and Gazetas, 1988; Gazetas 
and Makris, 1991; Mylonakis and Gazetas, 1998a; Makris and Gazetas, 
1992; Rotta Loria and Laloui, 2016; Dai et al., 2017; Luan et al., 2020; 
Rodríguez-Galván et al., 2025) is a simplified approach that allows com-
puting the static and dynamic response of pile groups in a straightfor-
ward way. In this method the overall group behaviour is obtained by 
superimposing single pile and pile pair responses, neglecting the influ-
ence that the other piles in the group may have on these responses. This 
simplified method assumes a linear elastic behaviour of the media in-
volved in the problem.

The elastic superposition method was firstly presented by Poulos 
(1968). This work introduced the interaction factor concept in order 
to quantity pile-soil-pile interaction and demonstrated that the static 
settlement of pile groups can be correctly estimated by superimposing 

the response of pile pairs. He also introduced the interaction factor con-
cept in order to quantify pile-soil-pile interaction. Afterwards, Dobry 
and Gazetas (1988) studied this method for assessing the dynamic be-
haviour of pile groups, proposing some expressions to determine the 
flexibilities of the source pile and the interaction factors. Then, they 
computed the dynamic group responses applying elastic superposition 
and they verified that the results obtained were in good agreement 
with those computed through more advanced models. Other works em-
ploy the interaction factors within Winkler models (Makris and Gaze-
tas, 1992; Mylonakis and Gazetas, 1998a,b, 1999), in which the pile-
soil interaction is modelled through springs in parallel with dashpots. 
Subsequent studies propose interaction factors to take into account the 
wave scattered diffraction (Luan et al., 2020; Zheng et al., 2023; Wu 
et al., 2024; Zhong and Meng, 2023), as well as equivalent linear in-
teraction factors which account other non-linear effects (El Naggar and 
Novak, 1995). The aforementioned works study the dynamic behaviour 
of pile groups under vertical (Poulos, 1968; Zhong and Meng, 2023; 
Mylonakis and Gazetas, 1998a,b; Rotta Loria and Laloui, 2016) or hor-
izontal loads (Dai et al., 2017; Makris and Gazetas, 1992; Wang et al., 
2017; Wu et al., 2024; Luan et al., 2020; Mylonakis and Gazetas, 1999; 
El Naggar and Novak, 1995), or both ones (Kaynia, 1982; Dobry and 
Gazetas, 1988; Gazetas et al., 1993). Most of them are focused on com-
paring the vertical or horizontal, rocking, and cross-coupled dynamic 
impedances of pile groups that are computed through rigorous models 
with those determined with the elastic superposition procedure (Kaynia, 
1982; Dobry and Gazetas, 1988; Gazetas et al., 1993; Mylonakis, 1995; 
El Naggar and Novak, 1995; Rotta Loria and Laloui, 2016). However, 
these works are carried out for the classical regular pile group arrange-
ments of civil construction projects, and not for pile group configura-
tions of jacket-supported OWTs, which are characterised for disposing 
hollow cylindrical steel piles arranged in a N-sides polygonal configu-
ration. In addition, these studies focused on studying the horizontal or 
vertical behaviour of pile groups in a decoupled way, without analysing 
the coupling of the vertical component with the horizontal and rock-
ing ones, as well as the contribution of this coupling and the lateral 
and vertical behaviour on the determination of each impedance function
term.

To fill this gap, this work aims to enhance the understanding of 
the superposition method’s applicability for estimating the different 
impedance functions of OWT pile group foundations. To achieve this, 
the contribution of each flexibility term related to both vertical and lat-
eral behaviour is thoroughly analysed. Thus, the main objectives of this 
work are: firstly, to study the elastic superposition method in the de-
termination of the impedance functions related to the lateral behaviour 
of pile groups for jacket-supported OWTs; secondly, to analyse how the 
different components of the pile-soil-pile interaction (horizontal, rota-
tional, vertical, and coupled terms) affect each impedance function of 
the whole group. For these purposes, the present work proposes an al-
gebraic approach for the elastic superposition method that takes into 
account all horizontal, vertical, and rocking interaction factors. By em-
ploying the proposed formulation, the contribution of each of these 
terms on the group impedance functions is studied. A previously de-
veloped continuum model (Álamo et al., 2016) is used to compute the 
necessary components: individual pile flexibilities and pile-soil-pile in-
teraction factors. This model is also used to obtain the reference group 
impedance results for benchmarking the proposed approach. Finally, it 
is important to emphasize that results for the group vertical impedance 
functions are not included in this work, as they have been analysed in 
a recent work of the authors (Rodríguez-Galván et al., 2025). Exploring 
the applicability of the superposition method for estimating impedance 
functions of OWT pile foundations offers several advantages for soil-
structure interaction modelling of these systems. First, the method is 
computationally efficient, as it reduces the complex pile group problem 
to the analysis of isolated piles and pile-pile interaction pairs, while still 
capturing the essential physics of soil-pile interaction. Consequently, the 
superposition method facilitates efficient and reliable soil-pile-structure 
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Fig. 1. Parameters involved in the dynamic problem under study (represented 
for a hollow pile pair).

interaction analyses for OWT design, avoiding the need for fully de-
tailed and computationally intensive models to estimate the pile group 
dynamic behaviour. Note that preliminary designs and parametric stud-
ies are typically carried out using substructuring strategies, where a lin-
ear assumption of soil-foundation behaviour is considered an acceptable
simplification.

The manuscript is structured in five sections. After this introduction, 
Section 2 shows the problem definition, exposing the parameters used to 
perform this study. Afterwards, Section 3 presents the matrix methodol-
ogy based on the elastic superposition procedure to determine the pile 
group dynamic impedances. Then, Section 4 shows the main results and 
their discussion. Finally, Section 5 summarises the main conclusions of 
this work.

2.  Problem definition

The dynamic problem under study is assumed to be frequency-
dependent and will be addressed using a dimensionless approach. Thus, 
the eight following dimensionless parameters are used to define pile and 
soil characteristics: the dimensionless frequency (𝑎0):

𝑎𝑜 =
𝜔𝐷
𝑉𝑠

(1)

being 𝐷 the pile diameter, 𝜔 the angular frequency, and 𝑉𝑠 the shear 
wave velocity of the soil; the ratio between the separation among two 
piles and the pile diameter (pile spacing ratio, 𝑆∕𝐷); the relationship 
among the pile length and the diameter (pile slenderness ratio, 𝐿∕𝐷); 
the correlation of the Young’s Modulus of the pile and soil (Young’s 
Modulus ratio, 𝐸𝑝∕𝐸𝑠); the hysteretic soil damping (𝜉𝑠); the relationship 
among the pile and soil density (density ratio, 𝜌𝑝∕𝜌𝑠); and, finally, the 
Poisson’s ratios of piles and soil (𝜈𝑝 and 𝜈𝑠). All the physic variables are 
shown in Fig. 1 for a pile pair.

Piles are treated as hollow cylindrical foundations driven into a soil 
halfspace, which is assumed to be isotropic, elastic, and homogeneous. 
The assumption of homogeneous soil is initially introduced to evalu-
ate the validity and applicability of the superposition method in esti-
mating pile group impedance functions for OWT foundations. The pile 
and soil parameters, and the ranges used for them are listed in Table 1. 
The dimensionless frequency range is considered from 0.03 to 0.25. The 
upper value corresponds to a diameter equal to a quarter of the wave 

Table 1 
Dimensionless parameters considered in this study.
 Parameter  Notation  Range/Value  Step
 Dimensionless Frequency 𝑎𝑜  [0.03 0.25]  0.001
 Pile spacing ratio 𝑆∕𝐷  [4 10]  2
 Pile slenderness ratio 𝐿∕𝐷  20
 Young’s Modulus pile-soil ratio 𝐸𝑝∕𝐸𝑠  500
 Density pile-soil ratio 𝜌𝑝∕𝜌𝑠  1.2
 Soil hysteretic damping 𝜉𝑠  1%
 Pile Poisson’s ratio 𝜈𝑝  0.25
 Soil Poisson’s ratio 𝜈𝑠  0.40

length, being within the range of application of the reference contin-
uum model (Álamo et al., 2016). This value also ensures a sufficiently 
high frequency range to capture the earthquake frequency content. Dif-
ferent pile spacing ratios from 4 to 10 are analysed. These separations 
are representative of pile groups for jacket-supported OWTs, which are 
characterised by having large pile spacing relationships. The rest of di-
mensionless parameters are kept constant along the study, being their 
values also typical for jacket pile groups: a pile slenderness ratio of 20, 
representing a group composed of flexible piles; pile and soil Poisson’s 
ratios of 0.25 and 0.40, typical values for structural steel and sandy soils 
respectively; a Young’s Modulus ratio of 500; and a density ratio of 1.2. 
These last two values are the equivalent ratios obtained by considering a 
hollow steel cylindrical pile with soil mass in its inside. A pile thickness 
of 1.30% of the diameter, based on the API (2014) recommendation 
and corresponding to an intermediate diameter value within the typi-
cal 1–3m range for jacket OWT piles, is used to estimate these values. 
This choice has minimal influence on the dimensionless analysis, serving 
only to ensure that the Young’s modulus and density ratios reflect typ-
ical pile-soil conditions for loose and soft sands. Finally, the hysteretic 
damping of the structural steel of the pile is not considered as its effects 
are negligible compared to the soil material and radiation damping.

Four polygonal arrangements of pile groups composed of 2, 3, 4, and 
5 piles are studied (see Fig. 2). Despite the fact that the group of 2 piles is 
not a real configuration for OWT structures, this arrangement is initially 
considered to study the influence of each flexibility term on the overall 
group flexibility. The other configurations are typical pile arrangements 
of pile groups for jacket supported OWTs. As shown in Fig. 2, a rigid 
connection is assumed between all piles of the group, a consideration 
close to reality taken into account that pile groups for jacket-supported 
OWTs are usually joined together with rigid beam framing (see, e.g., 
Zhang et al., 2025). Moreover, the annular space between the pile outer 
surface and the jacket leg inner surface is filled with high-strength grout, 
forming a joint that provides significant rotational stiffness and moment 
transfer (DNVGL-ST-0126, 2016).

3.  Methodology

This section describes the matrix procedure followed to compute the 
impedance functions of the pile group, which is based on the elastic su-
perposition method. As this study is performed in a dimensionless way, 
in Section 4, the flexibility and impedance functions are presented nor-
malized by the pile diameter and Young’s Modulus of soil. However, 
for simplification reasons, in this section the formulation is directly pre-
sented in the physical variables.

3.1.  Matrix flexibility of the source and receiver pile

The elastic superposition method allows computation of the pile 
impedance functions through the sum of the responses obtained from 
two simple subproblems: a) a single isolated pile and b) a pair of piles 
(one loaded and one unloaded). Fig. 3 illustrates these two subproblems.

The first subproblem (Fig. 3a) corresponds to a single isolated pile 𝑖
subjected to a dynamic load 𝑄𝑠 acting in the 𝑠 direction. The response 
(displacement or rotation) of the pile in any 𝑟 direction due to this load 
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Fig. 2. Polygonal pile group configurations studied in this work.

Fig. 3. Elastic superposition method subproblems with their possible load combinations (𝑄𝑠): (a) single isolated pile problem; (b) pair of piles problem.

is denoted as 𝑤𝑖𝑖
𝑟𝑠. The flexibility of this single pile in the 𝑟 direction as a 

consequence of the load acting over its head in the 𝑠 direction is defined 
as:

𝐹 𝑖𝑖
𝑟𝑠(𝜔) =

𝑤𝑖𝑖
𝑟𝑠(𝜔)

𝑄𝑠(𝜔)
(2)

Note that this flexibility term is a frequency-dependent complex 
value, whose real and imaginary parts represent the components of the 
response that are in-phase and out-of-phase with the acting load, respec-
tively. As the present work aims to propose a general procedure which 
accounts all components, the directions of loads and responses can cor-
respond to a horizontal (𝑥, 𝑦), vertical (𝑧), or rotational (𝜃𝑥, 𝜃𝑦)
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Fig. 4. Local (𝑥′ − 𝑦′) and global (𝑥 − 𝑦) coordinate systems for a pile pair.

problem. These flexibilities can be ar-
ranged in a 5x5 matrix that, due to the
symmetry of the problem, can be completely defined with only 
the three load scenarios presented in Fig. 3a:

𝐅𝐢𝐢(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹 𝑖𝑖
𝑦𝑦(𝜔) 0 0 0 −𝐹 𝑖𝑖

𝑦𝜃𝑥
(𝜔)

0 𝐹 𝑖𝑖
𝑦𝑦(𝜔) 0 𝐹 𝑖𝑖

𝑦𝜃𝑥
(𝜔) 0

0 0 𝐹 𝑖𝑖
𝑧𝑧(𝜔) 0 0

0 𝐹 𝑖𝑖
𝑦𝜃𝑥

(𝜔) 0 𝐹 𝑖𝑖
𝜃𝑥𝜃𝑥

(𝜔) 0

−𝐹 𝑖𝑖
𝑦𝜃𝑥

(𝜔) 0 0 0 𝐹 𝑖𝑖
𝜃𝑥𝜃𝑥

(𝜔)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(3)

The second subproblem (Fig. 3b) represents a pair of piles separated 
by a distance 𝑆, in which the pile 𝑖 is the loaded, active or source pile, 
while pile 𝑗 is the unloaded, receiver or passive one. The response of 
the source pile can be assumed to coincide with that of the isolated pile. 
The response of the receiver pile 𝑗 in any 𝑟 direction due to the load 
acting over the source pile head in the 𝑠 direction is denoted 𝑤𝑗𝑖

𝑟𝑠. Thus, 
the flexibility of the receiver pile 𝑗 in the 𝑟 direction caused by a load 
acting over the source pile 𝑖 in the 𝑠 direction is defined as:

𝐹 𝑗𝑖
𝑟𝑠 (𝜔) =

𝑤𝑗𝑖
𝑟𝑠(𝜔)

𝑄𝑠(𝜔)
(4)

For the pair of piles problem, each one of the five possible load situa-
tions presented in Fig. 3b have to be studied to completely define the 
flexibility matrix of the receiver pile:

𝐅′
𝐣𝐢(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹 𝑗𝑖
𝑥′𝑥′ (𝜔) 0 0 0 𝐹 𝑗𝑖

𝑥′𝜃𝑦′
(𝜔)

0 𝐹 𝑗𝑖
𝑦′𝑦′ (𝜔) −𝐹 𝑗𝑖

𝑧𝑦′ (𝜔) 𝐹 𝑗𝑖
𝑦′𝜃𝑥′

(𝜔) 0

0 𝐹 𝑗𝑖
𝑧𝑦′ (𝜔) 𝐹 𝑗𝑖

𝑧𝑧(𝜔) 𝐹 𝑗𝑖
𝑧𝜃𝑥′

(𝜔) 0

0 𝐹 𝑗𝑖
𝑦′𝜃𝑥′

(𝜔) −𝐹 𝑗𝑖
𝑧𝜃𝑥′

(𝜔) 𝐹 𝑗𝑖
𝜃𝑥′ 𝜃𝑥′

(𝜔) 0

𝐹 𝑗𝑖
𝑥′𝜃𝑦′

(𝜔) 0 0 0 𝐹 𝑗𝑖
𝜃𝑦′ 𝜃𝑦′

(𝜔)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(5)

Note that the vertical-lateral coupling components only correspond to 
those of the piles alignment direction 𝑦′. Then, the flexibility matrix of 
the receiver pile can be expressed in any global coordinate system (𝐅𝐣𝐢) 
for a pile pair aligned in a direction rotated an angle 𝛼 with respect to 
the global 𝑦-direction (see Fig. 4) through:
𝐅𝐣𝐢(𝜔) = 𝐋T𝐅′

𝐣𝐢(𝜔)𝐋 (6)

being 𝐋 the coordinate transformation matrix:

𝐋 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

cos 𝛼 sin 𝛼 0 0 0
−sin 𝛼 cos 𝛼 0 0 0

0 0 1 0 0
0 0 0 cos 𝛼 sin 𝛼
0 0 0 −sin 𝛼 cos 𝛼

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(7)

3.2.  Computation of the flexibility matrices

In this work, all flexibilities are determined through a previously de-
veloped linear-elastic continuum numerical model (Álamo et al., 2016). 
This model was designed to efficiently analyse pile foundations in lay-
ered soil under harmonic loading. It employs the integral reciprocity 
theorem and advanced Green Functions to simulate layered soils, ac-
counting for free-field and inter-layer boundary conditions. Thus, radi-
ation damping in the soil is directly incorporated into the formulation, 
without the need for artificial boundary conditions. Piles are modelled as 
load lines in the soil formulation, and their structural properties are in-
corporated by using beam finite elements (Padrón et al., 2007). This con-
tinuum elastic model can correctly simulate the dynamic behaviour of 
OWT’s foundation elements, as validated in Álamo et al. (2021) through 
a comparison with a rigorous soil-shell model, demonstrating that the 
proposed soil-beam approach accurately captures the dynamic response 
of OWT foundations (piles and suction caissons) up to dimensionless 
frequencies of 0.5, i.e., when the foundation diameter equals half the 
wavelength. In any case, the proposed superposition methodology can 
be applied independently of the model used to compute the flexibility 
terms.

3.3.  Group impedance calculation by superposition approach

Once the flexibility matrices of the source and all receiver piles of the 
group are obtained, the group impedance functions can be computed by 
superposition approach. Fig. 5 illustrates the superposition of the two 
subproblems for a horizontal load acting in the alignment direction of 
the piles (𝑠 = 𝑦) in a group of 2 piles. Note that, for the source pile 
(which is considered an isolated pile), the non-zero response directions 
corresponds to the horizontal displacement (𝑟 = 𝑦), and rotation around 
𝑥-axis (𝑟 = 𝜃𝑥); while, for the receiver pile in the pair, the vertical dis-
placement (𝑟 = 𝑧) is also considered.

The relationship between the displacements (and rotations) and 
forces (and moments) acting at the head of each one of the 𝑁 piles 
within the group can be established through the overall flexibility ma-
trix 𝐅, which is composed of the flexibility matrices corresponding to 
each single pile and possible pile pair:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤1(𝜔)
𝑤2(𝜔)

⋮
𝑤𝑁 (𝜔)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎣

𝐅𝟏𝟏(𝜔) 𝐅𝟏𝟐(𝜔) ⋯ 𝐅𝟏𝐍(𝜔)
𝐅𝟐𝟏(𝜔) 𝐅𝟐𝟐(𝜔) ⋯ 𝐅𝟐𝐍(𝜔)

⋮ ⋮ ⋱ ⋮
𝐅𝐍𝟏(𝜔) 𝐅𝐍𝟐(𝜔) ⋯ 𝐅𝐍𝐍(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑄1(𝜔)
𝑄2(𝜔)

⋮
𝑄𝑁 (𝜔)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(8)

where 𝑤⃗𝑖 and 𝑄⃗𝑖 are the vectors containing the head displacement and 
forces of pile 𝑖:

𝑤⃗𝑖(𝜔) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑤𝑖
𝑥(𝜔)

𝑤𝑖
𝑦(𝜔)

𝑤𝑖
𝑧(𝜔)

𝑤𝑖
𝜃𝑥
(𝜔)

𝑤𝑖
𝜃𝑦
(𝜔)

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

; 𝑄⃗𝑖(𝜔) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑄𝑖
𝑥(𝜔)

𝑄𝑖
𝑦(𝜔)

𝑄𝑖
𝑧(𝜔)

𝑄𝑖
𝜃𝑥
(𝜔)

𝑄𝑖
𝜃𝑦
(𝜔)

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(9)

Eq. (8) can be expressed in a condensed form by grouping all pile 
head displacement and force vectors into the vectors 𝑤𝑝 and 𝑄𝑝, respec-
tively:

𝑤𝑝(𝜔) = 𝐅(𝜔)𝑄𝑝(𝜔) (10)

Note that these pile head displacements and forces are unknowns as, in 
general, the distribution of forces between piles can not be a priori es-
tablished. In order to obtain their values, compatibility and equilibrium 
conditions at the pile cap are used.

In terms of compatibility conditions, as all piles are rigidly joined, 
the movements of each pile head can be related with the movement of 
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Fig. 5. Elastic superposition method for a horizontal load example (𝑄𝑠 = 𝑄𝑦). Displacements and flexibilities of the source (a) and receiver pile (b).

the gravity centre of the cap through:
𝑤⃗𝑖(𝜔) = 𝐇𝐢𝑤𝑐 (𝜔) (11)

being 𝑤𝑐 the displacement vector of the gravity centre of the cap, and 
𝐇𝐢 the rigid linkage matrix between it and pile 𝑖:

𝐇𝐢 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0
0 1 0 0 0
0 0 1 𝑑𝑦𝑖 −𝑑𝑥𝑖
0 0 0 1 0
0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(12)

where 𝑑𝑦𝑖  and 𝑑𝑥𝑖  are the positions of pile 𝑖 with respect to the gravity 
centre in each direction.

Assembling Eq. (11) for all piles within the group, the relationship 
between the pile heads displacement vector and the cap displacement 
vector is established through the total linkage matrix 𝐇:

𝑤𝑝(𝜔) = 𝐇𝑤𝑐 (𝜔); with 𝐇 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐇𝟏
𝐇𝟐
⋮
𝐇𝐍

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(13)

On the other hand, neglecting the mass of the rigid cap, the external 
forces acting at the gravity centre of the cap 𝑄𝑐 should be in equilibrium 
with those at the head of each pile:

𝑄𝑐 (𝜔) =
𝑁
∑

𝑖=1
𝐇𝐢

T𝑄⃗𝑖(𝜔) = 𝐇T𝑄𝑝(𝜔) (14)

Finally, the system of equations that corresponds to the flexibility 
problem of the pile group is obtained by combining Eqs. (10), (13) and
(14):
[

𝐅(𝜔) −𝐇
𝐇T 𝟎

]{

𝑄𝑝(𝜔)
𝑤𝑐 (𝜔)

}

=

{

0⃗
𝑄𝑐 (𝜔)

}

(15)

Solving this system, the relation between cap forces and displacements 
results in:
𝑄𝑐 (𝜔) =

(

𝐇T 𝐅−1(𝜔)𝐇
)

𝑤𝑐 (𝜔) (16)

so, the group impedance matrix is directly obtained as:
𝐊𝐆(𝜔) = 𝐇T 𝐅−1(𝜔)𝐇 (17)

and the group flexibility matrix can be computed as the inverse of the 
impedance matrix:
𝐅𝐆(𝜔) = 𝐊𝐆

−1(𝜔) (18)

Despite this matrix approach allowing the complete impedance and flex-
ibility matrices of the pile group to be obtained, the system of Eq. (15) 
can be solved for a specific unitary load case to obtain either the dis-
tribution of forces between piles or the corresponding group flexibility 
terms.

As pile groups of jacket substructures present an axisymmetric be-
haviour, for the configurations composed of more than 2 piles (see 
Fig. 2), the impedance function matrix of the group can be expressed 
as:

𝐊𝐆(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐾𝐺
𝐻 (𝜔) 0 0 0 𝐾𝐺

𝐻𝑅(𝜔)
0 𝐾𝐺

𝐻 (𝜔) 0 −𝐾𝐺
𝐻𝑅(𝜔) 0

0 0 𝐾𝐺
𝑉 (𝜔) 0 0

0 −𝐾𝐺
𝐻𝑅(𝜔) 0 𝐾𝐺

𝑅 (𝜔) 0
𝐾𝐺

𝐻𝑅(𝜔) 0 0 0 𝐾𝐺
𝑅 (𝜔)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(19)

being 𝐾𝐺
𝐻 , 𝐾𝐺

𝐻𝑅, 𝐾𝐺
𝑅 , and 𝐾𝐺

𝑉  the horizontal, cross-coupled, rocking and 
vertical dynamic stiffnesses of the group, respectively. Note the change 
of sign in the cross-coupled component due to the chosen reference sys-
tem.

Finally, it is important to note that the pile cap mass has not been in-
cluded in this study, since its effect can be introduced subsequently once 
the impedance function matrix has been obtained (Clough and Penzien, 
1995).

4.  Results and discussion

In order to address the objectives of this work, the results are organ-
ised as follows: firstly, all flexibility terms of both source (isolated) and 
receiver piles are presented. Afterwards, the different flexibilities of the 
2-pile group computed by superposition and with the continuum model 
are analysed, evaluating the contribution of each flexibility term by an-
alytically solving the problem. Finally, the horizontal, cross-coupled, 
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Fig. 6. Flexibility terms of the source pile.

and rocking impedances for jacket foundation’s pile groups composed 
of 3, 4, and 5 piles computed by superposition are presented. Results are 
compared with those directly determined using the reference continuum 
model, and are used to study the influence of the flexibility terms cor-
responding to the lateral problem (horizontal, rocking, and their cou-
pling), as well as the influence of the flexibility terms corresponding 
to the vertical problem (vertical and coupled terms with the lateral
ones).

All results (flexibilities and impedances) shown throughout this 
section are presented in dimensionless form, normalized by the pile
diameter (𝐷) and Young’s Modulus of the soil (𝐸𝑠) (see, e.g., Kaynia 
and Kausel, 1991).

4.1.  Flexibility terms of the source and receiver piles

Fig. 6 shows each term of the dimensionless flexibilities of the 
source pile (see Eq.  (3)). The horizontal and cross-coupled flexibili-
ties are depicted in the first row, while the rocking and vertical flex-
ibilities are presented in the second one. Each flexibility term is ar-
ranged by pair of columns, showing the real and imaginary parts in 
the first and second column respectively. As it can be observed all 
flexibility terms of the source pile exhibit a slight curved variation 
with frequency. The real and imaginary parts of the horizontal, rock-
ing, and vertical components have a decreasing behaviour with fre-
quency, excepting the imaginary and real part of the vertical and rocking 
flexibilities accordingly, which mostly remain constant. On the other 
hand, the cross-coupled flexibilities present an increasing trend with
frequency.

The different terms of the dimensionless flexibilities of the receiver 
pile (see Eq.  (5)) are presented in Fig. 7. Each term of flexibility is shown 
by pair of graphs, in which its real and imaginary parts are depicted. 
The results computed for different pile spacing ratios (𝑆∕𝐷 = 4, 6, 8, 
and 10) are distinguished using several colours. As it is well known, 
all flexibility terms of the receiver pile present an oscillatory behaviour 
over the frequency range. This oscillatory trend is more pronounced in 
the lateral (𝑥) and vertical (𝑧) directions, both influenced by S-wave 
propagation, while the radial direction (𝑦) is mainly affected by P-wave 
propagation. Furthermore, as it is expected, as pile spacing increases it is 
observed a reduction in the amplitude and an increment of the number 
of oscillations in the frequency range, resulting in a greater number of 
wavelength multiples within this range.

4.2.  Contribution of each flexibility term over the global response of the 
2-pile group

4.2.1.  Lateral x-direction
By solving the system of Eq. (15) for the 2-pile group in the lat-

eral 𝑥-direction (i.e. assuming either an unitary load in 𝑥-direction or 
moment around 𝑦-direction at the cap gravity centre), the horizontal, 
cross-coupled, and rocking group flexibilities are determined as:

𝐹𝐺
𝑥𝑥(𝜔) =

𝐹 𝑖𝑖
𝑥𝑥(𝜔) + 𝐹 𝑗𝑖

𝑥𝑥(𝜔)
2

(20)

𝐹𝐺
𝑥𝜃𝑦

(𝜔) =
𝐹 𝑖𝑖
𝑥𝜃𝑦

(𝜔) + 𝐹 𝑗𝑖
𝑥𝜃𝑦

(𝜔)

2
(21)

𝐹𝐺
𝜃𝑦𝜃𝑦

(𝜔) =
𝐹 𝑖𝑖
𝜃𝑦𝜃𝑦

(𝜔) + 𝐹 𝑗𝑖
𝜃𝑦𝜃𝑦

(𝜔)

2
(22)

Thus, in the 𝑥-direction and for the 2-pile group, the group flexibility 
terms only depend on their respective flexibility terms of the source and 
receiver pile. Note that the vertical component is decoupled from the x-
direction behaviour for this 2-pile group. To illustrate this, Fig. 8 shows 
the dimensionless group flexibility terms related to the 𝑥-direction for 
the configuration of 2 piles. The horizontal, cross-coupled, and rock-
ing group flexibilities are depicted by pair of columns at the first row, 
one column for the real part and another one for the imaginary term. 
The horizontal, cross-coupled, and rocking flexibilities of the source and 
receiver pile are presented in the second and third rows accordingly, 
presenting each of them by pair of columns in the same way as the 
group flexibilities. By employing different line styles, the group flexibil-
ities computed directly through the continuum model (Direct, continu-
ous lines) are distinguished from those obtained with the superposition 
methodology (SM, dashed lines). The results for two pile spacing ratios 
(𝑆∕𝐷 = 4 and 𝑆∕𝐷 = 10) are shown by using different colours. It can be 
seen that the results obtained with the present superposition methodol-
ogy align well with those directly computed by the continuum model for 
both pile spacing separations. Furthermore, it can be observed that the 
magnitude and trend of each group flexibility component are governed 
by the flexibility of the source pile, while the oscillation behaviour is 
introduced by the flexibility of the receiver pile. In other words, the os-
cillations of the flexibility group occur at the same frequencies at those 
of the receiver pile. These conclusions agree well with the previous ex-
pressions (Eqs.  (20)–(22)), where each group flexibility term is obtained 
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Fig. 7. Flexibility terms of the receiver pile for different pile spacing ratios.

Fig. 8. Influence of the flexibility terms on the flexibility components of the 2-pile group (𝑥-direction).
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Fig. 9. Influence of the flexibility terms of the source pile on the flexibility components of the 2-pile group (𝑦-direction).

through the sum of its respective source and receiver flexibilities. The 
study of this lateral 𝑥-direction behaviour for the 2-pile group is initially 
presented as a first step toward understanding its lateral 𝑦-direction be-
haviour, in which more components are involved.

4.2.2.  Lateral y-direction
By addressing the system of Eq. (15) for the 2-pile group in the lat-

eral 𝑦-direction (i.e. assuming either an unitary load in 𝑦-direction or 
moment around 𝑥-direction at the cap gravity centre), the expressions 
of the horizontal, cross-coupled, and rocking group flexibilities are ob-
tained as:

𝐹𝐺
𝑦𝑦(𝜔) =

−𝑑2𝐹𝑦𝜃𝑥 (𝜔)
2 + 𝑑2𝐹𝑦𝑦(𝜔)𝐹𝜃𝑥𝜃𝑥 (𝜔) + 2 𝑑𝐹𝑦𝜃𝑥 (𝜔)𝐹𝑧𝑦(𝜔)

−2𝑑𝐹𝑦𝑦(𝜔)𝐹𝑧𝜃𝑥 (𝜔) − 𝐹𝑧𝑦(𝜔)
2 + 𝐹𝑦𝑦(𝜔)𝐹𝑧𝑧(𝜔)

2(𝑑2𝐹𝜃𝑥𝜃𝑥 (𝜔) − 2𝑑𝐹𝑧𝜃𝑥 (𝜔) + 𝐹𝑧𝑧(𝜔))
(23)

𝐹𝐺
𝑦𝜃𝑥

(𝜔) =

−𝐹𝑧𝑦(𝜔)𝐹𝑧𝜃𝑥 (𝜔) + 𝐹𝑦𝜃𝑥 (𝜔)𝐹𝑧𝑧(𝜔)
−𝑑𝐹𝑦𝜃𝑥 (𝜔)𝐹𝑧𝜃𝑥 (𝜔) + 𝑑𝐹𝑧𝑦(𝜔)𝐹𝜃𝑥𝜃𝑥 (𝜔)

2(𝑑2𝐹𝜃𝑥𝜃𝑥 (𝜔) − 2𝑑𝐹𝑧𝜃𝑥 (𝜔) + 𝐹𝑧𝑧(𝜔))
(24)

𝐹 𝜃𝑥𝜃𝑥
𝐺 (𝜔) =

𝐹𝜃𝑥𝜃𝑥 (𝜔)𝐹𝑧𝑧(𝜔) − 𝐹𝑧𝜃𝑥 (𝜔)
2

2(𝑑2𝐹𝜃𝑥𝜃𝑥 (𝜔) − 2𝑑𝐹𝑧𝜃𝑥 (𝜔) + 𝐹𝑧𝑧(𝜔))
(25)

being 𝑑 = 𝑆∕2 and each term 𝐹𝑟𝑠 refers to the sum of the corresponding 
flexibilities of the source and receiver piles:
𝐹𝑟𝑠 = 𝐹 𝑖𝑖

𝑟𝑠 + 𝐹 𝑗𝑖
𝑟𝑠 (26)

As expected, the 𝑦-direction behaviour of the 2-pile group is influenced 
by the vertical component. Therefore, in this direction, all terms are 
involved in the determination of the group flexibilities.

Figs. 9 and 10 depict the dimensionless group flexibility terms re-
lated to the 𝑦-direction for the configuration of 2 piles, and the differ-
ent terms of the flexibility of the source pile (Fig. 9) and receiver one 
(Fig. 10). In the same way as in the previous Fig. 8, the horizontal, cross-
coupled, and rocking group flexibilities are depicted in the first row by 
pair of columns (one for the real part and the other for the imaginary 
one). In the rest of rows, the different components of the source flexibil-
ity (Fig. 9) and the receiver one (Fig. 10) are presented. Results directly 
obtained through the model (Direct) are shown with a continuous line, 
while those computed through the proposed superposition methodol-
ogy are presented with a dashed one. With the aim of analysing the 
influence of considering the terms related to the vertical component, 
two types of results obtained through the superposition methodology 
are presented: those taking into account all terms (horizontal, rocking, 
vertical, and their couplings: SMHRV label); and those computed with-
out considering the flexibility terms related to the vertical component 
(i.e., only contemplating the horizontal and rocking terms, and their 
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Fig. 10. Influence of the flexibility terms of the receiver pile on the flexibility components of the 2-pile group (𝑦-direction).

couplings: SMHR label). Different colours are used to distinguish these 
two dashed lines, as well as the results corresponding to the pile spac-
ing ratios of 4 and 10. At the first row of Figs. 9 and 10 it can be seen 
that it is necessary to consider the terms of the vertical component to 
correctly reproduce the group flexibilities, especially for the estimation 
of the cross-coupled and rocking ones. Note that the group flexibilities 
obtained with the superposition methodology align well with those of 
the direct model when the vertical component terms are contemplated. 
However, when these vertical terms are not considered, the different 
flexibilities of the group are not correctly replicated. In Figs. 9 and 10, 
it can be observed that the magnitude and trend of the group flexibil-
ities are given by the flexibility of the source pile (Fig. 9). When the 
terms of the vertical component are not considered, it can be noticed a 
similar curve shape among each group flexibility curve and its respec-
tive flexibility of the source pile. However, when all vertical component 
terms are included, the curve shape of each group flexibility seems to 
be influenced by the shape of the vertical flexibility and its respective 

flexibility term of the source pile. From Fig. 10 it can be perceived that 
the frequencies in which the oscillations occur in the horizontal, cross-
coupled, and rocking group flexibilities match approximately with those 
of their respective flexibility term of the receiver pile. This similarity of 
frequencies takes place in both situations: when the terms of the verti-
cal component are considered and when they are not. Despite this, the 
group flexibilities computed for these two situations significantly dif-
fer between them. Thus, to correctly determine all group’s flexibilities 
it is necessary to consider the flexibility terms related to the vertical
component.

4.3.  Horizontal, cross-coupled, and rocking dynamic group impedances

Fig. 11 shows the horizontal dimensionless impedance functions for 
the configurations of 3, 4, and 5 piles. Results corresponding to the pile 
spacing ratios of 4, 6, 8, and 10 are disposed by rows. The impedance 
functions of each pile group (3, 4, and 5 piles) are arranged by pair 
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Fig. 11. Lateral dynamic group impedances for the configurations of 3, 4, and 5 piles.

of columns. The real and imaginary parts (stiffness and damping com-
ponents) are depicted in the first and second column of each pair of 
columns, respectively. The impedance functions obtained through the 
superposition procedure by considering different flexibility components 
are distinguished by employing different colours and line styles: results 
obtained by only considering the horizontal and rocking flexibilities are 
presented with a blue trace (SMHR); those considering all components of 
the matrix flexibility (horizontal, rocking, vertical, and their couplings) 
are presented with a red dotted curve (SMHRV); and those computed by 
taking into account the horizontal, rocking, the coupling between these 
two, and the vertical flexibility (without considering the vertical-lateral 
couplings terms) are depicted with a green dashed line (SMHRV,nvc). Re-
sults directly computed through the continuum model are represented 
with a dashed black line. From Fig. 11 it can be perceived that the hori-
zontal impedances are correctly reproduced when all flexibility compo-
nents are considered. Note how the red curve always matches well with 
the black one in all pile group configurations. For the lowest pile spacing 
ratio (𝑆∕𝐷 = 4), some discrepancies and phase differences are obtained 
between the direct model results and those of the proposed methodology 
(black and red curves) around the peaks of the curves. These differences 
are also greater for configurations with a larger number of piles. These 
discrepancies are due to the fact that the superposition method does not 
consider the interaction between all piles of the group, only the inter-
play among pair of piles. This interaction among all piles produces a 
scattering of waves that becomes more relevant as piles get closer to 
each other and as the number of piles in the group increases. Note that 
for pile spacing ratios larger than 4, these differences practically dis-
appear, except in the 5-pile configuration, where small discrepancies 
can still be observed. Furthermore, the horizontal impedances are accu-
rately estimated when the vertical coupling components are neglected 
(green dashed line) and when only the horizontal and rocking compo-
nents are considered (blue line) in the superposition method (note how 
these lines align well with the direct model results, shown in black). 
Therefore, to correctly reproduce the horizontal impedance functions of 
this type of pile groups through the superposition method, it is enough 

to only consider the terms related to the horizontal and rocking compo-
nents, without taking into account the vertical component.

Fig. 12 displays the cross-coupled dimensionless impedance func-
tions for the configurations of 3, 4, and 5 piles. Results are depicted fol-
lowing the same layout as the previously used in Fig. 11. In Fig. 12 it can 
be observed that all terms (horizontal, vertical, rocking, and their cou-
plings) must be included in the superposition procedure to accurately 
reproduce the cross-coupled impedance functions. Note that, for all con-
figurations and pile spacing ratios, the red curve (which includes all 
terms) consistently matches the dashed black line (direct model results). 
It can be noticed that as the pile spacing ratio and the number of piles of 
the group increase, the coupling with the vertical component becomes 
more relevant. For the lowest pile spacing ratio (𝑆∕𝐷 = 4) and the 3- 
and 4-pile configurations (first and second column pairs in Fig. 12), the 
blue and green curves (which neglect coupling with the vertical compo-
nent) approximately reproduce the cross-coupled impedances directly 
obtained from the continuum model. However, for larger pile spacing 
ratios, as well as for the lowest pile spacing ratio in the 5-pile configura-
tion, these curves do not match with the direct model results, especially 
in lower frequencies and in the peaks of the cross-coupled impedance 
curve. In the same way as with the horizontal impedances (Fig. 11), com-
paring the results obtained using the superposition methodology (red 
curve) and those directly computed with the continuum model (black 
curve), some differences between them can be appreciated around their 
peak values for the small pile spacing ratios. As previously noted in the 
analysis of the horizontal group impedances, this arises from the simpli-
fication of the superposition procedure, which considers only pairwise 
pile interactions.

Fig. 13 shows the rocking dimensionless impedance functions for the 
configurations of 3, 4, and 5 piles. The results are presented using the 
same layout as in Figs. 11 and 12. Fig. 13 includes two more curves in 
each representation to better understand the lateral and vertical contri-
butions on the rocking impedances: the rocking impedances obtained 
by only considering the vertical flexibility component are represented 
with an orange continuous line (SMV label), which coincide with the
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Fig. 12. Cross-coupled dynamic group impedances for the configurations of 3, 4, and 5 piles.

Fig. 13. Rocking dynamic group impedances for the configurations of 3, 4, and 5 piles.

methodology followed in Rodríguez-Galván et al. (2025); and those de-
termined as the sum of the rocking impedances obtained by only con-
sidering the vertical contribution plus the ones computed by only con-
templating the horizontal and rocking components are depicted with a 
magenta continuous line (SMHR + SMV label). In the same way as for 
the horizontal and cross-coupled impedances (Figs. 11 and 12), from 

Fig. 13 it can be noticed that the rocking impedances are accurately re-
produced when all flexibility terms related to the horizontal, rocking, 
and vertical component are contemplated (red curve). Analysing the 
rocking impedances obtained by only considering the vertical flexibility 
term (orange continuous line), it is shown that this vertical component 
is clearly the dominant contributor to the rocking impedance function. 
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Fig. 14. Relative differences between the absolute values of the impedance functions computed using the superposition methodology and those directly obtained 
from the continuum model (𝑆∕𝐷 = 4).

Note how, as the pile spacing ratio and the number of piles increase, the 
orange curve increasingly aligns with the black curve (direct model re-
sults). By contrast, the contribution of the lateral behaviour to the rock-
ing component is minimal, as evidenced by the blue curve, which consis-
tently lies lower and shows significant deviation from the direct model 
results. The contribution of the lateral component is greater for the 
lower pile spacing ratios and the configurations with less number of piles 
(contrary to the vertical component influence). When the contribution of 
these two components (lateral and vertical) are separately added (green 
line), the rocking impedances are correctly reproduced, matching well 
with those directly computed with the continuous model and with the
superposition methodology by contemplating all terms of the matrix 
flexibility (black and red lines accordingly). Moreover, the rocking 
impedances computed when all terms are considered excepting the cou-
plings related to the vertical component (green curve, SMHRV,nvc) closely 
match those obtained directly from the continuum model or from the 
superposition procedure considering all flexibilities. Therefore, to prop-
erly reproduce the rocking impedances via superposition, it is sufficient 
to consider all terms except the vertical-lateral coupling flexibilities.

Furthermore, it can be observed in all group impedance functions 
that their oscillatory behaviour increases as the number of piles and 
pile spacing ratio rises. This occurs as a consequence of the mutual in-
teractions between piles. As the pile spacing ratio increases, the waves 
has more space to propagate and the interaction amplitude decreases, 
allowing piles to oscillate more freely. This fact can also be appreci-
ated in Fig. 7. In addition, as the number of piles rises the interactions 
among piles also grows. Regarding the obtained trend in the differ-
ent impedance functions with frequency, for the horizontal impedance 
(Fig. 11) it can be observed that the stiffness component has a general 
oscillatory decreasing behaviour with frequency, whereas the damping 
component has an increasing one. The decrease of the stiffness compo-
nent with frequency is due to the reduced ability of the surrounding 
soil to deform in phase with the pile group as frequency rises, while the 
increase of the damping component arises from enhanced radiation of 

waves into the soil, leading to greater energy dissipation at higher fre-
quencies. Concerning the rocking impedance (Fig. 13) it can be noted 
that this one has a highly oscillatory behaviour, which is because rock-
ing movement excites more complex wave fields (a combination of S and 
P waves, as well as mode coupling) than horizontal motion. Attending 
to the cross-coupled impedance function (Fig. 12) this one presents an 
oscillatory behaviour, but with an intermediate nature: more complex 
than the horizontal impedance but less pronounced than the rotational 
one. This is due to this component simultaneously involves the dynamic 
mechanisms of translation and rotation. All these aspects agree with 
well-established conclusions in the dynamic behaviour of pile groups 
(such as Kaynia, 1982).

Finally, to quantify the differences obtained by using the presented 
methodology with respect to the continuum model, the relative differ-
ences between the absolute values of the impedance functions derived 
from the presented methodology and those directly computed from the 
continuum model are presented in Fig. 14. The relative differences are 
shown across the entire frequency range for the lowest pile separation 
ratio (𝑆∕𝐷 = 4), which corresponds to the case with the largest devi-
ations. Differences computed for the three pile groups are arranged by 
columns, whereas the differences corresponding to the horizontal, cross-
coupled and rocking impedances are shown in the first, second and third 
rows, respectively. Maintaining the same colour scheme and line styles 
used throughout the work, the relative differences obtained using the 
proposed methodology are illustrated as follows: those considering only 
horizontal and rocking flexibilities are shown with a continuous blue 
line (SMHR); those including all components are represented by a red 
dotted line (SMHRV); and those computed by excluding vertical-lateral 
coupling effects are depicted with a green dashed line (SMHRV,nvc). As 
shown in Fig. 14, the maximum relative errors obtained with the pro-
posed superposition approach when all flexibility components are con-
sidered (red line) are under an engineering-acceptable threshold of 10% 
(horizontal dashed lines). These maximum values correspond to the 
pile groups with 4 and 5 piles. As observed in the previous figures, 
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these maximum differences occur at or near the frequencies where the 
peak values of the impedance functions are reached. Lastly, it is im-
portant to emphasize the relevance of considering the vertical-lateral 
coupling in the estimation of the cross-coupled impedance, as well as 
the significant contribution of the vertical component in the rocking 
impedance estimation. Note that significant relative differences arise 
when the vertical-lateral coupling term and the vertical component 
are neglected in the cross-coupled and rocking impedance functions,
respectively.

5.  Conclusions

This study explores the application of the superposition method for 
computing the impedance function matrix of OWT pile group foun-
dations, focusing on the contribution of each flexibility term associ-
ated with the lateral and vertical behaviours in each impedance func-
tion. For this purpose, a matrix methodology based on the elastic
superposition method is presented. Apart from considering the terms 
related to the horizontal and rocking components, the procedure also in-
cludes those related with the vertical component. The estimation of the 
horizontal, rocking, and cross-coupled impedances for this type of pile 
groups through the presented matrix procedure is analysed throughout 
the work. Furthermore, the contribution of the flexibility terms related 
to the lateral and vertical behaviour, as well as the coupling of the verti-
cal and lateral problems is studied. Firstly, the flexibility terms and the 
influence of each of them on a 2-pile group flexibility has been analysed; 
afterwards, the horizontal, cross-coupled, and rocking impedance func-
tions for pile groups composed of 3, 4, and 5 piles have been shown, 
comparing the results obtained with those directly computed using a 
continuum model. In order to study the influence of the terms related 
to the lateral and vertical behaviour, the impedance functions obtained 
with the presented superposition methodology have been computed by 
different ways: considering all terms (vertical, horizontal, and rocking 
ones, with all their couplings); contemplating all terms excepting the 
vertical-lateral couplings (vertical, horizontal and rocking terms, with 
the couplings of these last two); and considering only the components 
related to the lateral behaviour (horizontal and rocking terms, with their 
couplings). In addition, the influence of the isolated vertical term has 
also been studied for the rocking impedance functions. The main con-
clusions drawn of this work are:

• For the configuration composed of 2 piles, in both lateral directions 
(𝑥 and 𝑦), the magnitude and trend of each group flexibility term are 
mainly given by the respective flexibility of the source pile, while 
its oscillation behaviour is given by the respective flexibility of the 
receiver pile. The vertical flexibility of the source pile seems to affect 
the group flexibility curves related to the 𝑦-direction.

• The proposed matrix methodology based on elastic superposition ac-
curately reproduces all impedance functions related to the horizon-
tal and rocking behaviour of pile groups for jacket-supported OWTs. 
When all flexibility terms are considered in the matrix methodology, 
the horizontal , cross-coupled, and rocking impedance functions are 
accurately replicated.

• The horizontal impedance functions can be estimated without con-
templating the vertical component. Thus, to compute the horizontal 
impedances it is enough to consider the terms related to the lateral 
behaviour (horizontal, rocking, and their respective couplings).

• To correctly estimate the cross-coupled impedance functions it is 
necessary to consider the vertical component, including its coupling 
with the horizontal and rocking terms. In this way, all terms (verti-
cal, horizontal, and rocking, with all their couplings) must be con-
templated for the cross-coupled impedance computations.

• The vertical flexibility component predominates in the computation 
of the rocking impedance function. However, for low pile spacing 
ratios (𝑆∕𝐷 ≤ 6), it is necessary to also include the horizontal, rock-

ing, and their respective coupling terms (without the vertical-lateral 
coupling) to accurately compute the rocking impedance.

Therefore, the horizontal, cross-coupled, and rocking impedance 
functions of pile groups for jacket-supported OWTs can be estimated 
with the proposed matrix methodology based on the elastic superpo-
sition method. Thus, the proposed methodology is well suited for the 
initial design phases or for conducting parametric analyses of this type 
of structure, where a large number of calculations and case studies 
need to be evaluated. Moreover, the simplifications summarised in the 
preceding points can be incorporated into the computation of each 
impedance function term, without compromising the accuracy of the 
resulting impedance functions. The correct estimation of these terms is 
an important factor to correctly reproduce the dynamic response of this 
type of structures. The understanding of the behaviour of these terms can 
serve as an estimation of the overall group dynamic behaviour, allow-
ing the prediction of how the variation of different parameters affect the 
dynamic group impedances. The main advantage of this methodology 
is the direct computation of the pile group impedance functions from 
the behaviour of pile pairs, without the need to use a complex model. 
As future developments, it is suggested to use machine learning tech-
niques (such as artificial neural networks) to obtain all flexibilities of the 
source and receiver piles from the main parameters that intervene into 
the problem (frequency, pile slenderness, Young’s Modulus, pile-spacing 
ratios, soil hysteretic damping, pile and soil Poisson’s ratios, etc). In this 
way, the flexibilities of the source and receiver piles could be obtained in 
a straightforward way, and the horizontal, cross-coupled, and rocking 
impedance functions could be later computed by employing the pro-
posed methodology. In addition, future work could explore the applica-
tion of the methodology to more realistic seabed conditions, including 
complex stratified soils or piles reaching a rigid bedrock, to assess how 
features such as soil layering, resonance effects, and tip constraints in-
fluence each pile-soil-pile flexibility term. It would also be valuable to 
evaluate the method’s performance under non-linear behaviour (e.g., 
combining non-linear single-pile models with linear pile-to-pile interac-
tions) to determine whether the superposition approach can estimate the 
overall system response within engineering-acceptable error margins.
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