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1. Introduction

The theory of fuzzy integration with respect to a fuzzy measure was introduced by Sugeno in [1] as an effective tool modeling for

the treatment of non-deterministic problems. Shortly after, fuzzy integrals were used in the subjective evaluation patterns [2] and
forecast evaluation [3].
Nowadays, the use of nonadditive measures (which take into account the interaction between measured objects) and nonlinear
integrals has encouraged the study and application of Sugeno integrals and Choquet integrals. Since Sugeno introduced the fuzzy
integrals a great number of papers have appeared in the literature studying their properties and applications. Concerning with general
theory, in [4] the authors compare the Choquet and Sugeno integrals, in [5] the authors studied properties of the double Sugeno
integral. Moreover, in [6] a new characterization of the Sugeno integral, viewed as a special aggregation function, is given. Ralescu
and Adams [7] proved theorems of continuity of the fuzzy integral with respect to measure convergence and pointwise convergence
for a continuous and subaddtive fuzzy measures.

Many techniques have been developed to compute a Sugeno integral. Specifically in a significant number of cases, a practical
way to compute the fuzzy integral of a nonnegative measurable function translates to solving a fixed point problem which can be a
challenging issue to address.

In this paper, we propose a practical method for the computation of the Sugeno integral of a nonnegative measurable function with
respect to a general monotone measure.

* Corresponding author.
E-mail addresses: josefa.caballero@ulpgc.es (J. Caballero), belen.lopez@ulpgc.es (B. Lépez), kishin.sadarangani@ulpgc.es (K. Sadarangani).

https://doi.org/10.1016/j.fss.2025.109385
Received 20 July 2023; Received in revised form 17 October 2024; Accepted 21 March 2025

Available online 24 March 2025
0165-0114/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/fss
mailto:josefa.caballero@ulpgc.es
mailto:belen.lopez@ulpgc.es
mailto:kishin.sadarangani@ulpgc.es
https://doi.org/10.1016/j.fss.2025.109385
http://crossmark.crossref.org/dialog/?doi=10.1016/j.fss.2025.109385&domain=pdf
https://doi.org/10.1016/j.fss.2025.109385

J. Caballero, B. Lépez and K. Sadarangani Fuzzy Sets and Systems 512 (2025) 109385

2. Preliminaries

In this section, we introduce some basic notation and properties of the fuzzy integral.
Suppose that X is a o-algebra of subsets of a set X . A fuzzy (or monotone) measure is a mapping y : X — [0, o0) satisfying the following
two conditions:

@ u@ =0,
(ii) forany A, BEY, AC B = u(A) < u(B).

The triple (X, X, u) is called a fuzzy measure space.
Now, given f : X — [0, 00), X-measurable, for any a > 0, by F,(f) we denote the set

F,(H={xeX: f(x)=a}

and Fy(f)={x€X : f(x)>0} =suppf is the support of f.
For convenience, { f > a} and { f > 0} will denote the sets F,(f) and F,(f), respectively.
In the sequel, by 7, (X) denote the set of all non-negative measurable functions with respect to X.

Definition 1. Let (X, X, ) be a fuzzy measure space, f € F,(X) and A € X. The fuzzy integral (or Sugeno integral) of f on A with
respect to the fuzzy measure y is defined as

][fd#=\/(a/\/4(AﬂFa)),

4 a>0

where V and A denote the operations sup and inf on [0, ), respectively.
The following properties of the Sugeno integral are well known and can be found in [8].

Proposition 1. Let (X, X, u) be a fuzzy measure space, A € X and f,g € F_(X), then:

(D f, fdu < pA),

) f " kdp =k A p(A), for any k nonnegative constant,

(3) If f<gonAthenf, fdu<f,gdp,

4 wAnF)<a=f, fdu<a,

(&) M(AnFa)Za:afAfdy >a,

(6) f, fdu < a & there exists y < a such that y(AnF,) < a,
(7) f, fdu>a < there exists y > a such that u(ANn F,) > a.

In Theorem 3.5 of [9], it is proved the following result.
Theorem 1. Suppose that there exists ay € R, such that ay = u (A n{f> ao}), where f € F,(X) and A € Z. Then a =fA fdu.
Remark 1. Theorem 1 appears in [8,10] where the authors used fuzzy measures more restrictive that our monotone measures.
Moreover, it can be that the equation a = u (A N {f > a}) has not solution and in this case, the Sugeno integral must be computed in
alternative manner (see Example 1 of [11] and Example 4.2 of [9]).
3. Main result

The main result of the paper in the following.

Theorem 2. Let (X, X, y1) be a fuzzy measure space, f € F (X), A€ S and ay=pu (AU {f > ay}) (thisis, f, fdu=ay). Let g : [0,00) —
[0, 00) be a strictly increasing function such that the equation g(x) = x has as solution x = a. Then

][(gOf)du=][fdﬂ=aOA
A A

Proof. Firstly, we claim that

{fza}l={(go f)2g(a)}, forany a>0.

In fact, the strictly increasing character of g gives us that if f(x) > « then g(f(x)) > g(a) and therefore,
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{fza}C{(ge f)zgl@)}

For the reverse inclusion, we have that if (g o f)(x) = g(f(x)) > g(a) then, since g is strictly increasing, we infer f(x) > a, this is
{(gofHzgw}c{f=al.

This proves our claim.

Now, since g(ag) = a, we deduce

{fza}={(gof)2a}.
This gives us that

o =uAn{f 2o =uAn{(ge ) Za}),

and, by Theorem 1, it follows
][ (g0 f)du=a.
A
This completes the proof. []
Next, we study some properties of the function g appearing in Theorem 2.

Proposition 2. Suppose that y > 0, we denote by C, the following class of functions

C,={g:[0,00) > [0,00) : gis strictly increasing and Fix g ={y}},
where Fix g is the set of fixed points of g (this is, those points satisfying g(x) = x).
For any f,g € C, it s satisfied:
a) go feC,

b) f"=fo » ofeCy,foranyneN,

¢) any convex linear combination Af + (1 — A)g € C, A€ [0,1],

d) ifr,s€(0,00)and r+s=1then f"-g*€C,,

e) the maximum and minimum of the functions f, g this is, h=max{f,g} and j = min{ f, g} belong to C,.

Proof. The proof of these results is straightforward and, therefore, we omit it. []
Taking into account Proposition 2 and Theorem 2, we can state the following corollary.
Corollary 1. Suppose that (X,Z, i) is a fuzzy measure space, f € F,(X), A€Z and ag = u(An{f > ay}). Then

][(g°f)d# =][fdp¢=a0 forany geC,.
A A

In the sequel, we present some examples.
From now on, y will be the usual Lebesgue measure.

Example 1. Suppose that X =[0, 1] and let f : [0, 1] — [0, c0) be the function defined by
0, if x=0,
FO=31 "4 renn
x

1
Then a straightforward calculus shows that 1 = u(x €[0,1] : f(x)>1)= ][ fdu.
0

Now, we consider the function g : [0, c0) — [0, o) defined by g(x) = \/;, then
0, if x=0,
(go Hx)= L’ if xe(0,1].

X

Since g is a strictly increasing function and the equation g(x) = x, this is, \/— = x has as positive solution x = 1, Theorem 2 says us
that
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1
f 1 -
[

Example 2. Consider X =[0, 1] and let f : [0, 1] — [0, o) be the function defined by f(x) = x2. It is easy to prove that
ﬂ<x€[0,1] : f(x)23_T\/§> =3xS

3
1
and, from this, we deduce that ][ x> d u= # On the other hand, we consider the function g defined on [0, ) by
0

g(x)—x+ln<x+\/_—

Since g’(x) =1+ 1 > 0in [0, 1], g is a strictly increasing function. Moreover, it is easily seen that the equation g(x) = x has

x+ =

as unique solution ig
Finally, by Theorem 2, we deduce that
1
3-v5
Feodrau=25,
0

or, equivalently,

F(#rn(e52)) aue it
0

Example 3. Let X be the interval [0, %] and let u be the usual Lebesgue measure on X. Consider the following integral
7
][( +arctan< ))dﬂ

0
First, we note that the function g : [0, c0) — [0, o) defined by

g(x)= 1”—2 + arctan (%x)

= %, then x = % satisfies the equation g(x) = x.

. . . . . 3
is strictly increasing since g’(x) = —75— > 0. Moreover, as gBH=L 412
T+2x2 3 12 4

T

T

2
On the other hand, it is a routine calculation to prove that ][ 2x du = g, where this value has been obtained as a solution of the
0
equation a = u (x €l0.2]: f(x) > a) where f(x) = 2x.
Now, by using Theorem 2, we infer that

z z
][(gof)dﬂ=][(% +arctan<%x>)dy=§.
0 0

Example 4. Let X =[1,2]. Then, it is a straightforward calculate gives us that

2
][xzdyz 1.
1

On the other hand, the functions g, 4 : [0, 00) = [0, %) given by g(x) =¢*"! and h(x) = = 4 arctanx are strictly increasing, and the
unique solution of equations g(x) = x and h(x) = x is x = 1. Therefore, g,h € C,. Applymg Proposition 2 and Corollary 1, for any
A €10, 1] we have that
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2 2

][(ﬂg + (1= H)(xHdu =][ A1 @ arctanx? dy = 1.
1 1

1
Remark 2. As we see in the Examples 2 and 3, this is in the following fuzzy integrals ][ <x2+1n <x2+ %)) dy and
0

+1In <x2 +-—=— ) and g(x) = 1”—2 + arctan (Sx) is a very complicated question since to give an analytic expression of the sets

2
{f >a} and {g > B} is not trivial or it does not exist as in Example 3. These examples make sense to the result obtained in Theo-

4. Concluding remarks

In the present note, we give a sufficient condition in order to compute Sugeno integral. Our method is based in a fixed point
technique. Moreover, we present some examples of Sugeno integrals where our result can be applied and without knowledge of this
result, the value of these integrals would be a difficult question.
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