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Abstract

We interpret the Narayana numbers combinatorially by having them count the number of
tilings of an n-strip using squares and triominoes. Using this interpretation, we develop a
collection of identities satisfied by the sequence of Narayana numbers. Additionally, these
techniques are used to introduce the generalized Narayana numbers and the k-Narayana
numbers and to prove corresponding identities.

Keywords: Narayana numbers; combinatorial identities; genreralized Narayana numbers;
k-Narayana numbers

MSC: 05A19; 11B39; 10A35

1. Introduction

For as long as people have studied recursively defined sequences, they have attempted
to find additional identities satisfied by the terms of these sequences. This includes famous
sequences such as the Fibonacci sequence, the Lucas sequence, and the Catalan sequence,
as well as many lesser-known sequences. Many different approaches to prove identities
have been developed. For example, Egorychev’s book [1] contains investigations of the
problem of finding integral representations for and computing finite sums and generating
functions. These finite or infinite sums are obtained in closed form by reducing them to
multiple one-dimensional integrals, most often to contour integrals. The theory of linear
recurrences of several variables was developed by E.K. Leinartas [2,3].

We follow in their footsteps and develop identities for one such lesser-known sequence,
the sequence of the Narayana numbers.

Fourteenth-century Indian mathematician Narayana Pandita introduced what is now
called the Narayana sequence when he studied a cow and calf problem similar to the rabbit
problem studied by Fibonacci. In the Narayana cow problem, there is originally one cow,
and each cow gives birth to one calf each year, starting in their third year—see [4,5] for
more details. If r is the year, then the Narayana problem can be modeled by the recurrence

No=0,N =N, =1,N,;1 =N+ N,_» (1’ > 2).

The first few terms of the Narayana sequence are {N,},>0 = {0,1,1,1,2,3,4,6,9,13,...}.
In the literature, there is a sequence which is also called the Narayana sequence, named
after Canadian mathematician T. V. Narayana (1930-1987) who introduced it in the context
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of probability theory [6]. This sequence is defined by the numbers (sequence A001263

in [7])
s =007

where 1 < k < n, also known as the Triangle of Narayana numbers. A g-analogue of these
type of Narayana numbers was first studied by MacMahon [8], Article 495. As is standard
in the literature, any future reference to the Narayana sequence refers to the Narayana cow
sequence (sequence A078012 in [7]), not sequence A001263.

People have studied the Narayana numbers in order to find identities satisfied by
these numbers using a variety of methods, such as combinatorial methods, group theory,
generating functions, and matrix theory, to name a few [9-14]. The original Narayana
sequence can be extended to negative indices; the only additional term we will need to
consideris N_; = 0.

To have a combinatorial interpretation of the Narayana numbers, we need to show
that they count something, i.e., that they represent the size of a set of objects. We may
proceed as [15] does for the Fibonacci numbers. Let , count the number of sequences of 1s
and 3s that sum to r. For example, nqy = 3, since 4 can be created in the following 3 ways:
14+1+141,1+3,and 3 + 1. The pattern is unmistakable; n, both begins and continues
to grow as the Narayana numbers do. That is, for n > 3, n, satisfies n, = n,_1 + n,_3. To
see this combinatorially, we consider the first number in our sequence. If the first number
is 1, the rest of the sequence sums to r — 1, so there are 1,_; ways to complete the sequence.
Similarly, if the first number is 3, then there are 711,_3 ways to complete the sequence. Hence,
Ny = Nyp_1 + Ny_3.

For our purposes, we prefer a more visual representation of n,. Thinking of a square
as representing a 1, and a triomino as representing a 3, 1, counts the number of ways to
tile a board of length r with squares ((J) and triominoes (C___]). For simplicity, we call a
board of length r an r-board. For example, here is a 6-board: LI T T T 1. We let \V; denote
the collection of all such tilings of an r-board, and let n, = |N;| forr > 1. Weletny = 1
count the empty tiling of the 0-board and define n_; = 0. For example, the set NV of all
square—triomino tilings of the 6-board is given in Figure 1, showing ng = 6.

1 2 3 45 6

1 2 3 45 6 1 23 45 6

1 23 45 6 1 23 45 6

1 2 3 45 6

Figure 1. Set \V; of all square—triomino tilings of the 6-board.

As the following theorem shows, {1, },,>1 is the sequence of Narayana numbers with
its index shifted by one: 1, = N, 1.

Theorem 1. Forr > 0, ny = Nyy1.

Proof. We need to show that 7, satisfies the same recursive definition and initial conditions
as N,,_1. We first consider A7, N3, N3, and N;.

N ={0}, Ny = {10}, Nz ={010,C1}, Ny= {1117}
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So, itis clear thatn; = 1,n, =1, n3 = 2, and ng = 3.

To show that {7, },>( satisfies the same recursive definition at {N; },~(, we consider
N, for r > 3. Now N, can be written as a disjoint union of S,, the tilings with a square as
the last tile, and Ty, the tilings with a last tile of a triomino. This implies that n, = |N;| =
|Sy| + | T¢| = ny—1 + n,_3, since any tiling in S, consists of a tiling of an r — 1-board with an
additional square. A similar agument results in |T;| — 1,_3.

Thus, n, = N,y q forallr > 0. O

The purpose of introducing a combinatorial perspective to a sequence is to use the
combinatorial approach to prove identities between terms of the sequence. There are two
standard techniques used in such combinatorial arguments that we will also use, that of
conditioning and the use of bijective mappings. For the identities in the next section, we
obtain a proof of each identity by conditioning on the location of a given part of each tiling.

2. Elementary Identities by Conditioning

We first consider the sum of the first 7 terms of the Narayana sequence. This identity
was given as part of Corollary 6.1 in [13].

Identity 1. Forr > 0,ng+ny+---+n, =n,43 — 1.

Proof. To prove this result combinatorially, we need to consider the set of tilings of an
(r + 3)-board that use at least one triomino. On one hand, there are 1,3 tilings of an
(r + 3)-board in total, one of which consists only of squares. This gives a total of n,43 — 1
tilings with at least one triomino.

On the other hand, as shown in the left side of Figure 2, we can consider this set of
tilings by conditioning on the location of the last triomino. If the last triomino covers cells
i+1,i+2,and i 4 3, the first i tiles can be covered in n; ways, while the remaining tiles
must be covered in squares. Summing the possibilities over i ranging from 0 to r, this
implies thatn, ;3 —1=ng+ny+---+n,. O

We next consider the sum of every third term in the sequence. Identities similar to this
appear in [16].

Identity 2. Forr > 0, ng 4+ nz +ng+ - - - + 13, = n3p41.

Proof. We consider the number of tilings of a (37 + 1)-board. By definition, there are 13,1
such tilings.

Since the board has a length of 3r + 1, every tiling must have at least one square, and
the last square in the tiling must occupy a cell of the form 3i +1fori =0,...,r, as shown
in the right side of Figure 2. Therefore, there are n3; tilings which have their last square on
cell 3i 4+ 1. Summing over the possibilities proves the identity. [

l ny | | l 13y I:I

| Mr—1 | L] | M3r—3 L |

[ M2 | [ 1] TR | |

no 1] 1] ﬂol]:l]:--- 1]

Figure 2. Conditioning on the location of the last tile of a given type.
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As with Fibonacci identities, many corresponding Narayana identities can be shown
by using the notion of breakability at a given cell. We say that a tiling of an n-board
is breakable at cell k, if the tiling can be decomposed into two tilings, one covering cells
1 through k and the other covering cells k 4- 1 through 7. On the other hand, we call a tiling
unbreakable at cell k if a triomino occupies cells k, k +1 and k+ 2, or cells k — 1, k and k 4 1.
From this definition, we can now show the following.

Identity 3. Form,p > 0, nytp = Ny + Ny 1Mp—2 + Ny—27p 1.

Proof. Consider the tilings of an (m + p)-board. Every tiling is either breakable at cell m or
is unbreakable at cell m. As shown in Figure 3, there are n,, - n, tilings that are breakable
at cell m, ny, 1 - np_5 tilings that are unbreakable at cell m and have a triomino occupying
cellsm,m—+1,and m + 2, and n,,_» - np-1 tilings which are unbreakable at cell m and have
a triomino occupying cells m — 1, m, and m + 1, thus implying the identity. [

1 m m+1 m+p 1 m m+p
[

=
<
=
3
L
=
N
N

1 m m+p
L w2 [ 0] =

Figure 3. Condition on breakability at cell m for Identity 3.

For the next two identities, we show how the Narayana numbers can be written as a
sum involving binomial coefficients.

Identity 4. Forr >0, () + (72 + (", +--- =n,.

Proof. Consider the number of tilings of a r-board. We condition on the number of tri-
ominoes. How many r-tilings use exactly i triominoes? For the answer to be nonzero,
0 <i < r/2. Such tilings necessarily use r — 2i squares and therefore use a total of r — i tiles.
For example, an 11-tiling that uses exactly five squares and two triominoes is given below.

123 456 7 8 91011

In this tiling, the triominoes occur as the first and fifth tiles. The number of ways to

select 2 of these 7 tiles to be triominoes is (Z) Hence, summing up the number of triominoes

considered, there are Y~ (rfizz

) r-tilings. [J
Identity 5. Forr > 1, n3,—p = Y4 (})n2i_».

Proof. We consider the number of tilings of a (37 — 2)-board. Note that a (37 — 2)-tiling
must include at least r tiles, because r — 1 triominoes tile a 3r — 3-board. We consider the
number of squares that appear among the first  tiles. If the first r tiles consist of i squares
and r — i triominoes, then these tiles can be arranged in (}) ways and cover cells 1 through
3r — 2i. The remaining board has length 3r — 2 — (37 — 2i) = 2i — 2 and can be tiled 1;_»
ways. Summing over the possible values of i proves the identity. [

A second common combinatorial approach to proving identities involves finding a
bijection between two finite sets. The existence of such a bijection implies the sets have the
same number of elements. Identities that can be proven using this technique are the focus
of the next section.
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3. Identities Using Bijections

In the proofs that follow, we consider the disjoint union of a number of V; for differing
values of j and will use LI to denote this. For ease of notation, we will use 2, to represent
Ny UN,.

We begin with an identity that shows n, can be written as a sum of three previ-
ous terms.

Identity 6. Forr > 6, n, = n,_1 + n,_4 + n,_¢.

Proof. We build a bijection between N; and N,_1 LN, _4 LN, _¢. We describe the bijection
graphically in Figure 4.

( 1 r 1 r—1
O | e | }NF1
1 4 1 r—4
N T AR — }M4
1 4 r 1 r—6
T 1 | e [ ] }M%

Figure 4. Bijection between N; and NV, 1 UN,_4 UN,_¢ for Identity 6.

In words, any r-tiling that begins with a square is mapped to the (r — 1)-tiling by
removing that first square. On the other hand, if an r-tiling begins with a triomino, there
are two possibilities: either the next tile is a square or the next tile is a triomino. By
removing those first two tiles, the r-tiling is mapped, respectively, to an (r — 4)-tiling or to
an (r — 6)-tiling. Notice that from any tiling belonging to N,_; UN,_4 UN;_¢, an r-tiling is
obtained by adding, respectively, a first square if the tiling is an (r — 1)-tiling or a triomino
followed by a square if the tiling is an (r — 4)-tiling, or finally two initial triominoes if the
tiling is an (r — 6)-tiling. Since the resulting tilings are all different, the bijection between
Ny and N, 1 UN,_4UN,_¢is proved. O

Another identity equating 7, to a sum of three previous terms follows.
Identity 7. Forr >4, n, = n,_p +n,_3 +n,_4.

Proof. We build a bijection between N; and N,_, LN, _3 LN, _4. We describe the bijection
graphically in Figure 5.

( 1 r 1 r—3
1 | | & | ] }Ms
12 r 1 r—2
Ny O | e | | }M4
12 r 1 r—4
1 IS B }Nﬁ4

\
Figure 5. Bijection between N, and N;_, UN,_3 UN,_4 for Identity 7.

In words, any r-tiling that begins with a triomino is mapped to an (r — 3)-tiling by
removing that first triomino. On the other hand, if an r-tiling begins with a square, there
are two possibilities: either the next tile is also a square or the next tile is a triomino. By
removing those first two tiles the r-tiling is mapped, respectively, to an (r — 2)-tiling or to an
(r —4)-tiling. It is easy to see that this is a bijection between N, and N, _3 UN, o, UN, 4. O
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Similarly to the recursive definition of the Narayana numbers, the following two
identities consider what happens when the first two or three tiles are removed.

Identity 8. Forr > 6, n, = ny_p +2n,_4 + n,_g.

Proof. We build a bijection between N, and N,_ U2N,_4 UN, .
We describe the bijection graphically in Figure 6.

)
12 r 1 r—2
[T] | o | }NVZ
12 r 1 r—4
[V ) m | e [ ] }N?4
"4 12 r 1 r—4
11 | e [ ] }N%4
1 4 1 r—=6
(g — — | e [ ] }Nlé

Figure 6. Bijection between N, and N;_, U2N,_4 U N,_¢ for Identity 8.

To explain this identity in words, we look at the two first tiles of any r-tiling. If they
are two squares, when they are removed, an (r — 2)-tiling results. It the two first tilings
are a triomino and a square (in either order), by removing them we obtain an (r — 4)-tiling.
Finally, if the first two tiles are two triominoes, their removal results in an (r — 2)-tiling. It
is easy to see that this is a bijection between N, and N, _, U2N, 4 UN, 4. O

Identity 9. Forr > 9, n, = n,_3+3n,_5 4+ 3n,_7 + n,_o9.
Proof. This identity follows as before by removing the first three tiles of any r-tiling. O

The last two identities are particular cases of the following general identity which
may be proved by removing the first i tiles from an initial r-tiling and considering all the
possible cases, that is, that j of those i tiles are triominoes.

i .
Identity 10. Forr > 3i > 0, n, = Z (;) Ny—i—2j-
j=0
Additional identities for the Narayana numbers may be determined by using a bijec-
tion between two sets of tilings.

Identity 11. Forr > 5, n, = 2n,_3 + ny_gq + 1y_s.

Proof. We build a bijection between NV, and 2N, _3 LN, _4 UN,_5. We describe the bijection
graphically in Figure 7.

.
123 r 1 r—3
[TT1 | & | (N
1 3 r 1 r—3

ol | | & | | }Nr—s

"4 12 r 1 r—4
| — e [ ] }Nﬁ4
1 5 r 1 r—>5
un— e [ ] }M4

Figure 7. Bijection between N, and 2N, _3 UN,_4 U N, _5 for Identity 11.
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To explain this identity in words, we look at up to the first three tiles of any r-tiling. If
a tiling has a triomino as either the first, second, or third tile, we remove the beginning tiles
up to and including the triomino. This obtains an (r — 3)-tiling, an (r — 4)-tiling, and an
(r— 5)—tiling, respectively. Otherwise, the tiling begins with three squares. By removing
these squares, we obtain another (r — 3)-tiling. [

Identity 12. Forr > 5, n, + 1,5 = 2n,_p + n,_4.

Proof. The bijection between N, LI N,_5 and 2N, _, U N,_4 is described graphically in
Figure 8.

( 1 3 r 1 r—2
[ ] e O]
N2
1 3 5 r 1 r—2
[T1 ] R ] l
NS
12 4 r 1 r—4
| — e [ ] }Nr4
1 3 r 1 r—2
|0 e O 7] v
1 r—>5 1 r—2 r=2
M—S{: & |

Figure 8. Bijection between N, U, _5 and 2N, _, U N,_4 for Identity 12.

O

4. Products of Narayana Numbers

Before we consider identities for generalizations of the Narayana numbers, we intro-
duce an identity regarding the product of consecutive Narayana numbers. In order to state
this identity, we need to introduce the Padovan numbers.

Definition 1. The Padovan numbers p,, ¥ = 0,1,2,... are a recursively defined sequence
givenby po = 1, p1 = 0, po = 1, and p, = pr_p + pr—3. This sequence can be determined
combinatorially by tiling r-boards with dominoes and triominoes. See [14] for more details regarding
this combinatorial approach and some similar identities.

In order to consider the product of two consecutive Narayana numbers, we will tile
two boards, one of length r (the top board) and the other of length r + 1 (the bottom board)
both starting at the same initial square (as shown below):

Given a tiling of these two boards, we say the tiling has a common break if there is
a position in both boards that has a break between tiles. In the example below, the given
tilings of a 6- and 7-board have common breaks atk =0,k = 3,and k = 7.

Lemma 1. There are p, ways to tile boards of length v and length v 4+ 1 with no common breaks.
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Proof. If we let x, be the number of ways to tile boards of length r and length r + 1 with
no common breaks, then it is straightforward to see that xo =1, x; = 0,x, = 1,and x3 = 1.
We now consider the general case where r > 3. For any such tiling, the tiling of the bottom
board must end in a triomino, otherwise there would be a common break at position .

If the top board ends in a triomino, then there are x,_3 ways to tile the remaining
boards without any common breaks. On the other hand, if the top board ends in a square,
then there are x,_, ways to tile the remaining boards without any common break (The role
of the top board and bottom board switch in this case.)

Thus x, satisfies the same initial and recursive definitions of p,. O

With this lemma, we can now show the following.

Theorem 2. Foranyr > 0,

r
Ny Mpp1 = Pr+ Z ”i “Pr—k-
k=0
Proof. There are n,n,; different ways to tile both an r-board and an r + 1-board. We
now condition on the location of the last common break in the tilings. From the lemma,
there are p, ways to tile the boards without a common break. Suppose that a tiling has
its last common break at position k, for k = 1,...,r. There are a total of ni ways to tile
the boards up to the last common break. Again, from the lemma, there are p,_; ways to
tile the remaining squares without adding an additional break. Thus there are a total of
n2 - p,_x ways to tile the boards so the last common break occurs in position k. Adding up
the possibilities proves the theorem. [

In a similar manner, by considering two r-boards, we can obtain a new identity for the
square of a Narayana number.

Lemma 2. There are 2(p,—3 + pn—a) ways to tile two r-boards with no common breaks.

Proof. Given any tiling of two r-boards, the final tile in one board must be a square while
the other is a triomino. By multiplying the result by 2, we can assume, without loss of
generality, that the first tiling ends in a square while the second ends in a triomino. We
then consider the possibilities of the second to last tile in the first board (as shown below):

The first case corresponds to tilings of an r — 2 and r — 3 board with no common
breaks, of which there are p,_3. The second case corresponds to tilings of an 7 — 3 and r — 4
board with no common breaks, of which there are p,_4, thus proving the lemma. O
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With this lemma, the following can now be shown.

Theorem 3. Forr > 4,

1

,_
ny =2 <P7—3 tprat Y g (prois + Prk4)>
k=1

Proof. We consider the total number of ways to tile two r-boards. There are n? ways

in total. There are 2(p,_3 + py_4) different tilings with no common breaks. There are
20 (Pr—k—3 + Pr_k_4) tilings with a last common break at position k, k = 1,...,r. Adding
over all the possibilities proves the theorem. [

5. Generalized Narayana Numbers and Combinatorial Identities

As is the case with many recursively defined sequences, one way to generalize the
Narayana sequence is to use any initial conditions, as defined below:

Definition 2. A generalized Narayana sequence has three initial values Go, G1, G2 € N, and
forr >2,Gy = G,_1+ Gy_s.

The following theorem shows the combinatorial representation for the generalized
Narayana sequence.

Theorem 4. Let Gy, Gy, Gy, . . .. be a generalized Narayana sequence with non-negative integer
terms. Forr > 1, G, counts the number of r-tilings, where the initial tiles is assigned a phase. There
are Gy choices for the phase of a triomino, G1 choices for the phase of an initial square, and in the
special case of v = 2, the tiles are covered with a domino that has G, phases.

Proof. Let a, denote the number of phased r-tilings with Gy and G; phases for initial
triominos and squares, respectively. Suppose also that if ¥ = 2, then there is a domino that
covers the square with G phases. Clearly a; = Gy, and a; = G;. If we definea_; = 0, and
we condition on the last tile (as in previous proofs) then it is clear that a, = a,_1 + a,_3 for
r>2. 0

Many of the previously stated Narayana identities can be extended to generalized
Narayana numbers. In fact, the proofs of these identities are identical to the proofs of the
original identities, only with the additional consideration of the phase of the first tile. We
will exhibit the proof of the first identity as an example. This identity is a generalized
version of Identity 1.

Identity 13. Forr > 0,Go+ Gy + -+ G = Gyy3 — 1.

Proof. We consider the number of phased tilings of an (r + 3)-board that use at least
one triomino.

There are G, 3 phased tilings of an (r 4 3)-board. Excluding the “all square” tiling
gives G,43 — 1 phased tilings with at least one triomino.

If we condition on the location of the last triomino, then there are G; phased tilings
where the last triomino covers cells i + 1, i + 2 and 7 + 3. This holds since cells 1 through i
can be tiled in G; ways, cells i 4+ 1, i 4+ 2 and i 4+ 3 must be covered by a triomino, and cells
i + 4 through r + 3 must be covered by squares. Hence, the total number of phased tilings
with at least one triomino is Gy + G + -+ -+ G,. O



Axioms 2025, 14,771

10 of 16

The next two identities in this section are generalized versions of the identity men-
tioned in the parentheses. Their proofs are similar to the proofs of the original identities,
with the phase of the initial tile also being considered.

Identity 14 (Identity 2). Forr > 0, Go + G3 + - - - + Gz, = G3p41.
Identity 15 (Identity 3). Form,p > 0, Gu+p = Gmnp + Gyp-1np—2 + Gp—21p1.
Identity 16. Forr > 3, G = Gin,_1 + Gon,_s.

Proof. We condition on the tile covering the first square. If it is a square, there are G;
phases it can be with n1,_1 tilings of the remaining squares, while there are Gy phases for a
triomino and #,_3 tilings of the remaining squares. [

Identity 17. Forr >0, Y _; Gsr—1 = Gz, — Go.

Proof. We consider the number of phased 3r-tilings that contain at least one square. There
are G, such tilings minus the Gy tilings consisting of only triominos. [

6. k-Narayana Numbers and Combinatorial Identities

The k-Fibonacci numbers were introduced by Falcén and Plaza [17] in the context
of the recursive application of two geometrical transformations used in the well-known
four-triangle longest-edge (4TLE) partition in the context of the finite element method,
where adaptivity of the mesh and the analysis of the approximation error are important
issues to be addressed [18]. In this section, a new generalization of the Narayana numbers
is introduced. It should be noted that the recurrence formula of these numbers depends on
one integral parameter instead of two parameters. k-Narayana numbers were introduced
by Ramirez and Sirvent [19] and also studied by Ozkan, Kuloglu, and Peters [20], where
self-similarity inherent in planar Milich-Jennings centered flip graphs derived from the
Narayana sequence were introduced.

Definition 3. For any integer number k > 1, the k-th Narayana sequence, say { Ny , } nen, is
defined recursively by

Nio =0, Ny1 =1, Nyo =k, and Ni 11 = kN, + Ny y—p forn > 2.

Particular cases of the previous definition are as follows:

e Ifk =1, the classic Narayana sequence is obtained: {N , }nen = {Nu }nen-

e Fork=2{Np,}nen ={0,1,2,4,9,20,44,97,. ..}, which is Sequence A008998 in the
Online Encyclopedia of Integer Sequences [7].

e Ifk =3, then {N3,},eny = {0,1,3,9,28,87,270,838,2601, 8073,25057, ...}, which is
Sequence A052541U{0} in the Online Encyclopedia of Integer Sequences [7].

e Fork=4,{Ny,}nen = {0,1,4,16,65,264,1072,4353,17676,71776,291457, .. .}, which
is Sequence A052927U{0} in the Online Encyclopedia of Integer Sequences [7].

6.1. Combinatorial Interpretation

For the classic Narayana numbers, N, counts the number of ways to tile an r-board
with squares and triominoes. In the same way as for k-Fibonacci numbers [21,22], we shall
obtain an analogous combinatorial interpretation for the k-Narayana numbers. Define a
coloured-square tiling to be a tiling of an r-board by coloured squares and non-coloured
(or gray) triominoes. If there are k different colours to choose for the squares, then the
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number of coloured-square tilings for an r-board is precisely ny , = Ny ,;1. For example,
the 10-tiling in Figure 9 has two coloured squares followed by a triomino, then a coloured
square, a triomino and finally a coloured square. In the figure, the number of colours for
the squares is k = 3. In a standard abuse of notation, we will let N, also represent the set of
all coloured-square tilings of an r-board.

1 2 3 6 7 10

C 11 ]

Figure 9. Example of a 10-tiling with 4 colour squares and 2 triominoes, where where the number of

colours for the squares is k = 3.

As before, the advantage to considering the k-Narayana numbers combinatorially is
that this interpretation can be used to prove identities involving these numbers. We use
this interpretation to prove the coloured version of some of the identities proven earlier.

6.2. Elementary Identities by Conditioning

We start with the coloured version of Identity 1.
Identity 18. Forr > 0, K'ny o + kr_lnkll +o kg, + Kny, =ny 3 — k3.

Proof. There are ny 3 coloured-square tilings of an (r + 3)-board. There is one tiling
which consists of only squares. Thus there are 1y, 3 — k'+3 different coloured-square
tilings of an (r + 3)-board that contain at least one triomino.

We condition on the location of the last triomino in the tiling (See Figure 10). If the
the last triomino covers cells i + 1, i + 2, and i + 3, then the first i cells can be tiled in 7y ;
ways, and the cells i + 4 through 7 + 3 must be covered in squares. Thus, there are k"~ - 1y ;
tilings where the last triomino covers cells i + 1, i + 2 and i + 3. Hence, the total number of
tilings with at least one triomino is k"n o + kr_lnkrl +oee+ konkrr. O

| [

’ Mg r—1 I

o | [

Figure 10. Condition on the location of the last triomino for Identity 18.

B HEl

Next is the coloured version of Identity 2.
Identity 19. Forr > 0, k(X/_o m3i) = My sr41-

Proof. There are 1y 3,1 coloured-square tilings of a 3r + 1-board. Since the length of the
board is 3r + 1, there must be at least one square in any tiling. We consider the number of
such tilings by conditioning on the location of the last square. See Figure 11.

There are k possible colours for this square. Since the board has a length of 3r + 1,
the last coloured square must occupy a cell of the form 3i +1 fori = 0,...,r. There
are ny3; tilings covering the first 3i cells. Summing over the possibilities implies that

Mearr1 = k- (Ti—gMi3i). O
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’ Ny 3r .

| s [T

’ Nk3n—6 . | |

o [ I I |

Figure 11. Condition on the location of the last (coloured) square for Identity 19. There are k possible

colours for the last square.

As with the classical Narayana numbers, the idea of breakability can be used to prove
identities for the k-Narayana numbers. The following identity is the coloured version of
Identity 3.

Identity 20. For m,p > 0, g iy p = NmMg,p + Nkm—11k,p—2 + Mkm—2Mk,p—1-

Proof. As with Identity 3, we condition on whether a tiling is breakable at cell m or not.
Since this condition only involves a possible triomino at cell  or at cell m — 1, the proof is
the same that for Identity 3. See Figure 3 on page 4. O

The next two identities generalize Identity 4 and Identity 5 respectively.
Identity 21. Forr >0, ()K" + (") 2+ (K 4+ = ny,.

Proof. The condition to this identity is on the number of triominoes, as for the classic
Narayana numbers in Identity 4 on page 4. There are n; , r-tilings. For there to be a nonzero
number of r-tilings using exactly i dominoes, it must be that 0 < i < r/2. Such tilings
necessarily use r — 2i squares and therefore use a total of r — i tiles. Note that for each one
of those r — 2i squares there are k possible colours, and hence the identity follows. O

Identity 22. Forr > 1, ng3, 5 = Yi_q (Dking oo

Proof. We condition on the number squares appearing among the first r tiles as for the
classic Narayana numbers in Identity 5 on page 4. There are 1y 3,_, (37 — 2)-tilings. Note
that a (37 — 2)-tiling must include at least r tiles, because r — 1 triominoes cover 3r — 3
tiles, so a (3r — 2)-tiling has at least one square. If the first r tiles consist of i squares and
r — i triominoes, then these tiles can be arranged (%) ways and cover cells 1 through 3r — 2i.
Additionally there would be k! ways to colour the squares. The remaining board has length
3r —2 — (3r — 2i) = 2i — 2 and can be tiled in 1 5;_, ways, thus proving the identity. [

6.3. ldentities Using Bijections

We now use the idea of a bijection between two finite sets to prove additional identities.
The first is the coloured version of Identity 6.

Identity 23. Forr > 6, ny, = kny,_1 + kg p_g + nj .

Proof. We build a bijection between N, and kN,_1 UkN,_4 U N,_¢. We describe the
bijection graphically in Figure 12.

In words, any r-tiling that begins with a (coloured) square is mapped to the (r — 1)-
tiling by removing that first square. On the other hand, if an r-tiling begins with a triomino,
there are two possibilities: either the next tile is a (coloured) square or the next tile is
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a triomino. By removing those first two tiles, the r-tiling is mapped respectively to an
(r — 4)-tiling or to an (r — 6)-tiling. It is easy to see that this is a bijection between N, and

kN1 UKN, 4 UN, . O

)
1 r 1 r—1
O | & | | }"Nr—l
1 4 r 1 r—4
A — | I — }kNw
1 4 r 1 r—6
(g — — I — }Nré

Figure 12. Bijection between N, and kN,_1 U kN, _4 UN,_¢ for Identity 6. There are k possible
colours for each square.

Identity 24. Forr >4, ny, = k*np,_p + g3 + kg 4.

Proof. We build a bijection between N; and kN, _» UN,_3 kN, _4, as shown in Figure 13.
Any r-tiling that begins with a triomino is mapped to the (r — 3)-tiling by removing that
first triomino. On the other hand, If an r-tiling begins with a coloured square, there are two
possibilities: either the next tile is also a coloured square, or the next tile is a triomino. By
removing those first two tiles the r-tiling is mapped respectively to k? (r — 2)-tilings or to k
(r — 4)-tilings (one for each colour choice). It is easy to see that this is a bijection between

-/\/r and -/\/r—3 L kz./\/;_z U k./\/'r,4. ]

.
1 r 1 r—3

— | e | }N”
12 r 1 r—2

N < O e | | }ker—z
12 r 1 r—4

= - e [ ] }Wr—4

Figure 13. Bijection between N\, and k2N, _» UN,_3 UkN,_4 for Identity 24.

Identity 25. Forr > 6, ny, = kznk,,_z + 2kny p_g + Ny g

Proof. We build a bijection between N, and kA, 5 U 2kN,_4 U N, . We describe the
bijection graphically in Figure 14. This bijection is obtained by considering the two first
tiles of any r-tiling. If a tiling begins with a two coloured squares, by removing these
two coloured squares, we obtain an (r — 2)-tiling. It the first two tile are a triomino and a
coloured square, in either order, their removal results in an (r — 4)-tiling. Finally, if the first
two tiles are two triominoes, their removal results in an ( — 2)-tiling. Also it is easy to see
that this is a bijection between A, and k2N, 5 LI2kN, 4UN, ¢ O

( 12 r 1 r—2 )

| | & | | [ FN2
12 r 1 r—4

= — e [ }kfw

M< 12 r 1 r—4

— e [ }kNr4
1 4 1 r—=6

i i E— N — }Nr—é

Figure 14. Bijection between N\, and k2N, 5 LI 2kN;_4 LI N, _¢ for Identity 25.
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Identity 26. Forr > 9, ny, = k’ny,_3 + 3k*n 5 + 3kng ,_7 + 1y ,_o.

Proof. This identity follows Identity 9 by removing the first three tiles of any r-tiling and
taking into account the k possible colours for each removed square. []

PN
Identity 27. Forr > 3i > 0, ny, = Z (;) KK g, o
j=0

This general identity may be proved in the same way as previous ones by removing
the first i tiles from an initial r-tiling and considering all the possible cases, that is, that j of
those i tiles are triominoes.

There are many more identities that can be proven using bijection between two sets.
The next identity is the colour version of Identity 11.

Identity 28. Forr > 5,ny, = (k> + 1)ng,_3 + kng , g4 + k*ng 5.

Proof. We build a bijection between A, and (k3 + 1)V, _3 U kN, _4 LIK2N,_5. We describe
the bijection graphically in Figure 15.

To explain this identity in words, we consider up to the the first three tiles of any
r-tiling. If a tiling contains a triomino within its first three tiles, we remove the tiles up
to and including the triomino. Depending on the position of the triomino, we obtain an
(r — 3)-tiling, k (r — 4)-tilings, or k? (r — 5) tilings. In the other situation, we remove the
first three coloured squares. This results in k> (r — 3)-tilings. [

(123 r 1 r—3 3
[T | & | | FNes
1 3 r 1 r—3
o | & | | }Nr—s
"4 12 r 1 r—4
= — g }Wr4
1 5 r 1 r—>5 5
N — | & [ ] }kNrS

Figure 15. Bijection between A, and (k3 + 1), _3 UkN;_4 K2\, _5 for Identity 28.

7. Open Problems

Although the combinatorial techniques used in this article have helped prove a num-
ber of identities for the Narayana numbers, there are additional identities for which we
have been unable to find combinatorial arguments. We include finding a combinatorial
proof of some of these well-known identities as a number of open problems. As an example
of the interest of some of these identities, see [23], where the Catalan and the Vajda identi-
ties, which generalize the Cassini identity or Simson identity, for Fibonacci numbers are
extended to their companion identities to cubic recurrences. Another generalized Simson
identity to arbitrary-order recurrences with some conjectures may be found in [24].

We begin with Simson’s identity, as proven by Soykan ([13]):

Open Problem 1 (Simson’s Identity). Foranyr > 2,
Mry2 My My

M1 Ny Mg | =—L
ny Ny_1 Ny—2
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In the same article, Soykan also determined an identity for the sum of the even terms
and the odd terms of the Narayana numbers ([13,25]).

Open Problem 2. Forr > 0,
! 1
Z o = ~ (N2p42 + nopyq + 212, — 2).
k=1 3
Open Problem 3. Forr > 0,

(2nop 42 + 2191 +n2r — 1).

ST

,
Z Mok+1 =
k=1

Finally, in Section 4, we found identities for the product of consecutive Narayana
numbers and for the square of a Narayana number. It is natural to consider the square of a
Narayana number written as the sum of products of consecutive Narayana numbers. By
considering two r-boards, one offset by one square, one can use an argument similar to
those used in Section 4 to find such an identity.

However in this case, we were unable to determine a closed form for a tiling of the
two boards which do not have a common break. Finding such an identity is our last
open problem.

Open Problem 4. Suppose r > 0. Find a formula for n? as a sum of terms with ny - njq as
a factor.

These are just some of the open problems remaining for the Narayana numbers.

8. Conclusions

It is clear that the identities, and especially the proofs, within are based on the tech-
niques discussed in [15]. In fact, the Narayana sequence was introduced as the 3-bonacci
sequence. That book includes Identity 4 and its proof, as well as a few others regarding the
Narayana (3-bonacci) sequence. Identity 4 has been included here for completeness’ sake.

The technique of combinatorial proof has been used throughout the paper to in-
troduce some new identities for the Narayana numbers and their generalizations. This
technique can be used to prove further identities with the Narayana numbers as well as
other similar sequences. In addition to the open problems proposed before, we end by
suggesting future directions on the use of combinatorial proofs for related issues, such as
Narayana polynomials, asymptotic properties, or connections with continued fractions and
generating functions.
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