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6B`K� /2H /Q+iQ`�M/Q,

6B`K� /2H /B`2+iQ`,

6B`K� /2H +Q/B`2+iQ`,





S�`� KBb T�/`2b v 7�KBHB�X





�;`�/2+BKB2MiQb

1M T`BK2` Hm;�`- [mBbB2`� /�` H�b ;`�+B�b �H .`X Cm�M JB;m2H :BH /2 H� 62-
TQ` bm ;mő� 2M HQ �+�/ûKB+Q- bm T2`bBbi2M+B� v bm �TQvQ 2M 2biQb /m`Qb �ƢQbX
amb 2Mb2Ƣ�Mx�b K2 ?�M /�/Q mM� K2DQ` T2`bT2+iBp� bQ#`2 +ƦKQ ?�+2` +B2M+B�-
�T`2?2M/2` v �bBKBH�` H�b MQ+BQM2b /2 H� 7őbB+�- �bő +QKQ �7`QMi�` H� pB/�X CmMiQ
� Cm�M JB;m2H- [mB2`Q �;`�/2+2` bm /2/B+�+BƦM �H .`X _�7�2H _Q/`ő;m2x Sû`2x v
� H� .`�X :m�/�HmT2 1bTBMQb� oBp�bX �;`�/2x+Q �/2K�b �H `2biQ /2 KB2K#`Qb
/2H /2T�`i�K2MiQ [m2 ?�M �TQv�/Q 2bi� i2bBbX

� MBp2H +B2Miő}+Q v T2`bQM�H- [mB2`Q K�MB72bi�` KB ;`�iBim/ � HQb /Q+iQ`2b
�H2t�M/`2 o�x/2FBb- JB;m2H *2`pBƢQ v JB+?�2H "2�bH2v- �/2K�b /2H `2biQ /2
T2`bQM�H /2H A�*X amb +QMb2DQb v 7Q`K�+BƦM ?�M T2`KBiB/Q [m2 Tm2/� bmT2`�` H�b
/B}+mHi�/2b [m2 ?� bmTm2biQ /2b�``QHH�` 2bi� i2bBbX �bBKBbKQ- TQ` bm BM2biBK�#H2
�vm/� 2M HQ �+�/ûKB+Q- /2#Q K2Mi�` � J�Bi�M2 l``miB� �T�`B+BQ- Ab��+ �HQMbQ
�b2MbBQ v C�pB a�M+?2x aB2``�b- [m2 K�b �/2H�Mi2 pQHp2`�M � b2` K2M+BQM�/Qb
TQ` H� �KBbi�/ [m2 ;m�`/�KQbX

1H BMi2`ûb TQ` H� +B2M+B� [m2 K2 ?� HH2p�/Q � 2b+`B#B` 2bi� i2bBb- MQ b2`ő�
TQbB#H2 bBM H�b Kmv i2KT`�M�b 2Mb2Ƣ�Mx�b /2 KBb /Qb T`Q72bQ`2b /2 BMbiBimiQ-
*�`HQb v .�pB/X .2bTmûb- BMMmK2`�#H2b T`Q72bQ`2b /2H ;`�/Q /2 6őbB+�- DmMiQ
� �[m2HHQb /2H K�bi2` aA�LA- BKTB/B2`QM [m2 2b� HH�K� b2 �T�;�`�X a2 K2`2+2
2bT2+B�H K2M+BƦM *H�m/B�- TQ`[m2 bBM 2HH� MQ ?m#B2`� +QMQ+B/Q � KB /B`2+iQ` /2
i2bBbX

6m2`� /2 HQ �+�/ûKB+Q- KB 7�KBHB�- 2M 2bT2+B�H KBb T�/`2b- ?�M bB/Q `2bTQM@
b�#H2b /B`2+iQb /2 [m2 vQ Tm2/� 2bi�` /QM/2 2biQv ?Qv 2M /ő�X J2 ?m#B2`� bB/Q
+QKTH2i�K2Mi2 BKTQbB#H2 i2`KBM�` H� +�``2`�- 2H K�bi2` v 2bi2 /Q+iQ`�/Q bBM
bm `2bT�H/QX am �KQ`- +mB/�/Q v 2Mb2Ƣ�Mx� bQM BKT�;�#H2bX Pb [mB2`Q Km+?Q
� HQb /QbX 1H `2biQ /2 KB 7�KBHB� b2 K2`2+2 mM +�HB/Q `2+m2`/Q i�K#BûM- 2Mi`2
2HHQb- S�HQK�- Jǝ CQbû v �MiQMBQ- hBM� v S�+Q- S�#HQ v _Qb� J�`ő�- S2/`Q v
aQMbQH2b- �`im`Q v SBH�`- �Mim�M- S�i`B+B�- S�[mBiQ- S2/`Q C`X- *�`HQb- SBH�`-
�KT�`Qb v �`im`BiQX hQ/Qb 2biQb �HH2;�/Qb- v Qi`Qb i�MiQb K�b- b2 T`2Q+mT�`QM
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+QM Km+?Q +�`BƢQ TQ` Kő 2biQb �ƢQbX SQ` ȹHiBKQ- [mB2`Q /2/B+�` mM T2Mb�KB2MiQ
� KBb �#m2HQb v Jǝ *�M/B/�- [m2- �HH� /QM/2 2biûM- 2bT2`Q b2 bB2Mi�M 72HB+2b v
Q`;mHHQbQb /2H i`�#�DQ [m2 ?2 ?2+?QX

*QKQ b2;mM/� 7�KBHB�- KBb �KB;Qb ?�M bB/Q mM �TQvQ 7mM/�K2Mi�H /m`�Mi2
2biQb �ƢQbX 1M HQb KQK2MiQb K�b Qb+m`Qb K2 /B2`QM mM `�vQ /2 Hmx v K2
+mB/�`QM- Km+?�b p2+2b bBM b�#2`HQX 1H *�7û d- +QM iQ/Qb bmb ?�#Bi�Mi2b- ?� bB/Q
mM `27m;BQ K�b /ő�b /2 HQb [m2 Tm2/Q `2+Q`/�`X SQ` 2b2 KQiBpQ- K2 ;mbi�`ő�
/2/B+�` mM�b #`2p2b T�H�#`�b /2 �;`�/2+BKB2MiQ � H�b T2`bQM�b [m2 K2 ?�M
�;m�Mi�/Q 2M 2H /ő� � /ő�, � 1bi?2` v 6BiB- [m2 K2 BMi`Q/mD2`QM 2M 2bi2 Qi`Q
?Q;�` v K2 ?�M b�+�/Q H�b K�vQ`2b bQM`Bb�bc � .�pB/2- TQ` 2Mb2Ƣ�`K2 � b2` K�b
7m2`i2c � "2ib�- TQ` 2H pQ/F� v H�b BM+QMi�#H2b `Bb�bc � L2`2�- TQ` H� i2`Mm`� [m2
K2 BM7mM/2c � a2`;BQ- TQ` H�b H2++BQM2b /2 pB/� v HH2p�`K2 H� +QMi`�`B�c � 6HQ`-
TQ` b�Hp�`K2 H� pB/� 2M HQb K2b2b K�b +`őiB+Qbc � �M;2H- TQ` 2bQb �#`�xQb [m2
HH2M�Mc � *`Bb- TQ` HQb K2DQ`2b T2Q`2b +?Bbi2b [m2 ?�M `Qx�/Q KBb Qő/Qbc � wQ2-
TQ` b2` 2H �M;2HBiQ [m2 K2 /Bbi`�DQ /2 KBb �MbB2/�/2b bB2KT`2 +QM mM� bQM`Bb�c �
A`2M2- [m2 Dm2;� +QMKB;Q v K2 +mB/� � H� p2xc � �H2D�M/`Q- TQ` b2` mM ?2`K�MQ
2M KȹbB+� v 2bTő`Bimc � .�pB/- TQ` b�+�`K2 H�b K2DQ`2b +QMp2`b�+BQM2b +m�M/Q
M2+2bBiQ b�HB` /2 KB +�#2x�c � �/�M- [m2 bBM ûH MQ TQ/`ő� ?�+2` H� /272Mb�c �
w�B/�- TQ` 2b� bQM`Bb� [m2 K2 �H2;`� 2H /ő�c � 6�D�`/Q- TQ` H� HB;2`2x� [m2 K2
+QMi�;B�c � CQ�- [m2 K2 �KT�`Ʀ v /BQ +�`BƢQ iQ/Q 2H iB2KTQ [m2 Tm/Q v bmTQc
� �#B�M- [m2 K2 #�D� � H� iB2``� +QM bm b�#B/m`ő� �M+2bi`�Hc � S2/`Q- �#`�?�K-
�;mbiőM v a2`;BQ- TQ` bmb +QMb2DQb /2 pB/�c � uBb2K- "`BiQ- o�H- �/`B�M- �H�M�-
J�`+Qb- .Q/Q- S�#HQ >mK�M2b- �K�M/�- >�MM�? 2 AM;`B/- TQ`[m2 i2M;Q H�
i`�M[mBHB/�/ /2 [m2 Tm2/Q +QMi�` +QM 2HHQbc � *`Bb v h`Bbi�M�- [m2 K2 Q#HB;�M
� p2` 2H H�/Q #m2MQ /2 H�b +Qb�bc � S�mH�- a2`;BQ- :2K�- u2`�v- G�m`�- GQHQ-
J�`ő�- [m2- TQ` bm 7Q`K� /2 p2` H� pB/�- K2 2Mb2Ƣ�M +QKQ b2` K2DQ`c � *m+Q
v �K�M/� G2QM�- [m2 K2 �H2;`�M 2H /ő� +�/� p2x [m2 �T�`2+2M v K2 ?�+2M H�b
T`2;mMi�b K�b +m`BQb�bc � oBHHQ v s+HmbB7b- [m2 bQM /Qb `�`� �pBb [m2 iB2M2M
mM +Q`�xƦM 2MQ`K2 +QM 2H [m2 K2 ?�M +mB/�/Qc � CQb2 _�KƦM- .B2;Q v a2KQ-
TQ` b2` +QKT�Ƣ2`Qb /2 #�i�HH�b +m�M/Q M�/B2 K�b 2bi�#�c v +QKQ MQ K2 /�
iB2KTQ MB BK�;BM�+BƦM T�`� iQ/Qb HQb [m2 7�Hi�M- TQ` 2H +�`BƢQ [m2 H2b i2M;Q-
[mB2`Q K2M+BQM�` � G2M�- �H2 }HƦHQ;Q- "2�- _�[m2H- *H2K2Mi2- ��`ƦM- :�`v-
1H/2- .�HBH�- CQ`;2- CQ�[mőM- .�pB/@D272- S�#HQ@TB�MQ- CQb2- oő+iQ`- J2?/B- J-
�/�v- _Q+őQ- *�M/v v `2biQ /2 +`B�im`�b /2 H� MQ+?2X

JBb +QKT�Ƣ2`Qb /2 �`K�b- i�MiQ /2 H� +�``2`� +QKQ /2H /Q+iQ`�/Q- b2 K2`2@
+2M mM� K2M+BƦM TQ` 2H +�KBMQ +QKT�`iB/QX J2 pB2M2 � H� K2Mi2, a�Hp�- .�MB-
1/m�`/Q- GmBb- _�7�- S�+Q- S�#HQ- 6�+m- _m#ûM- :m�v2Mi2- �M/`2�- �vQx2-
G�m`� a+?QHix- Ap2i?- J�B�H2M- Lm`B�- _Qb�@2H@�KQ`@/2@KB@pB/�- Ab�#2H- 1H?�K-
a�`�?- h2`2x�- J�MQHQ- _�ȹH- �H2bb�M/`�- _2;BM�- 2Mi`2 Qi`QbX _2+m2`/Q- i�K@
#BûM- � KBb +QKT�Ƣ2`Qb /2 H� #2+� /2 p2`�MQ /2H A�*- KBb [m2`B/Qb �H#2`iQ-
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CQ�MM�- Lm`B�- �H2bb�M/`� v 6�+mX .2 2bT2+B�H �vm/�- i�MiQ +B2Miő}+� +QKQ
T2`bQM�H- ?�M bB/Q, Ab��+- 1H2M�- J�`iőM- HQb �ƢQb +QKT�`iB/Qb +QM 2HHQb MQ
HQb QHpB/�`ûc �H#2`iQ- +�K�`�/� BM/BbT2Mb�#H2 2M 2biQb �ƢQb /2 /Q+iQ`�/Qc _B@
+�`/Q v J�Bi�M2- [m2 K2 ?�M /�/Q 2bT2`�Mx� +m�M/Q MQ b�#ő� � [mBûM �+m/B`c
v 62`M�M/Q- [m2 K2 ?� 2Mb2Ƣ�/Q mM� 7Q`K� /B72`2Mi2 v K2DQ` /2 p2` H� pB/�X
6BM�HK2Mi2- MQ Tm2/2M 7�Hi�` C�pB- GQ`2 v o2;�- mM� 7�KBHB� [m2 K2 ?�+2 +`22`
2M [m2 H� pB/� Tm2/2 b2` K2DQ`X 1M T�`iB+mH�`- C�pB- i2 �;`�/2x+Q H�b /2+2M�b
/2 ?Q`�b ?�#H�M/Q /2 7őbB+�- }HQbQ7ő� v /2H +Q`�xƦMX 1`2b /2 H�b TQ+�b T2`bQM�b
+QM H�b [m2 /2bMm/Q KB �HK�X

a2`ő� /2b+QMbB/2`�/Q QHpB/�` � Qi`Qb ;`mTQb [m2 K2 ?�M 2b+QHi�/Q 2M 2bi�
b2M/�X .m`�Mi2 KBb �ƢQb pBpB2M/Q 2M :`�M *�M�`B�- H� +QKT�Ƣő� /2 S�mH�-
�H#2`iQ- C�pB- P`H�M/Q v qBHK2` 7m2`QM /2 2bT2+B�H �TQvQX .2H ;`mTQ /2 BM7Q`@
K�iB+Qb- [m2 K2 T`2b2MiƦ 2H #m2MQ /2 _�v- ?2 `2+B#B/Q Km+?� �vm/� v +�`BƢQX
aBM MQK#`�` � iQ/Qb- TQ`[m2 bQM Km+?Qb- K2 ;mbi�`ő� K2Mi�` � LûbiQ`- a2#�b-
_�7�- a2`;BQ- �M/v- C2MMB- :�#`B2H�- 1/m- J�`iBi�- S�#HQ- 1H2M�- LB+QH2- *�im-
G�m`� "`BiQ- amK�v�- *B/QM+?�- �M/`2�- u2`�v- .�pB/- �B`�K- G�m`�- *�`H�
v 2H `2biQ /2 GǶJ2/BM2bX ZmB2`Q `2+Q`/�` � HQb i`�#�D�/Q`2b /2H J�H�Kmi2K,
J�v�`�- J�`iőM v 1KK�X am +QKB/� v +�HB/2x K2 ?� HH2M�/Q 2M Km+?Qb /ő�b
i`Bbi2b- i�MiQ H� i`BT� +QKQ 2H +Q`�xƦMX 1H 2[mBTQ v 2ti`�#�D�/Q`2b /2H hBMiőM
i�K#BûM b2 ?�M ;�M�/Q mM ?m2+Q 2M KB +Q`�xƦM- bm �K�#BHB/�/ K2 ?� �+QK@
T�Ƣ�/Q 2M HQb ȹHiBKQb K2b2bX � HQb `�p2`Qb [m2 ?�M ?2+?Q [m2 KB BHmbBƦM TQ` H�
KȹbB+� MQ b2 2tiBM;�X J2 �+m2`/Q /2 .�`rBM 2 AM/B`�- _�r- JB`B�K- S�HK2bi2`-
JBKQb� v SQ`im- 2Mi`2 Qi`QbX �bBKBbKQ- K�M/Q mM �#`�xQ � "2HBK�`- S�#H2b-
�H2+- *`BbiBM�- J2H- J�`i�- L2HB v aQMB�X *QKQ /2/B+�iQ`B� T�`�bQ+B�H- Mm@
K2`QbQb �`iBbi�b v +`2�/Q`2b ?�M HH2M�/Q H�b H�`;�b ?Q`�b /2 i`�#�DQ +QM bm
�`i2 v ;`�+B�X a2 HQ �;`�/2x+Q bBM K2bm`�X 1M ȹHiBKQ Hm;�`- T2`Q MQ TQ` 2bQ
K2MQb BKTQ`i�Mi2- [mB2`Q �;`�/2+2` � oő+iQ`- [m2 HH2p� � KB H�/Q /2b/2 [m2
i2M;Q K2KQ`B�- v � CQ�FQ- [m2 ?� bB/Q +QKQ mM ?2`K�MQ bBM +QKT�`iB` b�M;`2X
ZmBx�b MQ 2biû MQK#`�M/Q �H;mB2M [m2 K2`2+2 2bi�` �[mőX .2 b2` �bő- H�K2MiQ 2H
QHpB/Q- T2`Q 2biQv b2;m`Q /2 [m2 Qb HH2pQ 2M 2H +Q`�xƦM v [m2``ő� [m2 2bimpB2`�Bb
�[mőX

SQ` +�/� �#`�xQX SQ` +�/� bQM`Bb�X SQ` +�/� H�;`BK�X SQ` +�/� T�H�#`�X
SQ` +�/� /ő�X Jm+?�b ;`�+B�b � iQ/QbX

S�#HQ



t
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.2b/2 2H bB;HQ T�b�/Q- H� ?mK�MB/�/ ?� BMp2biB;�/Q 2 BMi2Mi�/Q �H+�Mx�` 2H /B7ő@
+BH Q#D2iBpQ /2 +`2�` 7mbBƦM Mm+H2�` +QMi`QH�/�- T�`� �bő- �++2/2` � mM� 7m2Mi2
/2 2M2`;ő� HBKTB� v `2Mi�#H2X *QM 2bi� i2bBb- T`2i2M/2KQb +QMiBMm�` 2bi� i�`2�-
+2Mi`�M/QMQb- 2bT2+ő}+�K2Mi2- 2M H� 7mbBƦM Mm+H2�` TQ` +QM}M�KB2MiQ BM2`+B�H
K2/B�Mi2 H� iû+MB+� HH�K�/� ǴB;MB+BƦM `�TB/� TQ` BQM2bǴ UBQM 7�bi B;MBiBQMVX G�
B;MB+BƦM `�TB/� TQ` BQM2b +QMbBbi2 2M �THB+�` mM TQi2Mi2 ?�x /2 BQM2b T�`� +�@
H2Mi�` 2 BM~�K�` mM� +�TbmH� /2 +QK#mbiB#H2 /2 /2mi2`BQ@i`BiBQ- T`2+QKT`BKB/�
v 2M 2bi�/Q /2 TH�bK�- +`2�M/Q �bő mM TmMiQ +�HB2Mi2 U?Qi@bTQiV [m2 BMB+B� H�
`2�++BƦM /2 7mbBƦMX a2T�`�` H�b 7�b2b /2 +QKT`2bBƦM v +�H2Mi�KB2MiQ T2`KBi2
QTiBKBx�` �K#�b /2 7Q`K� BM/BpB/m�H- �bő +QKQ ;�M�` K�b +QMi`QH bQ#`2 H� /2@
TQbB+BƦM /2 2M2`;ő�X aBM 2K#�`;Q- H� B;MB+BƦM `�TB/� +QM BQM2b b2 2M7`2Mi� �
p�`BQb `2iQb [m2 `2[mB2`2M mM 2bim/BQ K�b T`Q7mM/QX

SQ` +QMbB;mB2Mi2- 2M 2H +QMi2tiQ /2 H� B;MB+BƦM `�TB/� TQ` BQM2b- H� +QMi`B#m@
+BƦM T`BM+BT�H /2 2bi� i2bBb +QMbBbi2 2M T`Qp22` mM T�[m2i2 +QKTmi�+BQM�H v mM
2bim/BQ bBbi2K�iB+Q /2 H� BMi2`�++BƦM 2Mi`2 2H ?�x /2 BQM2b v 2H TH�bK� 2M /BbiBMiQb
2b+2M�`BQb /2 BMi2`ûb- �bő +QKQ mM �M�HBbBb bBbi2K�iB+Q T`2HBKBM�` /2 H� ;�M�M+B�
+QMb2;mB/� i`�b H� B;MB+BƦMX S�`� HH2p�` � +�#Q 2bi2 Q#D2iBpQ- ?2KQb KQ/2H�/Q
mM� bBKmH�+BƦM 2bT�+BQ@i2KTQ`�H mMB/BK2MbBQM�H /2 H� /2TQbB+BƦM /2 2M2`;ő� /2H
?�x v /2H +�H2Mi�KB2MiQ /2H +QK#mbiB#H2X *QM 2biQb +�H+mHQb- TQ/2KQb Q#i2M2`
H� /Bbi`B#m+BƦM /2 i2KT2`�im`�b /2H TH�bK�- v- /2 �?ő- 2ti`�2` +B2`i�b +�`�+i2`őb@
iB+�b +H�p2 [m2 T2`KBi2M /2b+`B#B` 2H ?Qi@bTQi +`2�/Q v T`2/2+B` /2 bm 2pQHm+BƦM
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6`QK i?2 2�`HB2bi /�vb Q7 T?BHQbQT?v- bQK2 Q7 i?2 ;`2�i2bi KBM/b BM ?BbiQ`v +QM@
i2KTH�i2/ i?2 +QM+2Ti Q7 K�ii2` BM �M �ii2KTi iQ /2}M2 BiX h?2 �M+B2Mi +mHim`2b
�H`2�/v `2;�`/2/ K�ii2` �b � p�;m2 MQiBQM, r?�i `2K�BMb #2M2�i? i?2 +?�M;BM;
�TT2�`�M+2b Q7 i?2 i?BM;b Q7 M�im`2X h?2 M�im`�H T?BHQbQT?v Q7 �iQKBbK Bb Q7
i?2 KQbi BKTQ`i�Mi QM2b BM i?Bb b2Mb2- T`QTQbBM; i?�i i?2 T?vbB+�H mMBp2`b2 Bb
+QKTQb2/ Q7 7mM/�K2Mi�HHv BM/BpBbB#H2 +QKTQM2Mib FMQrM �b �iQKbX h?Bb +QM@
+2Ti �TT2�`2/ BM #Qi? �M+B2Mi :`22F �M/ AM/B�M T?BHQbQT?B+�H i`�/BiBQMb- bm+?
�b G2m+BTTmb �M/ .2KQ+`Bimb U8i? +2Mim`v "*- .2bi`û2- kyyjV �M/ E�M�/� Uei?
+2Mim`v "*- .m`�Mi- kyRRVX Pi?2` T?BHQbQT?B+�H +m``2Mib +QMbB/2`2/ i?2 2H2@
K2Mib iQ #2 i?2 7QmM/�iBQMb Q7 i?2 K�i2`B�H rQ`H/- M�K2Hv }`2- r�i2`- �B`- �M/
2�`i?X 1KT2/Q+H2b +QMbB/2`2/ i?�i �HKQbi �HH i?BM;b r2`2 +QKTQb2/ Q7 i?2b2
7Qm` 2H2K2Mib- r?BH2 �`BbiQiH2 +H�BK2/ i?�i �iQKb +QmH/ MQi #mBH/ mT 2H2K2Mib-
�b i?2 H�ii2` r2`2 i?2 T`BK2 �M/ +QMiBMmQmb K�i2`B�H i?�i `2K�BMb U�`BbiQiH2
� �`BbiQiH2- RNjjVX *QMp2`b2Hv- SH�iQ #2HB2p2/ i?�i 2H2K2Mib r2`2 +QKTQb2/
Q7 /Bz2`2Mi �``�M;2K2Mib Q7 �iQKbX 1p2M 7m`i?2`- ?2 i?Qm;?i 2H2K2Mib +QmH/
MQi #2 i?2 KQbi #�bB+ H2p2H Q7 `2�HBiv- #mi bQK2i?BM; i?�i r2`2 mMBpQ+�HHv mM@
+?�M;BM;- r?B+? ?2 +QMbB/2`2/ i?�i b?QmH/ #2 K�i?2K�iB+�HX �++Q`/BM; iQ i?Bb
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KQp2K2Mib Q7 i?2 �iQKb +QKT`BbBM; i?2KX 6Q` BMbi�M+2- }`2 r�b i?Qm;?i iQ
+QMbBbi Q7 bK�HH- HB;?i- �M/ 7�bi@KQpBM; �iQKb- r?BH2 2�`i? r�b +QKTQb2/ Q7
H�`;2- ?2�pv- �M/ bHQr@KQpBM; �iQKb USQ?H2- RNdRc *Q`M7Q`/- kyR9VX

G�i2` QM- �iQKBbK r�b `2pBp2/ #v `�iBQM�HBbi J2+?�MB+BbK BM i?2 Rdi? �M/
R3i? +2Mim`v- r?B+? T`QpB/2/ i?2 #�bB+ i?2Q`2iB+�H bmTTQ`i 7Q` i?2 #B`i? Q7
KQ/2`M T?vbB+�H b+B2M+2X AM i?2 2�`Hv RNi? +2Mim`v- +?2KBbib �M/ Qi?2` M�im`�H
T?BHQbQT?2`b Q#b2`p2/ 2tT2`BK2Mi�H 2pB/2M+2 Q7 T�`iB+H2b +QMbiBimiBM; +?2KB+�H
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K�ii2`X AMBiB�HHv +QMbB/2`2/ BM/BpBbB#H2- i?2b2 T�`iB+H2b r2`2 M�K2/ ǳ�iQKbǴ
#v .�HiQM UR3RdV- /`�rBM; mTQM i?2 HQM;bi�M/BM; +QM+2Ti 7`QK �iQKBbi T?B@
HQbQT?vX *QMb2[m2MiHv- i?2 +QKTQbBiBQM Q7 �iQKb r2`2 /Bb+Qp2`2/, 2H2+i`QMb
#v h?QKbQM UR3NdV- �iQKB+ Mm+H2mb �M/ T`QiQMb #v _mi?2`7Q`/ URNRRV �M/
_mi?2`7Q`/ URNRNV- �b r2HH �b M2mi`QMb #v *?�/rB+F URNjkVX .2bTBi2 i?2 i?BM
+QMM2+iBQM iQ �M+B2Mi �iQKBbK- 2H2K2Mi�`v T�`iB+H2b ?�p2 2K2`;2/ �b � +QM@
i2KTQ`�`v +QmMi2`T�`i iQ T?BHQbQT?B+�H �iQKbX Ai Bb +m`BQmb i?�i- };m`�iBp2Hv-
bQK2 Q7 i?2 +QM+2Tib i?�i i?2 �M+B2Mi :`22Fb 2H�#Q`�i2/ r2`2 MQi bQ 7�` 7`QK
i?2 B/2� Q7 T`BK�H #mBH/BM; #HQ+Fb i?�i +QMbiBimi2 KQbi Q7 Q#b2`p�#H2 `2�HBivX
h?2B` 2H2K2Mib �`2 �HbQ �M�HQ;Qmb iQ Qm` +m``2MiHv /2}M2/ bi�i2b Q7 K�ii2`, �B`
rQmH/ +Q``2bTQM/ iQ ;�b- r�i2` iQ HB[mB/- 2�`i? iQ bQHB/ �M/ }`2 iQ TH�bK�X

*QMb2[m2MiHv- i?`Qm;?Qmi i?2 ?BbiQ`v Q7 T?vbB+b- i?2 2tTHQ`�iBQM Q7 i?2 T?vb@
B+�H T`QT2`iB2b Q7 K�ii2` ?�b +QMbBbi2MiHv ?2H/ � +2Mi`�H TQbBiBQM- b2`pBM; �b �
+Q`M2`biQM2 Q7 i?2 /Bb+BTHBM2X q?BH2 i?2 ;�b- HB[mB/- �M/ bQHB/ bi�i2b �`2 i?2
KQbi +QKKQMHv 2M+QmMi2`2/ 7Q`Kb Q7 K�ii2`- bB;MB}+�Mi �ii2MiBQM ?�b #22M
/2pQi2/ iQ BMp2biB;�iBM; i?2 TH�bK� bi�i2 bBM+2 i?2 H�ii2` ?�H7 Q7 i?2 ir2MiB@
2i? +2Mim`vX h?2 BMi2`2bi BM i?Bb iQTB+ ;`2r QM+2 i?Bb bi�i2 Q7 K�ii2` #2;�M
iQ #2 B/2MiB}2/ U*`QQF2b- R3dNc G�M;KmB`- RNk3c E�K2M2ibFBB- RNdkV �M/ Bib
miBHBiv 7Q` /Bz2`2Mi �TTHB+�iBQMb /Bb+Qp2`2/ U*QKKBii22 2i �HX- RNN8c *?m � Gm-
kyRjVX �++Q`/BM;Hv- +QMi2KTQ`�`v ?BbiQ`v ;�i?2`b MmK2`Qmb bim/B2b �//`2bbBM;
TH�bK�b- 2bi�#HBb?BM; Bi �b i?2 KQbi �#mM/�Mi 7Q`K Q7 Q`/BM�`v K�ii2` BM i?2
mMBp2`b2 USB2H- kyRyc *?m � Gm- kyRjVX

SH�bK� +QMbBbib Q7 #Qi? M2mi`�H +QKTQM2Mib Ubm+? �b �iQKb- KQH2+mH2b- M2m@
i`QMb- �M/ T?QiQMbV �M/ +?�`;2/ +QKTQM2Mib UBM+Hm/BM; BQMb- 7`22 2H2+i`QMb- �M/
T`QiQMbVX AM bm+? bi�i2- +QHH2+iBp2 2z2+ib �`Bb2 7`QK i?2 BMi2`�+iBQMb #2ir22M i?2
T�`iB+H2b Q7 i?2 bvbi2K- H2�/BM; iQ #2?�pBQm`b �M/ T`QT2`iB2b �i i?2 K�+`Qb+QTB+
b+�H2- i?�i +�MMQi #2 /2b+`B#2/ #v +QMbB/2`BM; 2�+? 2H2K2Mi BM BbQH�iBQMX lM@
HBF2 ;�b2b- HB[mB/b- �M/ bQHB/b- TH�bK� /Q2b MQi M�im`�HHv Q++m` mM/2` Q`/BM�`v
+QM/BiBQMb QM i?2 bm`7�+2 Q7 i?2 1�`i?c BMbi2�/- Bi Kmbi #2 �`iB}+B�HHv ;2M2`�i2/
i?`Qm;? K2i?Q/b bm+? �b ?2�iBM; Q` i?2 �TTHB+�iBQM Q7 bi`QM; 2H2+i`QK�;M2iB+
}2H/bX AM M�im`2- TH�bK� Bb T`BK�`BHv �bbQ+B�i2/ rBi? T?2MQK2M� bm+? �b bi2HH�`
BMi2`BQ`b �M/ �iKQbT?2`2b- i?2 `�`B}2/ BMi`�+Hmbi2` K2/BmK- �M/ BMi2`;�H�+@
iB+ `2;BQMbX �//BiBQM�HHv- TH�bK� +�M #2 T`Q/m+2/ BM H�#Q`�iQ`v b2iiBM;b �M/
Mm+H2�` 7mbBQM 7�+BHBiB2bX

6B;m`2 RXR BHHmbi`�i2b i?2 p�`BQmb ivT2b Q7 TH�bK� #�b2/ QM i2KT2`�im`2 �M/
7`22 2H2+i`QM /2MbBiv- ?B;?HB;?iBM; i?2 2ti2MbBp2 `�M;2 Q7 TH�bK� T?2MQK2M�
Q#b2`p2/ BM M�im`2 �M/ bm#D2+i iQ b+B2MiB}+ BM[mB`vX h?2 bim/v Q7 TH�bK� T?vbB+b
BM+Hm/2b MmK2`Qmb HBM2b Q7 `2b2�`+?- �KQM; r?B+? r2 �`2 ;QBM; iQ 7Q+mb QM i?2
BMi2`�+iBQM #2ir22M T�`iB+H2 #2�Kb rBi? ?B;? 2M2`;v /2MbBiv TH�bK�X AM i?2
T�`iB+mH�` +�b2 Q7 i?Bb i?2bBb- r2 rQ`F BM i?2 K�BM7`�K2 Q7 � TH�bK� i?Qm;?i



j

7Q` Mm+H2�` 7mbBQM �b �M 2M2`;v bQm`+2- r?2`2 /2MbBiB2b �`2 BM i?2 Q`/2` Q7 Ry21

T�`iB+H2b T2` +m#B+ K2i2` �M/ i2KT2`�im`2b i?�i `2�+? Ry iQ KQ`2 i?�M Ryyy
KBHHBQM E2HpBMX

6B;m`2 RXRĖ .B�;`�K rBi? i?2 +H�bbB}+�iBQM Q7 TH�bK�b /2T2M/BM; QM Bib i2KT2`�im`2 �M/
7`22 2H2+i`QM /2MbBivX aQm`+2, �H�K UkyRjVX

h?2 +m``2Mi rQ`H/ Bb BM ;`2�i M22/ Q7 �M 2M2`;v bmTTHv i?�i +�M K22i Bib
2b+�H�iBM; /2K�M/ 7Q` 2M2`;vX 6QbbBH 7m2Hb- r?B+? ?�p2 #22M `2HB2/ mTQM 7Q` +2M@
im`B2b- �`2 #Qi? HBKBi2/ �M/ ?�`K7mH iQ i?2 2MpB`QMK2MiX JQ`2Qp2`- M2r 2+QHQ;@
B+�H `2;mH�iBQMb 7m`i?2` +QMbi`�BM i?2 mb2 Q7 i?2b2 i`�/BiBQM�H 2M2`;v bQm`+2b- �b-
7Q` 2t�KTH2- i?2 kykj lMBi2/ L�iBQMb *HBK�i2 *?�M;2 *QM72`2M+2X *QMbB/2`BM;
i?2b2 +QM/BiBQMb- r2 ?�p2 p�`BQmb mMHBKBi2/ QTiBQMb �p�BH�#H2X �KQM; i?2K- r2
}M/ i?2 Mm+H2�` 7mbBQM 2M2`;v- #`22/2` }bbBQM Mm+H2�` `2�+iQ`b- bQH�` 2M2`;v-
rBM/ TQr2`- ?v/`QTQr2` �M/ #BQ2M2`;v- �KQM; Qi?2`bX q?BH2 i?2 H�ii2` 7Qm`
?�p2 #22M mb27mH BM `2/m+BM; TQHHmiBQM 7`QK bQm`+2b HBF2 7QbbBH 7m2Hb �M/ }bbBQM-
i?2v �`2 mMHBF2Hv iQ 7mHHv b�iBb7v i?2 ;HQ#�H 2M2`;v /2K�M/X PM i?2 Qi?2` ?�M/-
}bbBQM #`22/2` `2�+iQ`b T`Q/m+2 2ti`2K2Hv /�M;2`Qmb `�/BQ�+iBp2 r�bi2- TQbBM;
bB;MB}+�Mi `BbFb B7 MQi K�M�;2/ T`QT2`HvX h?Bb H2�p2b Mm+H2�` 7mbBQM �b i?2 KQbi
T`QKBbBM; +�M/B/�i2 7Q` � 7mim`2 bQm`+2 Q7 mMHBKBi2/ �M/ +H2�M 2M2`;vX

AM � 7mbBQM `2�+iBQM- irQ HB;?i2` �iQKB+ Mm+H2B +QK#BM2 iQ 7Q`K Qi?2` T�`@
iB+H2b �b #vT`Q/m+ibX h?2b2 #vT`Q/m+ib BM+Hm/2 ?2�pB2` Mm+H2B �M/ bm#�iQKB+
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T�`iB+H2b UM2mi`QMb Q` T`QiQMbV- `2H2�bBM; 2MQ`KQmb �KQmMib Q7 2M2`;v BM i?2
T`Q+2bbX hrQ +QKKQM T`QTQb2/ 7m2Hb 7Q` bm+? `2�+iBQMb �`2 BbQiQT2b Q7 ?v/`Q@
;2M, /2mi2`BmK �M/ i`BiBmKX .2mi2`BmK +�M #2 7QmM/ BM �#mM/�M+2 BM b2�r�i2`-
r?BH2 i`BiBmK Bb ?�`/2` iQ }M/ M�im`�HHv- �Hi?Qm;? Bi +�M #2 T`Q/m+2/ �`iB}+B�HHv
#v- 7Q` BMbi�M+2- 2tTQbBM; HBi?BmK iQ 2M2`;2iB+ M2mi`QMbX

Gm+FBHv 7Q` ?mK�MBiv- i?2 T�i? 7Q` �+?B2pBM; bm+? T`Q+2bb ?�b #22M �H`2�/v
i�F2M 7Q` /2+�/2bX aBM+2 i?2 2�`Hv RNkyb i?2 +QM+2Ti Q7 Mm+H2�` 7mbBQM r�b T`Q@
TQb2/ �M/ i?2M �bbQ+B�i2/ iQ i?2 ;2M2`�iBQM Q7 2M2`;v 7`QK bi�`b U1//BM;iQM-
RNdNVX u2�`b �7i2`- 2tT2`BK2Mib QM 1�`i? #2;�M iQ 2tTHQ`2 i?2 TQbbB#BHBiB2b Q7
Mm+H2�` TQr2`- bi�`iBM; rBi? i?2 2tT2`BK2Mib �bbQ+B�i2/ iQ i?2 }bbBQM �iQKB+
#QK# �M/- H�i2`- i?2 }`bi �`iB}+B�H Mm+H2�` 7mbBQM /2iQM�iBQM Q7 i?2 #QK# ǴApv
JBF2Ǵ BM RN8k- i`B;;2`2/- BM im`M- #v � }bbBQM r2�TQM U2bi�#HBb?2/ �b lH�K@
h2HH2` T`Q+2bbVX aBKmHi�M2QmbHv- i?2 +BpBH �M/ +QMi`QHH2/ mb2/ Q7 #Qi? Mm+H2�`
2M2`;B2b r�b #2BM; BMp2biB;�i2/X AM RN9k i?2 2�`HB2bi }bbBQM `2�+iQ` r�b �+?B2p2/
U*?B+�;Q SBH2@RV- i?2M- � /2+�/2 H�i2`- i?2 }`bi Mm+H2�` TQr2` TH�Mib r2`2 +`2@
�i2/X aBKBH�`Hv- i?2 }`bi Mm+H2�` 7mbBQM `2�+iBQMb r2`2 �+?B2p2/ BM H�#Q`�iQ`B2b
BM i?2 /2+�/2 Q7 i?2 RN8yb- �HQM; rBi? T`QiQivT2 `2�+iQ`bX am#b2[m2MiHv- i?2b2
`2�+iQ`b ?�p2 bB;MB}+�MiHv BKT`Qp2/ Qp2` i?2 v2�`bRX *m``2MiHv- M2i TQbBiBp2
`2�+iBQMb ?�p2 #22M �++QKTHBb?2/- �b r2HH �b i`�MbB2Mi Q` TmHb2/ T2`BQ/b Q7 M2i
TQr2` U2X;X qQQ/r�`/- kykkc 6`�MF 6H2b+?M2`- kykjVX 6Q` i?2 7mim`2- i?2 +?�H@
H2M;2 Bb iQ #mBH/ Mm+H2�` TH�Mib Q7 bmbi�BM2/ Mm+H2�` 7mbBQM �M/- �7i2`r�`/b-
/2KQMbi`�iBM; +QKK2`+B�H pB�#BHBiv �b � +Qbi@2z2+iBp2 2H2+i`B+Biv bQm`+2 7Q` i?2
K2i`QTQHBb �M/ i?2 BM/mbi`v }2H/X

AM i?2 [m2bi 7Q` Mm+H2�` 7mbBQM- 2ti2MbBp2 `2b2�`+? Bb #2BM; +QM/m+i2/ iQ
�//`2bb i?2 K�Mv Q#bi�+H2b i?�i `2K�BM mMbQHp2/X .Bz2`2Mi }2H/b +QMi`B#mi2
rBi? i?2B` FMQrH2/;2- BM+Hm/BM; i?2Q`2iB+�H bim/B2b i?�i /2b+`B#2 �++m`�i2Hv i?2
TH�bK�- +QKTmi�iBQM�H bBKmH�iBQMb i?�i T`2/B+i i?2 T`Q+2bb2b- 2tT2`BK2Mi�iBQM
BM `2�H `2�+iQ`b- T`Q/m+iBQM Q7 i?2 K�i2`B�H iQ #2 7mb2/- +`2�iBQM Q7 +QMi�BM2`b
+�T�#H2 Q7 rBi?bi�M/BM; bm+? ?B;? 2M2`;B2b- �M/ i?2 /`Bp2`b i?�i B;MBi2 i?2
TH�bK�- �KQM; Qi?2`bX �HH i?2b2 �bT2+ib �`2 BMi2`+QMM2+i2/- 7mM+iBQMBM; HBF2
;2�`b BM � K2+?�MBbK- bQ +QHH�#Q`�iBQM Bb +`m+B�H iQ 2Mbm`2 bm++2bbX

AM i?Bb +QMi2ti- i?2 +m``2Mi i?2bBb 7Q+mb2b QM QM2 T�`iB+mH�` 7�+2i, �KQM;
i?2 p�`BQmb T`QTQb2/ K2i?Q/b 7Q` ;2M2`�iBM; Mm+H2�` 7mbBQM BM � `2�+iQ`- QM2
Q7 i?2K Bb FMQrM �b BM2`iB�H +QM}M2K2Mi 7mbBQM UA*6V- r?2`2 i?2 TH�bK� Bb
+QKT`2bb2/ �M/ ?2�i2/X qBi?BM A*6- r2 2tTHQ`2 �M �Hi2`M�iBp2 i2+?MB[m2 i?�i
�+?B2p2b B;MBiBQM #v �TTHvBM; � TQr2`7mH }M�H #2�K iQ i?2 7m2HX h?Bb �TT`Q�+? Bb

R6Q` � KQ`2 /2i�BH2/ M�``�iBQM Q7 i?2 ?BbiQ`v Q7 Mm+H2�` TQr2`- bQK2 `2+QKK2M/2/ HBi@
2`�im`2 +QmH/ #2- 7Q` 2t�KTH2- *?�` � *bBF URN3dVc a2;`2 URN3NVc "Q/�MbFv UkyydVc ai�+2v
UkyRyVc _?Q/2b UkyRkVc ai�+2v UkyR3V �M/ "�`#�`BMQ UkykyVX
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;2M2`�HHv +�HH2/ 7�bi B;MBiBQM U6AV Q` BQM 7�bi B;MBiBQM UA6AV B7 BQM T`QD2+iBH2b �`2
�TTHB2/X AM 6A- i?2 +QKT`2bbBQM �M/ ?2�iBM; T?�b2b �`2 /2+QmTH2/- QTiBKBbBM;
i?2 2M2`;v /2TQbBiBQM �M/ i?2 +QMi`QH Qp2` 7mbBQM `2�+iBQMbX >Qr2p2`- 6A 7�+2b
+?�HH2M;2b BM �+?B2pBM; 2{+B2Mi 2M2`;v i`�Mb72` �M/ +QKT`2bbBQM Q7 i?2 7mbBQM
7m2HX �Hi?Qm;? i?Bb b+?2K2 Bb MQi +m``2MiHv QM2 Q7 i?2 KQbi TQTmH�` +?QB+2b-
bim/vBM; i?2 /Bz2`2Mi T�i?r�vb i?�i +QmH/ H2�/ iQ bm++2bb7mH Mm+H2�` 7mbBQM Bb
Q7 bm#bi�MiB�H BKTQ`i�M+2X qBi? i?Bb rQ`F- r2 KQ/2H i?2 BMi2`�+iBQM #2ir22M
i?2 BQM #2�K �M/ i?2 TH�bK�- bBKmH�iBM; ?Qr i?2 7m2H Bb ?2�i2/- Bib T`BK�`v
+?�`�+i2`BbiB+b- �M/ Bib BMBiB�H 2pQHmiBQMX h?`Qm;? p�`BQmb b+2M�`BQb- r2 T`2b2Mi
� bvbi2K�iB+ �M�HvbBb Q7 i?2 TH�bK� +QM/BiBQMb �7i2` �TTHvBM; i?2 #2�K �M/
�MiB+BT�i2 Bib T`Q;`2bbX h?mb- i?2 #QiiQK HBM2 Q#D2+iBp2 Q7 i?Bb i?2bBb +QMbBbib BM
/2i2`KBMBM; i?2 #2�K +?�`�+i2`BbiB+b M22/2/ iQ �+?B2p2 � ?2�i2/ TH�bK� rBi?
+2`i�BM T`QT2`iB2bX aBKmH�iBM; i?2 +QMM2+iBQM #2ir22M #2�K �ii`B#mi2b �M/ i?2
`2bmHiBM; TH�bK� Bb +`m+B�H 7Q` �/p�M+BM; 6AX

hQ 2z2+iBp2Hv T`2b2Mi �HH i?2 ;2M2`�i2/ FMQrH2/;2- i?Bb i?2bBb Bb Q`;�MBx2/ �b
7QHHQrb, BM *?�Ti2` k- r2 T`QpB/2 � ;2M2`�H `2pB2r Q7 i?2 +QMi2ti Q7 i?Bb i?2bBb
�b /2b+`B#2/ �#Qp2c BM *?�Ti2` j- r2 i?2M /2i�BH Qm` KQ/2H �M/ bim/v K2i?Q/@
QHQ;vc BM *?�Ti2`b 9- 8- e- �M/ d- r2 /2`Bp2 MmK2`Qmb `2bmHib mM/2` p�`vBM;
+QM/BiBQMb miBHBxBM; Qm` KQ/2H- r?B+? �`2 T`2b2Mi2/ �M/ /Bb+mbb2/c }M�HHv- BM
*?�Ti2` 3- r2 T`2b2Mi i?2 +QM+HmbBQMbX





2
Lm+H2�` 7mbBQM Qp2`pB2r �M/ bi�i2 Q7

i?2 �`i
h?Bb +?�Ti2` +QHH2+ib i?2 T?vbB+�H 7QmM/�iBQMb M2+2bb�`v iQ /2b+`B#2 i?2 K�BM
T`Q+2bb2b i?�i i�F2 TH�+2 iQ Q#i�BM 2M2`;v 7`QK Mm+H2�` 7mbBQMX q2 T`2b2Mi
i?2 Mm+H2�` 7mbBQM `2�+iBQMb- i?2 /Bz2`2Mi b+?2K2b iQ �+?B2p2 i?2 Mm+H2�` 7mbBQM
�M/- BM T�`iB+mH�`- i?2 BQM 7�bi B;MBiBQM �TT`Q�+?- r?B+? BMpQHp2b i?2 BQM #2�K-
i?2 TH�bK�- �M/ i?2 BMi2`�+iBQM Q7 #Qi?X 6BM�HHv- i?2 KQiBp�iBQMb- Q#D2+iBp2b
�M/ i?2bBb QmiHBM2 �`2 T`2b2Mi2/X Ai Bb K�M/�iQ`v �//`2bbBM; i?�i i?Bb b2;K2Mi
Q7 i?2 i?2bBb bvMi?2bBx2b �M/ #mBH/b mTQM i?2 }M/BM;b �M/ BMbB;?ib 7`QK 2tBbi@
BM; HBi2`�im`2 U�KQM; Qi?2`b- �ix2MB � J2v2`@h2`@o2?M- kyy9c 6m2Mi2b- kyR3V-
r?B+? r2 `2+QKK2M/ +QMbmHiBM; 7Q` /2HpBM; 7m`i?2` QM i?2 bm#D2+iX

�b QmiHBM2/ BM i?2 AMi`Q/m+iBQM- � TH�bK� Bb � +QKTQmM/ Q7 #Qi? M2mi`�H
T�`iB+H2b U�iQKb- KQH2+mH2b- M2mi`QMb- T?QiQMb- 2i+V �M/ +?�`;2/ +QKTQM2Mib
UBQMb- 2H2+i`QMb- T`QiQMb- 2i+V- r?B+? T`2b2Mi +QHH2+iBp2 2z2+ib- bm+? �b H�`;2@
`�M;2 BMi2`�+iBQMbX AM i?Bb b2Mb2- � +QKT`2?2MbBp2 �M�HvbBb Q7 i?2 bvbi2K 7`QK �
T?vbB+�H bi�M/TQBMi rQmH/ `2[mB`2 � +QKTH2i2 2t�KBM�iBQM Q7 #Qi? KB+`Qb+QTB+
�M/ K�+`Qb+QTB+ T2`bT2+iBp2b- �b /2b+`B#2/ #2HQrX

PM QM2 bB/2- i?2 KB+`Qb+QTB+ /2b+`BTiBQM BKTHB2b,

Ç h?2 BMp2biB;�iBQM Q7 i?2 BMi2`M�H �iQKB+ bi`m+im`2- 7Q+mbBM; QM i?2 2M@
2`;v H2p2Hb �M/ r�p2 7mM+iBQMb Q7 i?2 BQMb BM~m2M+2/ #v i?2 bm``QmM/BM;
TH�bK�X h?Bb BMpQHp2b bQHpBM; i?2 .B`�+ 2[m�iBQM BM � [m�MimK `2H�iBpBbiB+
b+2M�`BQ Q` i?2 a+?`ƺ/BM;2` 2[m�iBQM BM � MQM@`2H�iBpBbiB+ QM2X

Ç .2i2`KBMBM; i?2 +`Qbb@b2+iBQMb UT`Q#�#BHBiB2bV �M/ `2�+iBpBiv `�i2b UMmK@

d
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#2` Q7 T`Q+2bb2b T2` iBK2V 7Q` 2�+? TQbbB#H2 T`Q+2bbX h?Bb �HHQrb +�H+m@
H�iBM; i?2 +QHHBbBQM�H �M/ `�/B�iBp2 T`Q+2bb2b Q++m``BM; rBi?BM i?2 TH�bK�-
bm+? �b BQMBx�iBQMb `2bmHiBM; 7`QK 2H2+i`QM Q` BQM BKT�+ib- �b r2HH �b i?2
2t+Bi�iBQM Q7 BQMb i?`Qm;? T?QiQM �#bQ`TiBQM- �KQM; Qi?2`bX

Ç 1t�KBMBM; Q7 i?2 TQTmH�iBQMb Q7 i?2 p�`BQmb +QKTQM2Mib rBi?BM i?2 TH�bK�X
h?Bb BMpQHp2b 2KTHQvBM; K2i?Q/b bm+? �b �iQKB+ FBM2iB+ i`�MbTQ`i Q`
+QHHBbBQM�H@`�/B�iBp2 2[m�iBQMb iQ +QKTmi2 i?2 bT�iB�H �M/ i2KTQ`�H /Bbi`B@
#miBQM Q7 BQM �M/ �iQK TQTmH�iBQMb �+`Qbb 2�+? +?�`;2 bi�i2 �M/ ;`QmM/
�M/ 2t+Bi2/ +QM};m`�iBQMbX �//BiBQM�HHv- Bi �HbQ 2M+QKT�bb2b i?2 miBHBx�@
iBQM Q7 `�/B�iBp2 i`�MbTQ`i 2[m�iBQMb iQ /2i2`KBM2 i?2 2M2`;v /Bbi`B#miBQM
7Q` T?QiQMbX

Ç .2b+`B#BM; Q7 i?2 /vM�KB+ BMi2`�+iBQM BQMb bmz2` rBi?BM- i?Bb Bb- rBi?
Qi?2` +?�`;2/ T�`iB+H2b U2H2+i`QMb Q` BQMbV Q` 2ti2`M�H }2H/b HBF2 2H2+i`Q@
K�;M2iB+ }2H/bX AM bm+? T`Q+2bb2b- i?2 BQMb i`�Mb72` 2M2`;v iQ i?2 bm`@
`QmM/BM; TH�bK� +QMbiBim2Mib- HQbBM; 2M2`;v �M/ bHQrBM; /QrM- i?2`27Q`2-
Bi Bb M2+2bb�`v mM/2`bi�M/BM; i?2 ivT2b Q7 +QHHBbBQMb BMpQHp2/X

PM i?2 Qi?2` bB/2- i?2 K�+`Qb+QTB+ /2b+`BTiBQM BKTHB2b,

Ç AMp2biB;�iBM; i?2 `�/B�iBp2 T`QT2`iB2b Q7 i?2 TH�bK�- #�b2/ QM i?2 T�`�K@
2i2`b /2i2`KBM2/ BM i?2 KB+`Qb+QTB+ �M�HvbBbX

Ç 1t�KBMBM; i?2 bi�i2 2[m�iBQMb Q7 i?2 TH�bK� +QM+2`MBM; i2KT2`�im`2 �M/
/2MbBiv p�`B�iBQMb- �TTHvBM; bi�iBbiB+�H T?vbB+ T`BM+BTH2bX

Ç �M�HvbBM; i?2 bT�iBQ@i2KTQ`�H 2pQHmiBQM Q7 p�`BQmb }2H/b- BM+Hm/BM; i2K@
T2`�im`2- /2MbBiv- �M/ T`2bbm`2- +QMbB/2`BM; BMBiB�H �M/ #QmM/�`v +QM/B@
iBQMbX h?Bb bim/v 2KTHQvb ~mB/ K2+?�MB+b T`BM+BTH2b- �HQM; rBi? ?v/`Q@
/vM�KB+ 2[m�iBQMb BMi2`�+iBM; rBi? 2H2+i`QK�;M2iB+ `�/B�iBQMX

Ç *QMbB/2`BM; i?2 bHQrBM; /QrM Q7 BQMb BM TH�bK� QM � K�+`Qb+QTB+ H2p2H-
bm+? i?�i- T�`iB+H2 +QHHBbBQMb- b+�ii2`BM;- �M/ +QHH2+iBp2 TH�bK� T?2MQK2M�
�`2 /2b+`B#2/X h?2 `�i2 Q7 BQM bHQrBM; /QrM /2T2M/b QM 7�+iQ`b bm+? �b
i?2 BQM 2M2`;v- TH�bK� /2MbBiv- i2KT2`�im`2- Q` �Mv Qi?2`X

h?2 T`2+2/BM; KB+`Qb+QTB+ �M/ K�+`Qb+QTB+ /2b+`BTiBQMb TQBMi Qmi i?2 2t@
i2MbBp2 +QKTH2tBiv Q7 i?Bb bim/vX JQ`2Qp2`- �b i?2 TH�bK� Bb � +QKTQmM/ Q7
?m;2 �KQmMib Q7 BMi2`�+iBM; T�`iB+H2b- bQK2 2[m�iBQMb iQ /2b+`B#2 i?2 bvbi2K
�`2 +QmTH2/X �b bm+?- bBKmH�iBM; TH�bK� T`QT2`iB2b �i ?B;? 2M2`;v /2MbBiB2b `2@
[mB`2b i?2 /2p2HQTK2Mi Q7 +QKTH2t i?2Q`2iB+�H KQ/2Hb �M/ i?2B` +QKTmi�iBQM iQ



N

;2M2`�i2 2ti2MbBp2 /�i�#�b2b mM/2` /Bz2`2Mi +QM/BiBQMbX h?2b2 TH�bK� T`QT2`@
iB2b 2Mi�BH i?2 +QKTmi�iBQM Q7 �M 2ti2MbBp2 �``�v Q7 �iQKB+ H2p2Hb U�TT`QtBK�i2Hv
105V �M/ �iQKB+ T`Q+2bb2b U�TT`QtBK�i2Hv 107VX �//BiBQM�HHv- Bi Bb K�M/�iQ`v
iQ bQHp2 i?2 b2i Q7 +QmTH2/ `�i2 2[m�iBQMb i?�i /2i2`KBM2 i?2 �p2`�;2 BQMBx�iBQM
Q7 i?2 TH�bK� �M/ i?2 TQTmH�iBQM Q7 �iQKB+ H2p2HbX h?Bb �``�v Q7 2[m�iBQMb
Kmbi #2 `2bQHp2/ 7Q` 2�+? TH�bK� +QM/BiBQM- BM+Hm/BM; /2MbBiv �M/ i2KT2`�@
im`2- i?mb- �TT`QtBK�i2Hv 103 T`Q}H2b Q7 TH�bK� +QM/BiBQMb �`2 `2[mB`2/ 7Q`
� ?v/`Q/vM�KB+ bBKmH�iBQMX *QMb2[m2MiHv- 2KTHQvBM; +2`i�BM �TT`QtBK�iBQMb
#2+QK2b M2+2bb�`v iQ /Bb2Mi�M;H2 i?2b2 2[m�iBQMbX h?Bb BHHmbi`�i2b � +QKT`2@
?2MbBp2 �M�HvbBb Q7 i?2 bvbi2KX >Qr2p2`- Qm` rQ`F /Q2b MQi M2+2bb�`BHv �//`2bb
�HH i?2 T`2pBQmb #mHH2i TQBMib- �b r2 7Q+mb QM +2`i�BM �bT2+ib `2H2p�Mi iQ 7mbBQM
TH�bK�b rBi?BM i?2 +QMi2ti Q7 � 7�bi B;MBiBQM b+?2K2X AM Qm` +�b2b Q7 bim/v- i?2
/2MbBiv �M/ i2KT2`�im`2 Q7 i?2 TH�bK� �`2 bm+? i?�i �HH i?2 T�`iB+H2b �`2 7mHHv
BQMBx2/X �b � +QMb2[m2M+2- M2Bi?2` �iQKB+ bi`m+im`2 MQ` FBM2iB+ �`2 `2[mB`2/ 7Q`
i?2 BMp2biB;�iBQMX AM i?2 7QHHQrBM; b2+iBQMb- r2 rBHH T`QpB/2 � /2b+`BTiBQM Q7 i?2
T?vbB+b BMpQHp2/X

kXR "BM/BM; 2M2`;v �M/ Mm+H2�` `2�+iBQMb
h?2 }`bi TQBMi r2 b?QmH/ �//`2bb Bb i?2 Q`B;BM Q7 i?2 2M2`;v Q7 � Mm+H2�` `2�+iBQMX
AM Mm+H2�` T?vbB+b �M/ T�`iB+H2 T?vbB+b- i?2 bi`QM; BMi2`�+iBQM Q` bi`QM; Mm+H2�`
7Q`+2- Bb `2bTQMbB#H2 7Q` �ii�+?BM; M2mi`QMb �M/ T`QiQMb iQ +`2�i2 �iQK Mm+H2B-
#v K2�Mb Q7 i?2 ǴMm+H2�` #BM/BM; 2M2`;vǴX h?Bb #BM/BM; 2M2`;v �TT2�`b r?2M
}M/BM; i?�i i?2 K�bb Q7 �M �iQKB+ Mm+H2mb Bb HQr2` i?�M i?2 +QK#BM2/ K�bb2b
Q7 Bib +QMbiBim2Mi BM/BpB/m�H T`QiQMb �M/ M2mi`QMbX h?Bb /Bz2`2M+2 Bb M�K2/
ǴK�bb /272+iǴ- �M/- 7Q` �M �iQK Q7 �iQKB+ MmK#2` Z- �iQKB+ K�bb MmK#2` A
�M/ �iQKB+ K�bb m- Bi Bb +�H+mH�i2/ �b ∆m = Zmp + (A − Z)mn − m Ump

�M/ mn �`2 i?2 T`QiQM �M/ M2mi`QM K�bb2b- `2bT2+iBp2HvVX �b i?2 K�bb +�M
#2 +�i2;Q`Bb2/ �b 2M2`;v- i?Bb /Bb+`2T�M+v BM K�bb +�M #2 +�H+mH�i2/ rBi? i?2
7�KQmb 1BMbi2BM 2[m�iBQM- E = ∆mc2- r?2`2 E `2T`2b2Mib i?2 Mm+H2�` #BM/BM;
2M2`;v- c Bb i?2 bT22/ Q7 HB;?i- �M/ ∆m Bb i?2 /Bz2`2M+2 BM K�bbX

6Q` �M 2tQi?2`KB+ Mm+H2�` `2�+iBQM U2Bi?2` }bbBQM Q` 7mbBQMV- Bi Bb M2+2bb�`v
i?�i i?2 K�bb Q7 i?2 `2�+i�Mib Bb H�`;2` i?�M i?2 K�bb Q7 i?2 T`Q/m+ib- Q`- BM
Qi?2` rQ`/b- i?2 #BM/BM; 2M2`;v Q7 i?2 T`Q/m+ib Kmbi #2 H�`;2`X AM i?Bb b2Mb2-
i?2 2M2`;v `2H2�b2/ BM i?2 `2�+iBQM Bb +�H+mH�i2/ �b,

Q =

⎛

⎝
∑

i

mi −
∑

f

mf

⎞

⎠ c2, UkXRV

#2BM; mi �M/ mf i?2 b2i Q7 `2�+i�Mib �M/ T`Q/m+ib- `2bT2+iBp2HvX
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� ;2M2`�H /2b+`BTiBQM Q7 � 7mbBQM `2�+iBQM BMpQHp2b irQ `2�+i�Mib X1 �M/ X2
iQ T`Q/m+2 � KQ`2 K�bbBp2 T�`iB+H2 X3 �M/ HB;?i2` QM2 X4- �b r2HH �b 2M2`;v B7
i?2 `2�+iBQM Bb 2tQi?2`KB+- bQ,

X1 + X2 → X3 + X4 + Q. UkXkV
.m2 iQ i?2 H�r Q7 +QMb2`p�iBQM Q7 KQK2MimK- i?2 2M2`;v `2H2�b2/ /m`BM;

i?2 `2�+iBQM Bb �ii`B#mi2/ iQ T`Q/m+ib BMp2`b2Hv T`QTQ`iBQM�H iQ i?2B` K�bb2bX Ai
+�M #2 +�H+mH�i2/ #v bQHpBM; i?2 b2i Q7 2[m�iBQMb Q = 1/2m3v2

3 + 1/2m4v2
4 �M/

Q = 1/2mrv2
r - #2BM; i?2 `2/m+2/ K�bb mr = m3m4/(m3 +m4) �M/ i?2 KQ/mHmb

Q7 i?2 `2H�iBp2 p2HQ+Biv vr = |v3 − v4|X
AM i?2 T�`iB+mH�` +�b2 Q7 i?2 `2�+iBQM i?�i Bb +QMbB/2`2/ BM i?Bb rQ`F r2 ?�p2,

D + T → α + n + QDT. UkXjV
>2`2- i?2 `2�+i�Mib- /2mi2`BmK �M/ i`BiBmK- �`2 irQ BbQiQT2b Q7 ?v/`Q;2M

rBi? QM2 T`QiQM �M/ irQ �M/ i?`22 M2mi`QMb BM Bib Mm+H2mb- `2bT2+iBp2HvX AM
i?Bb 7mbBQM T`Q+2bb- i?2 +QKTQM2Mib �`2 7QmM/ BM i?2 7Q`K Q7 � ?B;? i2KT2`�@
im`2 TH�bK�- �M/- i?2`27Q`2- ?B;?Hv BQMBx2/X *QMb2[m2MiHv- i?2 T`Q/m+ib �`2 �
M2mi`QM �M/ �M α@T�`iB+H2- i?Bb Bb- � ?2HBmK Mm+H2mb +QMbBbiBM; Q7 irQ T`QiQMb
�M/ irQ M2mi`QMbX h?mb- i�FBM; BMiQ �++QmMi i?2 K�bb2b Q7 2p2`v +QKTQM2Mi,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

mD = 2.01355 amu,

mT = 3.01605 amu,

mα = 4.0026 amu,

mn = 1.00867 amu,

UkX9V

r2 }M/ i?�i QDT = 17.58 J2oX h?2M- +QKTmiBM; i?2 T�B` Q7 2[m�iBQMb �#Qp2-
r2 }M/ Qα = 3.52 J2o �M/ Qn = 14.06 J2oX

*2`i�BM K�;MBim/2b �`2 M2+2bb�`v 7Q` �M�HvbBM; i?2 Mm+H2�` `2�+iBQMbX �KQM;
i?2K- i?2 +`Qbb@b2+iBQM- σfus(v)- [m�MiB}2b i?2 HBF2HB?QQ/ Q7 i?2 `2�+iBQM Q++m`@
`BM; 7Q` irQ T�`iB+H2bX A7 i?2 `2�+i�Mib ?�p2 � /Bbi`B#miBQM Q7 `2H�iBp2 p2HQ+BiB2b-
f(v)- �b BM � i?2`K�H /Bbi`B#miBQM- i?2M- �p2`�;BM; Qp2` i?Bb /Bbi`B#miBQM- rBi?
i?2 +`Qbb@b2+iBQM �M/ i?2 p2HQ+BiB2b- `2im`Mb i?2 ǳ`2�+iBpBivǴ Q` Ǵ`2�+iBQM `�i2ǴR,

⟨σfusv⟩ =
∫ ∞

0
σfus(v)vf(v)dv. UkX8V

RGBi2`�im`2 /Q2b MQi �;`22 QM /2MQiBM; ⟨σfusv⟩X 6Q` BMbi�M+2- BM �ix2MB � J2v2`@h2`@
o2?M Ukyy9V �M/ ǶLm+H2�` 7mbBQMǶ- qBFBT2/B� +QMi`B#miQ`b Ukyk9V- ⟨σfusv⟩ Bb M�K2/ Ǵ�p2`�;2/
`2�+iBpBivǴ �M/ i?2 `2�+iBQM `�i2 U7mbBQMb T2` pQHmK2 T2` iBK2V Bb i?2 `2�+iBpBiv iBK2b i?2
T`Q/m+i Q7 i?2 `2�+i�Mi MmK#2` /2MbBiB2b n1n2 ⟨σfusv⟩X PM i?2 +QMi`�`v- BM :mbǶFQp 2i �HX
UkyRRV- ⟨σfusv⟩ Bb `272``2/ �b Ǵ`2�+iBQM `�i2ǴX
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h?Bb `2T`2b2Mib i?2 T`Q#�#BHBiv Q7 `2�+iBQM T2` mMBi iBK2 T2` mMBi /2MbBiv Q7
i?2 i�`;2i Mm+H2BX AM i?Bb b2Mb2- .2mi2`BmK@h`BiBmK U.hV Bb i?2 KQbi T`QKBbBM;
7m2H 7Q` Mm+H2�` 7mbBQM BM � `2�+iQ`X Ai T`2b2Mib 7�pQm`�#H2 +`Qbb@b2+iBQMb- r?BH2
bBKmHi�M2QmbHv T`2b2MiBM; � ?B;?Hv 2tQi?2`KB+ `2�+iBQM- `2H2�bBM; � bB;MB}+�Mi
�KQmMi Q7 2M2`;vX JQ`2Qp2`- i?2 .h `2�+iBQM ?�b i?2 H�`;2bi `2�+iBpBiv �M/
Bib B;MBiBQM i2KT2`�im`2 Bb `2H�iBp2Hv HQr +QKT�`2/ iQ Qi?2` 7mbBQM +QK#BM�@
iBQMbX �//BiBQM�HHv- Bi vB2H/b � H�`;2 MmK#2` Q7 M2mi`QMb- r?B+? +�M bmbi�BM
i?2 7mbBQM T`Q+2bb �M/ 7�+BHBi�i2 i?2 #`22/BM; Q7 i`BiBmK 7m2H 7`QK HBi?BmKX hQ
BHHmbi`�i2 i?Bb- r2 b?Qr bQK2 +QKKQM +QMi`QHH2/ 7mbBQM 7m2H `2�+iBQMb- BM h�@
#H2 kXR- �HQM; rBi? i?2B` `2bT2+iBp2 2M2`;v `2H2�b2 �M/ i?2B` +`Qbb@b2+iBQMb �i
Ry F2o �M/ Ryy F2oX 6m`i?2`KQ`2- BM 6B;X kXR r2 b?Qr i?2 +`Qbb@b2+iBQMb �i
i?2 +2Mi`2@Q7@K�bb 2M2`;v �M/ i?2 `2�+iBpBiv �b 7mM+iBQMb Q7 i2KT2`�im`2 7Q`
/Bz2`2Mi `2�+iBQMb U�ix2MB � J2v2`@h2`@o2?M- kyy9VX

_2�+iBQM Q (J2o) σfus(10 keV) (10−24 +K2) σfus(100 keV) (10−24 +K2)
D + T → α + n RdX8N kXdk·10−2 jX9j
D + D → T + p 9Xy9 kX3R·10−4 jXj·10−2

D + D →3 He + n jXkd kXd3·10−4 jXd·10−2

D + D →4 He kjX38 @ @
T + T → α + 2n RRXjj dXN·10−4 jX9·10−2

h�#H2 kXRĖ J�BM +QMi`QHH2/ 7mbBQM 7m2Hb rBi? i?2B` 2M2`;v `2H2�b2 �M/ i?2B` +`Qbb@b2+iBQM
�i Ry F2o �M/ Ryy F2o UbQm`+2, �ix2MB � J2v2`@h2`@o2?M- kyy9V

�KQM; i?2 2t�KTH2b T`QpB/2/- Bi Bb /2KQMbi`�i2/ i?�i i?2 .h `2�+iBQM ?�b
i?2 b2+QM/@H�`;2bi 2M2`;v `2H2�b2- bmT2`BQ` +`Qbb@b2+iBQM p�Hm2b- �M/ i?2 ?B;?2bi
TQbbB#H2 `2�+iBQM `�i2X "2bB/2b .h- Qi?2` 7m2Hb ?�p2 #22M +QMbB/2`2/- M�K2/
�/p�M+2/ UQ` �Hi2`M�i2V 7mbBQM 7m2Hb- BMpQHpBM; `2�+iBQMb #2ir22M ?v/`Q;2M BbQ@
iQT2b �M/ HB;?i Mm+H2B Ubm+? �b >2HBmK- GBi?BmK �M/ "Q`QMVX �/p�M+2/ 7mbBQM
7m2Hb Qz2` +2`i�BM #2M2}ib- �M/ i?2B` +?�`�+i2`BbiB+b KB;?i #2 +QKT�`�#H2 iQ
i?Qb2 Q7 i?2 .hX >Qr2p2`- #m`MBM; bm+? 7m2Hb �TT2�`b 2t+22/BM;Hv /B{+mHi- �b
i?2v ?�p2 ?B;?2` B;MBiBQM i2KT2`�im`2b UJBH2v- RN3kVX

AM i?Bb +QMi2ti- Bi Bb M2+2bb�`v iQ /Bb+mbb i?2 72�bB#BHBiv Q7 Q#i�BMBM; �M/
mbBM; i?2 .h �b � 7mbBQM 7m2H bQm`+2X JQbi Q7 i?2 7QHHQrBM; BM7Q`K�iBQM +�M #2
`2i`B2p2/ 7`QK E2Ï2#�Ȕ � E�v72+B UkyRNVX

PM i?2 QM2 ?�M/- /2mi2`BmK Bb bi�#H2 �M/ �#mM/�Mi BM M�im`2X Ai Bb 7QmM/ BM
r�i2`- bT2+B}+�HHv BM i?2 7Q`K Q7 ?2�pv r�i2` U2>2PVX >Qr2p2`- ?2�pv r�i2` Bb
T`2b2Mi BM Q`/BM�`v r�i2` �i p2`v HQr +QM+2Mi`�iBQMb- rBi? �TT`QtBK�i2Hv QM2
KQH2+mH2 Q7 ?2�pv r�i2` 7Q` 2p2`v e-9yy KQH2+mH2b Q7 Q`/BM�`v r�i2`X >2M+2- i?2
Q+2�Mb b2`p2 �b i?2 H�`;2bi bQm`+2 Q7 ?2�pv r�i2` QM 1�`i?X L2p2`i?2H2bb- /m2
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6B;m`2 kXRĖ G27i, *`Qbb@b2+iBQMb UR #�`M 4 Ry24 +K2V 7Q` 7mbBQM `2�+iBQMb `2H2p�Mi iQ
+QMi`QHH2/ 7mbBQM 2M2`;v �b � 7mM+iBQM Q7 i?2 +2Mi2`@Q7@K�bb 2M2`;vX h?2 .. +m`p2 �;;`2;�i2b
i?2 +`Qbb@b2+iBQMb Q7 /Bz2`2Mi #`�M+?2b Q7 i?2 `2�+iBQMX _B;?i, �p2`�;2/ `2�+iBQM `2�+iBpBiv
THQii2/ �;�BMbi i2KT2`�im`2 7Q` /Bz2`2Mi +QMi`QHH2/ 7mbBQM `2�+iBQMbX aQm`+2, �ix2MB � J2v2`@
h2`@o2?M Ukyy9VX

iQ Bib HQr +QM+2Mi`�iBQM- ?2�pv r�i2` Kmbi mM/2`;Q 2ti`�+iBQM �M/ Tm`B}+�iBQM
T`Q+2bb2b iQ Q#i�BM /2mi2`BmK BM bB;MB}+�Mi [m�MiBiB2bX >2�pv r�i2` Bb b2T�@
`�i2/ 7`QK +QKKQM r�i2` i?`Qm;? T`Q+2bb2b bm+? �b i?2 :B`/H2` bmHT?B/2 T`Q@
+2bbk- /Bz2`2MiB�H /BbiBHH�iBQMj- Q` Qi?2` K2i?Q/b Uq�Hi?�K- kyykVX h?2M- /2m@
i2`BmK Bb BbQH�i2/ pB� 2H2+i`QHvbBb9- #2BM; i?2 Qp2`�HH `2�+iBQM 2H2O → 2H2+O2X
�//BiBQM�HHv- /2mi2`BmK +�M #2 b2T�`�i2/ 7`QK Q`/BM�`v ?v/`Q;2M i?`Qm;? BbQ@
iQTB+ b2T�`�iBQM i2+?MB[m2bX PM2 +QKKQM K2i?Q/ Bb /Bz2`2MiB�H /BbiBHH�iBQM-
r?B+? i�F2b �/p�Mi�;2 Q7 i?2 bHB;?i /Bz2`2M+2 BM #QBHBM; TQBMib #2ir22M /2m@
i2`BmK �M/ Q`/BM�`v ?v/`Q;2MX AM i?Bb T`Q+2bb- HB[mB/ ?v/`Q;2M Bb `2T2�i2/Hv
2p�TQ`�i2/ �M/ +QM/2Mb2/- rBi? 2�+? +v+H2 2M`B+?BM; i?2 +QM+2Mi`�iBQM Q7 /2m@
i2`BmK BM i?2 `2K�BMBM; HB[mB/X

PM i?2 Qi?2` ?�M/- i`BiBmK- #2BM; � `�/BQ�+iBp2 BbQiQT2 rBi? � ?�H7@HB72 Q7
kh?2 :B`/H2` bmHT?B/2 T`Q+2bb Bb � K2i?Q/ 7Q` i?2 BM/mbi`B�H@b+�H2 T`Q/m+iBQM Q7 ?2�pv

r�i2` #v +�i�HviB+ 2t+?�M;2 #2ir22M ?v/`Q;2M bmHT?B/2 �M/ r�i2`X
jh?2 /Bz2`2MiB�H /BbiBHH�iBQM T`Q+2bb Bb � K2i?Q/ 7Q` b2T�`�iBM; BbQiQT2b #�b2/ QM i?2B`

/Bz2`2Mi #QBHBM; TQBMibX
9J�FBM; �M 2H2+i`B+ +m``2Mi ~Qr i?`Qm;? i?2 r�i2`X �i i?2 +�i?Q/2 UM2;�iBp2 2H2+i`Q/2V-

r�i2` KQH2+mH2b ;�BM 2H2+i`QMb �M/ �`2 i?2`2#v `2/m+2/ iQ 7Q`K ?v/`Q;2M ;�bX *QMp2`b2Hv- �i
i?2 �MQ/2 UTQbBiBp2 2H2+i`Q/2V- r�i2` KQH2+mH2b HQb2 2H2+i`QMb �M/ �`2 QtB/Bx2/ iQ 7Q`K Qtv;2M
;�bX
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∼RkXj v2�`b- Bb MQi �b 2�bBHv 7QmM/ �b /2mi2`BmKX h`BiBmK Bb K�BMHv �p�BH�#H2
BM 1�`i?Ƕb �iKQbT?2`2 BM bK�HH �KQmMib- 7Q`K2/ #v i?2 BMi2`�+iBQM Q7 ;�b2b
rBi? +QbKB+ `�vbX �KQM; Qi?2` i2+?MB[m2b- Bi +�M #2 T`Q/m+2/ �`iB}+B�HHv #v
B``�/B�iBM; HBi?BmK Q` #Q`QM TH�i2b Uo�b�`m- RNNjVX AM i?Bb b2Mb2- Bi Bb +QKKQM
iQ `2i`B2p2 i`BiBmK 7`QK Mm+H2�` `2�+iQ`b- r?2`2 Bi �TT2�`b �b � HQr@�#mM/�M+2
#vT`Q/m+i Q7 i?2 }bbBQM Q7 HBi?BmK BM #`22/2` +2`�KB+b U_m#2H- kyRNVX �M@
Qi?2`X H2bb +QKKQM- T`Q+2/m`2 iQ �+[mB`2 i`BiBmK BMpQHp2b BM/m+BM; /2mi2`BmK
iQ +�Tim`2 ?B;?@2M2`;v M2mi`QMb Uq?BiHQ+F- kyRyVX 6BM�HHv- i?2 /2+�v T`Q/m+i
Q7 i`BiBmK- ?2HBmK@j- +�M #2 +QMp2`i2/ #�+F iQ i`BiBmK B7 Bi `2�+ib rBi? � M2mi`QM
�M/ 2tT2Hb � T`QiQMX h?2 +`Qbb@b2+iBQM Q7 i?Bb `2�+iBQM Bb bm{+B2MiHv H�`;2 �M/
+�M ?�TT2M BM Mm+H2�` `2�+iQ`b UJAh- kyy9c a?2� � JQ`;�M- kyRyVX _2;�`/@
H2bb Q7 i?2 �TT`Q�+? mb2/- i`BiBmK M22/b iQ #2 b2T�`�i2/ H�i2` 7`QK i?2 `2bi Q7
T`Q/m+ib Q7 i?2B` `2bT2+iBp2 `2�+iBQMb i?`Qm;? �Mv M2+2bb�`v +?2KB+�H T`Q+2bbX

kXk a+?2K2b iQ �+?B2p2 Mm+H2�` 7mbBQM
hQ �+?B2p2 Mm+H2�` 7mbBQM `2�+iBQMb QM 1�`i?- �BKBM; 7Q` � bmbi�BM2/ 2M2`;v
T`Q/m+iBQM- /Bz2`2Mi b+?2K2b ?�p2 #22M T`QTQb2/X >2`2- r2 T`2b2Mi � +QHH2+iBQM
Q7 i?2b2 b+?2K2b- +H�bbB}2/ #v i?2 K2i?Q/ +?Qb2M 7Q` +QM}MBM; i?2 TH�bK�X
"`Q�/Hv bT2�FBM;- i?2`2 �`2 irQ K�DQ` #`�M+?2b BM i?2 }2H/ Q7 +QMi`QHH2/ 7mbBQM,
K�;M2iB+ +QM}M2K2Mi 7mbBQM UJ*6V �M/ BM2`iB�H +QM}M2K2Mi 7mbBQM UA*6VX Ai
Bb rQ`i? MQiBM; i?�i J*6 ?�b � HQM;2` i`�/BiBQM BM 1m`QT2 �M/ �bB�- r?BH2 A*6
Bb ivTB+�HHv �bbQ+B�i2/ rBi? i?2 lMBi2/ ai�i2b Q7 �K2`B+�X

kXkXR J�;M2iB+ +QM}M2K2Mi 7mbBQM
h?2 K�;M2iB+ +QM}M2K2Mi 7mbBQM b+?2K2 mb2b K�;M2iB+ }2H/b iQ +QM}M2 7mbBQM
7m2H BM i?2 7Q`K Q7 � TH�bK�X AM i?Bb +�b2- b2ib Q7 +QBHb �`2 /Bbi`B#mi2/ BM � iQ`QB/
b?�T2 iQ +`2�i2 K�;M2iB+ }2H/b i?�i i`�T i?2 BQMb �M/ i?2 bi`BTT2/ 2H2+i`QMb BM
+m``2MibX h?2 +QKTQM2Mib Q7 i?2 7m2H �`2 7Q`+2/ iQ 7QHHQr i?2 }2H/ HBM2b rBi?Qmi
iQm+?BM; i?2 r�HHb Q7 i?2 +QMi�BM2`- `2�+?BM; i2KT2`�im`2b Q7 KBHHBQMb Q7 /2;`22b
�M/ 7mbBM;X hrQ Q7 i?2 KQbi ?BbiQ`B+�HHv `2H2p�Mi b+?2K2b rBi?BM J*6 �`2 i?2
ai2HH�`�iQ`b �M/ i?2 hQF�K�Fb- r?B+? rBHH #2 2tTH�BM2/ �b 7QHHQrbX

kXkXRX� ai2HH�`�iQ`b
ai2HH�`�iQ`b r2`2 QM2 Q7 i?2 TBHQi �TT`Q�+?2b 7Q` J*6- T`QTQb2/ #v aTBix2`
URN8RV- #�b2/ QM MQM@+B`+mH�` #2Mi b2+iBQMb 7QHHQrBM; � ?2HBt b?�T2 �`QmM/ i?2
+2Mi`�H HBM2 Q7 i?2 iQ`QB/ Ub22 H27i T�M2H 7`QK 6B;X kXkVX AM i?2Q`v- i?Bb +QM};@
m`�iBQM b?QmH/ T`2p2Mi i?2 T�`iB+H2b 7`QK /`B7iBM; �r�v BM 2�+? `2pQHmiBQM Q7
i?2 +B`+mBi- F22TBM; i?2 TH�bK� +QMiBMmQmbHv +B`+mH�iBM;X aQK2 2tT2`BK2Mi�H
�ii2KTib r2`2 +�``B2/ Qmi /m`BM; i?2 /2+�/2 Q7 i?2 RN8yb- #mi i?2 B/2� r�b
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T`Q;`2bbBp2Hv �#�M/QM2/ /m2 iQ Bib +QKTH2t b?�T2 �M/ � H�+F Q7 2{+B2M+v- BM
7�pQm` Q7 hQF�K�Fb Ub22 M2ti b2+iBQMVX h?Bb /2bB;M ?�b #22M `2i�F2M �;�BM BM
kyR8- rBi?- 7Q` BMbi�M+2- i?2 BMMQp�iBp2 mb2 Q7 q2M/2Hbi2B d@s `2�+iQ` 7`QK :2`@
K�Mv- i?2 >2HB+�HHv avKK2i`B+ 1tT2`BK2Mi U>asV BM i?2 la- �M/ i?2 G�`;2
>2HB+�H .2pB+2 BM C�T�MX h?2 �/p�M+2K2Mib Q7 i2+?MQHQ;v- �b i?2 mb2 Q7 bmT2`@
+QM/m+iBM; K�;M2iB+ +QBHb- �BK iQ �+?B2p2 BMi`BMbB+ bi�#BHBiv rBi?Qmi `2HvBM; QM
TH�bK� +m``2Mi- K�FBM; i?2K TQi2MiB�HHv KQ`2 bi�#H2 7Q` HQM;@/m`�iBQM TH�bK�
+QM}M2K2MiX AM 7�+i- QM 62#`m�`v Q7 kykj- q2M/2Hbi2BM d@s �+?B2p2/ � bB;MB}@
+�Mi KBH2biQM2 #v ;2M2`�iBM; � TH�bK� i?�i `2�+?2/ 7Q` i?2 }`bi iBK2 �M 2M2`;v
im`MQp2`8 BM i?2 Q`/2` Q7 ;B;�DQmH2 mMBib /m`BM; 2B;?i KBMmi2b U6`�MF 6H2b+?M2`-
kykjVX

kXkXRX# hQF�K�Fb
hQF�K�Fb �M/ ai2HH2`�iQ`b #Qi? 2KTHQv � bBKBH�` +QM+2Ti iQ F22T i?2 TH�bK�
~QrBM; BM i?2 +B`+mBiX h?2 }`bi /2bB;Mb Q7 hQF�K�Fb /�i2 #�+F iQ i?2 H�i2
RNeyb BM i?2 aQpB2i lMBQMX h?2 K�BM /Bz2`2M+2 Bb i?�i hQF�K�Fb ivTB+�HHv `2Hv
QM i?2 TH�bK� +m``2Mi BM/m+2/ #v i?2 iQ`QB/�H K�;M2iB+ }2H/ iQ ?2HT +QM}M2
�M/ bi�#BHBx2 i?2 TH�bK�- BMbi2�/ Q7 #2BM; BM?2`2MiHv bi�#H2 �b i?2 ai2HH2`�iQ`bX
�//BiBQM�HHv- hQF�K�Fb T`2b2Mi � bBKTH2` ;2QK2i`v �M/ +QMbi`m+iBQM- r?2`2
BMbi2�/ Q7 +QMbB/2`BM; bTB`�HH2/ Q` iQ`b2/ +QBHb- � MQM@+B`+mH�` ~�i +`Qbb@b2+iBQM
Bb mb2/ Ub22 `B;?i T�M2H 7`QK 6B;X kXkVX

AM i?2 M2r KBHH2MMB�- hQF�K�F@ivT2 `2�+iQ`b ?�p2 #22M i?2 bT2�`?2�/ Q7
Mm+H2�` 7mbBQM `2b2�`+?- �b � H2�/BM; +�M/B/�i2 7Q` � T`�+iB+�H 7mbBQM `2�+iQ`
U6`2B/#2`;- kyy3VX *m``2MiHv- Ah1_ UAMi2`M�iBQM�H h?2`KQMm+H2�` 1tT2`BK2M@
i�H _2�+iQ`V Bb QM2 Q7 i?2 KQbi �K#BiBQmb hQF�K�F T`QD2+ib- T`2b2MiHv mM/2`
+QMbi`m+iBQM BM *�/�`�+?2- 6`�M+2X Ai Bb bmTTQb2/ iQ `2�+? mMT`2+2/2Mi2/ i?2`@
K�H TQr2`- ;`2�i2` i?�M i?2 BMD2+i2/ i?2`K�H TQr2`X h?2 iBK2HBM2 7Q` Ah1_
+QMbBbi2/ QM +QKTH2iBM; Bib +QMbi`m+iBQM �M/ rQ`FBM; rBi? Bib }`bi TH�bK� #v
kyk8- i?2M bi�`i i?2 QT2`�iBQM Q7 /2mi2`BmK@i`BiBmK #v kyj8e UAh1_- kykjVX

a2p2`�H T`QiQivT2 `2�+iQ`b ?�p2 #22M #mBHi- bm+? �b, C1h UCQBMi 1m`QT2�M
hQ`mbV �i lE- #2BM; QM2 Q7 i?2 H�`;2bi `2�+iQ`bc q1ah UǴqǴ 1MpB`QMK2Mi BM
ai2�/v@bi�i2 hQF�K�F- 7Q`K2`Hv hQ`2 amT`�V HQ+�i2/ �i i?2 *�/�`�+?2 7�+BHBiv
BM 6`�M+2- Bb /2bB;M2/ iQ i2bi �M/ /2p2HQT i2+?MQHQ;B2b 7Q` Ah1_c 1�ah U1t@
T2`BK2Mi�H �/p�M+2/ amT2`+QM/m+iBM; hQF�K�FV BM *?BM� �M/ Eah�_ UEQ`2�
amT2`+QM/m+iBM; hQF�K�F �/p�M+2/ _2b2�`+?V BM EQ`2� �`2 #Qi? Q7 i?2 KQbi

8h?2 2M2`;v im`MQp2` Bb � `2bmHi 7`QK i?2 +QmTH2/ ?2�iBM; TQr2` KmHiBTHB2/ #v i?2 /m`�iBQM
Q7 i?2 /Bb+?�`;2X h?2 2M2`;v im`MQp2` �+?B2p2/- Q7 RXj ;B;�DQmH2- Bb �bbQ+B�i2/ iQ �M �p2`�;2
?2�iBM; TQr2` Q7 kXd K2;�r�iib- r?2`2#v i?2 /Bb+?�`;2 H�bi2/ 93y b2+QM/bX

e.2H�vb BM i?Bb iBK2HBM2 r2`2 �H`2�/v r�`M2/ �M/ �`2 b2i iQ #2 `2pBb2/ UqQ`H/@Lm+H2�`@
L2rb- kykjVX
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�/p�M+2/ hQF�K�Fb `2�+iQ`b BM �bB�X GQQFBM; 7m`i?2` BMiQ i?2 7mim`2- .1JP
Bb � T`QTQb2/ 2tT2`BK2Mi�H `2�+iQ` BMi2M/2/ iQ /2KQMbi`�i2 i?2 M2i T`Q/m+iBQM
Q7 2H2+i`B+ TQr2` 7`QK Mm+H2�` 7mbBQM #v ky8y Q` H�i2`X

6B;m`2 kXkĖ ai`m+im`�H `2T`2b2Mi�iBQM Q7 irQ J*6 /2pB+2b, ai2HH�`�iQ` UH27iV �M/ hQF�K�F
U`B;?iVX aQm`+2, JBi+?2HH UkykjVX

kXkXk AM2`iB�H +QM}M2K2Mi 7mbBQM
h?2 BM2`iB�H +QM}M2K2Mi 7mbBQM b+?2K2 +QMbBbib Q7 +QKT`2bbBM; � i�`;2i b?2HH Q`
T2HH2i Q7 .h iQ � TQBMi Q7 2MQm;? /2MbBiv �M/ i2KT2`�im`2 7Q` i?2 7m2H iQ B;MBi2-
i?2M- #m`M �M/ ;2M2`�i2 � bK�HH Mm+H2�` 2tTHQbBQMX :2M2`�HHv- i?2 +QMi�BM2` 7Q`
i?2 7m2H Bb � bT?2`2 r?B+? Bb +QKT`2bb2/ #v � b2i Q7 #2�Kb UH�b2` Q` T�`iB+H2bV
+�HH2/ /`Bp2`X h?2 2M2`;v 7`QK i?2 /`Bp2` Bb +QM+2Mi`�i2/ QM i?2 i�`;2i Qmi2`
H�v2`- +`2�iBM; �M 2tTHQbBQM Qmir�`/bX h?Bb T`Q/m+2b �M QTTQbBi2 `2�+iBQM 7Q`+2
BM i?2 7Q`K Q7 b?Q+F r�p2b i?�i i`�p2H i?`Qm;? i?2 i�`;2iX am{+B2MiHv TQr2`7mH
b?Q+F r�p2b +QKT`2bb �M/ ?2�i i?2 7m2H iQ BM/m+2 7mbBQMX h?2 `2bmHiBM; #m`MBM;
2KmH�i2b bi2HH�` +QM/BiBQMb- #`B2~v `2b2K#HBM; i?2 /2iQM�iBQM Q7 � i?2`KQMm+H2�`
#QK#- �H#2Bi rBi?BM � KQ`2 +QMi`QHH2/ �M/ H2bb 2M2`;2iB+�HHv BMi2Mb2 2MpB`QMK2Mi
+QKT�`2/ iQ Bib KBHBi�`v +QmMi2`T�`iX AM � Mm+H2�` TH�Mi- +QMiBMmQmb 2M2`;v
T`Q/m+iBQM `2[mB`2b i?2 `2TH�+2K2Mi Q7 2�+? /2iQM�i2/ b?2HH rBi? �MQi?2`- HBF2
� 7Qm`@bi`QF2 2M;BM2,



Re

RX AMi�F2 UQ7 �B` �M/ ;�bQHBM2 7Q` � +vHBM/2` BM �M 2M;BM2c Q7 .h 7Q` � `2�+iQ`VX

kX *QKT`2bbBQM UQ7 i?2 �B`@;�bQHBM2 KBtim`2 #v i?2 TBbiQMc Q7 i?2 .h 7m2H #v
H�b2` #2�KbVX

jX *QK#mbiBQM Q7 i?2 +QKT`2bb2/ 7m2H U#v i?2 bT�`F THm; BM �M 2M;BM2c #v
i?2 }M�H T�`i Q7 i?2 BKTHQbBQM Q` Qi?2` K2i?Q/bVX

9X 1t?�mbi U/BbTQb�H Q7 i?2 `2K�BMBM; 7m2H �M/ #�+Fr�`/b KQp2K2Mi Q7 i?2
TBbiQMc /BbTQb�H Q7 i?2 `2�+iBQM `2KM�Mib- �b r2HH �b i?2 2M2`;v /2TQbBiBQM
+`2�i2/ #v i?2 #m`MBM;VX

h?2M- i?2 +v+H2 `2T2�ib �;�BM Ub22 6B;X kXjVX h?2 Mm+H2�` 2M2`;v `2H2�b2/ #v
2�+? 2tTHQbBQM b?QmH/ #2 �#bQ`#2/ #v i?2 r�HHb Q7 i?2 `2�+iQ`- r?B+?- rBi? �
+QQHBM; bvbi2K- Bb mb2/ iQ +`2�i2 � i`�/BiBQM�H p�TQm` +v+H2 �#H2 iQ �+iBp�i2 �
im`#BM2X

6B;m`2 kXjĖ h?2 �M�HQ;v Q7 � 7Qm`@bi`QF2 b2[m2M+2 Q7 � +QK#mbiBQM 2M;BM2 Q7 �M �miQKQ@
#BH2 UiQT `QrV �M/ i?2 QM2 Q7 �M BM2`iB�H +QM}M2K2Mi 7mbBQM `2�+iQ` U#QiiQK `QrVX aQm`+2,
.m/2`bi�/i � JQb2b URN3kVX

*QKTH2iBM; i?Bb T`Q+2bb Bb MQi 2t2KTi Q7 T`Q#H2Kb- KQbi Q7 i?2K b?�`2/
rBi? i?2 J6* �TT`Q�+? U:mQ- kykjVX >2�iBM; �M/ +QKT`2bbBM; i?2 7m2H mT
iQ i2KT2`�im`2b bQ ?B;? i?�i i?2 i?2`K�H p2HQ+Biv Q7 i?2 Mm+H2B Bb 2MQm;? iQ
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bm`T�bb i?2 2H2+i`Qbi�iB+ `2TmHbBQM Bb ?B;?Hv /B{+mHi �M/ `2[mB`2b H�`;2 �KQmMib
Q7 BMTmi 2M2`;vX �//BiBQM�HHv- i?2 T2HH2i i?�i +QMi�BMb i?2 7m2H b?QmH/ F22T
i?2 Mm+H2B ;�i?2`2/ 2MQm;? iBK2 7Q` i?2 7mbBQM iQ Q++m` rBi?Qmi /BbK�MiHBM;
/m2 iQ i?2 2ti`2K2 +QM/BiBQMbX AM i?2 +�b2 Q7 A*6- i?2 /`Bp2`b Kmbi #2 }M2Hv
imM2/- BM Q`/2` iQ +QKT`2bb i?2 i�`;2i bvKK2i`B+�HHv �M/ �pQB/ BMbi�#BHBiB2bX
h?2M- i?2 +QKTQM2Mib Q7 i?2 `2�+iQ` b?QmH/ #2 `2bBbi�Mi 2MQm;? iQ rBi?bi�M/
i?2 ?B;? i2KT2`�im`2b- BMi2Mb2 `�/B�iBQM �M/ M2mi`QM ~mtX h?Bb BKTQb2b bi`BM@
;2Mi `2[mB`2K2Mib QM K�i2`B�Hb �M/ 2M;BM22`BM; BM Q`/2` iQ �pQB/ /2;`�/�iBQM
Qp2` iBK2X �i H�bi- i?2 7mbBQM T`Q+2bb Kmbi `2H2�b2 KQ`2 2M2`;v i?�M Bb `2[mB`2/
iQ bmbi�BM Bi- �+?B2pBM; � M2i 2M2`;v ;�BM- bQ i?2`2 Bb � TQbBiBp2 2M2`;v #�H@
�M+2X LQM2 Q7 i?2b2 T`Q#H2Kb �`2 T`2b2Mi BM i?2 /2iQM�iBQM Q7 � i?2`KQMm+H2�`
r2�TQM- r?2`2 i?2 7mbBQM 2tTHQbBQM #2;BMb rBi? i?2 /2iQM�iBQM Q7 i?2 }bbBQM
T`BK�`v bi�;2 �M/ i?2M i?2 2M2`;v Bb QT2MHv HB#2`�i2/X h?mb- /m`BM; KQ`2 i?�M
?�H7 � +2Mim`v- 2zQ`i ?�p2 #22M K�/2 iQ +QM}M2 i?2 7m2H- B;MBi2 �M/ T`QT2`Hv
�#bQ`# i?2 2M2`;v 7`QK i?2 7mbBQMX

AM Q`/2` iQ /Bz2`2MiB�i2 i?Bb b+?2K2 7`QK Qi?2`b Bi Bb +QKKQMHv M�K2/
Ǵbi�M/�`/ A*6Ǵ �M/- �b Bi Bb 2tTH�BM2/ BM i?2 7QHHQrBM; bm#b2+iBQMb- Bi +�M #2
+�``B2/ Qmi BM irQ KQ/2b, /B`2+i �M/ BM/B`2+iX AM �//BiBQM- BM `2+2Mi /2+�/2b-
irQ Qi?2` B;MBiBQM b+?2K2b ?�p2 #2+QK2 `2H2p�Mi BM A*6, b?Q+F B;MBiBQM �M/ 7�bi
B;MBiBQM rBi? 2H2+i`QMb Q` BQMbX 6Q` � /22T2` mM/2`bi�M/BM; Q7 i?2 i?2Q`2iB+�H
�bT2+ib Q7 i?2 A*6- r2 bi`QM;Hv `2+QKK2M/ i?2 #QQF Q7 �ix2MB � J2v2`@h2`@
o2?M Ukyy9VX h?Bb i?2bBb Bb 7`�K2/ rBi?BM i?Bb +QMi2ti- 7Q+mbBM; bT2+B}+�HHv
QM i?2 6�bi A;MBiBQM b+?2K2 #�b2/ QM BQMb UA6AV- r?B+? Bb QM2 Q7 i?2 K2i?Q/b
2KTHQv2/ iQ +QKT`2bb �M/ ?2�i 7mbBQM 7m2H 7Q` BMBiB�iBM; 7mbBQM `2�+iBQMbX aQK2
Q7 i?2b2 K2i?Q/b �`2 2tTH�BM2/ �b 7QHHQrbX

kXkXkX� .B`2+i /`Bp2
>BbiQ`B+�HHv- i?2 /B`2+i /`Bp2 �TT`Q�+? ?�b #22M i?2 T`BK�`v K2i?Q/ T`QTQb2/
rBi?BM A*6- bQ Bi +HQb2Hv �HB;Mb rBi? Bib KQbi 7mM/�K2Mi�H +QM+2TibX Ai Q`B;BM�i2/
BM i?2 RNeyb #mi mM/2` +H�bbB}2/ bi�imb- QMHv #2BM; /2+H�bbB}2/ BM i?2 RNdyb
ULm+FQHHb 2i �HX- RNdkVX

AM i?Bb b+?2K2- i?2 #2�Kb `�/B�HHv bi`BF2 i?2 bT?2`B+�H i�`;2i iQ �+?B2p2
mMB7Q`K +QKT`2bbBQM 7`QK �HH bB/2b Ub22 H27i T�M2H Q7 6B;X kX9VX AMBiB�HHv- H�b2`b
r2`2 T`QTQb2/ �b i?2 T`BK�`v #2�Kb- rBi? T�`iB+H2 #2�Kb H�i2` bm;;2bi2/ �b
�M �Hi2`M�iBp2 /`Bp2`X h?2 7m2H Bb +QMi�BM2/ rBi?BM � i?BM +�TbmH2- �#bQ`#BM;
2M2`;v 7`QK i?2 /`Bp2` #2�KbX h?2 p�TQ`Bx�iBQM Q7 i?2 +�TbmH2 H2�/b iQ �M
Qmir�`/ 2tTHQbBQM Q7 i?2 b?2HH- ;2M2`�iBM;- BM im`M- �M BMr�`/ 7Q`+2 T`2bbm`2
`2�+iBQMX h?Bb +QKT`2bbBQM b?QmH/ ?2�i i?2 i�`;2i +2Mi`2 mT iQ � bm{+B2MiHv
?B;? i2KT2`�im`2 7Q` i?2 7m2H iQ B;MBi2X am#b2[m2MiHv- i?Bb B;MBiBQM rQmH/ BMBiB�i2
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� `2�+iBQM i?�i Bb 2tT2+i2/ iQ T`QT�;�i2 7`QK i?2 +2Mi`2 iQ i?2 2MiB`2 bT?2`2
U*`�tiQM 2i �HX- kyR8c *�KT#2HH 2i �HX- kykRc h�Q 2i �HX- kykjc >m 2i �HX- kyk9VX

h?2 BMBiB�H +QM+2Ti Q7 +2Mi`�H ?Qi@bTQi B;MBiBQM `2T`2b2Mi2/ � TBpQi�H `2�H@
Bx�iBQM i?�i BM2`iB�H +QM}M2K2Mi 7mbBQM UA*6V +QmH/ b2`p2 �b � 72�bB#H2 T�i?@
r�v iQ �+?B2pBM; 7mbBQM- bT2+B�HHv /m`BM; i?2 2�`Hv RNdyb- Qz2`BM; � `2H�iBp2Hv
bi`�B;?i7Q`r�`/ �TT`Q�+? �M/ � `2H�iBp2Hv bBKTH2 �``�M;2K2MiX >Qr2p2`- /2@
bTBi2 Bib T`QKBbBM; TQi2MiB�H- i?2 /2p2HQTK2Mi Q7 i?Bb i2+?MQHQ;v 7�+2/ b2p2`�H
+?�HH2M;2bX 6B`biHv- i?2 T`Q+2bb Kmbi #2 +QKTH2i2/ rBi?BM �M BM+`2/B#Hv #`B27
iBK27`�K2- ivTB+�HHv H2bb i?�M � M�MQb2+QM/- iQ �pQB/ M�im`�H +�TbmH2 /Bb`mT@
iBQMX a2+QM/Hv- Bi Bb +`m+B�H iQ F22T � mMB7Q`K BKTHQbBQM- iQ T`2p2Mi �bvKK2@
i`v �`BbBM; 7`QK ?v/`Q/vM�KB+ /Bp2`bBQMb- bm+? �b _�vH2B;?Ĝh�vHQ` BMbi�#BHBivX
h?B`/Hv- i?2 /`Bp2`b Kmbi /2HBp2` ?B;? �KQmMib Q7 2M2`;v rBi?BM KBMmb+mH2 �`@
2�b �M/ iBK27`�K2b- +QMbi`�BMBM; i?2 bBx2 Q7 i?2 #2�Kb iQ �M 2ti`2K2Hv M�``Qr
/B�K2i2` U�ix2MB � J2v2`@h2`@o2?M- kyy9VX G�biHv- K22iBM; i?2 /2K�M/BM;
i2KT2`�im`2 �M/ +QKT`2bbBQM `2[mB`2K2Mib Q7 i?Bb �TT`Q�+? ?�b #22M T`Qp2M
/B{+mHi- �b i?2 2M2`;v BMTmi 7`QK i?2 #2�Kb Q7i2M 2t+22/b i?2 2M2`;v QmiTmi
7`QK 7mbBQM- K�FBM; Bi +?�HH2M;BM; iQ �+?B2p2 bB;MB}+�Mi ;�BMbX a2p2`�H �i@
i2KTib ?�p2 #22M +�``B2/ Qmi- �b- 7Q` BMbi�M+2- i?2 PJ1:� 2tT2`BK2Mib �i i?2
G�#Q`�iQ`v 7Q` G�b2` 1M2`;2iB+b Ub22 6B;X kX8V Q7 i?2 L�iBQM�H A;MBiBQM 6�+BHBiv
UG�r`2M+2 GBp2`KQ`2 L�iBQM�H G�#Q`�iQ`v- la�c J+*`Q`v 2i �HX kyyRVX

kXkXkX# AM/B`2+i /`Bp2
h?2 BM/B`2+i /`Bp2 b+?2K2 �TT2�`b �b �M �Hi2`M�iBp2 iQ i?2 /B`2+i /`Bp2X AM i?Bb
�TT`Q�+?- i?2 7m2H Bb HQ+�i2/ rBi?BM � +vHBM/`B+�H +QMi�BM2`- ivTB+�HHv K�/2 Q7
;QH/ �M/ +QKKQMHv /2MQi2/ �b ?Q?H`�mK- rBi? Bib iQT �M/ #QiiQK QT2MX AMbi2�/
Q7 /B`2+iHv i�`;2iBM; i?2 7m2H- H�b2` #2�Kb �`2 TQBMi2/ iQr�`/b i?2 mMH�i+?2/
iQT �M/ #QiiQK Q7 i?2 +vHBM/2` Ub22 `B;?i T�M2H Q7 6B;X kX9VX h?2 2M2`;v 7`QK
i?2 #2�Kb ?2�ib i?2 BMi2`BQ` r�HHb Q7 i?2 +vHBM/2` mMiBH Bi `2@2KBib s@`�vb i?�i
+QKT`2bb i?2 +�TbmH2X h?2b2 s@`�vb ?�p2 � KQ`2 mMB7Q`K 7`QMi- `2/m+BM; i?2
�bvKK2i`B2b Q7 i?2 BKTHQbBQM- �M/ i?2 #2�Kb +�M #2 H�`;2` �M/ H2bb T`2+Bb2X
>Qr2p2`- QM2 Q7 i?2 K�BM /Bb�/p�Mi�;2b Q7 i?Bb �TT`Q�+? Bb i?�i Km+? Q7 i?2
/2HBp2`2/ 2M2`;v Bb mb2/ iQ ?2�i i?2 +vHBM/2`- `2bmHiBM; BM � HQr2` 2M/@iQ@2M/
2M2`;v 2{+B2M+v +QKT�`2/ iQ /B`2+i /`Bp2X

.2bTBi2 MmK2`Qmb �ii2KTib Qp2` /2+�/2b- p�`BQmb T`QD2+ib 2KTHQvBM; i?Bb
K2i?Q/QHQ;v /B/ MQi �+?B2p2 bm++2bb mMiBH irQ TBpQi�H 2tT2`BK2Mib bmT2`pBb2/
#v i?2 L�iBQM�H A;MBiBQM 6�+BHBiv UG�r`2M+2 GBp2`KQ`2 L�iBQM�H G�#Q`�iQ`v-
laV /2KQMbi`�i2/ Bib pB�#BHBivX h?2b2 2tT2`BK2Mib- +QM/m+i2/ BM i?2 rBMi2` Q7
kykk UqQQ/r�`/- kykkV �M/ i?2 bmKK2` Q7 kykj UqBHbQM- hQK �M/ >�M+Q+F-
�HB+2- kykjV- `2+Q`/2/ i?2 }`bi@2p2` M2i 2M2`;v T`Q/m+iBQM i?`Qm;? Mm+H2�` 7m@



RN

bBQMX h?2v T`Q/m+2/ KQ`2 7mbBQM 2M2`;v i?�M i?2 2M2`;v BMTmi 7`QK i?2 H�b2`
#2�Kb- �+?B2pBM; �M 2{+B2M+v QM i?2 Q`/2` Q7 RWX

6B;m`2 kX9Ė oBbm�H `2T`2b2Mi�iBQM Q7 irQ A*6 �TT`Q�+?2b, /B`2+i /`Bp2 UH27iV �M/ BM/B`2+i
/`Bp2 U`B;?iVX aQm`+2, JBi+?2HH UkykjVX

kXkXkX+ a?Q+F B;MBiBQM
S`QTQb2/ #v "2iiB 2i �HX UkyydV- i?2 b?Q+F B;MBiBQM b+?2K2 `2b2K#H2b i?2 /B@
`2+i /`Bp2 �TT`Q�+? mMiBH +2`i�BM +QM/BiBQMb �`2 �+?B2p2/ BM i?2 TH�bK�X h?2
T`Q+2bb Bb /BpB/2/ BMiQ irQ T?�b2b, }`bi- � ivTB+�H A*6 2�`Hv +QKT`2bbBQM- bBK@
BH�` iQ i?�i Q7 /B`2+i /`Bp2- 7QHHQr2/ #v i?2 �TTHB+�iBQM Q7 �M �//BiBQM�H /`Bp2`
Ubm+? �b � H�b2`- 2H2+i`QM #2�K- Q` bBKBH�` TmHb2V iQ +`2�i2 � b?Q+F r�p2 Q`@
/2`b Q7 K�;MBim/2 bi`QM;2`X h?Bb b2T�`�iBQM Q7 i?2 +QKT`2bbBQM T`Q+2bb 7`QK
i?2 }M�H ?2�iBM;- r?2`2 B;MBiBQM Bb �+?B2p2/- Qz2`b i?2 �/p�Mi�;2 Q7 `2/m+@
BM; i?2 +QKT`2bbBQM `2[mB`2K2Mib �M/ miBHBxBM; KQ`2 2{+B2Mi 2M2`;v /2TQbBiBQM
K2+?�MBbKbX �//BiBQM�HHv- bQK2 i?2Q`2iB+�H �M/ 2tT2`BK2Mi�H }M/BM;b +H�BK
i?�i i?2b2 �TT`Q�+? 2M?�M+2b B;MBiBQM +QM/BiBQMb Uh?2Q#�H/ 2i �HX- kyy3V- �b
/2KQMbi`�i2/- 7Q` BMbi�M+2- �i i?2 PJ1:� G�b2` 6�+BHBiv U_Q+?2bi2`- L2r
uQ`F- _B#2v`2 2i �HX- kyRRVX �M BHHmbi`�iBp2 b+?2K2 Q7 i?Bb �TT`Q�+? Bb b?QrM BM
6B;X kXdX



ky

6B;m`2 kX8Ė S?QiQ;`�T? Q7 i?2 PJ1:� i�`;2i +?�K#2`X h?2 Ǵ+`vQ;2MB+ i�`;2i TQbB@
iBQM2`Ǵ `272`b iQ � /2mi2`BmK@}HH2/ +�TbmH2 bmbT2M/2/ #v bi`�M/b iQ KBMBKBx2 i?2 K�bb Q7
bmTTQ`i bi`m+im`2 K�bb �M/ T`QpB/2 � `2H�iBp2Hv biBz TQbBiBQMBM;X aQm`+2, J+*`Q`v 2i �HX
UkyyRVX

6B;m`2 kXeĖ oBbm�H `2T`2b2Mi�iBQM Q7 i?2 b?Q+F B;MBiBQM b+?2K2 Ua?�M; 2i �HX- kyRdVX

kXkXkX/ 1H2+i`QM Q` BQM 7�bi B;MBiBQM

6�bi B;MBiBQM U6AV Bb � T`QKBbBM; �Hi2`M�iBp2 7Q` �+?B2pBM; Mm+H2�` 7mbBQM rBi?BM
i?2 BM2`iB�H +QM}M2K2Mi 7mbBQM UA*6V b+?2K2 Uh�#�F � *�HH�?�K@JBHH2`- RNN3c
_Qi? 2i �HX- kyyRc _Qi?- kyyNVX :Bp2M Bib bB;MB}+�M+2- i?Bb rQ`F 7Q+mb2b QM
bim/vBM; i?2 BQM 7�bi B;MBiBQM �TT`Q�+? BM /2i�BHX aBKBH�` iQ i?2 b?Q+F B;MBiBQM
b+?2K2- 6A /BpB/2b i?2 7mbBQM T`Q+2bb BMiQ irQ /BbiBM+i bi2Tb, +QKT`2bbBQM �M/
?2�iBM;- 2�+? Q7 r?B+? +�M #2 QTiBKBx2/ BM/2T2M/2MiHvX h?2 bi2Tb Q7 i?Bb T`Q+2bb



kR

�`2 BHHmbi`�i2/ BM 6B;X kXdX
6B`bi- i?2 6A �TT`Q�+? i�F2b �/p�Mi�;2 Q7 i?2 A*6 +QKT`2bbBQM mT iQ �M QT@

iBK�H TQBMi Q7 bBx2 �M/ /2MbBiv- rBi?Qmi 2t+2bbBp2Hv ?2�iBM; BiX h?2 +QKT`2bbBQM
TmHb2 ivTB+�HHv H�bib 7Q` Ry@R8 Tb- r?B+? Bb b?Q`i2` i?�M BM /B`2+i /`Bp2X 6QHHQrBM;
i?Bb T?�b2- +QKKQMHv `272``2/ iQ �b ǴT`2+QKT`2bbBQMǴ- i?2 K�DQ`Biv Q7 i?2 7m2H
Bb 7QmM/ BM � +QM/2Mb2/ �M/ bi�;M�i2/ bi�i2- MQi2/ �b i?2 +Q`2 UEQ/�K� 2i �HX-
kyyRc "2iiB � w?Qm- kyy8VX �//BiBQM�HHv- i?2 T`Q+2bb ;2M2`�i2b � `2;BQM Q7 H2bb
/2Mb2 TH�bK� bm``QmM/BM; i?2 7m2H bT?2`2- FMQrM �b i?2 +Q`QM�X AM i?Bb +QMi2ti-
i`�/BiBQM�H /B`2+i /`Bp2 K2i?Q/b rQmH/ 2tT2`B2M+2 bB;MB}+�Mi HQbb2b /m2 iQ i?Bb
bm``QmM/BM; TH�bK�- i?2`2#v BM+`2�bBM; i?2 /`Bp2` `2[mB`2K2MibX

a2+QM/- �7i2` i?Bb T`2+QKT`2bbBQM T?�b2- � TQr2`7mH T�`iB+H2 #2�K Bb mb2/
iQ T`QpB/2 �//BiBQM�H 2M2`;v /B`2+iHv iQ i?2 +Q`2 Q7 i?2 7m2HX Ai Bb BKTQ`i�Mi
iQ MQi2 i?�i- BM 7�bi B;MBiBQM- i?Bb `2HB2b QM � b2T�`�i2 �M/ `�TB/ ?2�iBM; TmHb2-
r?BH2 b?Q+F B;MBiBQM T`BK�`BHv 2KTHQvb b?Q+F r�p2b iQ �+?B2p2 B;MBiBQMX h?2
#2�K �TTHB2/ +`2�i2b � ?2�i2/ pQHmK2 rBi?BM i?2 TH�bK�X A7 �Mv `2;BQM Q7 bm+?
pQHmK2 Bb �#H2 iQ B;MBi2 i?2 Mm+H2�` 7mbBQM T`Q+2bb- i?2M- i?2 #m`MBM; rBHH bi�`i
�M/ bT`2�/ iQ i?2 `2bi Q7 i?2 7m2HX h?2 `2;BQM +�T�#H2 Q7 BMBiB�iBM; i?2 T`Q+2bb
Bb +�HH2/ Ǵ?Qi@bTQiǴX

aQK2 �TT`Q�+?2b +QMbB/2` mbBM; � T`2+2/BM; H�b2` TmHb2 iQ /B; i?2 +Q`QM�
#27Q`2 i?2 H�bi #2�K b?QiX �Hi2`M�iBp2Hv- Qi?2`b T`QTQb2 mbBM; � +QM2 2K#2//2/
BM i?2 +Q`QM�- 2M�#HBM; i?2 #2�K iQ ;Q /B`2+iHv BMiQ i?2 /2Mb2` +Q`2X � p�`B�iBQM
Q7 i?Bb +QM2 �TT`Q�+? BM+Q`TQ`�i2b � bK�HH T2HH2i Q7 7m2H �i i?2 �T2t Q7 i?2 /2pB+2-
BMBiB�iBM; � T`2HBKBM�`v T`2@2tTHQbBQM i?�i �HbQ KQp2b BMr�`/ iQr�`/b i?2 H�`;2`
7m2H K�bbX

_2;�`/BM; i?2 TQr2` #2�K- i?2 Q`B;BM�H T`QTQb�H 7Q` 7�bi B;MBiBQM U6AV BM@
pQHp2/ �M 2H2+i`QM@#�b2/ b+?2K2 Uh�#�F 2i �HX- RNN9VX >Qr2p2`- Bi r�b HBK@
Bi2/ #v i?2 ?B;? 2H2+i`QM /Bp2`;2M+2b- FBM2iB+ 2M2`;v +QMbi`�BMib �M/ b2MbBiBpBiv
U_Q#BMbQM 2i �HX- kyy3c :`22M 2i �HX- kyy3c .2#�vH2 2i �HX- kyRyc E2KT � .BpQH-
kyRkVX J2�Mr?BH2- 6A #v H�b2`@/`Bp2M BQM #2�Kb- FMQrM �b A6A- Qz2`b � Km+?
KQ`2 HQ+�HBx2/ 2M2`;v /2TQbBiBQM- � biBz2` BQM i`�MbTQ`i- rBi? i?2 TQbbB#BHBiv Q7
#2�K 7Q+mbBM;- �M/ � #2ii2` mM/2`biQQ/ �M/ +QMi`QHH2/ BQM@TH�bK� BMi2`�+iBQM
Uh�#�F � *�HH�?�K@JBHH2`- RNN3c _Qi? 2i �HX- kyyRc _Qi?- kyyNc h�#�F 2i �HX-
kyR9VX �i }`bi- i?2 T`QTQb2/ T`QD2+iBH2b Q7 i?2 #2�K r2`2 HB;?i BQMb- bm+? �b
T`QiQMbX >Qr2p2`- i?2b2 BQMb /2TQbBi KQbi Q7 i?2B` 2M2`;v �i i?2 2/;2 Q7 i?2
7m2H- `2bmHiBM; BM �M �bvKK2i`B+�H ;2QK2i`v Q7 i?2 ?2�i2/ TH�bK� U_Qi? 2i �HX-
kyyRVX G�i2`- ?2�pB2` T`QD2+iBH2b r2`2 bm;;2bi2/X h?2B` BMi2`�+iBQM rBi? i?2
TH�bK� Bb b2KB@i`�MbT�`2Mi �i i?2 2/;2- �HHQrBM; 7Q` /2TQbBiBQM Q7 KQbi Q7 i?2B`
2M2`;v BM i?2 +2Mi`2 Q7 i?2 7m2H- r?B+? QTiBKBb2b � bvKK2i`B+�H T`QT�;�iBQM �M/
2tTHQbBQM U:mbǶFQp 2i �HX- kyR9�VX

AMBiB�HHv- i?2 BQM #2�Kb bim/B2/ 2t?B#Bi2/ � J�tr2HHB�M 2M2`;v /Bbi`B#miBQMX



kk

>Qr2p2`- `2+2Mi �/p�M+2K2Mib ?�p2 H2/ iQ i?2 T`QTQb�H Q7 [m�bB@KQMQ2M2`;2iB+
BQM #2�Kb 7Q` A6A U62`M�M/2x 2i �HX- kyyNVX Zm�bB@KQMQ2M2`;2iB+ BQMb ?�p2
b2p2`�H �/p�Mi�;2b Qp2` BQMb rBi? J�tr2HHB�M 2M2`;v /Bbi`B#miBQMb- bm+? �b �
#2ii2` +QmTHBM; rBi? +QKT`2bb2/ 7m2H U>QM`m#B� 2i �HX- kyyNV �M/ i?2 TQbbB#BHBiv
iQ TH�+2 i?2 BQM bQm`+2 7�` 7`QK i?2 7m2H rBi?Qmi i?2 M22/ 7Q` `2@2Mi`�Mi +QM2b
U62`M�M/2x 2i �HX- kyyNVX AQM #2�Kb �`2 Q7i2M ;2M2`�i2/ #v B``�/B�iBM; TH�i2b Q7
/Bp2`b2 K�i2`B�Hb �M/ �++2H2`�iBM; i?2 /2i�+?2/ BQMbX h?2 BQM #2�K mb2/ 7Q` i?2
}M�H B;MBiBQM +�M #2 QTiBKBx2/- BM Q`/2` iQ �+?B2p2 i?2 /2bB`2/ +QM/BiBQMb 7Q`
i?2 TH�bK� �M/ i?2 #m`MBM;- �M/ iQ `2/m+2 bvbi2K `2[mB`2K2MibX h?Bb b+?2K2
�M/ Bib bBKmH�i2/ `2bmHib rBHH #2 2t�KBM2/ i?Q`Qm;?Hv 7`QK *?�Ti2` j iQ dX

*m``2MiHv- b2p2`�H `2b2�`+? 7�+BHBiB2b rQ`H/rB/2 �`2 �+iBp2Hv 2tT2`BK2MiBM;
rBi? 6�bi A;MBiBQM Mm+H2�` 7mbBQM- MQi�#Hv, i?2 >B;? SQr2` G�b2` 1M2`;v _2@
b2�`+? 6�+BHBiv U>BS1_V- HQ+�i2/ �+`Qbb KmHiBTH2 BMbiBimiBQMb BM 1m`QT2c :1EEP
sAA �i i?2 AMbiBimi2 Q7 G�b2` 1M;BM22`BM; UAG1V BM Pb�F�- C�T�Mc Q` i?2 G�#Q`�@
iQ`v 7Q` G�b2` 1M2`;2iB+b UGG1V BM _Q+?2bi2`- la�X LQM2i?2H2bb- 7�bi B;MBiBQM
7�+2b Bib T�`iB+mH�` +?�HH2M;2b- bm+? �b �+?B2pBM; �M QTiBK�H /2TQbBiBQM Q7 2M@
2`;v BM i?2 i�`;2i- �pQB/BM; mMM2+2bb�`v HQbb2b �M/ T`QT2`Hv i`�MbTQ`iBM; i?2
7�bi 2H2+i`QMb Q` BQMb i?`Qm;? i?2 TH�bK� rBi?Qmi +`2�iBM; /Bp2`;2M+2b Q` BMbi�@
#BHBiB2b U:mQ- kykjVX

6B;m`2 kXdĖ oBbm�H `2T`2b2Mi�iBQM Q7 i?2 bi2Tb BM i?2 6A �TT`Q�+? UJQvMB?�M � "Q`ix-
kykjVX

kXj .2i�BH2/ /2b+`BTiBQM Q7 i?2 BQM 7�bi B;MBiBQM �TT`Q�+?
h?Bb b2+iBQM Qz2`b � T?vbB+�H /2b+`BTiBQM Q7 i?2 i�`;2i@T`QD2+iBH2 bvbi2K �M/
i?2 TQbi2`BQ` ?2�i2/ TH�bK� 7Q`2+�biX AMBiB�HHv- r2 BMi`Q/m+2 i?2 >�KBHiQMB�M
;Qp2`MBM; i?2 /vM�KB+ 2pQHmiBQM Q7 Bib T�`iB+H2bX am#b2[m2MiHv- r2 T`QpB/2 �
/2b+`BTiBQM Q7 i?2 bvbi2K i?`Qm;? /Bz2`2Mi �TT`Q�+?2b Q7 i?2 /vM�KB+ KQ/2HX
q2 T`2b2Mi i?2 2tT`2bbBQMb ;Qp2`MBM; i?2 BMi2`�+iBQM #2ir22M i?2 #2�K �M/
i?2 T`2pBQmbHv /Bb+mbb2/ TH�bK�- /2b+`B#BM; Bib #2?�pBQm` BM #Qi? i2KTQ`�H
�M/ bT�iB�H /QK�BMbX aQK2 Q7 i?2b2 B/2�b ?�p2 #22M i�F2M �M/ `2pBb2/ 7`QK



kj

_Q/`ő;m2x@"2Hi`�M UkyR3VX 6BM�HHv- r2 �//`2bb i?2 T`2HBKBM�`v 2pQHmiBQM Q7 i?2
TH�bK� �M/ Bib +�T�+Biv iQ B;MBi2 �M/ +QMiBMm2 i?2 #m`MBM;X

kXjXR A6A �TT`Q�+?, i?2 BQM #2�K@TH�bK� BMi2`�+iBQM
kXjXRX� >�KBHiQMB�M �M/ /vM�KB+ 2[m�iBQMb
h?2 7mM/�K2Mi�H TQBMi 7Q` KQ/2HHBM; i?2 BMi2`�+iBQM #2ir22M � TH�bK� �M/ �M
BQM #2�K U+QMbB/2`BM; Dmbi � bBM;H2 T`QD2+iBH2V Bb i?2 >�KBHiQMB�M Q7 i?2 bvbi2KX
h?Bb >�KBHiQMB�M +QMbBbib Q7 � TH�bK� i�`;2i >�KBHiQMB�M i2`K HT- � MQM@
`2H�iBpBbiB+ T`QD2+iBH2 >�KBHiQMB�M i2`K HP- �M/ Bib i�`;2i@T`QD2+iBH2 TQi2MiB�H
2M2`;v BMi2`�+iBQM i2`K VP−T- r?B+? Bb brBi+?2/ �i � +2`i�BM iBK2 rBi? � bi2T
7mM+iBQM θ(t − t0)- r?2`2 t0 Bb i?2 BMbi�Mi r?2M i?2 BMi2`�+iBQM #2;BMbX h?2
>�KBHiQMB�M Bb r`Bii2M �b,

H = HT + HP + θ(t − t0) · VP−T (R⃗, {S⃗, s⃗, s⃗}), UkXeV

r?2`2,
HP = P2

2mP
and HT = HCM + Hbound + Hfree + Hint,

r?2`2 R⃗- P⃗ �M/ mP �`2 i?2 TQbBiBQM- i?2 KQK2MimK �M/ i?2 K�bb Q7 i?2
T`QD2+iBH2- `2bT2+iBp2HvX h?2 TH�bK� +QQ`/BM�i2b �`2,

{S⃗, s⃗, s⃗} = {S⃗1...S⃗Ni ; s⃗1,1...s⃗1,Nb,i ... s⃗Ni,1...s⃗Ni,Nb,i ; s⃗1...⃗sNe},

i?2b2 +QKTQM2Mib +�M #2 �bbQ+B�i2/ rBi? i?2 +QQ`/BM�i2b Q7 i?2 BQM K�bb +2Mi`2b
US⃗V- i?2 #QmM/ 2H2+i`QMb Q7 i?2b2 BQMb Us⃗- `2H�iBp2 iQ Bib K�bb +2Mi`2V- �M/ i?2
7`22 2H2+i`QMb U⃗sVX >2`2- Ni Bb i?2 MmK#2` Q7 BQMb BM i?2 TH�bK�- Nb,j Bb i?2
MmK#2` Q7 #QmM/ 2H2+i`QMb Q7 i?2 jth BQM �M/ Ne Bb i?2 MmK#2` Q7 7`22 2H2+i`QMbX
h?2 >�KBHiQMB�M Q7 i?2 i�`;2i TH�bK� HT Bb /BpB/2/ BMiQ 7Qm` T�`ib, i?2 }`bi
irQ i2`Kb `2T`2b2Mi 2�+? BQM bvbi2K- r?B+? Bb /BpB/2/ BMiQ Bib K�bb +2Mi`2
UHCM- mbm�HHv �TT`QtBK�i2/ �b i?2 Mm+H2mbV �M/ i?2 #QmM/ 2H2+i`QMb T2` 2�+?
BQM UHboundV- i?2 i?B`/ i2`K `2T`2b2Mib i?2 7`22 2H2+i`QMb Q7 i?2 TH�bK� UHfreeV
�M/ i?2 7Qm`i? i2`K i�F2b BMiQ �++QmMi i?2 BMi2`�+iBQM #2ir22M i?2 Qi?2` i?`22
>�KBHiQMB�Mb UHintVX

PM+2 i?2 >�KBHiQMB�M ?�b #22M BMi`Q/m+2/- i?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ
/2b+`B#2 i?2 /vM�KB+b Q7 i?2 bvbi2KX "2+�mb2 Q7 i?2 H�`;2 MmK#2` Q7 T�`iB+H2b
BM i?2 TH�bK�- i?2 T`Q#H2K Bb ?B;?Hv +QKTH2t- �M/ �b � `2bmHi i?2`2 �`2 /Bz2`2Mi
TQbbB#H2 �TT`QtBK�iBQMb iQ bQHp2 i?2 >�KBHiQMB�M ;Bp2M #v 1[X kXeX

PM i?2 QM2 ?�M/- i?2 >�KBHiQMB�M +QmH/ #2 �TT`Q�+?2/ rBi?BM � KQH2+mH�`
/vM�KB+ 7`�K2rQ`F- i?�i Bb- bQHpBM; i?2 L2riQMB�M Q` >�KBHiQMB�M 2[m�iBQMb
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Q7 2�+? +QKTQM2Mi Q7 i?2 TH�bK� �M/ i?2 #2�KX h?Bb b?QmH/ #2 +QKTmi2/ bB@
KmHi�M2QmbHv- �b i?2 2[m�iBQMb �`2 +QmTH2/ /m2 iQ i?2 BMi2`�+iBQMbX AM i?Bb /2@
b+`BTiBQM- i?2 /vM�KB+ 2[m�iBQMb 7Q` i?2 ith +QKTQM2Mi Q7 i?2 bvbi2K Ur?2i?2`
i?2 BQMb Q7 i?2 #2�K- BQMb Q7 i?2 TH�bK� Q` i?2 7`22 2H2+i`QMbV �`2 ;Bp2M BM i?2
>�KBHiQMB�M 7Q`K�HBbK #v,

˙⃗ri = ∂H

∂p⃗i
; ˙⃗pi = −∂H

∂r⃗i
. UkXdV

P`- BM i?2 L2riQMB�M 7Q`K�HBbK #v,

F⃗i = dp⃗i

dt
; v⃗i = dr⃗i

dt
, UkX3V

r?2`2 r⃗i �M/ p⃗i �`2 i?2 TQbBiBQM �M/ KQK2MimK 2Bi?2` Q7 i?2 #2�K Q` i?2
TH�bK� T�`iB+H2b- �M/ F⃗i `2T`2b2Mib i?2 7Q`+2 Qp2` i?2 ith +QKTQM2Mi /m2 iQ
i?2 BMi2`�+iBQM rBi? i?2 `2bi Q7 T�`iB+H2b Q7 i?2 bvbi2KX h?Bb /2i�BH2/ /2b+`BT@
iBQM rQmH/ 2Mi�BH ?B;? +QKTmi�iBQM�H +Qbib /m2 iQ i?2 H�`;2 MmK#2` Q7 +QmTH2/
2[m�iBQMb i?�i M22/ iQ #2 bQHp2/X

PM i?2 Qi?2` ?�M/- �M �Hi2`M�iBp2 �TT`Q�+? BMpQHp2b mbBM; � bi�iBbiB+�H /2@
b+`BTiBQM- r?B+? +QMbBbib Q7 bQHpBM; i?2 GBQmpBHH2 2[m�iBQM Q7 i?2 bvbi2KX "v
/QBM; bQ- Bi #2+QK2b TQbbB#H2 iQ /2`Bp2- 7`QK i?2 >�KBHiQMB�M Q7 1[X kXe- i?2
T`Q#�#BHBiv /2MbBiv ρ({r⃗, p⃗}, t) BM i?2 T?�b2 bT�+2 {r⃗, p⃗} Q7 i?2 bvbi2KX h?mb-
BM � bi�iBbiB+�H +QMi2ti- i?2 �p2`�;2 Q7 � K�;MBim/2 A({r⃗, p⃗}, t) BM � pQHmK2 Ω
Q7 i?2 T?�b2 bT�+2- +�M #2 +�H+mH�i2/ �b,

⟨A⟩{r⃗,p⃗} =
∫

Ω
dr⃗1...dr⃗n dp⃗1...dp⃗n dt ρ({r⃗, p⃗}, t) A({r⃗, p⃗}, t); (dr⃗ = d3r).

UkXNV
1tT`2bbBQM kXN +�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 /Bbi`B#miBQM 7mM+iBQM BM i?2

T?�b2 bT�+2 Q7 QM2 T�`iB+H2- f(r⃗, p⃗, t)- /2}M2/ �b i?2 BMi2;`�H Q7 ρ({r⃗, p⃗}, t) Qp2`
�HH i?2 +QQ`/BM�i2b 2t+2Ti QM2X �HbQ- Bi +�M #2 �TT`QtBK�i2/ 7`QK i?2 FBM2iB+
Q` "QHixK�MM 2[m�iBQMb- r?2`2 i?2 +Q``2H�iBQMb #2ir22M i?`22 Q` KQ`2 T�`iB+H2b
�`2 /2bTBb2/X AM i?2 H�bi +�b2- i?2 �p2`�;2 Q7 � K�;MBim/2 +QmH/ #2 +�H+mH�i2/
�b,

⟨A⟩r⃗,p⃗ =
∫

Ω
dr⃗ dp⃗ dt f(r⃗, p⃗, t) A(r⃗, p⃗, t). UkXRyV

LQr i?�i r2 ?�p2 T`2b2Mi2/ i?2 TQbbB#H2 /2b+`BTiBQMb Q7 i?2 bvbi2K- r2 +�M
b2H2+i i?2 KQbi bmBi�#H2 QM2 7Q` i?2 Tm`TQb2b Q7 Qm` T`Q#H2KX AM i?Bb rQ`F-
r2 7Q+mb QM �M�HvbBM; i?2 /vM�KB+ Q7 i?2 BQM #2�K rBi?BM i?2 TH�bK�X h?mb-
r2 rBHH bim/v i?2 T`QD2+iBH2 mM/2` � +H�bbB+�H /2i2`KBMBbiB+ /vM�KB+ /2b+`BTiBQM
BM i?2 L2riQMB�M 7Q`K�HBbKX �//BiBQM�HHv- Bi Bb �bbmK2/ i?�i i?2 T�`iB+H2b Q7
i?2 #2�K /Q MQi BMi2`�+i rBi? 2�+? Qi?2`- �M/ i?2`27Q`2- Bib #2?�pBQm` Bb `mH2/
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#v Bib BMi2`�+iBQM rBi? i?2 TH�bK� T�`iB+H2bX h?Bb BMi2`�+iBQM vB2H/b � 7Q`+2
UF⃗T −P = F⃗iV 7`QK i?2 TH�bK� �+iBM; QM i?2 ith T`QD2+iBH2- ;Bp2M #v,

F⃗T −P ≡ F⃗i = −∇⃗Vi, with Vi =
∑

j

VT −P ij , UkXRRV

r?2`2 VT −P ij `2T`2b2Mib i?2 TQi2MiB�H 2tT2`B2M+2/ #v i?2 T�`iB+H2 ith Q7 i?2 BQM
#2�K /m2 iQ Bib BMi2`�+iBQM rBi? � jth T�`iB+H2 Q7 i?2 TH�bK�X

AM Qm` KQ/2H- i?Bb 7Q`+2 UFT −P V Bb +QMbB/2`2/ �b � bi�iBbiB+�H �p2`�;2 Qp2`
i?2 TH�bK� +QQ`/BM�i2b- BM i?2 +QMi2ti Q7 1[X kXRy- #mi BM i?2 T?�b2 bT�+2
Q7 i?2 TH�bK�X qBi? i?Bb /2b+`BTiBQM- �HH i?2 +QMi`B#miBQMb 7`QK i?2 TH�bK�
+QKTQM2Mib iQ i?2 BMi2`�+iBQM �`2 �p2`�;2/- �pQB/BM; H�`;2 +QKTmi�iBQM�H rQ`FX
q?2M bim/vBM; i?2 /vM�KB+b Q7 i?2 T`QD2+iBH2- r2 7Q+mb QM i?2 +?�M;2 BM Bib
FBM2iB+ 2M2`;v �b Bi /Bp2b BM i?2 TH�bK�X �b 2tTH�BM2/ BM i?2 M2ti b2+iBQM- i?2
p�`B�iBQM Q7 i?Bb 2M2`;v Bb `2H�i2/ iQ i?2 �p2`�;2/ 7Q`+2 K2MiBQM2/ 2�`HvX

kXjXRX# AQM #2�K 2M2`;v HQbb �M/ biQTTBM; TQr2`
AM i?2 2tT2`BK2Mib i?�i 2tTHQ`2 i?2 BMi2`�+iBQM #2ir22M �M BQM #2�K �M/ �
TH�bK�- i?2 BQM T`QD2+iBH2b ;`�/m�HHv HQb2 i?2B` 2M2`;v �b i?2v T2M2i`�i2 i?2
i�`;2i TH�bK�X *QMbB/2`BM; � TQBMi@HBF2 T`QD2+iBH2 UrBi? Bib BMi2`M�H bi`m+im`2
M2;H2+i2/V /2b+`B#2/ #v +H�bbB+�H /vM�KB+b- � F2v Q#b2`p�#H2 7Q` [m�MiB}+�iBQM Bb
i?2 FBM2iB+ 2M2`;v HQbb ∆E Q7 i?2 T`QD2+iBH2X h?Bb HQbb Bb 2KTB`B+�HHv /2i2`KBM2/
#v +QKT�`BM; i?2 2M2`;v Q7 i?2 T`QD2+iBH2 #27Q`2 �M/ �7i2` T�bbBM; i?`Qm;? i?2
TH�bK�X

� Km+? KQ`2 /2i�BH2/ K�;MBim/2 Bb i?2 biQTTBM; TQr2` Sp- /2}M2/ �b i?2
2M2`;v HQbb Q7 i?2 T`QD2+iBH2 T2` mMBi Q7 T�i?@H2M;i?,

Sp = −dE

ds
. UkXRkV

�bbmKBM; � +H�bbB+�H /vM�KB+ /2b+`BTiBQM Q7 i?2 KQp2K2Mi Q7 i?2 T`QD2+iBH2b
i?`Qm;? i?2 TH�bK�- i?2 H�ii2` 2tT`2bbBQM +�M #2 r`Bii2M �b,

Sp = − v⃗

v
· F⃗T −P , UkXRjV

r?2`2 F⃗T −P `2T`2b2Mib i?2 /2+2H2`�iBM; 7Q`+2 2tT2`B2M+2/ #v i?2 BQM /m2 iQ Bib
BMi2`�+iBQM rBi? i?2 TH�bK� BM � ds bT�+2 `2;BQM- �b 2tTH�BM2/ BM i?2 2M/ Q7 i?2
T`2pBQmb a2+iX kXjXRX� U1[X kXRRVX �HbQ- v⃗ Bb i?2 p2HQ+Biv Q7 i?2 T`QD2+iBH2 #27Q`2
2Mi2`BM; i?2 ds `2;BQMX � KQ`2 /2i�BH2/ r�v Q7 2tT`2bbBM; 1[X kXRj- #v mbBM;
i?2 i?2Q`2iB+�H +QMi2ti T`2b2Mi BM � T`2pBQmb b2+iBQM- BM+Hm/2b i?2 /2T2M/2M+2
QM i?2 +QQ`/BM�i2b �M/ KQK2Mi� Q7 #Qi? i?2 T`QD2+iBH2 �M/ i?2 TH�bK�X



ke

Sp (R⃗, P⃗, {⃗r, p⃗}, t) = v⃗(t)
v(t) · F⃗ T −P (R⃗, P⃗, {⃗r, p⃗}, t), UkXR9V

r?2`2 {⃗r} = {S⃗, s⃗, s⃗} `2T`2b2Mib i?2 +QQ`/BM�i2b Q7 2�+? T�`iB+H2 Q7 i?2 TH�bK�-
�M/ {p⃗} Bib �bbQ+B�i2/ KQK2MimKX aBKBH�`Hv- R⃗ �M/ P⃗ �`2 i?2 +QQ`/BM�i2b �M/
KQK2Mi� Q7 i?2 T`QD2+iBH2- `2bT2+iBp2HvX

h?Bb 2tT`2bbBQM T`QpB/2b i?2 biQTTBM; Q7 i?2 T`QD2+iBH2 �i � iBK2 ǴtǴ- r?2M
Bi ?�b � TQbBiBQM R⃗- � p2HQ+Biv v⃗ UQ` KQK2MimK P⃗ V �M/ i?2 TH�bK� Bb BM i?2
bi�i2 {⃗r, p⃗}X

Pm` BMi2`2bi MQr Bb iQ 2tT`2bb i?2 biQTTBM; TQr2` �b � K�;MBim/2 r?2`2 i?2
TH�bK� p�`B�#H2b ?�p2 #22M �p2`�;2/- �b /Bb+mbb2/ BM i?2 T`2pBQmb a2+iX kXjXRX�X
h?2`27Q`2- i?2 biQTTBM; TQr2` BM � t@BMbi�Mi- r?2`2 i?2 TH�bK� T�`�K2i2`b �`2
�p2`�;2/ Qp2` {⃗r, p⃗}- Bb,

Sp (R⃗, P⃗, t) =
〈
Sp (R⃗, P⃗, {⃗r, p⃗}, t)

〉

{⃗r,p⃗}

= v⃗(t)
v(t) ·

〈
F⃗ T −P (R⃗, P⃗, {⃗r, p⃗}, t)

〉

{⃗r,p⃗}
.

UkXR8V

>2`2- F⃗ T −P +�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 TQi2MiB�H bmz2`2/ #v � T`Q@
D2+iBH2 Q7 i?2 BQM #2�K BMi2`�+iBM; rBi? 2�+? TH�bK� T�`iB+H2- �b BM 1[X kXRRX
h?2M- r2 bQHp2 1[X kXR8 #v �TTHvBM; 1[X kXRy- }M/BM; i?2 /2bB`2/ �p2`�;2 Qp2`
�HH i?2 TH�bK�,

Sp (R⃗, P⃗, t)

= v⃗(t)
v(t) ·

∫

V
dr⃗1...dr⃗n

∫ ∞

0
dp⃗1...dp⃗n f({⃗r, p⃗}, t)

(
−∇⃗Vi(R⃗, P⃗, {⃗r, p⃗}, t)

)
.

UkXReV

AM i?Bb b2Mb2- i?2 T`QTQb�H 7Q` � biQTTBM; KQ/2H Bb `2/m+2/ iQ i?2 +?QB+2
Q7 ?Qr iQ /2}M2 i?2 BMi2`�+iBQM TQi2MiB�H #2ir22M i?2 TH�bK� T�`iB+H2b �M/
i?2 T`QD2+iBH2X �7i2` �p2`�;BM; Qp2` i?2 TH�bK� +QQ`/BM�i2b- i?2 biQTTBM; Bb
2tTHB+BiHv ;Qp2`M2/ #v i?2 TQbBiBQM �M/ p2HQ+Biv Q7 i?2 T`QD2+iBH2b �i 2�+? BMbi�Mi
UR⃗(t), P⃗(t)V- bQ Bi Bb +QKKQMHv 2tT`2bb2/ �b Sp(t)X JQ`2Qp2`- Bi rBHH ?�p2
� T�`�K2i`B+ /2T2M/2M+2 QM +2`i�BM K�+`Qb+QTB+ T�`�K2i2`b bm+? �b i?2 7`22
2H2+i`QM /2MbBiv- i?2 �iQKB+ /2MbBiv- �M/ i?2 i2KT2`�im`2 Q7 i?2 TH�bK� BM i?2
HQ+�H ds `2;BQMX h?Bb T`Q+2/m`2 Bb mb2/ iQ }M/ i?2 2tT`2bbBQMb Q7 i?2 biQTTBM;
Q7 i?2 #2�K rBi? i?2 7`22 2H2+i`QMb- #QmM/ 2H2+i`QMb- �M/ BQMbX AM Qm` KQ/2H-
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#QmM/ 2H2+i`QMb �`2 MQi +QMbB/2`2/- �b i?2 TH�bK� Bb 7mHHv BQMBx2/X h?2 7`22
2H2+i`QMb �M/ BQM biQTTBM; �`2 +QMbB/2`2/ mM/2` � +H�bbB+�H +QMi2tiX

� ;`2�i MmK#2` Q7 biQTTBM; TQr2` KQ/2Hb ?�p2 #22M T`QTQb2/ BM i?2 H�bi
/2+�/2b mM/2` /Bz2`2Mi �TT`QtBK�iBQMb- bQK2 Q7 i?2K Q7 ;`2�i miBHBiv iQ A*6
KQ/2HHBM;X h?2 TBQM22`BM; rQ`F Q7 "2i?2 URNjyV- /2b+`B#2/ i?2 2M2`;v HQbb Q7
+?�`;2/ T�`iB+H2b U2Bi?2` `2H�iBpBbiB+ Q` MQiV r?BH2 i`�p2HHBM; rBi?BM K�ii2`X Ai
�++QmMi2/ 7Q` �HH 2M2`;v HQbb T`Q+2bb2b Q7 i?2 BMi2`�+iBQM #v �p2`�;BM; Qp2` i?2KX
LmK2`Qmb +Q``2+iBQMb �M/ BKT`Qp2K2Mib ?�p2 #22M �TTHB2/ iQ bm+? KQ/2H- /2@
T2M/BM; QM i?2 +QMbB/2`2/ +QM/BiBQMbX G�i2` QM- i?2 rQ`Fb Q7 "Q?K � SBM2b
URN8RVc SBM2b � "Q?K URN8kV �M/ "Q?K � SBM2b URN8jV BMi`Q/m+2/ �M �TT`QtB@
K�iBQM K2i?Q/ 7Q` /2b+`B#BM; i?2 /vM�KB+ HBM2�` 2H2+i`QMB+ `2bTQMb2- +QKKQMHv
FMQrM �b _�M/QK S?�b2 �TT`QtBK�iBQM U_S�VX AM i?2 _S�- 2H2+i`QMb `2bTQM/
iQ i?2 iQi�H 2H2+i`B+ TQi2MiB�H- +QKT`BbBM; #Qi? i?2 2ti2`M�H T2`im`#BM; TQi2M@
iB�H �M/ � b+`22MBM; TQi2MiB�HX h?2 _S� KQ/2H b2`p2/ �b � 7QmM/�iBQM 7Q`
bm#b2[m2Mi KQ/2Hb- bm+? �b i?2 QM2 T`2b2Mi2/ #v J�vM�`/ URN3dV- r?2`2 i?2
_S� �TT`QtBK�iBQM r�b �TTHB2/ iQ +�H+mH�i2 i?2 biQTTBM; Q7 � MQM@`2H�iBpBbiB+
BQMb #v �M 2H2+i`QM ~mB/X JQ`2 `2+2MiHv- i?2 rQ`Fb Q7 S2i2` URNNRV �M/ S2i2`
� J2v2`@i2` o2?M URNNRV U/2MQi2/ SJoV T`QTQb2/ �M 2H2+i`QMB+ Q` Mm+H2�`
biQTTBM; 2tT`2bbBQM bHQr2/ #v /Bp2`b2 K�i2`B�H- #�b2/ BM i?2 "2i?2 7Q`KmH�-
rBi?BM i?2 +H�bbB+�H bi�iBbiB+ +QMi2ti Q7 FBM2iB+ i?2Q`v Q7 ;�b2bX h?2b2 rQ`Fb
7Q+mb2/ QM i?2 #2?�pBQm` Q7 BQM T`QD2+iBH2b rBi? HQr p2HQ+Biv- r?B+?- �b r2
b?Qr BM *?�Ti2` 9- bHQr /QrM /`�biB+�HHv �i i?2 2M/ Q7 i?2B` T2M2i`�iBQM `�M;2X
�7i2`r�`/b- i?2 biQTTBM; TQr2` Q7 GB � S2i`�bbQ URNNj�V �M/ GB � S2i`�bbQ
URNNj#V UGSV r�b T`2b2Mi2/- #2+QKBM; QM2 Q7 i?2 KQbi +QKKQMHv mb2/ KQ/2Hb
BM 6A U2X;X *�vx�+- kyRjc wQm 2i �HX- kyRec E?�i�KB � E?Qb?#BM7�`- kykyc .2M;
2i �HX- kykRVX h?2 GS biQTTBM; TQr2` Bb �#H2 iQ +QMbB/2` i?2 2z2+ib Q7 H�`;2@
�M;H2 b+�ii2`BM;- bK�HH@�M;H2 #BM�`v +QHHBbBQMb- +QHH2+iBp2 TH�bK� Qb+BHH�iBQM �M/
Bi BM+Q`TQ`�i2b [m�MimK 2z2+ib- �Hi?Qm;? �HH i?2 T`2pBQmb �`2 i?2M �/�Ti2/ iQ
+H�bbB+�H 7Q`K�HBbKX h?2 H�ii2` rBHH #2 i?2 KQ/2H KQbi 7`2[m2MiHv miBHBx2/ BM
i?Bb i?2bBbX �i H�bi- i?2 KQ/2H T`2b2Mi2/ #v "`QrM 2i �HX Ukyy8V U"SaV BM+Hm/2b
� `B;Q`Qmb i`2�iK2Mi Q7 � ?B;?Hv BQMBx2/ /2Mb2 TH�bK� mM/2` i?2 [m�MimK K2@
+?�MB+�H i?2Q`v �M/ +�H+mH�i2b i?2 `�i2 Q7 2M2`;v HQbb Q7 MQM@`2H�iBpBbiB+ T�`iB+H2b
KQpBM; i?`Qm;? BiX

kXjXRX+ AQM #2�K ;2M2`�iBQM �M/ +?�`�+i2`BbiB+b
AM i?2 Q`B;BM�H T`QTQb�H Q7 6A i?2 ?Qi@bTQi r�b ;2M2`�i2/ #v mHi`�@`2H�iBpBbiB+
2H2+i`QMb T`Q/m+2/ #v i?2 BMi2`�+iBQM Q7 � TQr2`7mH H�b2` #2�K rBi? i?2 +Q`QM�
Q7 i?2 T`2+QKT`2bb2/ i�`;2i Uh�#�F 2i �HX- RNN9VX a?Q`iHv �7i2`- `�TB/ T`QiQM
B;MBiBQM r�b T`QTQb2/ U_Qi? 2i �HX- kyyRV- i?2M ?2�pB2` BQMb r2`2 +QMbB/2`2/ iQQ
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U2X;X >2;2HB+? 2i �HX- kyyeVX Ai Bb 2pB/2Mi i?�i /2KQMbi`�iBM; i?2 72�bB#BHBiv Q7
;2M2`�iBM; BQM #2�Kb +�T�#H2 Q7 K22iBM; 6A `2[mB`2K2Mib Bb 2bb2MiB�HX aQK2 Q7
i?2 KQbi bim/B2/ K2i?Q/b BM i?Bb }2H/ �`2 /2b+`B#2/ #2HQrX

J�tr2HHB�M #2�Kb, h�`;2i LQ`K�H a?2�i? �++2H2`�iBQM
.Bb+Qp2`2/ BM i?2 H�i2 RNNyb- i?2 BQM@�++2H2`�iBQM K2+?�MBbK FMQrM �b hLa�

Ub?Q`i 7Q` h�`;2i LQ`K�H a?2�i? �++2H2`�iBQMV Bb T`Q#�#Hv i?2 KQbi bim/B2/
QM2- #Qi? BMbB/2 �M/ QmibB/2 i?2 }2H/ Q7 Mm+H2�` 7mbBQM U62`M�M/2x 2i �HX- kyR9c
_Qi? � a+?QHHK2B2`- kyRdVX h?Bb T?2MQK2MQM Q++m`b r?2M � H�b2` #2�K Q7 ?B;?
BMi2MbBiv URy19 @ Ry20 qf+K2V Bb �TTHB2/ iQ � 7QBH Q7 bQHB/ K�ii2`- rBi? � i?B+FM2bb
Q7 i?2 Q`/2` Q7 KB+`QK2i`2bX q?2M i?2 BMi2Mb2 H�b2` TmHb2 BMi2`�+ib rBi? i?2
i�`;2i K�i2`B�H- Bi BQMBx2b i?2 �iQKb �M/ +`2�i2b � +HQm/ Q7 7`22 2H2+i`QMb �M/
TH�bK� QM i?2 i�`;2i bm`7�+2- +QKKQMHv `272``2/ iQ �b i?2 Ǵb?2�i?ǴX �b i?2
2H2+i`QMb �`2 HB#2`�i2/ 7`QK i?2 i�`;2i K�i2`B�H- i?2v H2�p2 TQbBiBp2Hv +?�`;2/
BQMb #2?BM/- +�mbBM; i?2 7QBH iQ #2+QK2 +?�`;2/ �M/ T`2p2MiBM; i?2 2H2+i`QMb
7`QK /BbT2`bBM;X

h?2 b2T�`�iBQM Q7 +?�`;2b rBi?BM i?2 TH�bK� +`2�i2b �M 2H2+i`B+ }2H/ i?�i 2t@
2`ib � 7Q`+2 QM i?2 +?�`;2/ T�`iB+H2b- +�mbBM; i?2K iQ �++2H2`�i2 �r�v 7`QK i?2
i�`;2i bm`7�+2X h?mb- i?2 b?2�i? `2~2+ib T�`i Q7 i?2 BM+B/2Mi H�b2` �M/ �HbQ i?2
T�`iB+H2b Q7 i?2 7QBH BMr�`/X �b � `2bmHi Q7 i?Bb `2~2+iBQM T`Q+2bb- bQK2 +?�`;2/
T�`iB+H2b BMbB/2 i?2 i�`;2i �`2 T`QT2HH2/ 7Q`r�`/ rBi? p2`v ?B;? p2HQ+BiB2b- �H@
HQrBM; i?2K iQ `2�+? ?B;?2` 2M2`;B2b +QKT�`2/ iQ i?2 BMBiB�H i?2`K�H KQiBQM
BKT�`i2/ bQH2Hv #v i?2 H�b2` Q` T�`iB+H2 BMi2`�+iBQMX h?2 ?B;?@2M2`;v T�`iB+H2
#2�K ;2M2`�i2/ #v hLa� +�M +QMbBbi Q7 2H2+i`QMb Q` BQMb- �M/ Bi Bb /B`2+i2/ Qmi@
r�`/ 7`QK i?2 `2�` bm`7�+2 Q7 i?2 i�`;2iX JQ`2Qp2`- BM i?2 �`2� r?2`2 i?2 H�b2`
BKT�+ib i?2 i�`;2i- i?2 ;�Tb H27i #v i?2 �++2H2`�i2/ 2H2+i`QMb �`2 Q++mTB2/ #v
� `2im`M +m``2Mi Q7 +QH/ 2H2+i`QMb 7`QK i?2 `2bi Q7 i?2 7QBH- r?B+? �`2 ?2�i2/ #v
i?2 H�b2` �M/ +QMiBMm2 iQ `2TH2MBb? i?2 b?2�i? i?`Qm;?Qmi i?2 T`Q+2bb /m`�iBQMX
� b+?2K�iB+ BHHmbi`�iBQM Q7 i?Bb T`Q+2bb Bb b?QrM BM 6B;X kX3X

1tT2`BK2Mi�H Q#b2`p�iBQMb ?�p2 `2p2�H2/ i?�i i?2 BQM #2�Kb ;2M2`�i2/ #v
hLa� 7QHHQr �M �TT`QtBK�i2Hv J�tr2HHB�M 2M2`;v /Bbi`B#miBQM- bQ � i2KT2`@
�im`2 +?�`�+i2`Bb2b i?2K U�ix2MB 2i �HX- kyykc 62`M�M/2x 2i �HX- kyR9c _Qi? �
a+?QHHK2B2`- kyRdc wQm 2i �HX- kyReVX h?Bb BKTHB2b i?�i i?2 FBM2iB+ 2M2`;B2b Q7 i?2
BQMb ?�p2 � rB/2 p�`B�iBQM- r?B+? BM 7�bi B;MBiBQM `2[mB`2b i?2 #2�K bQm`+2 iQ
#2 BMbi�HH2/ +HQb2 iQ i?2 +QKT`2bb2/ 7m2H �M/ Q7i2M T`Qi2+i2/ #v � +QMB+�H bi`m+@
im`2 Q` Qi?2` K2+?�MBbKbX Pi?2`rBb2- i?2 i2KTQ`�H �M/ bT�iB�H b+�ii2`BM; i?�i
Q++m`b /m`BM; #2�K i`�MbTQ`i `2/m+2b i?2 #2�K TQr2`- K�FBM; B;MBiBQM BKTQb@
bB#H2 U�ix2MB 2i �HX- kyykc 62`M�M/2x 2i �HX- kyR9VX Pi?2` `2TQ`ib 7`QK HBi2`�im`2
?�p2 �TT`QtBK�i2/ i?2 2M2`;v /Bbi`B#miBQMb �b :�mbbB�M@HBF2- #Qi? 2tT2`BK2M@
i�HHv U�7b?�`B 2i �HX UkykyV �M/- �++Q`/BM; iQ h2KTQ`�H UkyyeV, 1bB`F2TQp 2i �HX-
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kyykc a+?rQ2`2` 2i �HX- kyyec >2;2HB+? 2i �HX- kyyeV �M/ BM i?2 bBKmH�iBQM }2H/
Uh�#�F 2i �HX- RNN9c .�pBb 2i �HX- kyRRc >QM`m#B� 2i �HX- kyyNVX _2;�`/BM; BQM
#2�K 7Q+mbBM;- i?2 T�`iB+H2 i`�D2+iQ`v Bb- BM T`BM+BTH2- T2`T2M/B+mH�` iQ i?2 #�+F
bm`7�+2 Q7 i?2 7QBHX h?mb- mbBM; bT?2`B+�H +�T@b?�T2/ 7QBHb 2M?�M+2b BQM 7Q+mbBM;
i?2 7Q+mbBM;X �Mv /Bp2`;2M+2 7`QK i?2 #2�K i`�D2+iQ`v +QmH/ #2 +Q``2+i2/ rBi?
i?2 T`2b2M+2 Q7 � +QMB+�H bi`m+im`2 U62`M�M/2x 2i �HX- kyR9VX

6B;m`2 kX3Ė AHHmbi`�iBp2 2t�KTH2 Q7 haL� b+?2K2 Uʇ�FQp�- kyR8VX

Zm�bB@KQMQ2M2`;2iB+ BQMb, "`2�F Pmi �7i2`#m`M2`
� `2}M2K2Mi �TT`Q�+? Q7 haL� Bb i?2 "`2�FQmi �7i2`#m`M2` U"P�V- /Bb@

+Qp2`2/ i?`Qm;? bBKmH�iBQMb #v uBM 2i �HX UkyyeVX h?Bb �TT`Q�+? BMpQHp2b irQ
/BbiBM+i T?�b2b Q7 BQM #2�K +`2�iBQM, �M BMBiB�H hLa� �++2H2`�iBQM T?�b2 7QH@
HQr2/ #v �M 2M?�M+2/ hLa� T?�b2X

6B`bi- i?2 /QKBM�Mi K2+?�MBbK Bb i?2 i`�/BiBQM�H hLa� 2tTH�BM2/ BM i?2
b2+iBQM �#Qp2X h?2M- i?2 hLa� Bb bi`2M;i?2M2/ rBi? � KQ`2 TQr2`7mH TmHb2X
.m2 iQ i?2 i?BMM2bb Q7 i?2 i�`;2i- � H�`;2 T�`i Q7 i?2 2H2+i`QM TQTmH�iBQM `2�+?
`2H�iBpBbiB+ +QM/BiBQMb 7Q` � b?Q`i iBK2X �b � `2bmHi- i?2 TH�bK� Q7 i?2 ?2�i2/
7QBH `2�+?2b `2H�iBpBbiB+ BM/m+2/ i`�MbT�`2M+vd- bQ i?2`2 �`2 MQ +QH/ 2H2+i`QMb

dh?2 7`2[m2M+v Q7 � TH�bK� UωP = (nee2/meϵ0)1/2V TH�vb � `QH2 �b � +mi@Qz- r?2`2 r�p2b
rBi? HQr2` 7`2[m2M+B2b i?�M ωP +�MMQi T`QT�;�i2X AM i?Bb +QMi2ti- � H�b2` #2�K +�M T2M2i`�i2 �
TH�bK� mT iQ � /2Ti? r?2`2 i?2 +mi@Qz Q++m`b- i?Bb Bb- r?2`2 i?2 7`2[m2M+v Q7 i?2 H�b2` `�/B�iBQM
UωLV #2+QK2b 2[m�H iQ i?2 7`2[m2M+v Q7 i?2 TH�bK� UBM i?Bb +�b2- i?2 ?2�i2/ 7QBHVX >Qr2p2`-
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H27i BM i?2 i�`;2iX h?2 BMi2Mb2 T`2bbm`2 Q7 i?2 H�b2` Tmb?2b i?2K BM i?2 /B`2+iBQM
Q7 i?2B` T`QT�;�iBQM- `2bmHiBM; BM � /`B7i #2ir22M BQMb �M/ 2H2+i`QMbX .m`BM;
i?Bb `2;BK2- i?2 i�`;2i #2+QK2b i`�MbHm+2Mi iQ i?2 `�/B�iBQM- �HHQrBM; i?2 H�b2`
iQ +QMiBMm2 �++2H2`�iBM; i?2 2H2+i`QMb �M/ +QMb2[m2MiHv i?2 BQMb- r?B+? ?�p2
�H`2�/v b2T�`�i2/ 7`QK i?2 7QBHX h?Bb K2+?�MBbK Bb �TiHv M�K2/ i?2 "`2�FQmi
�7i2`#m`M2`- �b Bi #2�`b `2b2K#H�M+2 iQ i?2 �7i2`#m`M2` bvbi2Kb 7QmM/ BM bQK2
D2i 2M;BM2bX

AM 6B;X kXN r2 b?Qr i?2 T?�b2b +QMbB/2`2/ BM i?2 "P� b+?2K2- �b 2tTH�BM2/
�#Qp2X �b i?2 T`QD2+iBH2b �`2 KQ`2 /B`2+iHv �++2H2`�i2/ #v i?2 H�b2` T`2bbm`2-
i?2 `2bmHiBM; BQM #2�K `2b2K#H2b [m�bB@KQMQ2M2`;2iB+ +QM/BiBQMbX h?mb- i?2
BQM@;2M2`�iBM; b?22i +�M #2 TH�+2/ 7�`i?2` �r�v 7`QK i?2 7m2H- 2HBKBM�iBM; i?2
+QKTH2tBiv Q7 +QM2@BMb2`i2/ +�TbmH2bX �MQi?2` `2K�`F�#H2 72�im`2 Q7 i?Bb K2+?@
�MBbK Bb i?�i- mMHBF2 hLa�- KQbi Q7 i?2 H�b2` 2M2`;v Bb i`�MbKBii2/ iQ i?2
?2�pB2` BQMb BM i?2 7QBHX

1tT2`BK2Mi�H ;2M2`�iBQM Q7 [m�bB@KQMQ2M2`;2iB+ BQM #2�Kb #v "P� ?�b
#22M �+?B2p2/ �i i?2 h`B/2Mi H�b2` 7�+BHBiv �i GQb �H�KQb L�iBQM�H G�#Q`�iQ`v
UL2r J2tB+Q- la�V UCmM; 2i �HX- kyRk- kyRj�-#c 62`M�M/2x 2i �HX- kyR9VX

6B;m`2 kXNĖ AHHmbi`�iBp2 2t�KTH2 Q7 i?2 T?�b2b i?�i i�F2 TH�+2 BM i?2 "P� b+?2K2X AK�;2
i�F2M 7`QK _Qi? 2i �HX UkyR9VX

r?2M r2 +QMbB/2` BMi2`�+iBQMb rBi? BMi2Mb2 H�b2` TmHb2b- i?2 2H2+i`QMb +�M #2 �++2H2`�i2/ iQ
`2H�iBpBbiB+ p2HQ+BiB2b- bQ i?2B` �TT�`2Mi K�bb BM+`2�b2b #v i?2 GQ`2Mix 7�+iQ` UγemeV- �M/-
+QMb2[m2MiHv- i?2 `2H�iBpBbiB+ 7`2[m2M+v Q7 i?2 TH�bK� /2+`2�b2b �b ωP = (nee2/γemeϵ0)1/2X
h?Bb K2�Mb i?�i- 7Q` � TH�bK� rBi? i?2 b�K2 /2MbBiv- B7 i?2 K2�M 2H2+i`QM 2M2`;v #2+QK2b
`2H�iBpBbiB+- i?2 TH�bK� 7`2[m2M+v Bb `2/m+2/ �M/ i?2 K2/BmK #2+QK2b i`�MbHm+2Mi- �HHQrBM;
T`2pBQmbHv +mi@Qz `�/B�iBQM r�p2b iQ T`QT�;�i2- r?B+? Bb FMQrM �b i`�MbT�`2Mi Qp2`/2Mb2
`2;BK2 Ub22- 2X;X EBM; 2i �HX- kykjVX
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Pi?2` K2i?Q/b Q7 BQM@#2�K ;2M2`�iBQM
�T�`i 7`QK i?Qb2 /2b+`B#2/ T`2pBQmbHv- i?2`2 �`2 Qi?2` �TT`Q�+?2b i?�i K�v

�HHQr i?2 ;2M2`�iBQM Q7 BQM #2�Kb rBi? T�`�K2i2`b bmBi�#H2 7Q` 7�bi B;MBiBQMX
h?2 +m``2Mi bi�imb Q7 i?2b2 K2+?�MBbKb- �b r2HH �b i?Qb2 /Bb+mbb2/ �#Qp2- +�M
#2 7QmM/ BM i?2 HBi2`�im`2- 7Q` 2t�KTH2- i?2 `2pB2r �`iB+H2 #v 62`M�M/2x 2i �HX
UkyR9V �M/ i?2 `272`2M+2b i?2`2BMX

Ç AQM aQHBi�`v q�p2 �++2H2`�iBQM UQ` Aaq�- 2X;X CmM; 2i �HX UkyRRVV �HbQ
K�F2b mb2 Q7 `2H�iBpBbiB+�HHv BM/m+2/ i`�MbT�`2M+v- �++2H2`�iBM; BQMb iQ
?B;? p2HQ+BiB2b #v `B/BM; QM bQHBi�`v r�p2b T`QT�;�iBM; i?`Qm;? � TH�bK�X
:�BMBM; 2M2`;v #v bm`}M; QM i?2 r�p2 +`2bib +`2�i2b [m�bB@KQMQ2M2`;2iB+
BQM #2�KbX

Ç _�/B�iBQM S`2bbm`2 �++2H2`�iBQM @ GB;?i a�BH UQ` _S�@Ga- 2X;X GBb2BFBM�
� J�++?B UkyydVV i`�Mb72`b i?2 KQK2Mi 7`QK T?QiQMb iQ � i?BM bQHB/ }HK-
T`QT2HHBM; Bib T�`iB+H2bX

Ç _�/B�iBQM S`2bbm`2 �++2H2`�iBQM @ >QH2 "Q`BM; UQ` _S�@>"- 2X;X J�++?B
2i �HX Ukyy8VV b2`p2b �b � +QKTH2K2Mi�`v K2+?�MBbKX Ai mb2b BMi2Mb2 H�b2`
TmHb2b iQ +`2�i2 � imMM2H i?`Qm;? � TH�bK�- �HHQrBM; 7Q` 2{+B2Mi 2M2`;v
i`�Mb72` �M/ �++2H2`�iBQM Q7 BQMb �HQM; i?2 imMM2H �tBbX

Ç *QHHBbBQMH2bb 1H2+i`Qbi�iB+ a?Q+F �++2H2`�iBQM UQ` *1a�- 2X;X .2M�pBi
URNNkVV �++2H2`�i2b +?�`;2/ T�`iB+H2b iQ ?B;? 2M2`;B2b i?`Qm;? i?2 7Q`K�@
iBQM Q7 2H2+i`Qbi�iB+ b?Q+Fb BM � TH�bK�- rBi?Qmi bB;MB}+�Mi T�`iB+H2 +QHHB@
bBQMb TH�vBM; � `QH2 BM i?2 �++2H2`�iBQM K2+?�MBbKX Ai ?�b #22M /2b+`B#2/
7Q` QT�[m2 i�`;2ib rBi? +2`i�BM +`BiB+�H /2MbBiB2bX

LmK2`Qmb [m2biBQMb `2K�BM mM�Mbr2`2/ �#Qmi H�b2`@TH�bK� BMi2`�+iBQM T`Q@
+2bb2b �i p2`v ?B;? 2M2`;v /2MbBiB2bX h?2 T?vbB+b Q7 i?2 T`Q+2bb2b BMpQHp2/
Kmbi #2 mM/2`biQQ/ BM ;`2�i2` /2Ti? iQ /2i2`KBM2 r?2i?2` �Mv Q7 i?2 �#Qp2@
K2MiBQM2/ K2+?�MBbKb Bb TQbbB#H2 iQ ;2M2`�i2 BQM #2�Kb mb27mH 7Q` 7�bi B;MBiBQMX

kXjXk A6A �TT`Q�+?, i?2 ?2�i2/ TH�bK�
6Q` � /2i�BH2/ /2b+`BTiBQM Q7 i?2 ?2�iBM; T`Q+2bb- }`bi- /m2 iQ �M BQM #2�K �M/
i?2M- �M/ i?2M- /m2 iQ i?2 TQbi2`BQ` 2pQHmiBQM Q7 bm+? TH�bK�- �+[m�BMi�M+2
Q7 i?2 ?v/`Q/vM�KB+ �M/ `�/B�iBp2 i`�Mb72` 2[m�iBQMb Bb `2[mB`2/X h?Bb BKTHB2b
+QMbB/2`BM; i?2 2[m�iBQMb i?�i `mH2 i?2 +QMb2`p�iBQM Q7 2M2`;v- KQK2MimK �M/
K�bb U;Bp2M #v �ix2MB � J2v2`@h2`@o2?M- kyy9V- �M/ +QMbB/2`BM; irQ ~mB/b-
2H2+i`QMb �M/ BQMbX h?2 bBKmH�iBQMb +QKTmi2/ iQ bQHp2 bm+? 2[m�iBQMb Kmbi
#2- �i H2�bi- irQ@/BK2MbBQM�H- iQ +QMi2KTH�i2 �Mv TQbbB#H2 �bvKK2i`v /m2 iQ



jk

?v/`Q/vM�KB+ BMbi�#BHBiB2bX >Qr2p2`- �b r2 /2i�BH BM i?2 M2ti T�`�;`�T?b- bQK2
+QMbB/2`�iBQMb �HHQr `2H�tBM; i?2 /2K�M/b r?2M i�+FHBM; i?Bb T`Q#H2KX

AM bBim�iBQMb r?2`2 2H2+i`QK�;M2iB+ 7Q`+2b QM BM/BpB/m�H TH�bK� 2H2K2Mib
#2+QK2 �b bB;MB}+�Mi �b ?v/`Q/vM�KB+ 7Q`+2b- J�tr2HH 2[m�iBQMb M22/ iQ #2
BM+Q`TQ`�i2/ BMiQ i?2 2[m�iBQMb Q7 ~mB/ K2+?�MB+b iQ T`QpB/2 � +QKT`2?2MbBp2
/2b+`BTiBQM Q7 i?2 T?2MQK2M� mM/2` bim/vX �//BiBQM�HHv- i?2 TH�bK� Kmbi #2
i`2�i2/ �b � KBtim`2 Q7 2H2+i`QMb �M/ BQMb- 2�+? rBi? i?2B` +Q``2bTQM/BM; ~mB/
[m�MiBiB2bX >Qr2p2`- BM K�Mv b+2M�`BQb `2H2p�Mi iQ BM2`iB�H +QM}M2K2Mi 7mbBQM
UA*6V- i?2`2 Bb MQ bB;MB}+�Mi +?�`;2 b2T�`�iBQM- Q#pB�iBM; i?2 M22/ iQ BM+Hm/2
i?2 2[m�iBQMb Q7 2H2+i`QK�;M2iBbK BM i?2 KQ/2HHBM; T`Q+2bbX h?Bb +QM/BiBQM Bb
K2i r?2M i?2 .2#v2 H2M;i? UλDV- � K2�bm`2 Q7 i?2 /Bbi�M+2 Qp2` r?B+? +?�`;2/
T�`iB+H2b BM~m2M+2 i?2 2H2+i`B+�H #2?�pBQm` Q7 � TH�bK�- Bb Km+? bK�HH2` i?�M i?2
7`22 T�i? Q7 i?2 2H2+i`QMbX h?Bb +QM/BiBQM Bb ;2M2`�HHv 7mH}HH2/ BM 6A +QM/BiBQMbX

PM i?2 Qi?2` ?�M/- /2b+`B#BM; � TH�bK� rBi? ~mB/ K2+?�MB+b `2[mB`2b HQ@
+�H i?2`KQ/vM�KB+ 2[mBHB#`BmK UGh1VX AM Gh1 +QM/BiBQMb- � TH�bK� 2t?B#Bib
?B;? +QHHBbBQM�HBiv- `�TB/ i?2`K�HBx�iBQM- ?QKQ;2M2Biv- �M/ M2;HB;B#H2 `�/B�iBp2
HQbb2b- �HHQrBM; Bi iQ `2�+? HQ+�H 2[mBHB#`BmK QM � iBK2b+�H2 �/2[m�i2 iQ i?2
/vM�KB+b Q7 i?2 bvbi2KX h?Bb +�M #2 p�HB/�i2/ #v 2p�Hm�iBM; i?�i i?2 K2�M
7`22 T�i? �M/ i?2 K2�M 7`22 iBK2 �`2 bK�HH2` i?�M i?2 bBx2 �M/ +?�`�+i2`BbiB+
iBK2 Q7 i?2 T`Q#H2K #2BM; bim/B2/X SH�bK�b rBi? HQr /2MbBiv Q` bi`QM; K�;@
M2iB+ }2H/b K�v MQi b�iBb7v Gh1 +QM/BiBQMb- bm+? �b QTiB+�HHv i?BM TH�bK�b Q`
+�b2b r?2`2 i?2 `�/B�iBQM 2KBii2/ #v i?2 TH�bK� +�M 7`22Hv 2b+�T2 BMiQ p�+@
mmKX >Qr2p2`- A*6 TH�bK�b +QKKQMHv 7mH}H i?2 Gh1 +QM/BiBQMb /m2 iQ i?2B`
?B;? /2MbBiB2b �M/ i2KT2`�im`2bX SH�bK�b +�M #2 +?�`�+i2`Bb2/ #v irQ i2KT2`@
�im`2b, QM2 7Q` 2H2+i`QMb �M/ �MQi?2` 7Q` BQMbX .m2 iQ i?2 bB;MB}+�Mi /Bz2`2M+2
BM K�bb #2ir22M i?2 irQ Ui?`22 Q`/2`b Q7 K�;MBim/2V- BQMb �`2 K�BMHv `2bTQMbB@
#H2 7Q` i?2 KQK2MimK i`�MbTQ`i- r?BH2 2H2+i`QMb �`2 T`BK�`BHv `2bTQMbB#H2 7Q`
2M2`;v i`�MbTQ`i �M/ +QM/m+iBQMX AM Qm` +�b2- A*6 TH�bK�b #2?�p2 �b � bBM;H2
~mB/- rBi? 7`2[m2Mi +QHHBbBQMb #2ir22M Bib +QKTQM2Mib H2�/BM; iQ i?2`K�HBx�iBQMX
lM/2` i?Bb Gh1 +QM/BiBQMb- BQMb �M/ 2H2+i`QMb �`2 �bbmK2/ iQ ?�p2 i?2 b�K2
i2KT2`�im`2X h?2 2[mBHB#`BmK #2ir22M 2H2+i`QMb �M/ BQMb Bb �bbm`2/ r?2M i?2
TH�bK� Bb MQi /Bbim`#2/ BM i?2 +?�`�+i2`BbiB+ 2[mBHB#`BmK iBK2 UτeqV- bm+? i?�i
i?2`2 Bb MQ M2i 2M2`;v 2t+?�M;2 #2ir22M #Qi? +QKTQM2MibX h?`Qm;?Qmi i?Bb
rQ`F- i?2 2[mBHB#`BmK iBK2 Bb KQbiHv HQr2` i?�M i?2 +?�`�+i2`BbiB+ iBK2b �bbQ+B@
�i2/ iQ i?2 T`QD2+iBH2b Q7 i?2 #2�K- i?2 ?v/`Q/vM�KB+ T`Q+2bb2b Q7 i?2 TH�bK�
Q` Qi?2`bX h?Bb �HHQrb i?2 TH�bK� iQ #2 /2b+`B#2/ rBi? � bBM;H2 i2KT2`�im`2-
bBM+2 i?2 +QKTQM2Mib `2+Qp2` 2[mBHB#`BmK 7�bi2` BM `2bT2+i iQ i?2 `2bTQMb2 7`QK
Qi?2` BMi2`72`2M+2bX h?Bb +QM/BiBQM Bb 2tTHQ`2/ 7m`i?2` BM a2+iX jXNXRX

6m`i?2`KQ`2- r?2M i?2 Mm+H2�` 7m2H Bb +QKT`2bb2/- ;2M2`�HHv #v BMi2Mb2 H�b2`
#2�Kb- 7Q` � #`B27 T2`BQ/ Q7 iBK2 r2 }M/ i?2 TH�bK� BM �M B/2�H +QM}M2K2Mi
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2[mBHB#`BmK bi�i2X h?Bb Bb /2MQi2/ �b bi�;M�i2/ TH�bK� �M/- KQ`2Qp2`- i?2 i2K@
T2`�im`2 �M/ /2MbBiv }2H/b +�M #2 �TT`QtBK�i2/ #v mMB7Q`Kb /Bbi`B#miBQMbX �i
i?Bb TQBMi- i?2 7m2H ?�b �+?B2p2/ � p2`v ?B;? /2MbBiv #mi MQi 2MQm;? i2KT2`�@
im`2 iQ BMBiB�i2 i?2 Mm+H2�` 7mbBQM `2�+iBQMbX h?2 iBK2 7Q` r?B+? i?2 bi�;M�i2/
bi�i2 Bb K�BMi�BM2/ Bb ;Bp2M #v +QM}M2K2Mi iBK2- r?B+? Bb i?2 `�iBQ Q7 i?2 7m2H
bT?2`2 �M/ i?2 bT22/ Q7 bQmM/ τconf = RF/cs- rBi? cs =

√
2kBT/m∗- r?2`2 m∗

Bb i?2 �p2`�;2 K�bb Q7 i?2 7m2H BQMbX h?Bb Bb i?2 iBK2 �p�BH�#H2 iQ ;2M2`�i2 �
?Qi@bTQi BM i?2 TH�bK�- rBi? � iBK2@bmbi�BM2/ B;MBiBQM �M/ bm#b2[m2Mi T`QT�@
;�iBQM i?`Qm;?Qmi i?2 TH�bK� 7Q` i?2 Mm+H2�` #m`M@mTX AM � ivTB+�H 2tT2`BK2Mi
Q7 � T`2+QKT`2bb2/ 7m2H rBi? `�/Bmb RF = 50 µK �M/ BMBiB�H i2KT2`�im`2 Q7
T0 = 1 F2o- i?2 +QM}M2K2Mi iBK2 Bb τconf = 1.8 · 10−10 b2+QM/bX h?Bb p�Hm2 Bb
K�BMHv H�`;2` i?�M i?2 +?�`�+i2`BbiB+ iBK2 Q7 BMi2`M�H T`Q+2bb2b Q7 i?2 TH�bK�
�M/ #2�K BMi2`�+iBQM- �b r2 T`2b2Mi rBi? KQ`2 /2i�BH BM a2+iX jXNXRX

qBi?BM i?2 A6A b+?2K2- /m`BM; i?2 bi�;M�iBQM T?�b2 i?2 BQM #2�K Bb �TTHB2/
iQ i?2 7m2H- +`2�iBM; � ?2�i2/ `2;BQM �7i2` +QKTH2iBM; i?2 BMi2`�+iBQMX qBi?BM
i?Bb ?2�i2/ `2;BQM- r2 bim/v � xQM2 Q7 T�`iB+mH�` BMi2`2bi FMQrM �b i?2 Ǵ?Qi
bT�`FǴX A7 bm+? bT�`F Bb +�T�#H2 Q7 #2;BMMBM; i?2 B;MBiBQM �M/ TQbi2`BQ` #m`M@
BM;- r2 [m�HB7v Bi �b Ǵ?Qi@bTQiǴX A/2�HHv- i?Bb ?Qi@bTQi b?QmH/ #2 �b mMB7Q`K �M/
bvKK2i`B+ �b TQbbB#H2 BM Bib i2KT2`�im`2 }2H/- /2MbBiv /Bbi`B#miBQM �M/ HQ+�iBQM
rBi?BM i?2 r?QH2 bT?2`2- BM Q`/2` iQ �+?B2p2 � #m`MBM; i?�i T`QT�;�i2b bvK@
K2i`B+�HHv iQQX AM i?2 +�b2 Q7 i?2 bi�M/�`/ A*6 b+?2K2- Bi Bb p2`v BKTQ`i�Mi
i?�i i?2 +QKT`2bbBQM Q7 i?2 7m2H Bb T2`7Q`K2/ rBi? � ?B;? bT?2`B+�H bvKK2i`v
iQ KBMBKBb2 i?2 Q++m``2M+2 Q7 ?v/`Q/vM�KB+ BMbi�#BHBiB2bX �b � +QMb2[m2M+2-
i?2 ?Qi@bTQi Bb KQbiHv ;2M2`�i2/ BM i?2 +2Mi`2 Q7 i?2 +QKT`2bb2/ Mm+H2�` 7m2HX
>Qr2p2`- BM i?2 A6A b+?2K2- i?2 `2[mB`2K2Mib 7Q` +QKT`2bbBQM rBi? ?B;? bT?2`@
B+�H bvKK2i`v �`2 `2H�t2/- �M/ bBim�iBQMb r?2`2 ?Qi@bTQib Q++m` �i i?2 2/;2
Q` �i BMi2`K2/B�i2 TQBMib Q7 i?2 +QKT`2bb2/ Mm+H2�` 7m2H �`2 �HbQ Q7 BMi2`2biX
LQM2i?2H2bb- � +2Mi`�H ?Qi@bTQi BKT`Qp2b i?2 T2`7Q`K�M+2- �b Bi b2`p2b �b �M
2M2`;v `2b2`pQB` i?�i +�M 2{+B2MiHv T`QT�;�i2 2M2`;v iQ i?2 bm``QmM/BM; 7m2H-
KBMBKBx2 i`�MbTQ`i HQbb2b- �M/ BM/m+2 � bvKK2i`B+ 2tTHQbBQM U.m/2`bi�/i �
JQb2b- RN3kc :mbǶFQp 2i �HX- kyR9�VX �b r2 2tTH�BM BM a2+iX jXN- BQM #2�Kb +�M
+`2�i2 2/;2- BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQib /2T2M/BM; QM i?2 +QM/BiBQMb Q7
i?2 #2�KX

AM bm+? KQ/2HHBM;- r2 +�M +QMbB/2` irQ /Bz2`2Mi b+2M�`BQb 7Q` i?2 +Q`2 �M/
i?2 ?Qi@bTQi UB7 �+?B2p2/V, �M BbQ#�`B+ 7m2H- r?2`2 i?2 ?Qi@bTQi ?�b HQr2` /2M@
bBiv- ?B;?2` i2KT2`�im`2 �M/ 2[m�H T`2bbm`2 i?�M i?2 `2bi Q7 i?2 bT?2`2- Q` �M
BbQ+?Q`B+ 7m2H- r?2`2 i?2 ?Qi@bTQi ?�b 2[m�H /2MbBiv �M/ ?B;?2` i2KT2`�im`2
�M/ T`2bbm`2 Ub22 6B;X kXRyVX AM i?2 /B`2+i /`Bp2 A*6 b+?2K2- BbQ#�`B+ BMBiB�H
+QM/BiBQMb �`2 `2;�`/2/ �b i?2 bi�M/�`/ +QM};m`�iBQMX h?Bb Bb /m2 iQ i?2B` �T@
T`QtBK�iBQM Q7 i?2 +QM/BiBQMb ;2M2`�i2/ �i i?2 +QM+HmbBQM Q7 i?2 BKTHQbBQM Q7
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i?2 ?QHHQr b?2HHb /`Bp2M �M/ i?2 b?�T2/ H�b2` TmHb2bX *QMp2`b2Hv- BM i?2 BQM 7�bi
B;MBiBQM �TT`Q�+?- i?2 T`2+QKT`2bbBQM Bb T2`7Q`K2/ BM bm+? � r�v i?�i #Qi?
i?2 /2MbBiv �M/ i2KT2`�im`2 �`2 mMB7Q`K- bQ BbQ+?Q`B+ +QM/BiBQMb �`2 ivTB+�HHv
+QMbB/2`2/X h?mb- BM i?2 A6A b+2M�`BQ- i?2 ?2�i2/ `2;BQM +`2�i2b � ?B;?2` BMM2`
T`2bbm`2 i?�i +QMiBMm2b iQ 2tT�M/ �;�BMbi i?2 +QH/ 7m2HX

6B;m`2 kXRyĖ a+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 /Bbi`B#miBQM Q7 i?2 7m2H 7Q` � +2Mi`�H bT�`F
BM BbQ#�`B+ U�V �M/ BbQ+?Q`B+ U#V b+2M�`BQbX aQm`+2, �ix2MB � J2v2`@h2`@o2?M Ukyy9VX

S`2pBQmb 2tTH�M�iBQMb TQBMi Qmi ?Qr- 7Q` A*6 TH�bK�b- BMbi2�/ Q7 T2`7Q`K@
BM; ?B;?Hv +QKTH2t bBKmH�iBQMb- Qi?2` bi`�B;?i7Q`r�`/ KQ/2HHBM; +�M #2 �TTHB2/X
6Q` 2t�KTH2- i?2`2 �`2 x2`Q@/BK2MbBQM�H �TT`QtBK�i2/ KQ/2Hb i?�i �HHQr /2@
b+`B#BM; �TT`QT`B�i2Hv bQK2 �bT2+ib Q7 BMi2`2biX h?Bb BM+Hm/2b i?2 ;2M2`�iBQM Q7
� bK�HH ?Qi `2;BQM #v i?2 BQM #2�K U2X;X :mbǶFQp 2i �HX- kyRyc 1bTBMQb�@oBp�b
2i �HX- kykjV- i?2 2�`Hv 2pQHmiBQM Q7 bm+? � `2;BQM- 2p�Hm�iBM; i?2 Mm+H2�` B;@
MBiBQM +QM/BiBQMb 7Q` bm#b2[m2Mi 7m2H #m`MBM; U2X;X �ix2MB � J2v2`@h2`@o2?M-
kyy9c :mbǶFQp 2i �HX- kyRRV- Q` #Qi? bBKmHi�M2QmbHv U2X;X wQm 2i �HX- kyReVX

AM T�`iB+mH�`- BM i?Bb b2+iBQM- r2 7Q+mb QM i?2 x2`Q@Q`/2` +`Bi2`B� rBi? r?B+?
r2 +�M T`2/B+i i?2 TQbi2`BQ` 2pQHmiBQM Q7 i?2 TH�bK� �7i2` i?2 T`2+QKT`2bb2/
7m2H Bb ?2�i2/ #v i?2 BQM #2�KX h?2b2 +QM/BiBQMb ?�p2 #22M r2HH `2TQ`i2/ BM i?2
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HBi2`�im`2- �Hi?Qm;? i?2v �`2 biBHH �M BKTQ`i�Mi TQBMi Q7 /Bb+mbbBQM U2X;X 6`�H2v
2i �HX- RNd9c EB//2`- RNdec �ix2MB � J2v2`@h2`@o2?M- kyy9c h�#�F 2i �HX- kyyec
:mbǶFQp 2i �HX- kyRRc :mbǶ FQp 2i �HX- kyRdV- #mi i?2 b+B2MiB}+ +QKKmMBiv �++2Tib
bQK2 +QMbB/2`�iBQMb, i?2 ?2�i2/ `2;BQM +�M #2 +?�`�+i2`Bb2/ #v i?2 b2H7@?2�iBM;
+QM/BiBQM- i?2 B;MBiBQM +QM/BiBQM �M/- B7 �+?B2p2/- #v i?2 bm#b2[m2Mi #m`MBM;
;�BMX AM 2bb2M+2- i?2 +QM+2Tib T`2b2Mi2/ #2HQr +�M #2 BMi2`T`2i2/ 7Q` #Qi? i?2
BbQ#�`B+ +�b2 ivTB+�H Q7 i?2 bi�M/�`/ A*6 �M/ i?2 BbQ+?Q`B+ +�b2 ivTB+�H Q7 i?2
6AX

hQ #2;BM rBi?- H2i mb T`2b2Mi i?2 b2H7@?2�iBM; +QM/BiBQM �b � bBKTHB}2/ x2`Q@
Q`/2` �TT`Q�+? Q#i�BM2/ #v �TTHvBM; i?2 2M2`;v +QMb2`p�iBQM 2[m�iBQMX Ai +QM@
bB/2`b � bT?2`B+�H bT�`F- /2i2`KBM2/ #v � i2KT2`�im`2- � /2MbBiv �M/ � `�/Bmb-
BMb+`B#2/ rBi?BM � H�`;2`- +QQH2` bT?2`2 Q7 7m2HX h?2 `�i2 Q7 +?�M;2 BM 2M2`;v
/2MbBiv Q7 bm+? `2;BQM +�M #2 2tT`2bb2/ �b,

dE(t)
dt

= Wfus,dep(t) − Wmec(t) − Wcond(t) − Wrad(t), UkXRdV

r?2`2 i?2 W Ƕb i2`Kb �`2 i?2 TQr2` /2MbBiB2b `2H�i2/ iQ i?2 7mbBQM `2�+iBQMb i?�i
/2TQbBi 2M2`;v BM i?2 ?2�i2/ pQHmK2 UWfus,depV- i?2 K2+?�MB+�H rQ`F UWmecV-
i?2 +QM/m+iBQM UWcondV �M/ i?2 `�/B�iBQM UWradV T`Q+2bb2b3X LQi2 i?�i i?2
iQi�H TQr2` /2MbBiv `2H2�b2/ #v i?2 7mbBQM `2�+iBQMb Bb Q#i�BM2/ #v i?2 T`Q/m+i
Q7 i?2 `2�+iBQM `�i2 U⟨σfusv⟩V i?2 2M2`;v `2H2�b2/ BM � `2�+iBQM UQDTV �M/ i?2
/2MbBiv Q7 T�`iB+H2b Q7 i?2 `2�+i�Mib- Wfus = nDnT ⟨σfusv⟩ QDT- r?2`2 QDT =
Qα +QnX �bbmKBM; i?�i �HH i?2 2M2`;v Q7 i?2 α@T�`iB+H2b �M/ M2mi`QMb `2K�BMb
rBi?BM i?2 7m2H- r2 +�M +QMbB/2` r?�i 7`�+iBQM Q7 i?2 2M2`;v �bbQ+B�i2/ iQ i?2
α@T�`iB+H2b UηαV �M/ M2mi`QMb UηnV Bb /2TQbBi2/ BM i?2 bT�`F `2;BQM- H2�/BM; iQ,
Wfus,dep = nDnT ⟨σfusv⟩ (ηαQα + ηnQn)X *QMp2`b2Hv- i?2 2M2`;v /2TQbBi2/ BM
i?2 +QH/ TH�bK� Bb +�H+mH�i2/ rBi? (1 − ηα) �M/ (1 − ηn)X AM i2`Kb Q7 Wfus-
i?2 2tT`2bbBQM Bb `2+Qp2`2/ i�FBM; ηα = 1 �M/ ηn = 1- r?B+? Bb 2[mBp�H2Mi iQ
+QMbB/2`BM; Dmbi QM2 pQHmK2 r?2`2 �HH i?2 2M2`;v Bb /2TQbBi2/X AM i?�i +�b2- B7
QMHv α@T�`iB+H2b Q` M2mi`QMb �`2 +QMbB/2`2/- r2 mb2 i?2 2tT`2bbBQMb Wfus,α UrBi?
ηα = 1 �M/ ηn = 0V Q` Wfus,n UrBi? ηα = 0 �M/ ηn = 1V- `2bT2+iBp2HvX >2`2-
Bi Bb rQ`i? `2K�FBM; i?�i 1[X kXRd /2b+`B#2b i?2 2pQHmiBQM Q7 � b2H2+i2/ bT�`F
pQHmK2- bQ QMHv i?2 2M2`;v /2TQbBi2/ rBi?BM Bi UWfus,depV Kmbi #2 +QMbB/2`2/X

J�FBM; mb2 Q7 1[X kXRd- r2 T`Qp2 r?2i?2` i?2 ?Qi bT�`F +�M #2 /2}M2/ �b
� pB�#H2 ?Qi@bTQiN �M/ rBHH +QMiBMm2 i?2 #m`MBM;X h?Bb Bb /QM2 #v 2p�Hm�iBM;

3h?2 `�/B�iBQM TQr2` /2MbBiv +QMi�BM p�`BQmb i2`Kb- #mi BM i?2 +�b2 Q7 A*6 TH�bK�b- i?2
/QKBM�Mi K2+?�MBbK Bb i?2 2H2+i`QM #`2Kbbi`�?HmM;- i?Bb Bb- i?2 `�/B�iBQM 2KBii2/ #v +?�`;2/
T�`iB+H2b r?2M i?2v �`2 /2+2H2`�i2/ Q` /2~2+i2/ #v i?2 2H2+i`B+ }2H/ Q7 Qi?2` +?�`;2/ T�`iB+H2bX

NAM i?Bb b2+iBQM r2 �pQB/ mbBM; i?2 ǴbT�`FǴ Q` Ǵ?bǴ bm#BM/2t MQi�iBQM 7Q` bBKTHB+Biv Tm`@
TQb2b- #mi mMH2bb MQi2/- i?2 T�`�K2i2`b `272` iQ i?2 ?Qi@bTQi Q` � +�M/B/�i2 bT�`FX



je

r?2i?2` i?2 2M2`;v Q7 i?2 bT�`F rBHH BM+`2�b2 �7i2` i?2 #2�K BMi2`�+iBQM Ut = t0V-
rBi? i?2 p�Hm2b Q7 ρ- R �M/ T 7QmM/ �i bm+? BMbi�Mi,

Wfus,dep(ρ, R, T ) > Wmec(ρ, R, T ) + Wcond(ρ, R, T ) + Wrad(ρ, R, T ). UkXR3V

h?Bb Bb- i?2 b2H7@?2�iBM; +QM/BiBQM Bb 7mH}HH2/ r?2M i?2 TQr2` ;2M2`�i2/ #v
i?2 7mbBQM `2�+iBQMb Bb H�`;2` i?�M i?2 HQbb2b Q7 i?2 ?v/`Q/vM�KB+ T`Q+2bb2b
BKK2/B�i2Hv �7i2` i?2 #2�K BMi2`�+iBQM ?�b }MBb?2/X

a2+QM/Hv- r2 �//`2bb i?2 B;MBiBQM +QM/BiBQM- r?B+? Bb � H2bb bi`B+i +`Bi2`BQM
i?�M i?2 b2H7@?2�iBM;X h?2 B;MBiBQM 2p�Hm�i2b ?Qr i?2 bT�`F rBHH 2pQHp2 BMbi�Mib
�7i2` i?2 #2�K BMi2`�+iBQM- K�v#2 `2�+?BM; i?2 ?Qi@bTQi +QM/BiBQMX >2`2- i?2
F2v +QM+2Ti iQ +QMbB/2` Bb i?�i i?2 T�`iB+H2b 2b+�TBM; 7`QK i?2 bT�`F ?2�i i?2
bm``QmM/BM; K�i2`B�H- �b r2HH �b i?2 i?2`K�H +QM/m+iBQMX h?2`2#v- i?2 M2B;?@
#Qm` K�i2`B�H BM+`2�b2b Bib i2KT2`�im`2 �M/- i?mb- i?2 bT�`F 2MH�`;2b Bib K�bb
�M/ bBx2 i?`Qm;? Bib 2MpB`QMK2Mi- BM `2bT2+i iQ i?2 BMBiB�H ?Qi `2;BQMX h?Bb �H@
HQrb bQK2 bT�`Fb i?�i BMBiB�HHv /Q MQi K22i i?2 b2H7@?2�iBM; +QM/BiBQM iQ 2pQHp2
BMiQ bm++2bb7mH ?Qi@bTQib KQK2Mib H�i2`X

6Q` i?2 Tm`TQb2b Q7 /2}MBM; i?2 B;MBiBQM +QM/BiBQM- H2i mb �bbmK2 i?2 T`QT@
�;�iBQM Q7 i?2 #m`MBM; Bb ?�TT2MBM; �M/ T`Q;`2bbBM; iQr�`/b i?2 `2bi Q7 +QH/
TH�bK� pB� +QM/m+iBQM �M/ 2M2`;v HB#2`�i2/ 7`QK i?2 7mbBQMX A7 i?2 Mm+H2�` `2@
�+iBQMb `2H2�b2 2MQm;? 2M2`;v- i?2 T`Q+2bb `2THB+�i2b rBi? BM+`2�bBM; bT?2`B+�H
r�p2b Q7 Mm+H2�` #m`MBM;X h?2 2�`Hv bi�;2b Q7 i?Bb 2tT�MbBQM +�M #2 bim/B2/
rBi? � b+�H�` KQ/2H U:mbFQp 2i �HX- RNdec �ix2MB � *�`mbQ- RN39VX h?Bb KQ/2H
2biBK�i2b i?2 2pQHmiBQM Q7 i?2 K�bb UMV �M/ i?2 BMi2`M�H 2M2`;v U?2`2 2tT`2bb2/
�b i?2 T`Q/m+i Q7 i?2 2M2`;v /2MbBiv �M/ i?2 pQHmK2- EV V Q7 � bT?2`B+�H ?Qi@
bTQi bm``QmM/2/ #v +QH/ TH�bK�X AM `2bT2+i iQ i?2 b2H7@?2�iBM; U1[X kXR3V- MQr
r2 �`2 +QMbB/2`BM; �HH i?2 2M2`;v 2t+?�M;2/ #v i?2 ?Qi@bTQi i?�i Bb /2TQbBi2/ BM
i?2 ?Qi@bTQi Bib2H7 �M/ Bib bm``QmM/BM;b- BM � iBK2 bm+? �b t+dtX Ai Bb +QMbB/2`2/
i?�i i?2 r?QH2 7m2H bT?2`2 Bb �i `2bi BM i?2 BMBiB�H BMbi�Mi �7i2` i?2 #2�K ?2�iBM;X

�b i?2 #m`MBM; bT`2�/b- KQ`2 �M/ KQ`2 7m2H #2+QK2b T�`i Q7 i?2 ?Qi@bTQi-
p�`vBM; Bib BMi2`M�H 2M2`;vX h?2 K�DQ`Biv Q7 i?Bb TQr2` +QK2b 7`QK α@T�`iB+H2b
�M/ 2H2+i`QMb 7`QK i?2 ?Qi@bTQiX h?mb- i?2 +QMb2`p�iBQM Q7 2M2`;v +�M #2 2t@
T`2bb2/ �b,

d(EV )
dt

= Wfus,αV − WradV − pSu, UkXRNV

r?2`2 Wfus,α Bb i?2 iQi�H TQr2` /2MbBiv �bbQ+B�i2/ iQ i?2 α@T�`iB+H2b 7`QK i?2
7mbBQMRy +`2�i2/ BM i?2 ?Qi@bTQi- Wrad Bb i?2 TQr2` /2MbBiv �bbQ+B�i2/ iQ i?2

Ryai`B+iHv- i?2 iQi�H 7mbBQM TQr2` /2MbBiv b?QmH/ #2 +QMbB/2`2/- BM+Hm/BM; i?2 M2mi`QM 2M2`;vX
>Qr2p2`- i?2 HBi2`�im`2 Q7i2M M2;H2+ib i?2K- �b i?2 M2mi`QMb /Q MQi BMi2`�+i rBi? i?2 TH�bK�
�M/ b+�T2 i?2 7m2HX AM 1[X kXR3 Bib +QMi`B#miBQM +QmH/ #2 M2;H2+i2/- iQQX



jd

`�/B�iBQM- p Bb i?2 T`2bbm`2 Q7 i?2 #m`MBM; 7`QMi Q7 i?2 ?Qi@bTQi- S Bb Bib bm`7�+2
�M/ u Bb i?2 p2HQ+Biv Q7 i?2 #m`MBM; 7`QMi UdR/dtVX h?2 BMi2`M�H 2M2`;v ;`Qrb B7
i?2 ;�BM 7`QK 7mb2/ α@T�`iB+H2b Bb ?B;?2` BM `2bT2+i iQ i?2 HQbb2b /m2 iQ `�/B�iBQM
�M/ T`2bbm`2X

h?2M- �b i?2 ?2�i2/ bm``QmM/BM;b #2+QK2 T�`i Q7 i?2 #m`MBM; `2;BQM- i?2
2pQHmiBQM Q7 i?2 ?Qi@bTQi K�bb +QMbB/2`b i?2 2M2`;v Q7 i?2 α@T�`iB+H2b /2TQbBi2/
BM i?2 +QH/ 7m2H- �b r2HH �b i?2 +QM/m+iBQM HQbb2bX �b � +QMb2[m2M+2- i?2 K�bb
�++`2iBQM 7`QK i?2 ?2�i2/ `2;BQM Bb KQ/2HH2/ #v �bbmKBM; i?�i i?2 2b+�TBM;
TQr2` Kmbi `�Bb2 i?2 bT2+B}+ 2M2`;v Q7 i?2 +QH/ K�i2`B�H iQ i?2 b�K2 BMi2`M�H
2M2`;v Q7 i?2 `2bi Q7 i?2 ?Qi@bTQi,

E
ρ

dM

dt
= (Wfus,α(1 − ηα) + Wcond) V. UkXkyV

h?Bb Bb- i?2 2M2`;v �bbQ+B�i2/ iQ α@T�`iB+H2b �M/ +QM/m+iBQM i?�i 2b+�T2b
i?2 ?Qi@bTQi Bb i?2 `2bTQMbB#H2 7Q` BM+`2�bBM; i?2 p�Hm2 Q7 i?2 bT2+B}+ BMi2`M�H
2M2`;v mT iQ � +2`i�BM E@p�Hm2 7Q` i?2 BM+`2�bBM; �++`2iBQM `�i2 dM/dtX h?2
2M2`;v Q7 i?2 +QH/ TH�bK� Bb M2;H2+i2/- �b Bi Bb bB;MB}+�MiHv HQr2` i?�M E X

AM i?Bb +QMi2ti- r2 +�M 2tT`2bb u �b i?2 p2HQ+Biv #2?BM/ � b?Q+F r�p2- #v
mbBM; i?2 2[m�iBQM Q7 bi�i2 7Q` �M B/2�H ;�b Uγ = 5/3V,

u =
(3

4ΓBT
ρ

ρc

)
, UkXkRV

r?2`2 ΓB = R̄/ADT Bb i?2 ;�b +QMbi�Mi- ρc Bb i?2 /2MbBiv Q7 i?2 +QH/ TH�bK�- ρ
�M/ T �`2 i?2 i2KT2`�im`2 �M/ /2MbBivRR Q7 i?2 ?Qi@bTQiX

q2 +�M /2i2`KBM2 i?2 +?�`�+i2`BbiB+ ?v/`Q/vM�KB+ iBK2- �bbQ+B�i2/ iQ i?2
B;MBiBQM- �b τ∗ = R/usm �M/ K�FBM; mb2 Q7 /2}MBiBQM 7`QK 1[X kXkR,

τ∗ = R
√

E/2ρ

(
ρc
ρ

)
= 2R

(3ΓBT )1/2

(
ρc
ρ

)
. UkXkkV

qBi? i?2 ?v/`Q/vM�KB+ iBK2 Q7 i?2 B;MBiBQM- r2 +�M 2tT`2bb i?2 i2`Kb Q7
;�BM �M/ HQbb BM � /BK2MbBQMH2bb 7Q`K,

Kα = Wfus,ατ∗

E ; Krad = Wradτ∗

E ; Kcond = Wcondτ∗

E . UkXkjV

h?2b2 �`2 � `2T`2b2Mi�iBQM Q7 i?2 `�iBQ Q7 i?2 2M2`;v /2MbBiv ;�BM2/ Q` HQbi
BM � τ∗ iBK2 �M/ i?2 2M2`;v /2MbBiv Q7 i?2 ?Qi@bTQiX J�FBM; mb2 Q7 i?2b2 i2`Kb-
r2 +�M `2r`Bi2 1[bX kXRN �M/ kXky BM � /BK2MbBQMH2bb bQ`i,

RRAM i?2 +�b2 Q7 �M BbQ+?Q`B+ TH�bK� i?2 /2MbBiv Bb mMB7Q`K- bB ρ = ρcX



j3

τ∗

T

dT

dt
= Kα − Krad − Kcond − 2, UkXk9V

τ∗

ρ

dρ

dt
= Kα(1 − ηα) + Kcond − 3. UkXk8V

>2`2- Bi Bb rQ`i? ?B;?HB;?iBM; ?Qr i?2 Kα i2`K T`QpB/2b � K2�bm`2 Q7 i?2
T`Q;`2bb Q7 i?2 B;MBiBQMX h?2 `�iBQ #2ir22M i?2 2M2`;v T`Q/m+2/ BM i?2 +?�`�+@
i2`BbiB+ iBK2 Uτ∗V �M/ i?2 2M2`;v Q7 i?2 #m`MBM; `2;BQM M22/b iQ #2 � ;`QrBM;
7mM+iBQM- �i H2�bi �i i?2 2�`HB2bi bi�;2b �7i2` i?2 B;MBiBQMX

h?mb- B7 r2 iBK2@/Bz2`2MiB�i2 Kα mbBM; 1[bX kXk9- kXk8 �M/ kXkk- �b r2HH �b
+QMbB/2`BM; m ≈ 2 7Q` � i2KT2`�im`2 `�M;2 Q7 d@ky F2o U�ix2MB � J2v2`@h2`@
o2?M- kyy9V- r2 }M/ i?�i,

τ∗

Kα

dKα

dt
= 1

2(Kα − Krad − 3). UkXkeV

h?Bb BM/B+�i2b i?�i Kα rBHH +QMiBMm2 iQ BM+`2�b2 B7 i?2 2tT`2bbBQM rBi?BM
i?2 T�`2Mi?2b2b Bb TQbBiBp2 �M/ i?2 7m2H rBHH 2p2Mim�HHv B;MBi2 B7 i?2 +QM/BiBQM
(Kα − Krad)t=0 > 3 Bb K2iX h?2 2p�Hm�iBQM Bb T2`7Q`K2/ �i i?2 }`bi BMbi�Mi
�7i2` i?2 #2�K BMi2`�+iBQM- bQ r2 /2MQi2 MQr τ∗

0 - +�H+mH�i2/ �b R
√

2ρ/E0- r?2`2
E0 = 3ρΓBT Bb 2M2`;v T2` K�bb mMBi- +QMbB/2`BM; i?2 i2KT2`�im`2 Q7 i?2 BMBiB�H
bT�`FX h?Bb- B7 2tT`2bb2/ K�FBM; mb2 Q7 1[X kXkj- Bb r`Bii2M �b,

(Wfus,α − Wrad) τ∗
0 > 3E0, UkXkdV

r?B+? +Q``2bTQM/b iQ i?2 B;MBiBQM +QM/BiBQM r2 `272``2/ BM T`2pBQmb a2+iX kXjXk-
�M/ i?�i r2 rBHH `2pBbBi BM a2+iX jXe Q7 i?2 KQ/2H +?�Ti2`X

hQ BHHmbi`�i2 i?2 #2?�pBQm` Q7 i?2 b2H7@?2�iBM; �M/ B;MBiBQM +QM/BiBQMb- 6B;X kXRR
/BbTH�vb bQK2 `2bmHib BM i?2 UρR∗

hs- T ∗
hsV@bT�+2RkX aQHmiBQMb Q7 i?2 b2H7@?2�iBM;

2tT`2bbBQM U1[X kXR3V 7Q` t = t0 �`2 `2T`2b2Mi2/ �b � ;`2v `2;BQMX � T`Q+2/m`2
7Q` +�H+mH�iBM; i?Bb rBHH #2 2tTH�BM2/ BM /2i�BH BM a2+iX jXeX h?2M- i?2 2pQHmiBQM
Q7 bT�`Fb rBi? /Bz2`2Mi BMBiB�H +QM/BiBQMb BM i?2 UρR∗

hs- T ∗
hsV@bT�+2 �`2 b?QrM-

bmT2`BKTQb2/ rBi? i?2 b2H7@?2�iBM; `2;BQM �b � ;`2v xQM2X 6Q` 2�+? bT�`F- i?2
Q`B;BM TQBMi Bb K�`F2/ rBi? � /Qi �M/ � +�TBi�H H2ii2`- �++QKT�MB2/ #v � HBM2
rBi? �``Qrb i?�i b?Qrb i?2 +QMb2[m2Mi T`Q;`2bbX h?Bb b2`p2b �b � ;`�T?B+ /Bb@
TH�v Q7 i?Qb2 +�b2b i?�i 7mH}H i?2 B;MBiBQM +QM/BiBQM Q` /Q MQiX h?2 bT�`Fb i?�i
2pQHp2 BMiQ i?2 ;`2v `2;BQM Q7 b2H7@?2�iBM; rBHH #2+QK2 ?Qi@bTQib �M/ bmbi�BM i?2

Rkh?Bb MQi�iBQM BM+Hm/2b Ǵ∗Ǵ iQ BM/B+�i2 i?�i T ∗
hs `2T`2b2Mib i?2 K�bb@�p2`�;2/ i2KT2`�im`2

Q7 i?2 BMBiB�H ?Qi `2;BQM �M/ i?�i pR∗
hs Bb `2H�i2/ iQ i?2 `2;BQM bm+? i?�i i?2 i2KT2`�im`2 Bb

T > min(4 keV ; T ∗
hs/2)X



jN

#m`MBM;- �`2 K�`F2/ rBi? #H�+F /Qib �M/ bQHB/ HBM2bX LQiB+2 ?Qr- rBi? iBK2-
i?2v BM+`2�b2 BM bBx2 UρR∗

hsV �M/ i2KT2`�im`2 UT ∗
hsVX *QMp2`b2Hv- i?Qb2 /Qib

`2T`2b2MiBM; +�b2b r?2`2 i?2 2pQHmiBQM +QQHb /QrM �M/ b?`BMF rBHH MQi �+?B2p2
B;MBiBQM �`2 K�`F2/ �b ?QHHQr /Qib rBi? /Qii2/ HBM2bX h?2 2pQHmiBQM Q7 i?2b2
bT�`Fb Q` ?Qi@bTQib ?�b #22M +QKTmi2/ i?`Qm;? MmK2`B+�H QM2@/BK2MbBQM�H bBK@
mH�iBQMb mM/2` BbQ+?Q`B+ +QM/BiBQMb U�ix2MB � J2v2`@h2`@o2?M- kyy9VX q2 +�M
/2}M2 i?2 B;MBiBQM +m`p2 7Q` � ;Bp2M +QM};m`�iBQM �b i?2 #QmM/�`v b2T�`�iBM;
i?2 `2;BQMb Q7 BMBiB�H +QM/BiBQMb i?�i `2bmHi BM i�`;2i B;MBiBQM 7`QK i?Qb2 H2�/BM;
iQ i�`;2i +QQHBM;X AM a2+iX jXd r2 �//`2bb #Qi? i?2 b2H7@?2�iBM; �M/ i?2 B;MBiBQM
i?`2b?QH/ bQHmiBQMb mbBM; Qm` KQ/2HHBM;X

6B;m`2 kXRRĖ _2T`2b2Mi�iBQM BM i?2 UρR- T V bT�+2 Q7 i?2 b2H7@?2�iBM; `2;BQM U;`2v �`2�V
�M/ i?2 bBKmH�iBQM Q7 i?2 i2KTQ`�H 2pQHmiBQM Q7 /Bz2`2Mi ?Qi@bTQib U/2MQi2/ rBi? � +�TBi�H
H2ii2`VX >QHHQr /Qib rBi? /�b?2/ HBM2b `2T`2b2Mi +�b2b r?2`2 i?2 B;MBiBQM Bb M2p2` �+?B2p2/ �M/
#H�+F /Qib rBi? bQHB/ HBM2b `2T`2b2Mi i?2 +�b2b r?2`2 i?2 2pQHmiBQM H2�/b iQ B;MBiBQMX AM #Qi?
+�b2b- i?2 /Qib K�`F i?2 BMBiB�H BMbi�MiX aQm`+2, �ix2MB � J2v2`@h2`@o2?M Ukyy9VX

A7 i?2 ?2�i2/ TH�bK� 7mH}Hb i?2 +QM/BiBQMb iQ �+?B2p2 i?2 #m`MBM;- Bi Bb rQ`i?
+�H+mH�iBM; i?2 2{+B2M+v Q` 7`�+iBQM�H #m`M@mT- r?B+? Bb i?2 `�iBQ #2ir22M i?2
iQi�H MmK#2` Q7 7mbBQM `2�+iBQMb �M/ i?2 MmK#2` Q7 .h T�B`b BMBiB�HHv T`2b2Mi BM
i?2 pQHmK2, Φ = Nfus/N (0)

DT- rBi? N (0)
DT = nDTV/2X h?2M- i?Bb `�iBQ Bb miBHBx2/ iQ

+�H+mH�i2 i?2 #m`MBM; ;�BM- r?B+? +QKT�`2b i?2 i?2`KQMm+H2�` 2M2`;v `2H2�b2/
�M/ i?2 BMBiB�H i�`;2i 2M2`;v Gburn = Efus/ETX h?2 2M2`;v Q7 i?2 i�`;2i Bb
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+�H+mH�i2/ �++Q`/BM; iQ i?2 2M2`;v 2KTHQv2/ 7Q` i?2 i�`;2i +QKT`2bbBQM �M/
i?2 2M2`;v 2tT2M/2/ QM i?2 B;MBiQ` 7Q`K�iBQMX

kXjXj ai�i2 Q7 i?2 �`i Q7 6A bBKmH�iBQMb
qBi?BM i?2 rQ`H/ Q7 7�bi B;MBiBQM Mm+H2�` 7mbBQM- bBKmH�iBQMb TH�v � +`m+B�H `QH2
BM T`2/B+iBM; i?2 Qmi+QK2b �M/ 2biBK�iBM; i?2 `2[mB`2K2Mib 7Q` 7mim`2 `2�+iQ`bX
Pm` i?2bBb Bb bBim�i2/ rBi?BM i?Bb +QMi2ti- T�`iB+mH�`Hv 7Q+mbBM; QM +QKTmiBM;
i?2 /2TQbBiBQM Q7 BQM #2�K 2M2`;v BM i?2 TH�bK� 7m2H �M/ Bib T`2HBKBM�`v ;�BM
`2bmHibX "27Q`2 T`2b2MiBM; Qm` KQ/2H �M/ `2bmHib- Bi Bb 2bb2MiB�H iQ /Bb+mbb Qi?2`
ivT2b Q7 bBKmH�iBQMb 7QmM/ BM i?2 HBi2`�im`2X

aBKmH�iBM; i?2 2MiB`2 6A T`Q+2bb �b � r?QH2 Bb /Bb+Qm`�;2/- �b i?2 bT�iB�H
�M/ i2KTQ`�H b+�H2b Q7 i?2 /Bz2`2Mi bi�;2b UT`2+QKT`2bbBQM- #2�K BMi2`�+iBQM-
#m`MBM;- 2i+V �`2 p2`v /BbbBKBH�`- bT�MMBM; Q`/2`b Q7 K�;MBim/2X *QKKQMHv-
i?2b2 T`Q+2bb2b �`2 b2T�`�i2/ BMiQ /Bz2`2Mi bi�;2b �M/ bBKmH�i2/ b2T�`�i2Hv
mbBM; K2i?Q/b bmBi�#H2 7Q` 2�+? QM2 U62`M�M/2x 2i �HX- kyR9VX

PM i?2 QM2 ?�M/- `2b2�`+? QM i?2 M2+2bb�`v +QM/BiBQMb Q7 i?2 T�`iB+H2 #2�K
7Q` 7�bi B;MBiBQM ?�b #22M QM;QBM; 7Q` bQK2 iBK2X AMBiB�HHv- i?2Q`2iB+�H bim/@
B2b T`2/B+i2/ i?2 KBMBKmK 2M2`;v M2+2bb�`v 7Q` i?2 B;MBiBQM mM/2` BbQ+?Q`B+
+QM/BiBQMb U�ix2MB- RNNNc �ix2MB � J2v2`@h2`@o2?M- kyy9V,

Eig = 72
(ρ[100 g/cm3])2 kJ. UkXk3V

�//BiBQM�HHv- QM2 Q7 i?2 }`bi MmK2`B+�H bim/B2b BMp2biB;�iBM; i?2b2 `2[mB`2@
K2Mib r�b +�``B2/ Qmi #v �ix2MB URNNNVX h?�i rQ`F �bbmK2b � ?B;?Hv bBKTHB}2/
irQ@/BK2MbBQM�H KQ/2H U7Q` �M BHHmbi`�iBp2 b+?2K2- b22 6B;X jXjV r?2`2 i?2 +QK@
T`2bb2/ 7m2H Bb � bT?2`2 Q7 mMB7Q`K /2MbBiv BM � p�+mmKX h?2 #2�K Bb T2`72+iHv
+QHHBK�i2/- +vHBM/`B+�H- KQMQ@2M2`;2iB+- rBi? mMB7Q`K `�/B�H �M/ i2KTQ`�H BM@
i2MbBiv /Bbi`B#miBQMb �M/ � mMB7Q`K 2M2`;v /2TQbBiBQMX LQi�#Hv- i?2 bim/v /Q2b
MQi bT2+B7v i?2 ivT2 Q7 T�`iB+H2b mb2/ BM i?2 #2�K- bQ i?2 +QM+HmbBQMb �`2- BM
T`BM+BTH2- p�HB/ 7Q` #Qi? 2H2+i`QMb �M/ BQMbX h?Bb BMp2biB;�iBQM T`QpB/2/ 2tT`2b@
bBQMb 7Q` i?2 KBMBKmK p�Hm2b Q7 2M2`;v- TQr2` �M/ #2�K BMi2MbBiv iQ �+?B2p2
B;MBiBQM- �b b?QrM #v i?2 7QHHQrBM; 2[m�iBQMb,

Eig = 140
(

ρ

100 g/cm3

)−1.85
kJ, UkXkNV

Wig = 2.6 · 1015
(

ρ

100 g/cm3

)−1
W, UkXjyV
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Iig = 2.4 · 1019
(

ρ

100 g/cm3

)0.95
W/cm2. UkXjRV

h?Bb �TT`Q�+?- ?Qr2p2`- ?�b i?2 /Bb�/p�Mi�;2 Q7 QKBiiBM; i?2 /2i�BHb Q7
i?2 BMi2`�+iBQM #2ir22M i?2 T�`iB+H2 #2�K �M/ i?2 i�`;2i- r?B+? `2/m+2b Bib
�++m`�+vX q2 �HbQ MQi2 ?Qr i?2 MmK2`B+�H 2tT`2bbBQM /Q2b MQi +QKTH2i2Hv
K�i+? i?2 i?2Q`2iB+�H QM2X

a?Q`iHv �7i2` i?2 T`QTQb�H Q7 i?2 7�bi B;MBiBQM rBi? T`QiQMb U_Qi? 2i �HX-
kyyRV- � bBKBH�` KQ/2H iQ i?2 T`2pBQmb QM2 r�b �TTHB2/ iQ Bi- BM+Hm/BM; i?2
i`�MbTQ`i Q7 i?2 #2�K T�`iB+H2b U�ix2MB 2i �HX- kyykVX AM i?Bb +�b2- i?2 iBK2
Q7 ~B;?i Q7 i?2 #2�K T�`iB+H2b #2ir22M i?2 bQm`+2 �M/ i?2 7m2H r�b i�F2M BMiQ
�++QmMi #v �bbmKBM; �M 2tTQM2MiB�H@ivT2 7Q` i?2 T�`iB+H2 2M2`;v /Bbi`B#miBQMX
� +Q``2+iBQM iQ i?2 B;MBiBQM +`Bi2`BQM ;Bp2M #v i?2 2[m�iBQMb �#Qp2 r�b Q#i�BM2/
#v BMi`Q/m+BM; �/DmbiK2Mi 7�+iQ`b- 7mM+iBQMb Q7 i?2 2[mBp�H2Mi i2KT2`�im`2 Q7
i?2 T`QiQMbX Ai Bb BMi2`2biBM; iQ MQi2 i?�i BM i?Bb �M�HvbBb i?2 KBMBKmK B;MBiBQM
2M2`;v b+�H2b �b Eig ∝ ρ−1- BM +QMi`�bi rBi? i?2 T`2pBQmb KQMQ2M2`;2iB+ +�b2
rBi? +QMbi�Mi TQr2` Q7 i?2 T`2pBQmb KQ/2HX

G�i2` QM- >QM`m#B� 2i �HX UkyyNV- �KQM; Qi?2`b- bim/B2/ i?2 +�b2 Q7 `�TB/
B;MBiBQM rBi? ?2�pB2` [m�bB@KQMQ2M2`;2iB+ #2�Kb UQ7 +�`#QM BQMbV- +QMbB/2`BM;
bQK2 bT`2�/X >2`2- KQ`2 `2�HBbiB+ +QM};m`�iBQMb Q7 i?2 +QKT`2bb2/ 7m2H �M/ BQM
2M2`;v /2TQbBiBQM r2`2 T2`7Q`K2/X h?2 KBMBKmK B;MBiBQM 2M2`;v r�b 7QmM/ iQ
#2 /2T2M/2Mi QM i?2 �p2`�;2 FBM2iB+ 2M2`;v Q7 i?2 BQMb UE0VX lM/2` QTiBK�H
+QM/BiBQMb- B;MBiBQM +QmH/ #2 �+?B2p2/ rBi? #2�K 2M2`;B2b Q7 �`QmM/ NX8 FC U7Q`
� .h /2MbBiv Q7 8yy ;f+K3VX

AM bm#b2[m2Mi bim/B2b- i?2 mb2 Q7 KQMQ2M2`;2iB+ BQMb Q7 /Bz2`2Mi bT2+B2b r�b
+QMbB/2`2/ �;�BM U>2;2HB+? 2i �HX- kyyec >QM`m#B� 2i �HX- kyR9V- �M/ i?2 KBMB@
KmK B;MBiBQM 2M2`;v r�b 7QmM/ iQ #2 �HKQbi BM/2T2M/2Mi Q7 i?2 ivT2 Q7 BQMX
>Qr2p2`- i?2 FBM2iB+ 2M2`;v �ii�BM2/ BM+`2�b2/ rBi? i?2 �iQKB+ MmK#2` Q7 i?2
bT2+B2b BM [m2biBQM- 7QHHQrBM; � b+�HBM; ;Bp2M �TT`QtBK�i2Hv #v E0 ∝ Z2X 6Q`
haL� b+2M�`BQb- i?2 B;MBiBQM #v BQM #2�Kb rBi? J�tr2HHB�M /Bbi`B#miBQMb r�b
�HbQ BMp2biB;�i2/ U>QM`m#B� � Jm`�F�KB- kyR8V- r?2`2 � KQ`2 /2i�BH2/ 2M2`;v
/2TQbBiBQM KQ/2H- #�b2/ QM i?2 6QFF2`@SH�M+F 2[m�iBQM- r�b BMi`Q/m+2/- �M/
i?2 2z2+i Q7 BQM #2�K /Bp2`;2M+2 r�b 2p�Hm�i2/X h?2 KQ/2H Q7 2M2`;v /2TQ@
bBiBQM bHB;?iHv BM+`2�b2/ i?2 B;MBiBQM 2M2`;v- #mi rBi?Qmi bm#bi�MiB�H +?�M;2X
>Qr2p2`- i?2 #2�K /Bp2`;2M+2 /B/- i`B;;2`BM; i?2 `2[mB`2/ #2�K 2M2`;v r2HH
�#Qp2 �++2Ti�#H2 p�Hm2b 7Q` �M;H2b ;`2�i2` i?�M 10◦ − 15◦- b?QrBM; i?2 BKTQ`@
i�M+2 Q7 2z2+iBp2 7Q+mbBM; Q7 i?2 BQM #2�Kb BM 6AX AM 6B;X kXRk- r2 /BbTH�v bQK2
2t2KTH�`v `2bmHib 7`QK i?2 rQ`F Q7 >QM`m#B� 2i �HX UkyR9V- bm+? �b i?2 BMB@
iB�H 7m2H /2MbBiv /Bbi`B#miBQM- i?2 KBMBKmK B;MBiBQM 2M2`;v 7Q` /Bz2`2Mi #2�K
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bT2+B2b- �M/ i?2 k. bBKmH�iBQM Q7 i?2 2M2`;v /2TQbBiBQM Q7 i?2 #2�KX

6B;m`2 kXRkĖ _2bmHib 7`QK >QM`m#B� 2i �HX UkyR9VX �V .2MbBiv K�T Q7 i?2 7m2H +QM};m`�@
iBQM +QMbB/2`2/ BM i?�i rQ`FX S2`72+iHv +QHHBK�i2/ #2�K �HQM; i?2 /Bbi�M+2 d = 5 KK 7`QK
i?2 BQM bQm`+2 iQ i?2 bBKmH�iBQM #QtX "V JBMBKmK B;MBiBQM 2M2`;B2b Q7 i?2 i�`;2i b?QrM BM
T�M2H Ǵ�Ǵ ?2�i2/ #v [m�bB@KQMQ2M2`;2iB+ HBi?BmK- +�`#QM- �HmKBMBmK �M/ p�M�/BmK BQMb �b �
7mM+iBQM Q7 i?2 K2�M FBM2iB+ 2M2`;v T2` Mm+H2QMX h?2 2M2`;v bT`2�/ σE = 10W �M/ i?2 #2�K
/B�K2i2` Bb jy µK BM �HH +�b2bX *V 1M2`;v /2MbBiv BM mMBib Q7 Ry11 Cf+K3 /2TQbBi2/ BM i?2
i�`;2i Q7 T�M2H Ǵ�Ǵ #v 3X8 FC [m�bB@KQMQ2M2`;2iB+ #2�Kb Q7 R9y J2o HBi?BmK BQMb- Q7 98y J2o
+�`#QM BQMb �M/ Q7 8X8 :2o p�M�/BmK BQMbX h?2 /�b?2/ +m`p2b b?Qr i?2 BMBiB�H TQbBiBQM Q7 i?2
/2MbBiv +QMiQm` ρ = 250 ;f+KjX

S`Q;`2bbBp2Hv- /Bz2`2Mi ivT2b Q7 bBKmH�iBQMb ?�p2 2K2`;2/- 2�+? i�BHQ`2/ iQ
i?2 bT2+B}+ Q#D2+iBp2b Q7 i?2 bim/vX aQK2 �BK 7Q` ?B;?2` �++m`�+v #v BM+Q`TQ@
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`�iBM; KmHiBTH2 T?vbB+�H T`Q+2bb2b- r?BH2 Qi?2`b QTi 7Q` bBKTH2` �TT`Q�+?2b iQ
`2/m+2 +QKTmi�iBQM�H +QbibX o�`BQmb #2�K �M/ biQTTBM; 2tT`2bbBQMb ?�p2 #22M
bim/B2/- �HQM; rBi? TH�bK�b mM/2` /Bz2`2Mi +QM/BiBQMbX

� r2HH FMQrM �mi?Q` BM i?Bb b2Mb2 Bb aX umX :mbǶFQp- r?Q ?�b 2ti2MbBp2Hv
bim/B2/ #Qi? #2�K /2TQbBiBQM �M/ bm#b2[m2Mi ;�BM T`Q+2bb2b mbBM; i?2 TQr2`
/2MbBiv T`Q+2bb2b Q7 i?2 TH�bK� Ub22 1[X kXRd �M/ 2tT`2bbBQMb 7`QK a2+iX jX3VX
h?2 #2�Kb +QMbB/2`2/ BM i?2b2 bim/B2b �`2 Q7i2M KQMQ2M2`;2iB+- rBi? i?2 ?2�i2/
TH�bK� T�`�K2i2`b p�`vBM; �HQM; rBi? i?2 BQM #2�K +?�`�+i2`BbiB+b �M/ i?2
72�im`2b Q7 Bib bHQrBM; /QrM U2X;X :mbǶFQp 2i �HX- kyRyc :�bT�`v�M 2i �HX- kyRjc
:mbǶFQp 2i �HX- kyR9�VX h?2 TH�bK� mM/2` +QMbB/2`�iBQM +�M #2 Tm`2 .h- /QT2/-
Q` MQM@+`vQ;2MB+- iQ i�F2 BMiQ �++QmMi i?2 �#H�iQ` BKTm`BiB2b Q` Qi?2` T2HH2i
+QM};m`�iBQMb U2X;X :mbǶFQp 2i �HX- kyR8c :mbǶFQp � a?2`K�M- kyReVX � T�`iB+@
mH�`Biv Q7 bQK2 Q7 i?2b2 rQ`Fb Bb i?�i- mMHBF2 i?2 rQ`Fb Q7 �ix2MB �M/ >QM`m#B�
U2X;X �ix2MB- RNNNc �ix2MB � J2v2`@h2`@o2?M- kyy9c >QM`m#B� 2i �HX- kyyN- kyR9V-
r?2M bim/vBM; i?2 ;�BM Q7 i?2 �H`2�/v ?2�i2/ TH�bK�- i?2v /Q MQi +QMbB/2`2/
i?2 #2�K �TTHB2/ iQ ;2M2`�i2 bm+? `2;BQMX AMbi2�/- i?2v bvbi2K�iB+�HHv 2t�K@
BM2 ?Qr /Bz2`2Mi TH�bK� +?�`�+i2`BbiB+b H2�/ iQ p�`vBM; ;�BMb U:mbǶFQp 2i �HX-
kyRRVX

wQm 2i �HX UkyReV T`2b2Mi � /BbiBM+i �TT`Q�+?- 7Q+mbBM; QM i?2 2pQHmiBQM Q7
TH�bK� i2KT2`�im`2X h?2B` bim/v BM+Q`TQ`�i2b #Qi? #2�K BMi2`�+iBQM �M/ ?v@
/`Q/vM�KB+ T`Q+2bb2b bBKmHi�M2QmbHv- �H#2Bi rBi?Qmi bT�iB�H /Bbi`B#miBQMX h?2v
+QMbB/2` � #2�K +QMbBbiBM; Q7 T`QiQMb rBi? � J�tr2HHB�M 2M2`;v /Bbi`B#miBQM
�M/ BMp2biB;�i2 i?2 TH�bK� #2?�pBQm` BM i?2 T`2b2M+2 Q7 BKTm`BiB2bX

Pm` �TT`Q�+? iQ A6A i�F2b B/2�b 7`QK bQK2 Q7 i?2b2 rQ`Fb- �b /2i�BH2/ BM
i?2 7QHHQrBM; b2+iBQMX q2 /BpB/2/ Qm` �M�HvbBb BMiQ irQ K�BM T�`ib, i?2 #2�K@
TH�bK� BMi2`�+iBQM T`Q+2bb �M/ i?2 bm#b2[m2Mi T`2HBKBM�`v 2pQHmiBQM Q7 i?2
TH�bK�X h?2 #2�K@TH�bK� BMi2`�+iBQM Bb bBKmH�i2/ BM QM2 /BK2MbBQM Qp2` iBK2-
r?BH2 i?2 T`2HBKBM�`v TH�bK� 2pQHmiBQM Bb bim/B2/ �b � x2`Q@/BK2MbBQM�H KQ/2H
iQ �bb2bb B;MBiBQM 72�bB#BHBiv �M/ T`2/B+i TQi2MiB�H #m`MBM; ;�BMX Pm` 7`�K2rQ`F
�HHQrb 7Q` i?2 +QMbB/2`�iBQM Q7 TH�bK� 7m2Hb Q7 /Bz2`2Mi bBx2- /2MbBiv- BMBiB�H
i2KT2`�im`2 �M/ +QKTQbBiBQM- �b r2HH �b #2�Kb Q7 /Bz2`2Mi +?�`;2- 2M2`;v- ~mt-
�M/ KQMQ2M2`;2iB+ Q` [m�bB@KQMQ2M2`;2iB+ +?�`�+i2`BbiB+bX Pm` K�BM Q#D2+iBp2
Bb iQ +QM/m+i � bvbi2K�iB+ �M�HvbBb BM r?B+? r2 +QMM2+i i?2 #2�K +?�`�+i2`BbiB+b
rBi? i?2 +QM/BiBQMb Qz2`2/ #v i?2 TH�bK� �7i2` i?2 BMi2`�+iBQM- �b 2tTH�BM2/ BM
i?2 M2ti b2+iBQMX

kX9 JQiBp�iBQM- Q#D2+iBp2b �M/ i?2bBb QmiHBM2
�Hi?Qm;? BM 1m`QT2 �M/ �bB� i?2 J*6 �TT`Q�+? ?�b #22M i�F2M �b i?2 K�BM
T�i? iQr�`/b �+?B2pBM; Mm+H2�` 7mbBQM- 2tTHQ`BM; �Hi2`M�iBp2 7mbBQM +QM+2Tib
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HBF2 7�bi B;MBiBQM Bb 2bb2MiB�H iQ ;�i?2` � +QKTH2i2 T2`bT2+iBp2 QM i?2 7mim`2 Q7
TQbbB#H2 Mm+H2�` `2�+iQ`b- �BKBM; 7Q` 2M?�M+2/ T2`7Q`K�M+2 �M/ 72�bB#BHBivX

AM i?Bb +QMi2ti- r2 2tTHQ`2 i?2 TQi2MiB�H Q7 BQM 7�bi B;MBiBQM b+?2K2 #v
K�FBM; � bvbi2K�iB+ �M/ KmHiBT�`�K2i`B+ bim/v i?`Qm;? bBKmH�iBQMb Q7 �M BQM
#2�K@7m2H bvbi2K- BM /Bz2`2Mi b+2M�`BQb Q7 BMi2`2bi 7Q` i?2 A6A �TT`Q�+?X *QM@
b2[m2MiHv- i?2 K�BM ;Q�H Q7 i?Bb rQ`F Bb iQ 2bi�#HBb? i?2 `2H�iBQMb?BT #2ir22M
i?2 +?�`�+i2`BbiB+b Q7 � TH�bK� ?2�i2/ rBi?BM i?2 A6A +QMi2ti- �M/ i?2 BQM #2�K
mb2/ BM bm+? 2tT2`BK2MiX q2 +QMi2KTH�i2 � H�`;2 `�M;2 Q7 p�Hm2b Q7 BMi2`2bi-
r?2`2 i?2 7m2H Bb � /2mi2`BmK@i`BiBmK TH�bK� BM 2[mBKQH�` +QM+2Mi`�iBQM- r?B+?
+�M #2 KQ/2HH2/ 7Q` /Bz2`2Mi i2KT2`�im`2b- /2MbBiB2b- `�/BB �M/ BM+Hm/2 BKTm@
`BiB2b �i /Bz2`2Mi +QM+2Mi`�iBQMbX h?2M- r2 +QMbB/2` /Bz2`2Mi ivT2b Q7 7�bi BQM
#2�Kb- 2Bi?2` KQMQ2M2`;2iB+ Q` [m�bB@KQMQ2M2`;2iB+ U/2i2`KBM2/ #v �M 2M2`;v
bT`2�/V- 7Q` /Bz2`2Mi BQMB+ bT2+B2b- #2�K `�/BB- 2M2`;v Q7 i?2 T`QD2+iBH2b �M/
bm`7�+2 T�`iB+H2 /2MbBiv UQ` ~mtVX qBi? i?2 K2i?Q/QHQ;v r2 2bi�#HBb? �M/ Qm`
bBKmH�iBQMb- r2 T`QpB/2 `2bmHib Q7 i?2 ;2M2`�i2/ ?Qi@bTQi �M/ i?2 2{+B2M+v Q7
i?2 bm#b2[m2Mi Mm+H2�` #m`MBM;- i?mb- `2H�iBM; i?2 T�`�K2i2`b Q7 i?2 TH�bK�
�M/ i?2 �TTHB2/ #2�KX J2�Mr?BH2- K�Mv �mi?Q`b �M�Hvb2 i?2b2 +QKTQM2Mib
b2T�`�i2Hv Q` 7Q+mb QM bT2+B}+ +�b2bX Pm` ;Q�H Bb iQ +QKT`2?2MbBp2Hv BMi2;`�i2
i?2b2 +QM+2Tib �M/ 2tT�M/ i?2 bim/B2/ 7`�K2rQ`FX Pm` �TT`Q�+? T`QpB/2b �
KQ`2 +QKT�+i �M/ BMi2;`�H pBbBQM Q7 i?2 2M2`;v /2TQbBiBQM /m2 iQ i?2 #2�K
�M/ Bib BKTHB+�iBQMb- 2tTHQ`BM; i?Q`Qm;?Hv i?2 T�`�K2i2` bT�+2 �M/ /2i�BHBM;
i?Qb2 QmiHBM2b Q7 BMi2`2biX q2 2KT?�bBx2 ?Qr bBKmH�iBQMb Qz2` bB;MB}+�Mi �/@
p�Mi�;2b #v T`QpB/BM; BMbB;?ib BMiQ #2�K �M/ TH�bK� /vM�KB+b- T`2/B+iBM; Bib
T2`7Q`K�M+2- BKT`QpBM; Bib /2bB;M- �b r2HH �b i?2 +QM/BiBQMb Q7 i?2 i�`;2iX �HH
Q7 i?2b2- rBi?Qmi i?2 +QMbB/2`�#H2 2+QMQKB+ +Qbib �M/ HQ;BbiB+�H +?�HH2M;2b �b@
bQ+B�i2/ rBi? 2tT2`BK2Mi�H i2biBM;X

hQ /Q bQ- r2 ?�p2 /2p2HQT2/ � T?vbB+�H �M/ +QKTmi�iBQM�H QM2@/BK2MbBQM�H
KQ/2H iQ bBKmH�i2 i?2 BQM #2�K@TH�bK� BMi2`�+iBQM �M/ 2p�Hm�i2 i?2 T`2HBKBM�`
TQi2MiB�H Q7 i?2 ?2�i2/ TH�bK� 7Q` �+?B2pBM; i?2 Mm+H2�` 7mbBQM #m`MBM;X 6Q`
i?2 /Bz2`2Mi b+2M�`BQb r2 +QMbB/2`- r2 +�H+mH�i2 i?2 i2KT2`�im`2 }2H/ Q#i�BM2/
/m`BM; i?2 BMi2`�+iBQM UT (x, t)V- mMiBH i?2 #2�K ?�b /2TQbBi2/ �HH Q7 Bib 2M2`;vX
qBi? i?Bb /Bbi`B#miBQM Q7 i2KT2`�im`2b- r2 Q#i�BM i?2 `2bmHiBM; T`QT2`iB2b Q7 i?2
?2�i2/ TH�bK�- bm+? �b i?2 `�M;2- i?2 K�tBKmK i2KT2`�im`2- �M/ i?2 i2KT2`@
�im`2 �i i?2 #2;BMMBM; Q7 i?2 TH�bK� �+`Qbb � rB/2 `�M;2 Q7 +QM/BiBQMb- �KQM;
Qi?2`bX h?2M- 7`QK i?Bb bBKmH�iBQM b2i- r2 /2i2`KBM2 i?2 T�`�K2i2` bT�+2 Q7
i?2 #2�K r?2`2 B;MBiBQM �M/ b2H7@?2�iBM; �`2 �+?B2p2/ �M/ � ?Qi@bTQi Bb 7Q`K2/X
q2 T`2b2Mi `2bmHib /2b+`B#BM; i?2 i?`2b?QH/ +QM/BiBQMb iQ �+?B2p2 bm+? ?Qi@bTQi
�M/ bim/v Bib K�BM +?�`�+i2`BbiB+b- BM+Hm/BM; K2�M i2KT2`�im`2- bBx2 �M/ HQ+�@
iBQM rBi?BM i?2 bT?2`2X h?2M- r2 2biBK�i2 i?2 TQi2MiB�H 2pQHmiBQM Q7 i?2 TH�bK�
�7i2` i?2 ?2�iBM;- i?�i Bb- 7Q` i?Qb2 +�b2b i?�i �+?B2p2 i?2 ?Qi@bTQi +QM/BiBQM-
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r2 +�H+mH�i2 i?2 #m`MBM; ;�BM �M/ i?2 #2�K@TH�bK� +QmTHBM; 2{+B2M+vX 6m`@
i?2`KQ`2- r2 B/2MiB7v i?2 BQM #2�K T�`�K2i2`b i?�i +`2�i2 ?Qi@bTQib �i i?2
2/;2 Q` i?2 +2Mi`2 Q7 i?2 ;Bp2M TH�bK�- /2T2M/BM; QM Bib +QM/BiBQMbX h?`Qm;?
i?Bb �M�HvbBb- r2 �BK iQ �+?B2p2 � #`Q�/ `2T`2b2Mi�iBQM Q7 i?2 T�`�K2i2` bT�+2
Q7 i?2 2tT2`BK2Mi- #Qi? 7Q` i?2 BMBiB�H +QM/BiBQMb Q7 i?2 TH�bK� �M/ i?2 #2�K
+?�`�+i2`BbiB+bX

Pm` bBKmH�iBQMb bT�M � rB/2 `�M;2 Q7 BQM #2�K �M/ TH�bK� +QM/BiBQMbX
�KQM; i?2K- #mi MQi HBKBi2/ iQ- r2 b2H2+i +2`i�BM FMQrM T�`�K2i2`b Q7 BMi2`@
2bi BM A6A bim/B2b- �b QmiHBM2/ #2HQrX PM i?2 QM2 ?�M/- r2 +QMbB/2` Tm`2 .h Q`
/QT2/ U"2- GB- �H Q` *m �i p�`BQmb +QM+2Mi`�iBQMbV 7m2Hb- rBi? TH�bK� bT?2`2b
Q7 `�/BB RF49y@ey µK- BMBiB�H i2KT2`�im`2 Q7 T04yX8@8 F2o �M/ /2MbBiB2b Q7 ρ
4 jyy@dyy ;f+K3 U2t2KTH�`v i�F2M 7`QK :mbǶFQp 2i �HX- kyRyc :mbǶFQp 2i �HX-
kyR9#c >QM`m#B� 2i �HX- kyR9c L2x�K 2i �HX- kykyVX Pm` KQ/2HHBM; +�M ?�M@
/H2 p�`B�#H2 /2MbBiv b+2M�`BQb- BM+Hm/BM; i?2 +QMbB/2`�iBQM Q7 i?2 7m2H +Q`QM� B7
M2+2bb�`vX

PM i?2 Qi?2` ?�M/- 7Q` i?2 BQM #2�Kb- r2 b2H2+i i?`22 +?�`�+i2`BbiB+ A6A
Mm+H2�` bT2+B2b, T`QiQMb UT+V- +�`#QM U*6+V �M/ p�M�/BmK Uo23+V- rBi? /Bz2`@
2Mi `�/BB Q7 i?2 #2�K rb4Ry@ky µK U2X;X �ix2MB- RNNNc :�bT�`v�M 2i �HX- kyRjc
>QM`m#B� 2i �HX- kyR9c >QM`m#B� � Jm`�F�KB- kyR8c wQm 2i �HX- kyReVX 6Q` 2�+?
Q7 i?2b2 +�b2b- r2 2tTHQ`2 i?2 T�`�K2i2` bT�+2 Q7 i?2 BQM T`QD2+iBH2 2M2`;B2b
�M/ #2�K bm`7�+2 T�`iB+H2 /2MbBiv UQ` ~mtV- /2MQi2/ #v E0 �M/ σ- `2bT2+iBp2HvX
q2 /2bB;M2/ Qm` +QKTmi�iBQM�H �TT`Q�+? iQ 2{+B2MiHv +�H+mH�i2 �``�vb rBi?
p�`vBM; p�Hm2b Q7 ~mt �M/ BQM 2M2`;vX q2 �`2 �HbQ �#H2 iQ bim/v KQMQ2M2`;2iB+
BQM #2�Kb �M/ [m�bB@KQMQ2M2`;2iB+ #2�Kb mM/2` /Bz2`2Mi +QM};m`�iBQMbX Pm`
KQ/2HHBM; +QMbB/2`b i?2 [m�bB@KQMQ2M2`;2iB+ HQ+�i2/ �i i?2 2/;2 Q7 i?2 TH�bK�
Q` �i � ǴdǴ /Bbi�M+2- �TT`QtBK�i2/ rBi? � :�mbbB�M 2M2`;v /Bbi`B#miBQMX

Pm` T`BK�`v �M�HvbBb T`BQ`BiBx2b i?2 B/2�H b+2M�`BQ Q7 � Tm`2 .h TH�bK�
rBi?Qmi +Q`QM�- T�B`2/ rBi? � KQMQ2M2`;2iB+ #2�KX h?Bb 2tT2`BK2Mi Bb +QM@
bB/2`2/ �b � `272`2M+2 +�b2- bm+? i?�i- i?2M- r2 bim/v BM/2T2M/2MiHv i?2 2z2+i
Q7 +QMbB/2`BM; � +Q`QM�- BM+Hm/BM; /QT�Mib BM i?2 7m2H Q` �TTHvBM; � [m�bB@
KQMQ2M2`;2iB+ #2�KX "v /QBM; bQ- r2 �`2 �#H2 iQ 2p�Hm�i2 i?2 BM~m2M+2 Q7 2�+?
b+2M�`BQ b2T�`�i2Hv �M/ +QKT�`2 i?2K rBi? i?2 B/2�H +�b2X

q2 T�v bT2+B�H �ii2MiBQM iQ ?Qi@bTQib rBi? � H2M;i? bBKBH�` iQ irB+2 i?2
`�/Bmb Q7 i?2 #2�K- �M/ TQbBiBQM2/ �i i?2 KB//H2 Q7 i?2 TH�bK� bT?2`2X h?Bb
+QM};m`�iBQM �bbm`2b � ?Qi@bTQi pQHmK2 rBi? � ;2QK2i`v �b bBKBH�` iQ � bT?2`2
�b TQbbB#H2- i?�i �HbQ QTiBKBx2b � TQbi2`BQ` bvKK2i`B+�H 2tTHQbBQM- �b �H`2�/v
bi�i2/ BM a2+iX kXjXkX 6Q` BMbi�M+2- � ivTB+�H +�b2 �//`2bb2/ BM i?2 HBi2`�im`2
�M/ BM i?Bb rQ`F +QMbB/2`b i?2 `�/BB Q7 i?2 7m2H bT?2`2 �M/ i?2 #2�K iQ #2 Q7
R8 µK �M/ 8y µK- `2bT2+iBp2HvX h?Bb FBM/ Q7 +QM};m`�iBQM ?�b #22M T`2pBQmbHv
2t�KBM2/ #v U>QM`m#B� � Jm`�F�KB- kyR8V- �M/ B/2MiB}2/ �b �M QTiBK�H b2imT
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rBi?BM i?2 7`�K2rQ`F Q7 i?2 BQM 7�bi B;MBiBQM b+?2K2X h?2M- Qm` BMi2`2bi 7Q+mb
QM i?Qb2 +2Mi`�H ?Qi@bTQib rBi? K�tBKmK i2KT2`�im`2 HQ+�i2/ BM i?2 KB//H2
Q7 i?2 TH�bK� U8y µKV rBi? � H2M;i? Q7 jy µKX "v 7QHHQrBM; i?Bb �TT`Q�+?- r2
+�M T`QpB/2 i?2 #2�K +?�`�+i2`BbiB+b i?�i +`2�i2 bm+? ?Qi@bTQi- �HQM; rBi? Bib
;�BM �M/ i2KT2`�im`2X h?2 p�Hm2b b2H2+i2/ BM i?Bb T�`�K2i2` bT�+2 �`2 #�b2/ QM
T`2pBQmb HBi2`�im`2- �Hi?Qm;? r2 2ti2M/ i?2 `�M;2b Q7 i?2 �M�HvbBbX AM i?Bb r�v-
r2 +�Tim`2 �Mv TQi2MiB�HHv BMi2`2biBM; `2bmHib Q` +QM/BiBQMb i?�i K�v #2+QK2
i2+?MQHQ;B+�HHv 72�bB#H2 BM i?2 7mim`2X

AM � 72r rQ`/b- i?2 +Q`2 Q#D2+iBp2 Q7 i?Bb rQ`F Bb iQ T`2b2Mi � #`Q�/ bim/v
Q7 i?2 A6A BMi2`�+iBQM mM/2` /Bz2`2Mi 2tT2`BK2Mi�H +QM/BiBQMbX "v /QBM; bQ- r2
2bi�#HBb? � +H2�` +QMM2+iBQM #2ir22M i?2 +?�`�+i2`BbiB+b Q7 i?2 #2�K �TTHB2/ �M/
i?2 `2bmHiBM; TH�bK� bi�i2X h?Bb b2`p2b Q7 ;`2�i miBHBiv, r?2M 7Q`KmH�iBM; �M
2tT2`BK2Mi r2 `2im`M i?2 T`2/B+iBQM Q7 i?2 `2bmHiBM; TH�bK�- Q`- QM i?2 +QMi`�`v-
B7 i�`;2iBM; 7Q` i?2 +`2�iBQM Q7 � T�`iB+mH�` FBM/ Q7 ?Qi@bTQi- r2 T`QpB/2 i?2
M2+2bb�`v BMTmi T�`�K2i2`bX hQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?Bb �TT`Q�+? ?�b
MQi #22M 2ti2MbBp2Hv 2tTHQ`2/ BM T`2pBQmb HBi2`�im`2X

>2M+27Q`i?- i?Bb i?2bBb Bb Q`;�MBb2/ �b 7QHHQrbX 6B`bi- �b �H`2�/v 2tTH�BM2/
BM �#Qp2- � ;2M2`�H Qp2`pB2r Q7 i?2 +m``2Mi bi�imb Q7 Mm+H2�` 7mbBQM ?�b #22M
T2`7Q`K2/X h?2M- BM *?�Ti2` j r2 T`2b2Mi Qm` KQ/2HHBM; iQ T2`7Q`K i?2 bBK@
mH�iBQMb r2 �BK iQ bim/vX AM *?�Ti2`b 9- 8- e- �M/ d r2 �TTHv Qm` KQ/2H iQ
/2`Bp2 �M/ /Bb+mbb i?2 `2bmHib 7QmM/ mM/2` � rB/2 `�M;2 Q7 F2v +QM/BiBQMbX �i
H�bi- BM *?�Ti2` 3- r2 bmKK�`Bb2 i?2 K�Mmb+`BTi- bi�i2 i?2 7mim`2 `2b2�`+? HBM2b
�M/ T`2b2Mi Qm` +QM+HmbBQMbX



3
JQ/2H Q7 i?2 BQM #2�K BMi2`�+iBQM
rBi? i?2 T`2+QKT`2bb2/ TH�bK� UBM
i?2 +QMi2ti Q7 i?2 BQM 7�bi B;MBiBQM

b+?2K2V
�b 2tTH�BM2/ BM i?2 BMi`Q/m+iBQM- BM � Mm+H2�` `2�+iQ` QT2`�i2/ #v BQM 7�bi B;MB@
iBQM UA6AV- i?2 +QM};m`�iBQM BMpQHp2b � +?�K#2` i?�i ?Qmb2b � i�`;2i K�/2 mT
Q7 � bK�HH bT?2`B+�H T2HH2i +QMi�BMBM; 7mbBQM 7m2H- bm+? �b /2mi2`BmK �M/ i`BiBmKX
h?2 Mm+H2�` 7m2H Bb ;2M2`�HHv 2Mp2HQT2/ #v �M �#H�iQ` +�TbmH2 i?�i b2`p2b �b �
+QMi�BM2` �M/ �HbQ BKT`Qp2b i?2 2M2`;v �#bQ`TiBQM T`Q+2bb BM i?2 ?2�iBM; �M/
+QKT`2bbBQM T`Q+2bb2bX �M �#H�iQ` Bb mbm�HHv K�/2 Q7 TH�biB+ UTQHvbiv`2M2 Q`
Qi?2` ?v/`Q+�`#QMbV Q` K2i�H 7Q�Kb U`�M;BM; 7`QK p2`v HB;?i 2H2K2Mib iQ ?B;?@x
2H2K2Mib- 7Q` 2t�KTH2- 7`QK #2`vHHBmK iQ ;QH/VX 6m`i?2`KQ`2- i?2 mb2 Q7 HB;?i
K2i�H .h ?v/`B/2b bm+? �b GB2.h- GB2"2.2h2- GB2"22.3h3- Lh3".3 �b MQM@
+`vQ;2MB+ bQHB/ 7m2Hb ?�p2 #22M T`QTQb2/ 7Q` BM2`iB�H +QM}M2K2Mi 7mbBQMX AM �
bBKBH�` r�v iQ i?2 A*6 b+?2K2- BM i?2 }`bi T?�b2- ?B;?@2M2`;v H�b2`b Q` T�`iB+H2
#2�Kb BKT�+i i?2 2ti2`M�H H�v2`b Q7 i?2 i�`;2i U�#H�iQ`V- +�mbBM; Bib BKTHQbBQMX
h?Bb +QMbBbib Q7 � `�TB/ +QKT`2bbBQM Q7 i?2 T2HH2i iQ �M QTiBK�H TQBMi- r?2`2 �
TH�bK� Bb Q#i�BM2/- 7Q`K2/ #v � p2`v /2Mb2 �M/ ?Qi `2;BQM U+Q`2V bm``QmM/2/
#v � Km+? H2bb /2Mb2 H�v2` Q7 TH�bK� U+Q`QM�VX AM i?2 +�b2 Q7 i?2 A6A- i?Bb
QTiBK�H TQBMi Bb i?2 +Q`2- 7QmM/ BM � bi�i2 Q7 p2`v ?B;? /2MbBiv- i?2 QM2 `2[mB`2/
7Q` i?2 BMBiB�iBQM Q7 B;MBiBQM �M/ bm#b2[m2Mi Mm+H2�` #m`MBM;- �M/ BM � bi�i2
Q7 bi�;M�iBQM 2[mBHB#`BmK- r?2`2 i?2 /vM�KB+ T`Q+2bb2b Q7 i?2 +QMbiBim2Mib Q7
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i?2 TH�bK� �`2 7`Qx2MX >Qr2p2`- BM i?2 T`2+QKT`2bb2/ bi�i2- i?2 i2KT2`�im`2
M2+2bb�`v iQ BMBiB�i2 �M 2{+B2Mi B;MBiBQM T`Q+2bb Q7 Mm+H2�` `2�+iBQMb ?�b MQi
v2i #22M `2�+?2/X AM � b2+QM/ T?�b2- �M 2M2`;2iB+ #2�K Q7 7�bi BQMb rBHH #2 mb2/
iQ ?2�i � bK�HH `2;BQM Q7 i?2 +Q`2 �M/ +`2�i2 � ?Qi@bTQiX h?2 BKTHQbBQM +QmH/
/`Bp2 bQK2 Q7 i?2 �#H�iQ` K�i2`B�H BMr�`/ Q7 i?2 +QKT`2bb2/ 7m2H- BMi`Q/m+BM;
BKTm`BiB2b BM i?2 TH�bK�X AM ;2M2`�H- i?2b2 BKTm`BiB2b UQ` /QT�MibV BM+`2�b2 i?2
#2�K 2M2`;v `2[mB`2/ 7Q` i?2 TH�bK� ?2�iBM; �M/ /2+`2�b2 i?2 Mm+H2�` ;�BMX
h?2`27Q`2- r2 rBHH 2tTHQ`2 /Bz2`2Mi 7`�+iBQMb Q7 "2- GB- *- �H �M/ �m �b ivTB+�H
BKTm`BiB2b iQ i?2 .h TH�bK�X

6QHHQrBM; i?2 +QKT`2bbBQM- � b2T�`�i2 ?B;?@BMi2MbBiv- mHi`�@b?Q`i 2M2`;2iB+-
�M/ 7�bi T�`iB+H2 #2�K Bb 7Q+mb2/ QM i?2 �H`2�/v@+QKT`2bb2/ +Q`2 /m`BM; i?2
B;MBiBQM T?�b2 iQ �+?B2p2 i?2 +QM/BiBQMb M2+2bb�`v 7Q` Mm+H2�` 7mbBQM `2�+iBQMbX
h?2b2 BQM #2�Kb �`2 ;2M2`�HHv KQMQ+QKTQM2Mib K�/2 mT Q7 7mHHv BQMBx2/ BQMb-
`�M;BM; 7`QK HQr iQ ?B;? Mm+H2�` +?�`;2X AM i?Bb rQ`F- Qm` 7Q+mb Bb QM T�`iB+H2
#2�Kb- +QKKQMHv +QKTQb2/ Q7 bi`BTT2/ BQMb bm+? �b T`QiQMb UT+V- +�`#QM
U*6+V Q` p�M�/BmK Uo23+VX �b K2MiBQM2/ BM i?2 T`2pBQmb +?�Ti2`- rBi?BM i?2
A6A �TT`Q�+?- QM2 Q7 i?2 K�BM QT2M T`Q#H2Kb Bb i?2 ;2M2`�iBQM Q7 BQM #2�Kb
�TT`QT`B�i2/ iQ i?Bb b+?2K2X � T`QKBbBM; +�M/B/�i2 �`2 [m�bB@KQMQ2M2`;2iB+
#2�Kb- BM T�`iB+mH�`- i?Qb2 ;2M2`�i2/ 7`QK � J�tr2HHB�M Q` :�mbbB�M@HBF2 2M2`;v
/Bbi`B#miBQM- AM i?Bb +QMi2ti- KQMQ2M2`;2iB+ BQM #2�Kb �`2 +QMbB/2`2/ �b �M B/2�H
b+2M�`BQX h?2`27Q`2- �M/ �Hi?Qm;? BM72�bB#H2 BM T`�+iB+2- BM i?Bb rQ`F r2 T�v
bT2+B�H �ii2MiBQM iQ mM/2`bi�M/BM; i?2 BMi2`�+iBQM Q7 T2`72+iHv KQMQ2M2`;2iB+
#2�KbX h?2v b2`p2 �b � #2M+?K�`F 7Q` +QKT�`BM; �M/ +QMi`�biBM; rBi? i?2
bm#b2[m2Mi bim/v Q7 [m�bB@KQMQ2M2`;2iB+ #2�KbX

jXR SH�bK� /2b+`BTiBQM
�7i2` i?2 T`2+QKT`2bbBQM T?�b2 Q7 i?2 bK�HH T2HH2i- i?2 7m2H `2�+?2b i?2 K�tB@
KmK +QM/2Mb�iBQM #27Q`2 i?2 BQM #2�K BMi2`�+iBQMX 6QHHQrBM; bT?2`B+�H bvK@
K2i`v 7Q` i?2 7m2H- Bib }2H/b 7Q` i?2 BMBiB�H i2KT2`�im`2 UT (r, t = 0)V �M/ /2MbBiv
Uρ(r, t = 0)V �`2 Q7i2M /2b+`B#2/ rBi? irQ T�`ib, i?2 +Q`QM� �M/ i?2 +Q`2 TH�b@
K�bX h?2 +Q`QM� T`2b2Mib HQr #mi BM+`2�bBM; /2MbBiv �M/ i2KT2`�im`2- r?BH2
i?2 +Q`2- i?2 ?B;?Hv +QKT`2bb2/ +2Mi`�H `2;BQM- Bb BM � bi�;M�iBQM T?�b2 rBi? �T@
T`QtBK�i2Hv +QMbi�Mi i2KT2`�im`2 �M/ /2MbBiv- #Qi? ?B;?2` i?�M BM i?2 +Q`QM�
TH�bK�X h?Bb Bb BHHmbi`�i2/ BM 6B;X jXR- `2T`2b2MiBM; i?2 T`2+QKT`2bb2/ TH�bK�
7m2HX

_2;�`/BM; i?2 /2MbBiv- � TQbbB#H2 r�v iQ /2b+`B#2 Bib T`Q}H2 +�M #2 �/�Ti2/
7`QK 6m2Mi2b UkyR3V- �b,

ρ(r) = max
(
ρmaxe− ln(ρmax/ρcorona)(r/Rcore)kρ

, ρcorona
)

g/cm3, UjXRV
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6B;m`2 jXRĖ a+?2K2 Q7 i?2 T`2+QKT`2bb2/ TH�bK� 7m2HX q2 b?Qr Bib irQ /BbiBM+iBp2 T�`ib-
i?2 +Q`QM� �M/ i?2 +Q`2- �b r2HH �b i?2 #2�Kb i?�i T2`7Q`K2/ i?2 +QKT`2bbBQM rBi? `2/ �``QrbX

r?2`2 ρmax Bb i?2 K�tBKmK /2MbBiv U+Q``2bTQM/BM; iQ i?2 +Q`2 +2Mi`2V- ρcorona
Bb i?2 /2MbBiv Q7 i?2 +Q`QM�- r Bb i?2 /Bbi�M+2 7`QK i?2 +2Mi`2- Rcore Bb i?2 `�/Bmb
�i r?B+? i?2 /2MbBiv /2+`2�b2b iQ i?2 +Q`QM� /2MbBiv- �M/ kρ Bb � +Q2{+B2Mi i?�i
�/Dmbib i?2 bi22TM2bb Q7 i?2 T`Q}H2X

6Q` BMbi�M+2- 6B;X jXk `2T`2b2Mib i?2 /2MbBiv T`Q}H2 Q7 � TH�bK� rBi? ρmax =
500 ;f+K3- ρcorona = 10 ;f+K3- Rcore = 70 µK- �M/ kρ = 14X q2 +�M +H2�`Hv
/BbiBM;mBb? i?`22 `2;BQMb, i?2 +Q`QM� `2;BQM rBi? � +QMbi�Mi HQr /2MbBiv U70 <
r < 170 µKV- �M �HKQbi BbQ+?Q`B+ T�`i Q7 i?2 +Q`2 U0 < r < 50 µKV- r?B+?
rQmH/ +Q``2bTQM/ iQ RF- �M/ #2ir22M #Qi?- � i`�MbBiBQM�H T�`i Q7 i?2 +Q`2 rBi?
p�`B�#H2 /2MbBiv U50 < r < 70 µKVX AM �M QTiBK�H T`2+QKT`2bb2/ b+2M�`BQ-
i?2 bm``QmM/BM; +Q`QM� b?QmH/ #2 �b i?BM �M/ i`�MbT�`2Mi �b TQbbB#H2X h?mb-
i?2 i`�MbBiBQM�H T�`i Q7 i?2 +Q`2 b?QmH/ #2 bi22T �M/ M�``Qr- i?Bb Bb- i?2 H�`;2`
TQbbB#H2 kρ- H2�pBM; � pB`im�HHv BbQ+?Q`B+ +Q`2@i�`;2iX

AM i?Bb rQ`F- r2 T`2/QKBM�MiHv 7Q+mb QM bim/vBM; i�`;2ib mM/2` B/2�H +B`@
+mKbi�M+2bX q2 bBKTHB7v i?2 KQ/2H #v /Bb`2;�`/BM; i?2 +Q`QM� +QMi`B#miBQM
�M/ �bbmKBM; � ?QKQ;2M2Qmb bT?2`B+�H +Q`2 rBi? � `�/Bmb URFV- mMB7Q`K BMBiB�H
i2KT2`�im`2 UT (r, t = 0) = T0V- �HbQ `272``2/ iQ �b i?2 +QH/ TH�bK� i2KT2`�im`2
UTcV- �M/ mMB7Q`K /2MbBiv- r?B+? `2K�BMb T`�+iB+�HHv +QMbi�Mi- i?Bb Bb- �b �M
BbQ+?Q`B+ TH�bK� Uρ(r, t) = ρVX h?mb- i?2 7m2H ?�b �M �bbQ+B�i2/ pQHmK2 UV V �M/
K�bb UMVX �//BiBQM�HHv- r2 +QMbB/2` i?2 ?2�i +�T�+Biv �i +QMbi�Mi pQHmK2 UCVV
�b }t2/ U:�bT�`v�M 2i �HX- kyRjV- /m2 iQ i?2 T`Q+2bb #2BM; BbQ+?Q`B+X G�biHv-
/m2 iQ i?2 ?B;? i2KT2`�im`2b Q7 i?2 7m2H- r2 +QMbB/2` � 7mHHv BQMBx2/ TH�bK�X

h?2 #�b2 +QKTQbBiBQM Q7 i?2 TH�bK� Bb � KBtim`2 Q7 /2mi2`BmK �M/ i`BiBmK-
r?B+? r2 +QMbB/2` iQ #2 BM 2[m�H T`QTQ`iBQM UnD = nT- nD +nT = nDTVX h?2M-
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6B;m`2 jXkĖ .2MbBiv T`Q}H2 Q7 � TH�bK� 7m2H rBi? ρmax = 500 ;f+K3- ρcorona = 10 ;f+K3-
Rcore = 70 µK �M/ kρ = 14X

i?2 K2�M p�Hm2b Q7 i?2 .h �iQKB+ �M/ K�bb MmK#2` �`2 ZDT = 0.5(ZD +
ZT)- ADT = 0.5(AD + AT) �M/ i?2 K2�M [m�/`�iB+ �iQKB+ MmK#2` Bb ;Bp2M
#v (ZDT)2 = 0.5(Z2

D + Z2
T)X h?2 �iQKB+ K�bb Bb mDT = ADTmn �M/ i?2

K�ii2` /2MbBiv Bb +�H+mH�i2/ �b ρDT = nDTmDT/NA- r?2`2 NA Bb i?2 �pQ;�/`Q
+QMbi�MiX �bbmKBM; i?2 .h TH�bK� #2?�p2b �b �M B/2�H ;�b- r2 +�M /2}M2
i?2 ?2�i +�T�+Biv Q7 � Tm`2 TH�bK� �b CV(DT) = 3KB/mDTNA- r?2`2 KB
Bb i?2 "QHixK�MM +QMbi�MiX *QMb2[m2MiHv- r2 +�M 2tT`2bb i?2 2M2`;v Q7 i?2
/2mi2`BmK@i`BiBmK +QKTQmM/ �b EDT = ρDTV CV(DT)T X

�b 2tTH�BM2/ #27Q`2- Bi Bb TQbbB#H2 iQ }M/ i`�+2b Q7 BKTm`BiB2b /m2 iQ /2i�+?2/
+QKTQM2Mib 7`QK i?2 �#H�iQ` K�i2`B�H BM i?2 .2mi2`BmK@h`BiBmK U.hV TH�bK�
7m2HX >2M+2- Bi Bb � T`BK�H BMi2`2bi iQ �M�Hvb2 i?2 BM~m2M+2 Q7 i?2 /QT�Mib BM i?Bb
b+?2K2X q2 /2b+`B#2 � /QT2/ TH�bK� #v +QMbB/2`BM; � 7`�+iBQM Q7 BKTm`BiB2b
`2H�iBp2 iQ i?2 Tm`2 .h TH�bK�X h?mb- i?2 /QT�Mi +QM+2Mi`�iBQM Q` �#mM/�M+2
rBi? `2bT2+i iQ i?2 .h Bb /2b+`B#2/ �b,

ξ =
ni(dop)
ni(DT)

=
ne(Dop)Z

−1
dop

ne(DT)Z
−1
DT

, UjXkV

r?2`2 ne Bb i?2 7`22 2H2+i`QM /2MbBiv �M/ ni Bb i?2 BQM /2MbBivX
AM i?2 +�b2 Q7 /QT2/ .h TH�bK�b- Bi Bb mb27mH iQ /2}M2 i?2 K2�M p�Hm2b Q7 i?2

�iQKB+ K�bb �M/ MmK#2` UA∗- Z∗- �M/ (Z2
∗ )V Q7 � /QT2/ .h TH�bK� �b 7QHHQrb,
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A∗ = (ADT + ξAdop) /(1 + ξ) UjXjV
Z∗ = (ZDT + ξZdop) /(1 + ξ) UjX9V
(Z2

∗ ) =
(
Z2

DT + ξZ2
dop
)

/(1 + ξ). UjX8V

r?2`2 Zdop- Adop �M/ (Zdop)2 �`2 i?2 �iQKB+- K�bb �M/ K2�M [m�/`�iB+ �iQKB+
MmK#2`b Q7 i?2 /QT�Mi- `2bT2+iBp2HvX

�HbQ- r2 +�M +�H+mH�i2 i?2 �iQKB+ r2B;?i Q7 i?2 KBtim`2- +QMbB/2`BM; i?2
T`2b2M+2 Q7 7`22 2H2+i`QMb,

m∗ = (mDT + mdop) + (mDT,e + mdop,e) = A∗mn + Z∗me. UjXeV

aQ- �7i2` bQK2 bi`�B;?i7Q`r�`/ +�H+mH�iBQMb- MQr r2 +�M r`Bi2 i?2 /2MbBiv-
i?2 ?2�i +�T�+Biv �M/ i?2 2M2`;v Q7 i?2 /QT2/ .h TH�bK� �b,

ρ = ρDT(1 + ξ) m∗
mDT

, UjXdV

CV = CV(DT)
(1 + Z∗)

2
mDT
m∗

, UjX3V

E = ρV CVT = EDT(1 + ξ)(1 + Z∗)
2 . UjXNV

JQ`2Qp2`- �MQi?2` r�v iQ BM/B+�i2 i?2 [m�MiBiv Q7 /QT�Mib T`2b2Mi BM �
TH�bK� Bb �b � 7`�+iBQM Q7 i?2 iQi�H- � K2i?Q/ +QKKQMHv mb2/ #v �mi?Q`b bm+?
�b :mbǶFQp 2i �HX UkyRRVc :mbǶFQp 2i �HX UkyR8V �M/ :mbǶFQp � a?2`K�M UkyReV,

1 = XDT + Xdop. UjXRyV

h?2M- 7Q` � KBtim`2 Q7 .h BM 2[m�H T`QTQ`iBQM UnD = nT : XDT = 2XD =
2XTV �M/ � bBM;H2 /QT�Mi- r2 +�M r`Bi2 i?2 `2H�iBQM #2ir22M ξ �M/ Xdop Q`
XDT �b,

Xdop = ξ

1 + ξ
; XDT = 1

1 + ξ
UjXRRV

ξ = Xdop
1 − Xdop

= 1
XDT

− 1. UjXRkV

jXk "2�K@TH�bK� BMi2`�+iBQM /2b+`BTiBQM, TQr2` #�H�M+2 2[m�@
iBQM- bHQrBM; /QrM �M/ ?2�iBM;

h?2 TQr2` #�H�M+2 2[m�iBQM i?�i ;Qp2`Mb i?2 +?�M;2 BM 2M2`;v Q7 i?2 TH�bK�
T2` mMBi pQHmK2 UEV Bb ;Bp2M #v,
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∂E(r⃗, t)
∂t

+ v⃗(r⃗, t) · ∇⃗E(r⃗, t) = Wd,beam(r⃗, t) + Wproc(r⃗, t), UjXRjV

r?2`2 E Bb i?2 2M2`;v /2MbBiv Q7 i?2 TH�bK�- v⃗ Bb i?2 p2HQ+Biv- Wd,beam Bb i?2
TQr2` /2MbBiv /2TQbBi2/ #v i?2 #2�K- �M/ Wproc Bb i?2 TQr2` /2MbBiv Q7 i?2
BMi2`M�H T`Q+2bb2b Q7 i?2 TH�bK�- BM+Hm/BM; 7mbBQM- K2+?�MB+�H- +QM/m+iBQM- �M/
`�/B�iBQM T`Q+2bb2bX

�b �M B/2�H ;�b- i?2 2M2`;v T2` pQHmK2 Q7 i?2 TH�bK� +�M #2 2tT`2bb2/ �b

E(r⃗, t) = ρ CVT (r⃗, t), UjXR9V

rBi? BbQ+?Q`B+ �M/ ?QKQ;2M2Qmb /2MbBiv �M/ ?2�i +�T�+BivX
h�FBM; BMiQ �++QmMi i?�i r2 �`2 BMi2`2bi2/ BM 7m2Hb �i i?2 bi�;M�iBQM bi�i2-

i?2 TH�bK� +�M #2 +QMbB/2`2/ �i `2bi Uv⃗ = 0V �M/ i?2 +QMp2+iBQM i2`K M2;H2+i2/X
*QMb2[m2MiHv- 1[X jXRj +QK#BM2/ rBi? 1[X jXR9- +�M #2 2tT`2bb2/ �b,

ρ CV
dT (r⃗, t)

dt
= Wd,beam(r⃗, t) + Wproc(r⃗, t). UjXR8V

AM Qm` TH�bK� ?2�iBM; KQ/2H- r2 �bbmK2 i?�i i?2 /m`�iBQM Q7 i?2 BQM #2�K
UτbeamV Bb +QMbB/2`2/ b?Q`i 2MQm;? BM +QKT�`BbQM rBi? i?2 ?v/`Q/vM�KB+ iBK2
�M/ i?2 +?�`�+i2`BbiB+ iBK2 Q7 2�+? BMi2`M�H TH�bK� T`Q+2bb Uτbeam < τhyd �M/
τbeam < τprocVX h?Bb �bbmKTiBQM �HHQrb mb iQ M2;H2+i 2M2`;v +?�M;2b /m2 iQ
+QM/m+iBQM- K2+?�MB+�H rQ`F- `�/B�iBQM- Q` 7mbBQM /m`BM; i?2 BMi2`�+iBQM iBK2
#2ir22M i?2 TH�bK� �M/ i?2 #2�K- H2�/BM; iQ Wproc ≈ 0X AM a2+iX jXNXR r2
T`2b2Mi � KQ`2 T`2+Bb2 +QKT�`BbQM iQ bi�#HBb? i?2 b�72 `�M;2b Q7 Qm` KQ/2HHBM;X

6m`i?2`KQ`2- r2 +QMbB/2` i?�i i?2 BQM #2�K 2Mi2`b i?2 TH�bK� bT?2`2 BM
� `�/B�H /B`2+iBQMX A7 i?2 T`QD2+iBH2 ?�b bm{+B2Mi FBM2iB+ 2M2`;v Q` K�bb- Q`
#Qi?- Bi +�M #2 +QMbB/2`2/ i?�i Bi i`�p2Hb �HQM; � bi`�B;?i HBM2 i`�D2+iQ`vX PM
i?2 +QMi`�`v- 7Q` HQr2` 2M2`;B2b- i?2 T`QD2+iBH2 b?Qrb � "`QrMB�M KQiBQM rBi?
biQ+?�biB+�HHv +?�M;BM; KQK2MimK- `2bmHiBM; BM i`�Mbp2`b�H �M/ HQM;Bim/BM�H
~m+im�iBQMb FMQrM �b bT`2�/BM; �M/ bi`�;;HBM;- `2bT2+iBp2HvX AM i?Bb rQ`F- i?2
#2�K 2M2`;v Bb �bbmK2/ iQ #2 ?B;? 2MQm;? iQ /Bb`2;�`/ bm+? ~m+im�iBQMb- �HHQr@
BM; mb iQ i`2�i i?2 KQp2K2Mi Q7 i?2 T`QD2+iBH2b �+`Qbb i?2 TH�bK� �b bi`�B;?i-
bBKTHB7vBM; i?2 T`Q#H2K iQ QM2 /BK2MbBQMX h?mb- 7`QK MQr QM- r2 mb2 i?2
x@+QQ`/BM�i2 iQ bim/v i?2 `2;BQM Q7 BMi2`2bi ?2�i2/ #v i?2 #2�K- `2TH�+BM;
i?2 r⃗ +QQ`/BM�i2bX >2M+2- i?2 #2�K@i�`;2i BMi2`�+iBQM +�M #2 /2b+`B#2/ �b QM2@
/BK2MbBQM�H U"2Hi`�M 2i �HX- kykyVX hQ BHHmbi`�i2 i?Bb +QM+2Ti- 6B;X jXj `2T`2b2Mib
i?2 b+?2K2 Q7 i?2 BMi2`�+iBQMRX

Rh?2 i2`K Ǵ#BMǴ 7`QK bm+? BK�;2 rBHH #2 /2}M2/ H�i2` QMX
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6B;m`2 jXjĖ a+?2K2 Q7 i?2 A6A b2i@mTX q2 b?Qr i?2 T`2+QKT`2bb2/ .h 7m2H bT?2`2 �M/ i?2
BQM #2�K /Bb+`2iBb2/ BMiQ #BMb Ub22 a2+iX jXRkV 7Q` i?2 MmK2`B+�H bBKmH�iBQM Q7 i?2 BMi2`�+iBQMX

�++Q`/BM; iQ i?2b2 +QMbB/2`�iBQMb- r2 +�M `2r`Bi2 1[X jXR8 �b i?2 i2KT2`�@
im`2 }2H/ p�`B�iBQM /m`BM; i?2 BMi2`�+iBQM,

dT (x, t)
dt

= 1
ρ CV

Wd,beam(x, t; ρ, T (x, t)), UjXReV

r?2`2 x ∈ [0, 2RF] �M/ t ∈ [0, τbeam]X AM i?Bb b+2M�`BQ- Wd,beam /2MQi2b i?2
2M2`;v /2TQbBi2/ #v i?2 BQM #2�K �i (x, t)- T2` mMBi iBK2 �M/ H2M;i?X

jXj AQM #2�K /2b+`BTiBQM
*QMb2[m2MiHv- Bi Bb M2+2bb�`v iQ /2}M2 i?2 +?�`�+i2`BbiB+b Q7 i?2 BQM #2�K �M/ iQ
2bi�#HBb? ?Qr i?2 #2�K /2TQbBib 2M2`;v BM i?2 TH�bK�X AM i?Bb rQ`F- r2 +QMbB/2`
i?2 BQM #2�Kb �b T2`72+iHv +QHHBK�i2/- 7�bi- MQM@/BbT2`bBp2- +vHBM/`B+�H UrBi? �
+B`+mH�` b2+iBQMV- �tB�H U`2bT2+i iQ i?2 +2Mi`2 Q7 i?2 bT?2`B+�H T`2+QKT`2bb2/
TH�bK�V �M/ rBi? ?QKQ;2M2Qmb BQM bT�iB�H /Bbi`B#miBQMX h?2 #2�K Bb +QKTQb2/
Q7 Np 7mHHv bi`BTT2/ TQBMi@HBF2 BQMb rBi? +?�`;2 Zb �M/ K�bb MmK#2` Ab UQ`
mb- �b K�bbVX 1�+? BQM@T`QD2+iBH2 ?�b �M �p2`�;2 BMBiB�H FBM2iB+ 2M2`;v Q7 Ē0
�M/- i?2`27Q`2- i?2 iQi�H 2M2`;v Q7 i?2 #2�K +�M #2 2tT`2bb2/ �b Eb = NpĒ0X
6BM�HHv- i?2 #2�K Bb +?�`�+i2`Bx2/ #v � `�/Bmb UrbV Q7 Bib +B`+mH�` +`Qbb@b2+iBQM-
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� bm`7�+2 T�`iB+H2 /2MbBiv Q` ~mtk UσV- �M/ �M BQM #2�K /m`�iBQM iBK2 UτbeamVX
h?2 ~mt Bb /2}M2/ �b σ = Np/(πr2

b)- i?Bb Bb- i?2 bm`7�+2 T�`iB+H2 /2MbBiv Q7 i?2
+`Qbb@b2+iBQM Q7 Qm` +vHBM/`B+�H #2�K- +�H+mH�i2/ �b i?2 MmK#2` Q7 BQMb Np i?�i
;Q i?`Qm;? � bm`7�+2 Q7 Sb = πr2

bX .m2 iQ i?2 bvKK2i`v- i?2 #2�K +`2�i2b
� ?2�i2/ +vHBM/`B+�H `2;BQM T (x, t)- Q7 H2M;i? Lh �M/ `�/Bmb rb- rBi? � `�/B�H
/B`2+iBQM rBi?BM i?2 7m2H bT?2`2X

jXjXR JQMQ2M2`;2iB+ BQM #2�Kb
AM KQMQ2M2`;2iB+ BQM #2�Kb- �HH BQM@T`QD2+iBH2b ?�p2 i?2 b�K2 FBM2iB+ 2M2`;v E0
UbQ Ē0 = E0V- �M/ i?2 TQr2` /2MbBiv /2TQbBi2/ UWd,beamV +�M #2 2tT`2bb2/ �b

Wd,beam = I · Sp
(
E(x(t′)), T (x, t), ρ

)
. UjXRdV

>2`2- i?2 BMi2MbBiv UIV Q7 i?2 #2�K Bb i?2 MmK#2` Q7 BQM@T`QD2+iBH2b i?�i ;Q
i?`Qm;? i?2 TH�bK� T2` i`�Mbp2`b2 �`2� �M/ mMBi iBK2X 6Q` � +QMbi�Mi BMi2MbBiv
UiBK2@BM/2T2M/2MiV �M/ ?QKQ;2M2Qmb BQM@T`QD2+iBH2 bT�iB�H /Bbi`B#miBQM- Bi +�M
#2 2tT`2bb2/ �b I = σ/τbeamX

*QMp2`b2Hv- Sp(E(x(t′), T (x, t), ρ) /2MQi2b i?2 biQTTBM; TQr2`- r?B+? `2T`2@
b2Mib i?2 2M2`;v /2TQbBi2/ #v QM2 T`QD2+iBH2 BM i?2 TH�bK�- T2` H2M;i? mMBi �M/
�i 2�+? BMbi�Mi Q7 iBK2X E(x(t′)) Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 T�`iB+H2b i`�p2HHBM;
BM i?2 TH�bK� rBi? i2KT2`�im`2 T (x, t)- �M/ Bb /2i2`KBM2/ �bbmKBM; � +H�bbB+�H
/vM�KB+ Q7 i?2 T�`iB+H2b BM i?2 TH�bK�- #v K2�Mb Q7 i?2 7QHHQrBM; 2tT`2bbBQM,

dE(x(t′))
dx

= −Sp
(
x; E(x(t′)), T (x, t), ρ

)
, UjXR3V

r?B+? /2b+`B#2b i?2 bHQrBM; /QrM Q7 i?2 T`QD2+iBH2b /m2 iQ i?2 T�`iB+H2b Q7 i?2
TH�bK� /m`BM; i?2 iBK2 Q7 ~v UτflyV �b i?2 BQM i`�p2Hb BM i?2 7m2H mMiBH Bi biQTbX
>2`2- t′ ∈ [0, τfly] Bb mb2/ iQ `2T`2b2Mi i?2 iBK2 BM r?B+? � T`QD2+iBH2 i`�p2Hb
i?`Qm;? i?2 TH�bK�- r?BH2 t ∈ [0, τbeam] `2T`2b2Mib i?2 iBK2 Q7 i?2 r?QH2 #2�K
BMi2`�+iBQMX h?mb- BM i?Bb rQ`F- � iBK2 Q7 ~B;?i bK�HH2` i?�M i?2 iBK2 Q7 i?2
#2�K Bb �bbmK2/X >2M+2- 1[X jXR3 Bb bQHp2/ 7Q` � b2H2+i2/ iBK2 t- 7Q` �M BQM
i`�p2HHBM; �HQM; i?2 TH�bK� rBi? x = x(t′)- mMiBH Bi biQTb- r?2`2 t �`2 i?2 BMbi�Mib
Q7 iBK2 /m`BM; i?2 bHQrBM; /QrM Q7 i?2 BQM BM i?2 BMi2`p�H [t, t + τfly]X AKTHB+BiHv-
i?Bb KQ/2HHBM; BKTHB2b i?�i i?2 #2�Kb �`2 ;2M2`�i2/ �i i?2 2/;2 Q7 i?2 TH�bK�
/m`BM; i?Bb τbeam iBK2X

�b bi�i2/ �i i?2 #2;BMMBM; Q7 i?Bb b2+iBQM- i?2 BMBiB�H �M/ #QmM/�`v +QM/B@
iBQMb �`2 ;Bp2M #v T (x, 0) = T0 F2o 7Q` �Mv x ∈ [0, 2RF]- �M/ E(x = 0) = E0
7Q` �Mv t ∈ [0, τbeam]X AM i?Bb rQ`F- i?2 2M2`;v /2TQbBiBQM �M/ ?2�iBM; Q7 i?2

kq2 �+FMQrH2/;2 i?�i Ǵ~mtǴ Bb bQK2iBK2b /2b+`B#2/ �b i?2 ~Qr `�i2 T2` mMBi �`2�- #mi
i?`Qm;?Qmi i?Bb rQ`F- Bi `272`b iQ i?2 MmK#2` Q7 T�`iB+H2b T2` �`2� mMBiX
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TH�bK� �`2 +�H+mH�i2/ BM Qm` KQ/2H #v bQHpBM; 1[X jXRe �M/ jXR3 BM � +QmTH2/
r�v- /`Bp2M /B`2+iHv #v i?2 biQTTBM; TQr2`X h?mb- 1[m�iBQM jXRe +�M #2 2t@
T`2bb2/ BM Bib BMi2;`�H 7Q`K �b,

T (x, τbeam) = T (x, 0) + I

ρ CV

∫ τbeam

0
Sp (x; E(x), T (x, t), ρ) dt. UjXRNV

Ai Bb rQ`i? MQiBM; i?�i- mM/2` i?2 �bbmKTiBQM i?�i τfly < τbeam < τhyd;proc
�M/ Wd,beam > Wproc- i?2 bQHmiBQMb Q7 1[X jXRN �`2 2tTHB+BiHv BM/2T2M/2Mi Q7 i?2
#2�K iBK2 �M/ i?2 bQHmiBQMb /2T2M/ 2t+HmbBp2Hv QM Uσ, E0VX h?Bb Bb �//`2bb2/
BM i?2 M2ti a2+iX jXRk- r?2`2 r2 /2b+`B#2 i?2 MmK2`B+�H T`Q+2/m`2 7QHHQr2/ iQ
i�+FH2 i?Bb T`Q#H2KX

jXjXk Zm�bB@KQMQ2M2`;2iB+ BQM #2�Kb
AM �//BiBQM iQ +QMbB/2`BM; i?2 B/2�H +�b2 Q7 � KQMQ2M2`;2iB+ BQM #2�K- i?Bb rQ`F
2ti2M/b i?2 bim/B2b #v KQ/2HHBM; [m�bB@KQMQ2M2`;2iB+ BQM #2�KbX q2 +QMbB/2`
MQ`K�HBb2/ :�mbbB�M T�`iB+H2 2M2`;v /Bbi`B#miBQM 7mM+iBQM UF V- rB/2Hv mb2/ BM
i?2 HBi2`�im`2 Uh2KTQ`�H- kyyec >QM`m#B� 2i �HX- kyyNc :mbǶFQp 2i �HX- kyR9�-
kyR8V- +?�`�+i2`Bx2/ #v i?2 2M2`;v p�`B�M+2 UσEV �M/ i?2 BMBiB�H K2�M 2M2`;v
UĒ0V,

F (E0, Ē0, σE) = e−(E0−Ē0)2/2σ2
E

√
2πσE

, UjXkyV

r?2`2 i?2 p�`B�M+2 �HbQ �HHQrb /2}MBM; i?2 2M2`;v bT`2�/ Q7 i?2 #2�K �b δE =
σE/Ē0X

LQi2 i?�i i?2 `2K�BMBM; +QM/BiBQMb 7Q` #Qi? i?2 #2�K �M/ i?2 TH�bK� `2@
K�BM mM+?�M;2/X h?2 QMHv /Bz2`2M+2 HB2b BM +QMbB/2`BM; � #2�K r?Qb2 2M2`;v
Bb /Bbi`B#mi2/ �b b?QrM BM 1[X jXkyX AM i?Bb K�MM2`- i?2 2M2`;v /Bbi`B#miBQM
7mM+iBQM T`QpB/2b i?2 MmK#2` Q7 BQMb Q7 i?2 #2�K T2` 2M2`;v p�Hm2X h?Bb K2�Mb
i?�i BM �Mv b2+iBQM Q7 i?Bb i?2bBb BMpQHpBM; � [m�bB@KQMQ2M2`;2iB+ #2�K- i?2`2
Bb MQ bBM;H2 2M2`;v �b BM i?2 KQMQ2M2`;2iB+ +�b2- #mi `�i?2` � `�M;2 Q7 2M2`;B2b-
r?B+? r2 /2MQi2 E0- bm+? �b E0 ∈ E0X q2 +QMbB/2` i?2 T`QD2+iBH2b rBi?BM �M
BMi2`p�H ;Bp2M #v E0 = [Ē0 − 3σE, Ē0 + 3σE]- r?2`2 ǴjǴ Bb �M �`#Bi`�`v T�`�K2@
i2` r2 KmHiBTHv iQ σE- iQ 2ti2M/ i?2 bim/B2/ 2M2`;v BMi2`p�H iQ i?2 i�BHb Q7 i?2
:�mbbB�M /Bbi`B#miBQMjX

AM i?Bb rQ`F- r2 +QMbB/2` irQ [m�bB@KQMQ2M2`;2iB+ :�mbbB�M #2�Kb- QM2
;2M2`�i2/ �i i?2 2/;2 Q7 i?2 T`2+QKT`2bb2/ 7m2H U:RV �M/ QM2 ;2M2`�i2/ �i �
/Bbi�M+2 ǴdǴ Q7 i?2 2/;2 U:kVX

jaBM+2 i?2 :�mbbB�M 7mM+iBQM Bb BM}MBi2 BM 2ti2Mi- i?Bb `2bi`B+iBQM b?QmH/ �pQB/ mM`2�bQM�#H2
H�`;2 p�Hm2b �M/ �HbQ �bbm`2 i?�i i?2`2 �`2 MQ M2;�iBp2 2M2`;v p�Hm2b UE0 > 0VX
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jXjXkX� :R, :�mbbB�M #2�K �i i?2 2/;2 Q7 i?2 TH�bK�
6Q` � MQM@KQMQ2M2`;2iB+ #2�K bBim�i2/ �i i?2 #2;BMMBM; Q7 i?2 TH�bK�- Bi Bb
M2+2bb�`v iQ �++QmMi 7Q` i?2 /Bz2`2Mi 2M2`;B2b Q7 i?2 #2�K r?2M bBKmH�iBM;
i?2 BMi2`�+iBQMX h?2 /2T2M/2M+B2b Q7 i?2 2M2`;v /2TQbBi2/ #v i?2 #2�K �`2
MQr `2T`2b2Mi2/ �b Wd,beam(x, t, ρ, T (x, t); Ē0, σE)X AM +QMi`�bi iQ 1[X jXRd- i?2
2M2`;v /2TQbBi2/ #v i?2 #2�K Wd,beam Bb MQr +�H+mH�i2/ �b �M BMi2;`�H Qp2` i?2
/Bz2`2Mi BMBiB�H 2M2`;B2b E0,

Wd,beam = I
∫ ∞

0
F (E0, Ē0, σE) Sp

(
x; E(x(t′); E0), T (x, t), ρ

)
dE0, UjXkRV

r?2`2- �;�BM- i?2 BMi2MbBiv Bb +QMbi�Mi �M/ Bb ;Bp2M #v I = σ/τbeamX AM i?Bb
+�b2- i?2 bHQrBM; /QrM Q7 i?2 T`QD2+iBH2b p�`B2b /2T2M/BM; QM i?2B` BMBiB�H 2M2`;v
E0 ∈ E0- bQ r2 2tTHB+BiHv bi�i2 i?2 /2T2M/2M+2X

6QHHQrBM; i?2 2tTH�M�iBQMb BM a2+iX jXk- bBKmH�iBM; i?2 #2�K@TH�bK� BMi2`@
�+iBQM `2[mB`2b +QKTmiBM; bBKmHi�M2QmbHv MQi QMHv 1[X jXRe �M/ 1[X jXR3- #mi
�HbQ 1[X jXkR,

T (x, τbeam) = T (x, 0)

+ I

ρ CV

∫ τbeam

0

(∫ ∞

0
F (E0, Ē0, σE) Sp

(
x; E(x(t′); E0), T (x, t), ρ

)
dE0

)
dt.

UjXkkV
LQi2 i?�i �i 2�+? bT�iB�H TQbBiBQM- i?2 iQi�H biQTTBM; Bb +�H+mH�i2/ �b i?2

bmK Q7 i?2 2M2`;v /2TQbBi2/ #v T`QD2+iBH2b rBi? /Bz2`2Mi BMBiB�H 2M2`;B2b- r?B+?
Bb i?2M BMi2;`�i2/ Qp2` iBK2 iQ +�H+mH�i2 i?2 i2KT2`�im`2X

lM/2` i?2 b�K2 �bbmKTiBQMb 7Q` i?2 +?�`�+i2`BbiB+ iBK2b �M/ i?2 TQr2`
/2MbBiB2b- i?2 bQHmiBQMb Q7 1[X jXkk �`2- �;�BM- 2tTHB+BiHv BM/2T2M/2Mi Q7 i?2
#2�K iBK2 �M/ /2T2M/ 2t+HmbBp2Hv QM Uσ, Ē0, δEVX

jXjXkX# :k, :�mbbB�M #2�K b2T�`�i2/ 7`QK i?2 TH�bK�
q?2M i?2 [m�bB@KQMQ2M2`;2iB+ #2�K Bb b2T�`�i2/ #v � /Bbi�M+2 ǴdǴ 7`QK i?2
TH�bK�- i?Qb2 BQMb rBi? ?B;?2` 2M2`;v 7`QK E0 `2�+? i?2 2/;2 Q7 i?2 7m2H bT?2`2
2�`HB2`- /2T2M/BM; QM i?2 /Bbi`B#miBQM F (E0, Ē0, σE)X LQr- i?2 BMi2MbBiv ?�b
� iBK2 �M/ 2M2`;v /2T2M/2M+v- bQ Bi Bb MQ HQM;2` +QMbi�Mi- BM +QMi`�bi iQ i?2
KQMQ2M2`;2iB+ Q` :R +�b2bX

AM i?Bb +�b2- � +QMp2MB2Mi 7Q`K iQ 2tT`2bb i?2 TQr2` /2MbBiv /2TQbBi2/ #v
i?2 #2�K BM i?2 TH�bK� Bb ;Bp2M #v,

Wd,beam(t) = σP (t)Sp (E(x(t′)), T (x, t), ρ)
NpE†

0
, UjXkjV



8d

r?2`2 E†
0 Bb i?2 2M2`;v Q7 2�+? T`QD2+iBH2 2Mi2`BM; i?2 2/;2 Q7 i?2 TH�bK� �i �M

BMbi�Mi t- �M/ P (t) Bb i?2 TQr2` Q7 i?2 #2�K �i i?2 2/;2 Q7 i?2 7m2H- /2`Bp2/
+QMbB/2`BM; i?2 :�mbbB�M 2M2`;v /Bbi`B#miBQM �M/ i?2 bQm`+2@TH�bK� /Bbi�M+2
Uh2KTQ`�H- kyyec >QM`m#B� 2i �HX- kyyNV- �M/ +�M #2 2tT`2bb2/ �b,

P (t) = 1√
2π

d4m2
b

2t5σE
e

−
[

d2mb/2t2+Ē0√
2σE

]2

. UjXk9V

>2`2- Bi Bb �bbmK2/ i?�i i?2 T`QD2+iBH2b i`�p2H �i +QMbi�Mi p2HQ+Biv 7`QK
i?2 bQm`+2 iQ i?2 2/;2 Q7 i?2 TH�bK�X h?2`27Q`2- i?2 2M2`;v Q7 2�+? T`Q@
D2+iBH2 2Mi2`BM; i?2 TH�bK� �i �M BMbi�Mi t Bb +�H+mH�i2/ �b E†

0 = 1
2mb

d2

t2 X
h?2M- i?2 +?�`�+i2`BbiB+ iBK2 7Q` i?2 #2�K /m`�iBQM9 +�M #2 2biBK�i2/ �b
τbeam ≈ tmax − tmin =

√
mbd2

2

(
1

min(E0)
1/2 − 1

max(E0)
1/2)X LQr- bBKmH�iBM; i?2

#2�K TH�bK� BMi2`�+iBQM `2[mB`2b +QKTmiBM; 1[X jXRe �M/ 1[X jXR3- #mi i�FBM;
BMiQ �++QmMi 1[X jXk9X h�FBM; i?Bb BMiQ �++QmMi- �M/ �7i2` /QBM; bQK2 bi`�B;?i@
7Q`r�`/ +�H+mH�iBQMb- i?2 i2KT2`�im`2 }2H/ �i i?2 2M/ Q7 i?2 BMi2`�+iBQM +�M #2
2tT`2bb2/ �b,

T (x, τbeam) = T (x, 0) + σ

ρ CVNp

∫ τbeam

0

P (t) Sp(x; E(x), T (x, t))
E†

0(t)
dt. UjXk8V

jX9 aiQTTBM; TQr2` KQ/2H
h?2 biQTTBM; TQr2` mb2/ BM 1[bX jXRe �M/ jXR3 Bb ;Bp2M #v i?2 bmK Q7 +QMi`B#m@
iBQMb 7`QK 2�+? TH�bK� +QKTQM2Mi UJ2?H?Q`M- RN3y- RN3Rc E?�i�KB � E?Qb?@
#BM7�`- kykyV- i�FBM; BMiQ �++QmMi i?2 2H2+i`QM �M/ i?2 bi`BTT2/ BQMb }2H/bX AM
i?2 +�b2 Q7 � Tm`2 .h TH�bK�- i?2 +QMi`B#miBQMb +QK2 7`QK i?2 /2mi2`BmK �M/
i`BiBmK BQMb- �HQM; rBi? i?2 7`22 2H2+i`QMb i?2v HQbiX A7 �Mv BKTm`Biv Bb T`2b2Mi-
Bi Bb M2+2bb�`v iQ i�F2 BMiQ �++QmMi i?2 +QMi`B#miBQMb Q7 i?2 /QT�Mi 7`22 2H2+i`QMb
�b ne = ne(DT) + ne(Dop) �M/ i?2 bi`BTT2/ /QT�Mi BQMbX

Sp =
∑

i

Spi = Spe(D,T,dop) + SpD + SpT +
∑

dop
Sp(dop). UjXkeV

>2`2- bm#b+`BTi ǴBǴ /2MQi2b i?2 TH�bK� }2H/ +QMbB/2`2/- r?B+? +QMi`B#miBQMb
+�M #2, i?2 7`22 2H2+i`QMb UeV- i?2 /2mi2`BmK Mm+H2B U.V- i?2 i`BiBmK Mm+H2B UhV
Q` �Mv /QT�Mi U/QTV- B7 T`2b2MiX q2 /2MQi2 mi- ni �M/ Zi �b i?2 K�bb- T�`iB+H2

9q2 MQi2 i?�i- BM i?2 KQMQ2M2`;2iB+ �M/ i?2 :R +�b2b- i?2 #2�K Bb �``�M;2/ �i i?2 2/;2
Q7 i?2 7m2H- bQ i?2 #2�K iBK2 `2~2+ib i?2 /m`�iBQM Q7 i?2 BMi2`�+iBQM rBi?BM i?2 TH�bK�X AM
+QKT�`BbQM- BM i?2 :k +�b2- i?2 #2�K iBK2 Bb KQbiHv /2b+`B#2/ #v i?2 iBK2 `2[mB`2/ 7Q`
i?2 T`QD2+iBH2b iQ i`�p2H i?2 /Bbi�M+2 #2ir22M i?2 bQm`+2 �M/ i?2 7m2H- bQ- BM i?Bb +�b2- i?2
BMi2`�+iBQM iBK2 rBi?BM i?2 TH�bK� Bb M2;HB;B#H2 BM +QKT�`BbQMX
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/2MbBiv �M/ +?�`;2 Q7 i?2 ǴBǴ TH�bK� +QKTQM2Mi U.- h- 2H2+i`QMb Q` /QT�MibVX
PM i?2 Qi?2` ?�M/- i?2 T`QD2+iBH2 T�`iB+H2b �`2 `2T`2b2Mi2/ #v �iQKB+ MmK#2`
Zb �M/ �iQKB+ K�bb mbX

*QM+2`MBM; i?2 biQTTBM; TQr2`- Qm` �M�HvbBb BM+Q`TQ`�i2b irQ rB/2Hv 2K@
THQv2/ KQ/2Hb, i?2 GB � S2i`�bbQ URNNj�V U`272``2/ iQ �b GSV �M/ i?2 S2@
i2` URNNRV �M/ J2v2`@i2`@o2?M U`272``2/ iQ �b SJoV- �H`2�/v BMi`Q/m+2/ BM
a2+iX kXjXRX "Qi? KQ/2Hb b?�`2 bQK2 i2`Kb- bm+? �b 7QHHQrbX h?2 `�iBQ Xi =
v/vth,i #2ir22M i?2 p2HQ+Biv Q7 i?2 T`QD2+iBH2b Uv = 2 · E(x(t′))/mV �M/ i?2
i?2`K�H p2HQ+Biv Q7 i?2 TH�bK� Uvth,i =

√
2KBT/miV- #2BM; KB i?2 "QHixK�MM

+QMbi�MiX h?2 i2`K ǴerfǴ Bb i?2 2``Q` 7mM+iBQMX q2 `2KBM/ i?�i e Bb i?2 2H2+@
i`QM +?�`;2 �M/ ϵ0 Bb i?2 p�+mmK T2`KBiiBpBivX �i H�bi- i?2 *QmHQK# HQ;�`Bi?K8

Uln(Λ)V i2`K +Q``2bTQM/b iQ i?2 `�iBQ #2ir22M i?2 .2#v2 H2M;i? UλDV �M/ i?2
BKT�+i T�`�K2i2` 7Q` � KBMBKmK +QHHBbBQM /Bbi�M+2- #Qi? 7Q` 2H2+i`QMb �M/
BQMb- UpminiVX h?Bb HQ;�`Bi?K b2`p2b �b � K2i`B+ 7Q` 2biBK�iBM; i?2 BKTQ`i�M+2
Q7 bK�HH@�M;H2 +QHHBbBQMb H�`;2@�M;H2 b+�ii2`BM;,

ln(Λ)i = ln(λDi/pmini), UjXkdV

r?2`2-

λDi = max

⎛

⎜⎝

√√√√4πϵ0KB
√

T 2 + X · ϵ2
F

4π(Zie)2ni
, 2

⎞

⎟⎠

pmini =

√√√√
(

ZiZbe2

4πϵ0mriu
2
i

)2
+ X ·

(
!

2mriui

)2
.

>2`2- X = 1 7Q` i?2 2H2+i`QM }2H/ �M/ X = 0 7Q` i?2 BQM }2H/X h?2 `2H�iBp2
K�bb Bb mr = (mi · mb)/(mi + mb)- i?2 `2H�iBp2 p2HQ+Biv Bb u ≈

√
v2 + v2

th,i �M/
i?2 62`KB 2M2`;v Bb ϵF = 0.3646(ne[cm−3]/(1021))2/3 2oX

AM a2+iX 9XR r2 /BbTH�v bQK2 `2bmHib Q7 #Qi? SJo �M/ GS KQ/2Hb- �b r2HH
�b � +QKT�`BbQM rBi? i?2 `2bmHib Q7 Qi?2` �mi?Q`bX

jX9XR GB@S2i`�bbQ
h?2 GB � S2i`�bbQ URNNj�V KQ/2H U`272``2/ iQ �b GSV bi�M/b �b � r2HH@2bi�#HBb?2/
�TT`Q�+? 7Q` �bb2bbBM; i?2 #2?�pBQm` Q7 +?�`;2/ T�`iB+H2b �b i?2v i`�p2`b2 �

8q2 ?�p2 7QmM/ +2`i�BM /Bz2`2M+2b i?`Qm;? i?2 HBi2`�im`2 U2X;X GB � S2i`�bbQ- RNNj�c wQm
2i �HX- kyRec .2M; 2i �HX- kykRVX PM i?2 QM2 ?�M/- i?2 i?2`K�H p2HQ+Biv Q7 i?2 TH�bK� Bb Q7i2M
/2b+`B#2/ �b QM2 /BK2MbBQM�H Uvth,i =

√
2KBT/miV- BMbi2�/ Q7 i?`22@/BK2MbBQM�HX h?2 i2`K

�bbQ+B�i2/ rBi? X Bb �HbQ Q7i2M M2;H2+i2/X
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7mbBQM TH�bK� 2MpB`QMK2Mi UwQm 2i �HX- kyRec E?�i�KB � E?Qb?#BM7�`- kykyc
.2M; 2i �HX- kykRVX h?2 mM/2`TBMMBM; Q7 i?2 GS biQTTBM; 7Q`K�HBbK Bb /2`Bp2/
7`QK i?2 6QFF2`@SH�M+F 2[m�iBQM �M/ `2HB2b QM �M 2tT�MbBQM Q7 i?2 +QHHBbBQM
QT2`�iQ` #�b2/ QM i?2 BMp2`b2 Q7 i?2 *QmHQK# HQ;�`Bi?K UGB � S2i`�bbQ- RNNj#VX
h?2 GS biQTTBM; TQr2` �++QmMib 7Q` H�`;2@�M;H2 b+�ii2`BM;- bK�HH@�M;H2 #BM�`v
+QHHBbBQMb- +QHH2+iBp2 TH�bK� Qb+BHH�iBQMb- �M/ i?2 M2+2bb�`v [m�MimK 2z2+ibX
h?2b2 7�+iQ`b �`2 bm#b2[m2MiHv �/Dmbi2/ iQ }i rBi?BM � +H�bbB+�H 7Q`K�HBbKX Aib
�TTHB+�#BHBiv Bb +QMbBbi2Mi 7Q` *QmHQK# HQ;�`Bi?K p�Hm2b ;`2�i2` i?�M Q` 2[m�H
iQ k- � +`Bi2`BQM K2i #v i?2 2tT2`BK2Mib 2t�KBM2/ rBi?BM i?Bb bim/vX h?2`2#v-
i?2 biQTTBM; TQr2` Q7 i?2 T`QD2+iBH2b i`�p2HHBM; i?`Qm;? � 7mHHv BQMBx2/ TH�bK�
Q7 .h Bb ;Bp2M #v i?2 rB/2Hv mb2/ 2tT`2bbBQM,

Spi = Z2
bZ2

i e4ni
4πϵ2

0miv2 (GLP(Xi) · ln(Λ)i + Θ(Xi) · ln(1.123Xi)) UjXk3V

rBi?

GLP(Xi) = −
(

1 + mi

mb

) 2√
π

Xie
−X2

i

+
(

1 + mi

mb

1
ln(Λ)i

)
2`7 (Xi) .

UjXkNV

>2`2- Θ Bb i?2 bi2T 7mM+iBQM- rBi? � p�Hm2 Q7 y 7Q` X2
i ≤ 1 �M/ � p�Hm2 Q7 R

7Q` X2
i > 1X h?`Qm;?Qmi i?Bb rQ`F- r2 mb2 i?2 GS KQ/2H BM Qm` bBKmH�iBQMb-

mMH2bb bT2+B}+�HHv MQi2/X

jX9Xk S2i2` �M/ J2v2`@i2`@o2?M
h?2 S2i2` �M/ J2v2`@i2`@o2?M US2i2`- RNNRV KQ/2H r�b /2p2HQT2/ BM � +H�bbB+�H
bi�iBbiB+�H +QMi2ti- rBi?BM i?2 7`�K2rQ`F Q7 FBM2iB+ i?2Q`vX >2`2- r2 T`2b2Mi i?2
�M�HviB+�H �TT`QtBK�iBQM Q7 i?2 SJo KQ/2H- r?B+? Bb p�HB/ r?2M Zb/(niλ3

Di) <
1- �b b?QrM #2HQr,

Spi = Z2
bZ2

i e4ni
4πϵ2

0miv2 · (GPMV(Xi) · ln(Λ) + H(Xi) · ln(Xi)) , UjXjyV

rBi?,

GPMV(Xi) = −
√

2
π

· Xi · e−
X2

i
2 + erf

(
Xi√

2

)

H(Xi) = −X3
i · e−

X2
i

2

3
√

2π
+ X4

i
X4

i + 12 .
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jX8 *?�`�+i2`BbiB+ T�`�K2i2`b Q7 i?2 ?2�i2/ `2;BQM
�7i2` i?2 BQM #2�K BMi2`�+iBQM- i?2 ?2�i2/ `2;BQM Q7 i?2 TH�bK� Bb +QKTH2i2Hv
+?�`�+i2`Bx2/ #v Bib i2KT2`�im`2 }2H/ UT (x) = T (x, τbeam)V- Q#i�BM2/ 7`QK
1[X jXRNX 6Q` 2t�KTH2- BM 6B;X jX9 r2 ?�p2 /2TB+i2/ i?`22 i2KT2`�im`2 /Bb@
i`B#miBQMb Q7 � ?2�i2/ TH�bK� UT04R F2o- ρ48yy ;f+K3V Q#i�BM2/ �7i2` i?2
BMi2`�+iBQM rBi? �M BQM #2�K Q7 *6+ Uσ4kXN·Ry10 +K−2V �i i?`22 /Bz2`2Mi FB@
M2iB+ 2M2`;B2b, E04Rk8- E049yy �M/ E04ed8 J2oX AM i?Bb };m`2- r2 �HbQ
?B;?HB;?i b2p2`�H `2H2p�Mi +?�`�+i2`BbiB+ T�`�K2i2`b Q7 i?2 ?2�i2/ `2;BQM- bm+?
�b i?2 i2KT2`�im`2 �i i?2 2/;2 Q7 i?2 TH�bK� UTx=0 = T (x = 0)V- i?2 TH�bK�
BMBiB�H i2KT2`�im`2 UT0V- i?2 K�tBKmK i2KT2`�im`2 UTmaxV �M/ Bib �bbQ+B�i2/
TQbBiBQM UxTmaxVX �//BiBQM�HHv- i?2 iQi�H ?2�i2/ H2M;i? Q` `�M;2 ULhV Bb /2}M2/
�b 7QHHQrbe,

Lh =
∫ 0

E0

dE

−Sp(x, E(x); T (x))dx. UjXjRV

h?2M- i?2 K2�M i2KT2`�im`2 Q7 i?2 ?2�i2/ `2;BQM Bb +�H+mH�i2/ 7`QK i?2
/Bbi`B#miBQM Q7 i2KT2`�im`2b,

Th = 1
Lh

∫

Lh
T (x)dx. UjXjkV

�b i?2 #2�K Bb 7Q+mb2/ bvKK2i`B+�HHv BM i?2 +2Mi`2 Q7 i?2 bT?2`B+�H 7m2H- i?2
?2�i2/ `2;BQM Bb � +vHBM/2`@�HBF2 pQHmK2 Q7 Vh = πr2

bLh rBi? `�/B�H bvKK2i`v BM
i?2 i2KT2`�im`2X LQi2 i?�i i?2 2M2`;2iB+ p�`B�iBQM Q7 i?2 ?2�i2/ `2;BQM Kmbi #2
2[m�H iQ i?2 2M2`;v Q7 i?2 #2�K- ∆Eh = Eb- i?Bb Bb- ρ CV(Th − T0)Vh = NpE0X
h?2`27Q`2- i?2 i2KT2`�im`2 Q7 i?2 ?2�i2/ `2;BQM +�M #2 2tT`2bb2/ BM i2`Kb Q7
i?2 BMBiB�H T�`�K2i2`b Q7 i?2 2tT2`BK2Mi �b,

Th = T0 + σE0
ρ CVLh

. UjXjjV

h?Bb 2[m�iBQM Bb �HbQ p�HB/ 7Q` i?2 [m�bB@KQMQ2M2`;2iB+ +�b2b #v +QMbB/2`BM;
i?2 K2�M 2M2`;v- Ē0X AM �//BiBQM- i?Bb 2[m�iBQM BM+Hm/2b i?2 H2M;i? Q7 i?2

eh?Bb 2tT`2bbBQM +QMbB/2`b � KQMQ2M2`;2iB+ #2�KX AM i?2 :R +�b2 Q7 � [m�bB@KQMQ2M2`;2iB+
#2�K- i?2 7Q`KmH� �HbQ �TTHB2b- #mi BMi2;`�i2b 7`QK i?2 T`QD2+iBH2 rBi? K�tBKmK 2M2`;v
Umax(E0)V iQ x2`QX AM i?2 :k +�b2- i?2 }M�H H2M;i? Q7 i?2 ?2�i2/ `2;BQM /2T2M/b QM i?2
2M2`;v /Bbi`B#miBQMX Ai Bb Q#i�BM2/ �7i2` +�H+mH�iBM; i?2 2M2`;v /2TQbBiBQM Q7 i?2 T`QD2+iBH2b
�++Q`/BM; iQ i?2B` BMBiB�H 2M2`;v i�F2M 7`QK i?2 /Bbi`B#miBQM E0- r?BHbi i?2 ?2�iBM; Bb i�FBM;
TH�+2 �M/ /2i2`KBMBM; ?Qr 7�` i?2v `2�+?X �KQM; i?2 /2Ti?b Q#i�BM2/ 7Q` 2�+? 2M2`;v- i?2
Qp2`�HH K�tBKmK `�M;2 Bb b2H2+i2/X _2;�`/H2bb Q7 i?2 ivT2 Q7 #2�K- MmK2`B+�HHv r2 +�H+mH�i2
i?2 `�M;2 #v 2p�Hm�iBM; i?2 i2KT2`�im`2- bi�`iBM; 7`QK i?2 2/;2 r?2`2 i?2 #2�K 2Mi2`b �M/
+QMiBMmBM; mMiBH i?2 H�bi p�Hm2 bm+? i?�i T (x) > T0- i?�i Bb- #27Q`2 `2im`MBM; iQ i?2 +QH/
TH�bK�X



eR

?2�i2/ `2;BQM- bQ Bi +�M #2 +QMbB/2`2/ �b � +QMbi`�BMi QM i?2 [m�MiBiB2b Th
�M/ LhX h?2 `2H�iBQMb?BT #2ir22M i?2 ?2�i2/ `2;BQM �M/ i?2 2tT2`BK2Mi�H
+QM/BiBQMb Q7 #Qi? i?2 #2�K �M/ i?2 TH�bK� +�M /2b+`B#2/ #v i?2 [m�MiBiv
(Th − T0)Lh = ∆ThLh = σE0/(ρ CV)X

6B;m`2 jX9Ė aT�iB�H /Bbi`B#miBQM Q7 i2KT2`�im`2b �+?B2p2/ �7i2` i?2 BMi2`�+iBQM Q7 � *6+

#2�K Uσ4kXN·Ry10 +K−2V rBi? � .h TH�bK� Q7 T04R F2o �M/ /2MbBiv ρ48yy ;f+K3- U�V 7Q`
�M 2/;2 ?Qi@bTQi UE04Rk8 J2oV- U"V �M BMi2`K2/B�i2 ?Qi@bTQi UE049yy J2oV- �M/ U*V �
+2Mi`�H ?Qi@bTQi UE04ed8 J2oVX

jXe a2H7@?2�iBM; �M/ B;MBiBQM ;�BMb
Pm` BMi2`2bi HB2b BM 2t�KBMBM; i?2 +QM/BiBQMb 7Q` �ii�BMBM; b2H7@?2�iBM;- B;MBiBQM-
�M/ bm#b2[m2Mi +QK#mbiBQM Q7 i?2 bi�;M�i2/ 7m2HX �7i2` i?2 BMi2`�+iBQM rBi?
i?2 #2�K- i?2 BMi2`M�H T`Q+2bb2b Q7 i?2 TH�bK� ;Qp2`M i?2 2pQHmiBQM rBi?BM i?2
?2�i2/ xQM2X AM@/2Ti? BMp2biB;�iBQMb BMiQ i?2 B;MBiBQM T`Q+2bb `2[mB`2 bQT?Bb@
iB+�i2/ k. Q` j. `�/B�iBp2@?v/`Q/vM�KB+ MmK2`B+�H bBKmH�iBQMb iQ �++m`�i2Hv
/2TB+i i?2 bT�iB�H �M/ i2KTQ`�H 2pQHmiBQM Q7 � ?2�i2/ `2;BQMX >Qr2p2`- K�Mv
BMi2`2biBM; 72�im`2b Q7 i?2 2�`Hv 2pQHmiBQM Q7 i?2 ?2�i2/ TH�bK� �`2 /2b+`B#2/
#v � x2`Q@/BK2MbBQM�H TQr2` #�H�M+2 KQ/2H- �b �H`2�/v �/p�M+2/ BM a2+iX kXjXkX
*QMbB/2`BM; i?2 2M2`;2iB+ T`Q+2bb2b Q7 1[X jXR8 BM � x2`Q@/BK2MbBQM�H �TT`QtB@
K�iBQM- �7i2` i?2 #2�K BMi2`�+iBQM ?�b 2M/2/ UWd,beam = 0V- i?2 i2KT2`�im`2
p�`B�iBQM Bb r`Bii2M �b,

dT (t)
dt

= 1
ρ CV

(Wfus,dep(t) − Wmec(t) − Wcond(t) − Wrad(t)) . UjXj9V

>2`2- i?2 TQr2` /2MbBiv i2`Kb �`2, i?2 2H2+i`QM ?2�i +QM/m+iBQM UWcondV-
i?2 2H2+i`QM `�/B�iBQM 2KBbbBQM UWradV- i?2 K2+?�MB+�H rQ`F UWmecV �M/ i?2



ek

7mbBQM `2�+iBQMb /2TQbBi2/ BM i?2 2p�Hm�i2/ pQHmK2 UWfus,depVX h?2 2tT`2bbBQMb
7Q` 2p2`v TQr2` /2MbBiv �`2 T`2b2Mi2/ BM i?2 7QHHQrBM; a2+iX jX3X

6`QK 1[X jXj9- �M�Hvb2/ �7i2` i?2 #2�K BMi2`�+iBQM- r2 Q#i�BM i?2 b2H7@
?2�iBM; +QM/BiBQM Q7 �Mv ?2�i2/ `2;BQMX h?Bb +QM/BiBQM Bb 7mH}HH2/ B7 i?2`2 Bb �
TQbBiBp2 p�`B�iBQM QM i?2 i2KT2`�im`2 UdT (t)/dt ≥ 0V- i?�i Bb- B7 i?2 ;�BM i2`K
Wfus,dep Bb ;`2�i2` i?�M i?2 TQr2` /2MbBiv HQbb i2`Kb Wloss = Wmec + Wcond +
Wrad U:mbǶFQp 2i �HX- kyRRc �ix2MB � J2v2`@h2`@o2?M- kyy9VX h?Bb +`Bi2`BQM
+�M #2 2tT`2bb2/ i?`Qm;? i?2 b2H7@?2�iBM; ;�BM- /2}M2/ �b,

Gsh = Wfus,dep(ρ, R, T )
Wloss(ρ, R, T ) , UjXj8V

r?2`2 i?2 +QM/BiBQM Bb 7mH}HH2/ 7Q` � `2;BQM +?�`�+i2`Bx2/ #v (ρ, R, T ) r?2M
Gsh(ρ, R, T ) ≥ 1X h?2 KBMBKmK Q7 i?2 b2H7@?2�iBM; +m`p2 URsh,min, Tsh,minV
TQBMib Qmi i?2 i?`2b?QH/ i2KT2`�im`2 7Q` i?2 B;MBiBQM +`Bi2`BQM UTsh,min = TigVX
h?Bb B;MBiBQM i2KT2`�im`2 Bb �HbQ /BbTH�v2/ BM 6B;X jX9- iQ BM/B+�i2 r?B+? `2;BQM
Q7 i?2 ?2�i2/ TH�bK� Bb �#Qp2 BiX

PM i?2 Qi?2` ?�M/- i?2 x2`Q@Q`/2` �TT`QtBK�iBQM +�M �HbQ /2b+`B#2 i?2
2�`Hv iBK2 2pQHmiBQM BM i2KT2`�im`2 �M/ pQHmK2 Q7 i?2 ?2�i2/ `2;BQM U�ix2MB
� J2v2`@h2`@o2?M- kyy9VX 6`QK bm+? KQ/2HHBM;- � +`Bi2`BQM i?�i �bbm`2b �
bmbi�BM2/ BM+`2K2Mi Q7 i?2 i2KT2`�im`2 Qp2` iBK2 Bb Q#i�BM2/- ;m�`�Mi22BM; �
TQbi2`BQ` #m`MBM; Q7 i?2 T`2+QKT`2bb2/ .h 7m2HX h?�i Bb- ;Bp2M � `2;BQM Q7
BMi2`2bi UQ` bT�`FV- r2 +�M 2p�Hm�i2 Bib +�T�+Biv iQ �++`2i2 K�bb �M/ 2p2Mim�HHv
`�Bb2 Bib i2KT2`�im`2X h?2 `2�bQMBM; i?�i H2�/b iQ i?Bb +`Bi2`BQM Bb 2tTH�BM2/ BM
a2+iX kXjXkX _Qm;?Hv- Bi Bb `2[mB`2/ i?�i i?2 2M2`;v /2MbBiv ;�BM2/- MQ`K�HBb2/
#v i?2 2M2`;v /2MbBiv Q7 i?2 ?Qi@bTQi- ;`Qrb Qp2` iBK2X h?Bb +?�M;2 Bb ;Qp2`M2/
#v i?2 2KBbbBQM Q7 `�/B�iBQM �M/ α@T�`iB+H2b 7`QK i?2 ?2�i2/ `2;BQM- r?B+? �`2
�#bQ`#2/ #v i?2 bm``QmM/BM;b- 2MH�`;BM; i?2 ?2�i2/ `2;BQM Bib2H7X Ai +�M #2
2tT`2bb2/ i?`Qm;? i?2 B;MBiBQM ;�BM,

Gig = (Wfus,α(ρ, R, T ) − Wrad(ρ, R, T )) τ∗
0

3E0
UjXjeV

�M/ i?2 +`Bi2`BQM Bb 7mH}HH2/ r?2M Gig(ρ, R, T ) ≥ 1X >2`2- τ∗
0 = R

√
2ρ/E0 Bb �

+?�`�+i2`BbiB+ B;MBiBQM iBK2 UHQr2` i?�M +QKT`2bbBQM iBK2V- Wfus,α `272`b iQ i?2
iQi�H 2M2`;v vB2H/2/ #v α@T�`iB+H2b Ub22 a2+iX jX3V- E0 = 3ρΓBT Bb 2M2`;v T2`
K�bb mMBi- r?B+? Bb Q#i�BM2/ 7`QK i?2 i2KT2`�im`2 Q7 i?2 ?Qi@bTQi iQ 2p�Hm�i2X
q2 �bbmK2 i?2 TH�bK� �b �M B/2�H ;�b- rBi? ΓB = R̄/ADT UR̄ Bb i?2 KQH�` ;�b
+QMbi�MiVX

"Qi? ;�BMb �HHQr +?�`�+i2`BxBM; � ?2�i2/ `2;BQM rBi? i?2 (ρ, R, T ) T�`�K@
2i2`bX AM T�`iB+mH�`- Gsh = 1 �M/ Gig = 1 �`2 i?`2b?QH/b 7Q` +�b2b r?2`2 i?2
+QM/BiBQM Bb �+?B2p2/ Q` MQiX



ej

q2 MQi2 i?�i i?2 T`2b2M+2 Q7 BKTm`BiB2b BM � .h TH�bK� KQ/B}2b i?2 /2MbBiv
Q7 i?2 TH�bK� �M/ i?2 TQr2` /2MbBiB2b Q7 i?2 BMi2`M�H T`Q+2bb2b- i?2`2#v +?�M;BM;
i?2 B;MBiBQM �M/ b2H7@?2�iBM; +QM/BiBQMb rBi? `2bT2+i iQ i?2 Tm`2 +�b2X A7 �
/QT�Mi Bb BMi`Q/m+2/ BM i?2 7m2H Bi Bb M2+2bb�`v iQ +QMbB/2` i?2 2H2K2Mi �M/
Bib +QM+2Mi`�iBQM- bQ T`2pBQmb 1[bX jXj8 �M/ jXje ?�p2 �M BKTHB+Bi /2T2M/2M+2
bm+? �b Gsh(ρ, R, T ; ZI, ξ) �M/ Gig(ρ, R, T ; ZI, ξ)X h?2`2�7i2`- BM M2ti a2+iX jXd
U6B;bX jX8 �M/ jXeV r2 BHHmbi`�i2 i?2 TH�bK� UρR, T V@bT�+2 �M/ r2 /2i2`KBM2 i?2
b2i Q7 T�`�K2i2`b i?�i �+?B2p2 i?2 +QM/BiBQMb T`2b2Mi2/ BM i?Bb b2+iBQM mM/2`
/Bz2`2Mi +B`+mKbi�M+2bX

LQi�#Hv- i?2b2 +`Bi2`B� Ui?`Qm;? 1[bX jXj8 �M/ jXjeV +�M �HbQ #2 +QMbB/@
2`2/ BM i?2 T�`�K2i2` bT�+2 Uσ, E0V Q7 i?2 #2�K- r?B+? 7mH}H i?2 +QM/BiBQMb
Gsh(Zb, E0, σ) ≥ 1 �M/ Gig(Zb, E0, σ) ≥ 1- 7Q` � ;Bp2M TH�bK� Uρ-T0VX h?Bb ivT2
Q7 `2H�iBQM #2ir22M i?2 +?�`�+i2`BbiB+b Q7 i?2 #2�K �M/ i?2 ?2�i2/ TH�bK� Bb
QM2 Q7 i?2 K�BM ;Q�Hb Q7 i?Bb i?2bBbX

jXd aQHmiBQMb Q7 Gsh �M/ Gig BM i?2 (ρR, T )@bT�+2
�++Q`/BM; iQ 1[bX jXj8 �M/ jXje r2 +�M `2i`B2p2 i?2 Uρ, R, T V@bT�+2 Q7 i?2
TH�bK� �M/ B/2MiB7v i?2 T�`�K2i2` b2i i?�i 7mH}Hb i?2b2 +QM/BiBQMb �+`Qbb p�`@
BQmb b+2M�`BQbX �7i2` bQK2 K�MBTmH�iBQMb- i?2b2 2[m�iBQMb +�M #2 `2i`B2p2/ BM
i?2 UρR, T, [ρ]V@bT�+2- rBi? � r2�F /2T2M/2M+2 QM i?2 /2MbBiv Q7 i?2 TH�bK�
U(ρ)VX 6Q` BMbi�M+2- BM 6B;X jX8 r2 +QMbB/2` � Tm`2 .h TH�bK� �M/ /BbTH�v i?2
bQHmiBQMb Q7 Gsh = 1 U/�b?2/ HBM2V �M/ Gig = 1 UbQHB/ HBM2V BM i?Bb bT�+2- +QM@
bB/2`BM; � Tm`2 .h TH�bK�X h?2 `2;BQM �#Qp2 2�+? +m`p2 7mH}Hb i?2 b2H7@?2�iBM;
�M/ B;MBiBQM +`Bi2`B�- `2bT2+iBp2HvX

q2 K�`F i?2 KBMBKmK Q7 i?2 b2H7@?2�iBM; +m`p2 rBi? � p2`iB+�H /�b?2/
HBM2X h?Bb HBM2 K�i+?2b i?2 i?`2b?QH/ i2KT2`�im`2 UTsh,min = TigV mb2/ 7Q` i?2
B;MBiBQM +`Bi2`BQMX q2 ?B;?HB;?i rBi? � +QHQm`2/ `2;BQM i?Qb2 +�b2b �#Qp2 i?2
B;MBiBQM +m`p2 i?�i �HbQ 7mH}H T > TigX h?Bb +Q``2bTQM/b iQ i?2 b+2M�`BQb r?2`2
r2 }M/ � bm++2bb7mH 7Q`K�iBQM Q7 i?2 ?Qi@bTQi- ;Bp2M � b2i Q7 (ρR, T ) TH�bK�
p�Hm2bX AM 7QHHQrBM; a2+iX jXN- r2 2tTH�BM rBi? KQ`2 /2i�BH Qm` /2}MBiBQM 7Q`
� ?Qi@bTQi �M/- BM T�`iB+mH�`- ?Qr r2 /2i2`KBM2 Bi 7`QK i?2 /Bbi`B#miBQM Q7
i2KT2`�im`2b ;2M2`�i2/ #v i?2 #2�KX h?2 #H�MF `2;BQM rBi? T > Tig- #mi
#2HQr i?2 B;MBiBQM +m`p2- +Q``2bTQM/b iQ i?Qb2 bT�`Fb i?�i �`2 MQi �#H2 iQ `2�+?
#m`MBM;X h?2 +QHQm` ;`�/B2Mi `2T`2b2Mib i?2 #m`MBM; ;�BMb �+?B2p2/ 7Q` 2�+?
ρR@T T�B`- r?B+? r2 rBHH 2tTH�BM H�i2`- BM a2+iX jXRRX

6Q` i?Bb Tm`2 .h b+2M�`BQ- i?2 KBMBKmK �`2�H /2MbBiv Q7 i?2 b2H7@?2�iBM;
+m`p2 Bb ρRsh,min ≈ 0.4 ;f+K2X 6Q` i?Bb p�Hm2- i?2 b2H7@?2�iBM; +m`p2 ?�b b2KB@
~�i #2?�pBQm` #2ir22M 3 �M/ Rk F2o- r?B+? �`2 +QKKQM p�Hm2b 7QmM/ BM i?2
HBi2`�im`2 iQ 2bi�#HBb? � i2KT2`�im`2 i?`2b?QH/ 7Q` i?2 B;MBiBQMX AM Qm` +�b2-
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6B;m`2 jX8Ė A;MBiBQM �M/ b2H7@?2�iBM; /B�;`�K UρR- T V Q7 � Tm`2 .h TH�bK� �i
ρ48yy ;f+K3X h?2 bQHB/ HBM2 `2T`2b2Mib i?2 bQHmiBQMb 7Q` Gig = 1- r?BH2 i?2 /�b?2/ HBM2
b?Qr i?2 bQHmiBQMb 7Q` Gsh = 1X A;MBiBQM i2KT2`�im`2 Tig Bb b?QrM �b � p2`iB+�H /�b?2/ HBM2X
h?2 +QHQm`2/ �`2� +Q``2bTQM/b iQ i?Qb2 UρR- T V r?2`2 i?2 ?Qi@bTQi +QM/BiBQMb �`2 7mH}HH2/X
h?2 +QHQm` ;`�/B2Mi `2T`2b2Mib i?2 #m`MBM; ;�BM 7Q` bm+? +QM/BiBQMb UT`2b2Mi2/ #2HQr- BM
a2+iX jXRRV- +QMbB/2`BM; � TH�bK� bT?2`2 Q7 RF48y µK �M/ /2MbBiv Q7 ρ48yy ;f+K3X

r2 b2H2+i i?2 p�Hm2 i?�i K�i+?2b i?2 2t�+i KBMBKmK Q7 Gsh = 1- r?B+? Bb
Tsh,min = Tig ≈ 10 F2oX 6Q` i2KT2`�im`2b HQr2` i?�M Tig ≈ 10 F2o- i?2`2 �`2
7mH}HHBM; bQHmiBQMb �#Qp2 i?2 b2H7@?2�iBM; �M/ B;MBiBQM +m`p2bX >Qr2p2`- r?2M
i?2 TH�bK� Bb i?�i +QH/- i?2 7mbBQM TQr2` Bb MQi ?B;? 2MQm;? Ub22 6B;bX jXd �M/
jX3V �M/ i?2 ?Qi@bTQib rQmH/ #2 mMM2+2bb�`v H�`;2 �M/ MQi i?�i 2{+B2MiX AM
7�+i- i?2 KQbi BMi2`2biBM; `2;BQM Bb i?�i �#Qp2 i?2 B;MBiBQM +m`p2 #mi #2HQr
i?2 b2H7@?2�iBM; +m`p2- i?Bb Bb �i HQr p�Hm2b Q7 ρR �M/ i2KT2`�im`2b �#Qp2 i?2
i?`2b?QH/- #mi �b +HQb2 iQ Tsh,min �b TQbbB#H2X AM i?Bb xQM2- i?2 T`QT�;�iBQM
Q7 i?2 +QK#mbiBQM rBHH Q++m`- r?BH2 i?2 TH�bK� `2[mB`2K2Mib �`2 KBMBK�H Ui?2
`2[mB`2/ ?Qi@bTQi Bb bK�HH �M/ MQi p2`v ?QiV- �HbQ 2Mbm`BM; K�tBKmK p�Hm2b
Q7 i?2 #m`MBM; ;�BMX Ai Bb rQ`i? K2MiBQMBM;- i?2 KBMBKmK 2M2`;v �bbQ+B�i2/
iQ i?Qb2 TQBMib- #2;BMMBM; rBi? i?2 b2H7@?2�iBM;X �Hi?Qm;? ρRsh,min �M/ Tsh,min
`2K�BM �HKQbi +QMbi�Mi rBi? i?2 TH�bK� /2MbBiv- BM i?Bb +�b2 Bi /Q2b BM~m2M+2 i?2
`2bmHi Q7 i?2 2M2`;v- }M/BM; Esh,min = 2530 C 7Q` ρ = 300 ;f+K2- Esh,min = 955 C
7Q` ρ = 500 ;f+K2 �M/ Esh,min = 522 C 7Q` ρ = 700 ;f+K2X aBKBH�`Hv- 7Q` i?2
B;MBiBQM +m`p2 r2 }M/ i?2 KBMBKmK �i- �TT`QtBK�i2Hv- yXkk ;f+K2 �M/ R3 F2o-
r?B+? +Q``2bTQM/b iQ KBMBKmK B;MBiBQM 2M2`;B2b Q7 Eig,min = 1010- jey �M/
R3y C- 7Q` 2�+? `2bT2+iBp2 /2MbBivX
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�b �MQi?2` 2t�KTH2- BM 6B;X jXe r2 ?�p2 /2TB+i2/ i?2 b2H7@?2�iBM; +m`p2 7Q` �
.h TH�bK� BM+Hm/BM; BKTm`BiB2b Q7 "2- *- �H �M/ *m �i /Bz2`2Mi +QM+2Mi`�iBQMb-
Q#i�BM2/ 7`QK i?2 +QM/BiBQM Gsh(ρR, T, ZI, ξ) = 1X �b 2tTH�BM2/ �#Qp2- 7Q`
� ;Bp2M b2H7@?2�iBM; +m`p2- i?2 TH�bK� T�`�K2i2`b i?�i 7mH}H i?2 b2H7@?2�iBM;
+`Bi2`BQM �`2 i?Qb2 HQ+�i2/ �#Qp2 i?2 +m`p2X h?2 };m`2 b?Qrb i?�i i?2 b?�T2
Q7 i?2 };m`2 ?�b � KBMBKmK (ρRsh,min(ZI, ξ), Tig(ZI, ξ))X �b i?2 +QM+2Mi`�iBQM
Q7 i?2 BKTm`Biv BM+`2�b2b- i?2 p�Hm2 Q7 i?2 KBMBKmK Bb b?B7i2/ iQ ?B;?2` p�Hm2b
Q7 i?2 �`2�H /2MbBiv �M/ i2KT2`�im`2- r?B+? BKTHB2b i?�i i?2 b2i Q7 p�Hm2b Q7
(ρRsh(ZI, ξ), Tig(ZI, ξ)) Bb `2/m+2/X

6B;m`2 jXeĖ a2H7@?2�iBM; /B�;`�Kb UρR- T V Q7 � .h TH�bK� UρDT48yy ;f+K3V /QT2/ rBi?
"- *- �H �M/ *m �i /Bz2`2Mi 7`�+iBQMbX

6Q` BMbi�M+2- 7Q` i?2 Tm`2 .h TH�bK� U�b BM 6B;X jX8V i?2 KBMBKmK �`2
ρRsh,min(ZI, ξ) ≈ 0.4 ;f+K2 �M/ Tig(ZI, ξ) ≈ 10 F2oX J2�Mr?BH2- 7Q` � TH�bK�
/QT2/ rBi? "2- i?2 p�Hm2b Q7 i?2b2 T�`�K2i2`b 7Q` ξ = 0.3 �`2 R ;f+K2 �M/
Rj F2o- �M/ 7Q` ξ = 0.4 �`2 RX9 ;f+K2 �M/ R8 F2oX h?2 };m`2 �HbQ b?Qrb i?�i
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i?2 2z2+i Q7 i?2 BKTm`Biv Bb KQ`2 T`QMQmM+2/ �b Bib �iQKB+ MmK#2` BM+`2�b2bX
6Q` � +QM+2Mi`�iBQM Q7 �#Qmi ξ ≈ 0.2 Q7 � #2`vHHBmK Q` +�`#QM BKTm`Biv- i?2
p�Hm2b Q7 Rsh,min(ZI, ξ) �M/ Tig(ZI, ξ) �`2 yX3 ;f+K2 �M/ RR F2o 7Q` "2 �M/
RXk ;f+K2 �M/ R9 F2o 7Q` *X �Hi?Qm;? MQi `2T`2b2Mi2/- r2 ?�p2 7QmM/ i?�i-
2p2M 7Q` � Km+? HQr2` +QM+2Mi`�iBQM Q7 *m Uξ = 0.015V- i?2 p�Hm2b Q#i�BM2/
7Q` i?2 KBMBKmK �`2 yXN ;f+K2 �M/ Rj F2o- r?B+? �`2 Q7 i?2 b�K2 Q`/2` �b
i?Qb2 Q#i�BM2/ 7Q` "2 �M/ * �i ξ = 0.2X AM ;2M2`�H- r2 ?�p2 7QmM/ i?�i i?2
B;MBiBQM +m`p2 KQp2b iQr�`/b `2;BQMb Q7 ?B;?2` �`2�H /2MbBiv �M/ i2KT2`�im`2
rBi? ?2�pB2` /QT�Mib Q` ?B;?2` +QM+2Mi`�iBQMbX

jX3 SQr2` /2MbBiB2b
AM Q`/2` iQ 2p�Hm�i2 i?2 b2H7@?2�iBM; �M/ B;MBiBQM ;�BMb- BM i?Bb b2+iBQM r2 T`2b2Mi
i?2 TQr2` /2MbBiv i2`KbX lMH2bb MQi2/- 2tT`2bbBQMb mb2 i?2 aA mMBibX >2`2�7i2`-
k Bb i?2 *QmHQK# +QMbi�Mi- h Bb i?2 SH�M+F +QMbi�Mi- c Bb i?2 bT22/ Q7 HB;?i-
�M/ ln(Λ) Bb i?2 *QmHQK# HQ;�`Bi?K /2}M2/ BM 1[X jXkd- T �M/ R �`2 i?2
i2KT2`�im`2 �M/ i?2 `�/Bmb Q7 i?2 bim/B2/ TH�bK� `2;BQM- `2bT2+iBp2HvX

jX3XR Lm+H2�` 7mbBQM 2M2`;v /2TQbBiBQM
AM i?2 +�b2 Q7 � .h T`2+QKT`2bb2/ 7m2H- i?2 ?2�iBM; �bbQ+B�i2/ rBi? i?2 7mbBQM
2M2`;v /2TQbBiBQM Bb /2i2`KBM2/ #v i?2 `�i2 Q7 i?2 .h `2�+iBQMb �M/ i?2 2M2`;vd

i`�Mb72``2/ #v i?2 α@T�`iB+H2b �M/ M2mi`QMb iQ i?2 TH�bK�,

Wfus,dep = nDnT ⟨σfusv⟩ (ηαEα + ηnEn) [MeV/cm3s]. UjXjdV
>2`2- Bi Bb rQ`i? MQiBM; i?�i �7i2` T2`7Q`KBM; bQK2 bi`�B;?i7Q`r�`/ i`�Mb@

7Q`K�iBQM Ub22 a2+iX jXRV nDnT Bb 2[mBp�H2Mi iQ ρNA/(2(1 + ξ)m∗)- iQ 2tT`2bb
i?2 /2T2M/2M+v rBi? i?2 K�i2`B�H /2MbBiv UρVX

h?2M- Eα = 3.52 J2o �M/ En = 14.06 J2o �`2 i?2 BMBiB�H 2M2`;B2b- r?BH2 ηα

�M/ ηn �`2 i?2 2M2`;v 7`�+iBQMb 7Q` i?2 α@T�`iB+H2b Q` i?2 M2mi`QMb- `2bT2+iBp2HvX
h?2 7mbBQM `2�+iBQM `�i2 Bb ⟨σfusv⟩- r?B+? Bb +�H+mH�i2/ mbBM; i?2 KQ/2H T`QTQb2/
#v "Qb+? � >�H2 URNNkVX h?Bb KQ/2H- �b 2tT`2bb2/ BM �ix2MB � J2v2`@h2`@o2?M
Ukyy9V- Bb r`Bii2M �b,

⟨σfusv⟩ = C1ζ−5/6φ2exp(−3ζ1/3φ) [cm3/s]. UjXj3V
>2`2- i?2 i2KT2`�im`2 Bb 2tT`2bb2/ BM F2o

ζ = 1 − C2T + C4T 2 + C6T 3

1 + C3T + C5T 2 + C7T 3 UjXjNV

φ = C0/T 1/3 UjX9yV
dS`2pBQmbHv MQi2/ Q- BM *?�Ti2` kX



ed

h?2 `2�+iBQM }i Q7 i?2 .h 7mbBQM T`Q+2bb UD+T → α+nV Bb p�HB/ BM i?2 `�M;2
Q7 i2KT2`�im`2b yXk@Ryy F2o rBi? �M 2``Q` Q7 < 0.25%- rBi? i?2 +Q2{+B2Mib,

C0 C1 · 1016 C2 · 103 C3 · 103 C4 · 103 C5 · 103 C6 · 103 C7 · 103

(F2o1/3) (+K3fb) (F2o−1) (F2o−1) (F2o−2) (F2o−2) (F2o−3) (F2o−3)
eXeeRy e9jX9R R8XRje d8XR3N 9Xeye9 RjX8yy @yXRyed8 yXyRjee

h?2 2M2`;v 7`�+iBQM i`�Mb72``2/ #v i?2 α@T�`iB+H2b iQ i?2 bim/B2/ pQHmK2 Q7
`�/Bmb R +�M #2 +�H+mH�i2/ �TT`QtBK�i2Hv mbBM; i?2 2tT`2bbBQM 7`QK :mbǶFQp
2i �HX UkyRRV,

ηα =

⎧
⎨

⎩
3
2

R
λα

− 1
2

(
R
λα

)2
R ≤ λα

1 R > λα

UjX9RV

r?2`2- BM aA mMBib

λα = 3(T · KB)3/2E1/2
α m1/2

α mnA∗

4π1/2ln(Λαe)m1/2
e e2

αe2ρ Z∗ · k2
[m], UjX9kV

r?2`2 mn �M/ mα �`2 i?2 K�bb Q7 i?2 M2mi`QMb �M/ α@T�`iB+H2b- `2bT2+iBp2HvX
h?2 *QmHQK# HQ;�`Bi?K +QMbB/2`b i?2 BMi2`�+iBQM #2ir22M α@T�`iB+H2b �M/ i?2
7`22 2H2+i`QMbX

�i H�bi- i?2 2M2`;v 7`�+iBQM /2TQbBi2/ BM i?2 TH�bK� #v i?2 M2mi`QMb �++QmMib
7Q` QMHv i?2 2H�biB+ +QHHBbBQMb- #2+�mb2 i?2 +`Qbb@b2+iBQMb 7Q` BM2H�biB+ b+�ii2`BM; Q7
M2mi`QMb #v HQr@Z Mm+H2B Bb bB;MB}+�MiHv HQr2` i?�M i?Qb2 7Q` 2H�biB+ BMi2`�+iBQMb
U�ix2MB � J2v2`@h2`@o2?M- kyy9VX h?2 2M2`;v 7`�+iBQM i`�Mb72``2/ #v M2mi`QMb
+�M #2 /2/m+2/- mM/2` +2`i�BM �TT`QtBK�iBQMb- �b,

ηn ≈
[

0.12 + 0.6 Adop · ξ

(1 + Adop)2

]

· ρR [g/cm2]
A∗(1 + ξ) . UjX9jV

AM 1[X jXje- r2 /2MQi2 Wfus,α(T, R) iQ /2MQi2 i?2 iQi�H 2M2`;v +�``B2/ Qmi
#v i?2 α@T�`iB+H2b Uηα = 1V- M2;H2+iBM; i?2 M2mi`QM +QMi`B#miBQM Q7 i?2 7mbBQM
Uηn = 0VX

jX3Xk _�/B�iBQM HQbb
h?2 2M2`;v HQbb2b 7Q` TH�bK� b2H7@`�/B�iBQM- Wrad- /2b+`B#2/ #v i?2 2KBbbBpBiv
Q7 � 7mHHv BQMBx2/ TH�bK� Uw2HǶ/QpB+? � _�Bx2`- kyyRV- �`2 ;Bp2M #v

Wrad = δr · 32π

3

√
2πKBT

3me
· Z∗(Z2

∗ )e6ρ2

mem2nA2
∗c3h

· k3 [J/m3s]. UjX99V



e3

>2`2- δr `2T`2b2Mib i?2 7`�+iBQM Q7 i?2`K�H `�/B�iBQM 2M2`;v HQbi 7`QK i?2
pQHmK2 Q7 TH�bK�- �++QmMiBM; 7Q` i?2 �#bQ`TiBQM Q7 i?2 �#bQ`TiBQM Q7 BMi`BMbB+
`�/B�iBQM 7`QK i?2 TH�bK�X h?2 p�Hm2 Q7 δr +�M #2 Q#i�BM2/ rBi? ?B;? �++m`�+v
U2``Q`b HQr2` i?�M kWV �b :mbǶFQp � a?2`K�M UkyReV /2b+`B#2/

δr =
[

1 + 1.56
√

R[cm]
λT[cm]

]−1

, UjX98V

r?2`2 λT Bb i?2 `�M;2 Q7 i?2`K�H T?QiQMb rBi? 2M2`;v hν = KBT

λT = 3.53 T 7/2A2
∗

ρ2A2
DT(Z2

∗ )Z∗
[cm]. UjX9eV

jX3Xj *QM/m+iBQM HQbb
h?2 2M2`;v HQbb2b `2H�i2/ iQ 2H2+i`QM ?2�i +QM/m+iBQM �`2 ;Bp2M #v aTBix2` URNekV

Wcond = 3k0
T

R2 [J/m3s], UjX9dV

r?2`2 k0 Bb i?2 2H2+i`QM i?2`K�H +QM/m+iBpBiv-

k0 = 9.45
( 2

π

) 3
2

· KB(KBT )5/20.472
m1/2

e e4 ln(Λee)(Z∗ + 4)k2
[J/K m s]. UjX93V

�;�BM- i?2 T`2pBQmbHv T`2b2Mi2/ *QmHQK# HQ;�`Bi?K r�b mb2/- +QMbB/2`BM;
QMHv i?2 7`22 2H2+i`QM BMi2`�+iBQMb BM i?Bb +�b2X

jX3X9 J2+?�MB+�H rQ`F HQbb
h?2 bT2+B}+ i?2`K�H HQbb2b Q7 � bT?2`B+�H B;MBiQ` /m2 iQ i?2 rQ`F �bbQ+B�i2/
rBi? i?2 T`2bbm`2 7Q`+2- Wmec �`2 ;Bp2M #v :mbǶFQp � a?2`K�M UkyReV,

Wmec = 3β
ρ

R
(T · (γ − 1)CV)3/2 [J/m3s], UjX9NV

rBi? β = [2/(1+γ)]1/2- r?2`2 i?2 �/B�#�iB+ 2tTQM2Mi γ = 5/3 7Q` � KQMQ�iQKB+
;�b rBi? j /2;`22b Q7 7`22/QKX

jXN .2}MBiBQM �M/ +?�`�+i2`Bx�iBQM Q7 i?2 ?Qi@bTQi
qBi?BM i?2 ?2�i2/ `�M;2- r2 +QMbB/2` � `2;BQM Q7 bT2+B�H BMi2`2bi M�K2/ i?2
?Qi@bTQi U?bV- r?B+?- B7 7QmM/- �bbm`2b i?2 TQbi2`BQ` #m`MBM; Q7 i?2 7m2HX � ?Qi@
bTQi M2+2bb�`BHv 7mH}Hb, Ths ≥ Tig �M/ � T�B` (Rhs, Ths) bm+? i?�i i?2 B;MBiBQM
;�BM Bb Gig ≥ 1 UmbBM; 1[X jXjeVX

h?2 T`Q+2/m`2 r2 7QHHQr iQ /2i2+i �Mv ?Qi@bTQi BM Qm` ?2�i2/ TH�bK� Bb,
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RX lbBM; i?2 b2H7@?2�iBM; +`Bi2`BQM r2 +�H+mH�i2 i?2 i?`2b?QH/ i2KT2`�im`2 7Q`
i?2 B;MBiBQM UTsh,min = TigV- r?B+? Bb 7QmM/ �bbQ+B�i2/ rBi? i?2 KBMBKmK
�`2�H /2MbBiv UρRsh,minV Q#i�BM2/ r?2M bQHpBM; Wfus,dep/Wloss = 1 7Q` �
;Bp2M TH�bK� U1[X jXj8VX h?Bb Bb BHHmbi`�i2/ #2HQr- BM a2+iX jXdX

kX 6`QK i?2 /Bbi`B#miBQM Q7 i2KT2`�im`2b T (x) +�H+mH�i2/ rBi? 1[X jXRe �M/
jXR3- r2 b2�`+? 7Q` TQBMib rBi? i2KT2`�im`2 Qp2` i?2 B;MBiBQM i2KT2`�im`2
T (x) > TigX A7 2tBbi2Mi- bm+? `2;BQM Bb +H�bbB}2/ �b ǴbT�`FǴ- �b � +�M/B/�i2
iQ #2 � ?Qi@bTQiX q2 /2}M2 � H2M;i? 7Q` i?2 bT�`F ULsparkV �M/ i?2 K2�M
i2KT2`�im`2 Q7 bm+? `2;BQM �b,

Tspark = 1
Lspark

∫

Lspark
T (x)dx. UjX8yV

jX h?2M- �b i?2 TQr2` i2`Kb 7`QK 1[X jXj9 �bbmK2 bT?2`B+�H ;2QK2i`v- r2
M22/ iQ +�H+mH�i2 � `�/Bmb Rspark �bbQ+B�i2/ rBi? Qm` bT�`F UQ` +�M/B/�i2
?Qi@bTQiVX hQ /Q bQ- r2 i�F2 BMiQ �++QmMi i?2 �+im�H j. ;2QK2i`v Q7
i?2 T`Q#H2KX �7i2` i?2 #2�K ?2�iBM;- r2 }M/ � +vHBM/2` rBi? � `�/Bmb
2[m�H iQ #2�K `�/Bmb rb �M/ � H2M;i? Q7 LsparkX h?2M- r2 �TT`QtBK�i2
Qm` +vHBM/`B+�H bT�`F �b � ?QKQ;2M2Qmb �M/ bT?2`B+�H QM2- +QMbB/2`BM;
i?�i #Qi? ;2QK2i`B2b b?�`2 i?2 b�K2 pQHmK2 UVsparkVX h?mb- r2 +�H+mH�i2
i?2 `�/Bmb Rspark Q7 i?2 bT?2`2 �bbQ+B�i2/ rBi? Qm` +vHBM/`B+�H bT�`F �b
Rspark = (3

4 r2
b Lspark)1/3X

9X PM+2 +�H+mH�i2/ i?2 b2i (Rspark, Tspark) r2 2p�Hm�i2 B7 Gig(Rspark, Tspark) >
1- iQ +QM}`K i?�i bm+? bT�`F Bb- Q` rBHH #2- �M �+im�H ?Qi@bTQi +�T�#H2 Q7
#m`MBM; i?2 7m2HX AM �{`K�iBp2 +�b2- r2 �#�M/QM i?2 ǴbT�`FǴ MQi�iBQM
�M/ mb2 Ǵ?bǴ 7Q` ?Qi@bTQiX

6B;m`2 jX9 �HbQ 2t2KTHB}2b i?2 ?Qi@bTQib 7QmM/ rBi?BM i?2 /Bz2`2Mi bT�iB�H
/Bbi`B#miBQM Q7 i2KT2`�im`2bX .2T2M/BM; QM i?2 +?�`�+i2`BbiB+b Q7 i?2 #2�K- r2
}M/ i?`22 /Bz2`2Mi H2M;i?b Q7 i?2 ?Qi@bTQi ULhsV- r?B+? �`2 �bbQ+B�i2/ rBi? �
K2�M ?Qi@bTQi i2KT2`�im`2 UThs- +�H+mH�i2/ mbBM; 1[X jX8yVX JQ`2Qp2`- /2T2M/@
BM; QM i?2 HQ+�iBQM Q7 i?2 ?Qi@bTQi- i?2v +�M #2 +H�bbB}2/ �b 2/;2- BMi2`K2/B�i2
�M/ +2Mi`�H ?Qi@bTQibX AMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQib Q++m` r?2M i?2 T`Q@
D2+iBH2b HQb2 KQbi Q7 i?2B` 2M2`;v BKK2/B�i2Hv #27Q`2 i?2 T�`iB+H2b +QK2 iQ `2biX
h?Bb Bb /m2 iQ i?2 +`Qbb@b2+iBQM Q7 i?2 BMi2`�+iBM; T`QD2+iBH2b BM+`2�bBM; �b i?2B`
2M2`;v /2+`2�b2bX �b Bi b?QrM BM a2+iX jX9- i?2 2M2`;v HQbi #v i?2 T`QD2+iBH2b
/2+`2�b2b BMp2`b2Hv rBi? i?2 b[m�`2 Q7 i?2B` p2HQ+BivX AM bm+? bBim�iBQM- � K�t@
BKmK Q7 i?2 biQTTBM; TQr2` �TT2�`b �r�v 7`QK i?2 BMBiB�H TQbBiBQM- r?B+? Bb
/2MQi2/ �b i?2 "`�;; T2�FX *QMp2`b2Hv- i?2 2/;2 ?Qi@bTQi UT�M2H �V Bb 7QmM/



dy

r?2M i?2 K�tBKmK i2KT2`�im`2 Bb `2�+?2/ �i i?2 #2;BMMBM; Q7 i?2 TH�bK�c
i?�i Bb- 7QmM/ r?2M Tx=0 = Tmax �M/ xTmax = 0X h?2 BMi2`K2/B�i2 ?Qi@bTQi
UT�M2H "V Bb 7QmM/ r?2M i?2 K�tBKmK i2KT2`�im`2 Bb `2�+?2/ �r�v 7`QK i?2
#2;BMMBM; Q7 i?2 TH�bK�- #mi i?2 i2KT2`�im`2b BM i?2 2/;2 biBHH 7mH}H i?2 B;MBiBQM
+`Bi2`BQM UTx=0 ≥ Tig �M/ xTmax ! 0VX 6BM�HHv- i?2 +2Mi`�H ?Qi@bTQi UT�M2H *V
Bb 7QmM/ r?2M �HH i?2 TQBMib rBi? i2KT2`�im`2b �#Qp2 i?2 B;MBiBQM +`Bi2`BQM �`2
�r�v 7`QK i?2 2/;2 BM � r2HH@HQ+�HBx2/ `2;BQM- i?�i Bb- Tx=0 < Tig �M/ xTmax ! 0X
Ai Bb rQ`i? MQiBM; i?�i i?2 i2`KBMQHQ;v ǳ+2Mi`�HǴ Bb �bbQ+B�i2/ rBi? i?2 B/2� Q7
}M/BM; i?2 ?Qi@bTQi �r�v 7`QK i?2 2/;2 UTx=0 < TigV- #mi Bi Bb MQi `2H�i2/ iQ
}M/BM; i?2 ?Qi@bTQi 2t�+iHv BM i?2 +2Mi`2 Q7 i?2 7m2H bT?2`2X

q2 �`2 �HbQ BMi2`2bi2/ BM i?2 2M2`;v p�`B�iBQM Q7 i?2 ?Qi@bTQi rBi? `2bT2+i iQ
i?2 +QH/ TH�bK�, ∆Ehs = ρ CV(Ths−T0)VhsX h?Bb [m�MiBiv Bb BKTQ`i�Mi BM Q`/2`
iQ K2�bm`2 ?Qr Km+? 2M2`;v 7`QK i?2 #2�K Bb /2TQbBi2/ BM i?2 `2;BQM �#H2 iQ
BMBiB�i2 i?2 #m`MBM;c BM Qi?2` rQ`/b- i?2 ?Qi@bTQiX h?mb- i?2 +QmTHBM; Bb /2}M2/
�b i?2 `�iBQ #2ir22M i?2 ?Qi@bTQi 2M2`;v �M/ i?2 #2�K 2M2`;v ∆Ehs/EbX

jXNXR 1p�Hm�iBQM Q7 i?2 TQr2` /2MbBiB2b �M/ i?2 +?�`�+i2`BbiB+ iBK2b
PM+2 i?2 T�`�K2i2`b i?�i +?�`�+i2`Bb2 i?2 ?Qi@bTQi ?�p2 #22M T`2b2Mi2/- r2
+�M �//`2bb i?2 bB;MB}+�M+2 Q7 i?2 TQr2` /2MbBiB2b �M/ i?2 +?�`�+i2`BbiB+ iBK2b
�bbQ+B�i2/ iQ i?2 T`Q+2bb2b Q7 i?2 bvbi2KX hQ #2;BM rBi?- r2 +�M +�H+mH�i2
i?2 TQr2` /2MbBiv p�Hm2b 7`QK i?2 T`2pBQmb 2tT`2bbBQMb Q7 a2+iX jX3- ;Bp2M �
i2KT2`�im`2 UThsV �M/ � `�/Bmb URhsVX �b �M 2t�KTH2 Q7 i?2 #2?�pBQm` Q7 bm+?
T`Q+2bb2b- BM 6B;X jXd r2 }t i?2 `�/Bmb Q7 i?2 ?Qi@bTQi iQ Rhs = 15 µK �M/
+�H+mH�i2 i?2 TQr2` /2MbBiv p�Hm2b �i /Bz2`2Mi i2KT2`�im`2b- +QMbB/2`BM; � Tm`2
.h 7m2H rBi? /2MbBiv ρ = 500 ;f+K3X

Pm` bBKmH�iBQMb +QMbB/2` i?�i i?2 TH�bK� T`Q+2bb2b �`2 M2;HB;B#H2 /m`BM;
i?2 BMi2`�+iBQM- 2Bi?2` #2+�mb2 i?2B` iBK2b �`2 bHQr2` i?�M i?2 #2�K iBK2 Q`
i?2B` TQr2` /2MbBiB2b �`2 HQr2` +QKT�`2/ iQ i?2 TQr2` /2MbBiv Q7 i?2 #2�K
UWd,beamVX JQ`2 T`2+Bb2Hv- Wd,beam b?QmH/ #2 H�`;2` i?�M i?2 �//BiBQM Q7 i?2
BMi2`M�H T`Q+2bb2b Q7 ;�BM �M/ HQbb UWfus,dep−WlossVX �b +�M #2 b22M BM i?2 };m`2-
7Q` i2KT2`�im`2b #2HQr 8 F2o i?2 +QMi`B#miBQM Q7 i?2 T`Q+2bb2b Bb p2`v bK�HH �M/-
KQ`2Qp2`- i?2 2M2`;v +QMi`B#miBQM Q7 i?2 7mbBQM T`Q+2bb2b +�M+2Hb Qmi rBi? i?2
`2bi Q7 i?2 T`Q+2bb2bX h?2M- 7Q` BM+`2�bBM; i2KT2`�im`2b- i?2 7mbBQM ;�BM rBMb
Qp2` i?2 TQr2` HQbb2bX 6Q` 2t�KTH2- BM i?2 +�b2 Q7 6B;X jX3- 7Q` � /2MbBiv Q7 ρ =
500 ;f+K3- � ?Qi@bTQi Q7 i2KT2`�im`2 Ths = 15 F2o �M/ � `�/Bmb Q7 Rhs = 15 µK-
i?2 ?Qi bTQi ?�b � M2i TQr2` /2MbBiv Q7 Wfus,dep − Wloss = 3.1 · 1023 Cf+K3bX
AM +QMi`�bi- i?2 �bbQ+B�i2/ #2�K i?�i +`2�i2b bm+? ?Qi@bTQi ?�p2 � TQr2` Q7
Wd,beam ≈ 3.5 · 1023 Cf+K3b 7Q` T`QiQM T`QD2+iBH2b- 8 · 1023 Cf+K3b 7Q` +�`#QM
�M/ RXe·1024 Cf+K3b 7Q` p�M�/BmKX AM i?2 ivTB+�H i2KT2`�im`2 `�M;2 BM r?B+?



dR

6B;m`2 jXdĖ *QMi`B#miBQM Q7 i?2 /Bz2`2Mi TQr2` /2MbBiv i2`Kb �b � 7mM+iBQM Q7 i?2 i2K@
T2`�im`2 BM � Tm`2 .h TH�bK� Q7 /2MbBiv ρDT = 500 ;f+K3- rBi? `�/Bmb Q7 R8 µKX

i?2 #2�K rQmH/ �+i- R@ky F2o- r2 }M/ i?�i i?2 TQr2` Q7 Qm` #2�K Bb ?B;?2` i?�M
i?�i Q7 i?2 T`Q+2bb2bX >Qr2p2`- /2T2M/BM; QM i?2 2tT2`BK2Mi�H +?�`�+i2`BbiB+b-
i?2 T`Q+2bb2b KB;?i #2+QK2 bB;MB}+�Mi 7Q` i?2 ?Qi@bTQi bBKmH�iBQMX

q2 T`QTQb2 �MQi?2` 2t�KTH2 mM/2`bi�M/ #2ii2` i?2 #2?�pBQm` Q7 TQr2` /2M@
bBiB2bX AM i?Bb +�b2- r2 +?Qb2 �MQi?2` K�ii2` /2MbBiv p�Hm2 UρDT = 300 ;f+K3V
�M/ 2ti2M/ i?2 i2KT2`�im`2 `�M;2 iQ b22 � KQ`2 ;2M2`�H #2?�pBQm`X q2 `2T@
`2b2Mi i?2b2 i2`Kb 7Q` #Qi? � Tm`2 �M/ � /QT2/ TH�bK� rBi? #2`vHHBmK �i �
+QM+2Mi`�iBQM Q7 ξ = 0.1X h?2 `2bmHib 7QmM/ �`2 +QKT�`�#H2 iQ i?Qb2 Q7 wQm
2i �HX UkyReV U};m`2 8@+VX qBi? i?Bb };m`2 r2 2tTHQ`2 ?B;?2` i2KT2`�im`2b-
i?mb- r2 +�M [m�HBi�iBp2Hv B/2MiB7v ?Qr- �#Qp2 � +2`i�BM i2KT2`�im`2- i?2 HQbb2b
Qp2`+QK2 i?2 7mbBQM ;�BM- K�FBM; b2H7@?2�iBM; BKTQbbB#H2X "2bB/2b- rBi? `2bT2+i
iQ i?2 Tm`2 +�b2- i?2 T`2b2M+2 Q7 �M BKTm`Biv BM+`2�b2b i?2 7mbBQM TQr2` /2MbBiv
#mi �HbQ `�Bb2b i?2 HQbb2b /m2 iQ `�/B�iBQM �M/ K2+?�MB+�H rQ`F KQ`2 [mB+FHvX
�b r2 rBHH b?Qr BM *?�Ti2` e- r?2M � /QT�Mi Bb BMi`Q/m+2/ BM i?2 TH�bK�- iQ
`2�+? i?2 b�K2 ?Qi@bTQi +QM/BiBQMb �b BM � Tm`2 .h +�b2- i?2 `2[mB`2K2Mib Q7
i?2 #2�K �`2 ?B;?2`X

hQ 7m`i?2` �bbm`2 i?2 p�HB/Biv Q7 Qm` KQ/2HHBM;- Bi Bb �HbQ M2+2bb�`v iQ BMbT2+i
i?2 +?�`�+i2`BbiB+ iBK2b Q7 i?2 bvbi2KX "2bB/2b BMbT2+iBM; i?2 `2H2p�M+2 Q7 i?2
TQr2` /2MbBiB2b- +?2+FBM; i?2 +?�`�+i2`BbiB+ iBK2b BM 2�+? KQK2Mi b2`p2b iQ



dk

6B;m`2 jX3Ė *QMi`B#miBQM Q7 i?2 /Bz2`2Mi TQr2` /2MbBiv i2`Kb �b � 7mM+iBQM Q7 i?2 i2K@
T2`�im`2 BM � Tm`2 .h TH�bK� UρDT = 300 ;f+K3V �M/ � /QT2/ .h TH�bK� UρDT+Be(ξ=0.1) =
408.2 ;f+K3V- #Qi? rBi? `�/Bmb Q7 R8 µKX

2p�Hm�i2 i?2 p�HB/Biv Q7 Qm` KQ/2HHBM;X hQ #2;BM rBi?- i?2 +?�`�+i2`BbiB+ iBK2b
�bbQ+B�i2/ iQ i?2 T`Q+2bb2b BMbB/2 i?2 ?Qi@bTQi Q7 i?2 TH�bK� +�M #2 +�H+mH�i2/
�b i?2 [mQiB2Mi #2ir22M i?2 2M2`;v Q7 i?2 bim/B2/ `2;BQM �M/ i?2 TQr2` /2MbBiv
Q7 i?2 T`Q+2bb Q7 BMi2`2bi UWfus,dep- Wrad- Wmec- WcondV,

τproc = Ehs
Wproc(Ths, Rhs)

UjX8RV

r?2`2 i?2 2M2`;v /2MbBiv +�M #2 +�H+mH�i2/ �b E = ρCVThsX h?2b2 +?�`�+i2`BbiB+
iBK2b ;Bp2 mb BM7Q`K�iBQM �#Qmi i?2 `�i2 Q7 2M2`;v +?�M;2 BM i?2 ?Qi@bTQi /m2
iQ 2�+? +Q``2bTQM/BM; T`Q+2bbX

PM i?2 Qi?2` ?�M/- �MQi?2` iBK2 rQ`i? BMbT2+iBM; Bb i?2 ?v/`Q/vM�KB+ iBK2
Q7 i?2 ?Qi@bTQi- r?B+? �HHQrb mb iQ 2biBK�i2 i?2 iBK2 BM r?B+? i?2 ?Qi@bTQi
K�bb `2K�BMb +QM}M2/ �M/- i?2`27Q`2- i?2`2 �`2 MQ +QMp2+iBp2 K2+?�MBbKb- �b
Qm` �TT`QtBK�iBQM BKTHB2bX h?2 ?v/`Q/vM�KB+ +?�`�+i2`BbiB+ iBK2 Bb Q#i�BM2/
�b,

τhyd = Rhs
2cs

√
RF
Rhs

UjX8kV



dj

rBi? cs =
√

2kBT/m∗- r?2`2 m∗ Bb i?2 �p2`�;2 K�bb Q7 i?2 7m2H BQMbX
AM 6B;X jXN r2 b?Qr i?2 +?�`�+i2`BbiB+ iBK2 Q7 i?2 ?v/`Q/vM�KB+ �M/ TH�bK�

T`Q+2bb2bX �;�BM- r2 b2H2+i � ?Qi@bTQi `�/Bmb Q7 Rhs = 15 µK �M/ T2`7Q`K i?2
bim/v BM � ivTB+�H `�M;2 Q7 i2KT2`�im`2b UThs = 1 − 20 F2oV- rBi? � /2MbBiv
Q7 ρ = 500 ;f+K3X h?2 +?�`�+i2`BbiB+ iBK2 �bbQ+B�i2/ iQ +QM/m+iBQM T`2b2Mib
i?2 H�`;2` p�Hm2b- 2t+2Ti 7Q` ?B;?2` i2KT2`�im`2bX J2�Mr?BH2- i?2 7�bi2` iBK2 Bb
i?2 QM2 �bbQ+B�i2/ iQ i?2 /2TQbBiBQM Q7 7mbBQM 2M2`;v BM i?2 ?Qi@bTQi- 2t+2Ti 7Q`
HQr2` i2KT2`�im`2bX h?2 `2bi Q7 T`Q+2bb2b 7�HHb rBi?BM i?2b2 irQ +?�`�+i2`BbiB+
iBK2bX Ai Bb rQ`i? MQiBM; i?�i �i HQr i2KT2`�im`2b i?2 TQr2` /2MbBiv Q7 i?2
T`Q+2bb2b Bb p2`v b?Q`i- bQ 2p2M B7 i?2 +?�`�+i2`BbiB+ iBK2 Bb H�`;2 i?2 T`Q+2bb Bb
M2;HB;B#H2X q2 i�F2 τfus,dep �b `2T`2b2Mi�iBp2 Q7 i?2 T`Q+2bb2b- ;Bp2M i?�i Bi ;Bp2b
i?2 HQr2bi iBK2 p�Hm2bX PT2`�iBM; rBi? BQM #2�Kb �bbQ+B�i2/ iQ iBK2b b?Q`i2`
i?�M i?2 7mbBQM iBK2- 2Mbm`2b i?2 +QM}M2K2Mi Q7 i?2 ?Qi@bTQi �M/ i?�i i?2`2 Bb
MQ �TT`2+B�#H2 +QMi`B#miBQM Q7 i?2 BMi2`M�H T`Q+2bb2b /m`BM; i?2 #2�K@TH�bK�
BMi2`�+iBQMX

6B;m`2 jXNĖ *?�`�+i2`BbiB+ iBK2b �bbQ+B�i2/ iQ i?2 BMi2`M�H �M/ ?v/`Q/vM�KB+ T`Q+2bb2b
Q7 i?2 TH�bK�- �b � 7mM+iBQM Q7 i?2 i2KT2`�im`2X q2 +QMbB/2` � Tm`2 .h TH�bK� Q7 /2MbBiv
ρDT = 500 ;f+K3- rBi? `�/Bmb Q7 R8 µKX

�7i2` bim/vBM; i?2 iBK2b �bbQ+B�i2/ iQ i?2 +?�`�+i2`BbiB+ iBK2b Q7 i?2 T`Q@
+2bb2b- Bi Bb M2+2bb�`v iQ BMbT2+i Bib `2H�iBQM rBi? i?2 Qi?2` K2+?�MBbKb i�FBM;
TH�+2 BM i?2 bvbi2KX PM i?2 QM2 ?�M/- �Mv T`Q+2bb ?�TT2MBM; BM i?2 TH�bK�
M22/b iQ #2 b?Q`i2` iBK2 i?�M i?2 +QM}M2K2Mi iBK2 Uτconf = RF

cs
V- r?2`2 i?2



d9

T`2+QKT`2bb2/ 7m2H Bb BM i?2 bi�;M�iBQM T?�b2X PM i?2 Qi?2` ?�M/- 7Q` Qm` KQ/@
2HHBM; iQ #2 +Q``2+i- i?2 iBK2 Q7 i?2 T`Q+2bb2b M22/b iQ #2 HQM;2` i?�M i?2 iBK2
Q7 i?2 #2�K BMi2`�+iBQMX AM i?2 KQMQ2M2`;2iB+ �M/ :R +�b2- r2 i�F2 �b � `272`@
2M+2 i?2 ~B;?i iBK2 Q7 i?2 T`QD2+iBH2b iQ T2`7Q`K bm+? +QKT�`BbQM Uτfly ∈ τbeamVX
h?2 :k +�b2 rBHH #2 bim/B2/ rBi? KQ`2 /2i�BH BM *?�Ti2` dX q2 2biBK�i2 �M
�p2`�;2/ ~B;?i iBK23 Q7 � T`QD2+iBH2 i`�p2HHBM; i?`Qm;? i?2 TH�bK� �b,

τfly = Lh

√
2mb
E0

. UjX8jV

�i H�bi- i?2 iBK2 M2+2bb�`v 7Q` �+?B2pBM; i?2`KQ/vM�KB+ 2[mBHB#`BmK Kmbi
#2 7�bi2` i?�M �HH Q7 i?2 �#Qp2X h?Bb Bb � M2+2bb�`v +QM/BiBQM iQ +QMbB/2` � bQH2
i2KT2`�im`2 7Q` i?2 +QKTQM2Mib Q7 i?2 TH�bK�X h?Bb iBK2 +�M #2 +�H+mH�i2/ �b
U�ix2MB � J2v2`@h2`@o2?M- kyy9V,

τeq = 0.99 · 1013A∗T 3/2
hs

nZ2
∗ ln(Λee)

. UjX89V

A/2�HHv- i?2 bBim�iBQM iQ �++QKTHBb? rQmH/ #2 τconf > τhyd;proc ∼> τfus,dep >
τbeam > τfly > τeqX *QMb2[m2MiHv- BM 6B;X jXRy- r2 T`2b2Mi � `2T`2b2Mi�iBp2
2t�KTH2 Q7 i?Bb +QKT�`BbQM- r?B+? +�M #2 2ti2M/2/ iQ Qi?2` bBKmH�iBQMb BM i?Bb
rQ`FX q2 +?Qb2 i?2 b�K2 TH�bK� +QM/BiBQMb �b BM 6B;X jXN- rBi? � bT?2`2 Q7
`�/Bmb RF = 50 µK- r?BH2 7Q` τfly r2 +?Qb2 � +�`#QM BQM #2�K �M/ b2H2+i i?2 b2i
+QM/BiBQMb i?�i `2im`M2/ i?2 b?Q`i2bi �M/ HQM;2bi T`QD2+iBH2 iBK2b- +QMbB/2`BM;
i?2 p�Hm2b Q7 Uσ, E0V rBi?BM i?2 `�M;2 Q7 Qm` bBKmH�iBQMbX �;�BM- r2 `2T`2b2Mi
i?2 iBK2 �;�BMbi i?2 i2KT2`�im`2 Q7 i?2 ?Qi@bTQi 7Q` � }t2/ `�/BmbX q2 ?�p2
7QmM/ i?2 p�`B�iBQM rBi? Rhs iQ #2 H2bb `2H2p�Mi r?2M bim/vBM; i?2 +?�`�+i2`BbiB+
iBK2bX

�b 2tT2+i2/- r2 }M/ i?2 +QM}M2K2Mi iBK2 �#Qp2 i?2 `2bi- bQ �Mv �+iBpBiv
i�FBM; TH�+2 BM i?2 TH�bK� ?�b 2MQm;? iBK2 iQ QT2`�i2X h?2 `�M;2 Q7 HQr
i2KT2`�im`2b r?2`2 τfus,dep U`2T`2b2Mi�iBp2 Q7 i?2 `2bi Q7 T`Q+2bb2bV Bb �#Qp2
τconf +�M #2 QKBii2/- �b i?2 TQr2` /2MbBiv �i bm+? +QM/BiBQMb Bb M2;HB;B#H2X
�Mv Qi?2` BMi2`M�H T`Q+2bb 7QmM/ �#Qp2 τconf BM i?Bb `�M;2 Q7 HQr i2KT2`�im`2b
+�M #2 M2;H2+i2/ iQQ- 7QHHQrBM; � bBKBH�` `2�bQMBM; `2;�`/BM; i?2 T`Q+2bb2b MQi
QT2`�iBM; �i bm+? HQr TQr2` H2p2HbX h?2 ?v/`Q/vM�KB+ iBK2 �bbQ+B�i2/ iQ i?2
?Qi@bTQi Bb �HbQ #2HQr i?2 +QM}M2K2Mi iBK2- �bbm`BM; Bib K�bb F22Tb +QM}M2/X
h?2 ~B;?i iBK2b Q7 i?2 T`QD2+iBH2b- 7`QK Bib KBMBKmK iQ Bib K�tBKmK /m`�iBQMb-
�`2 BM ;2M2`�H #2HQr i?2 7mbBQM iBK2- 7mH}HHBM; i?2 +QM/BiBQM r2 BKTQb2/ BM

3h?Bb 2tT`2bbBQM ?�b #22M p�HB/�i2/ rBi? �ix2MB � J2v2`@h2`@o2?M Ukyy9V +�H+mH�iBQM 7Q`
i?2 T`QD2+iBH2 iBK2, τproj = 42T 3/21012

ρln(Λi) [ps]X



d8

6B;m`2 jXRyĖ *?�`�+i2`BbiB+ iBK2b i?�i /2b+`B#2 Qm` bvbi2K �b � 7mM+iBQM Q7 i?2 i2K@
T2`�im`2- M�K2Hv, 7mbBQM /2TQbBiBQM BM i?2 ?Qi@bTQi- ?v/`Q/vM�KB+ iBK2 Q7 i?2 ?Qi@bTQi-
+QM}M2K2Mi iBK2 Q7 i?2 7m2H bT?2`2- ~B;?i iBK2 Q7 i?2 T`QD2+iBH2b Q7 i?2 #2�K UKBMBKmK �M/
K�tBKmKV �M/ 2[mBHB#`BmK iBK2 Q7 i?2 TH�bK�X q2 +QMbB/2` � Tm`2 .h TH�bK� Q7 /2MbBiv
ρDT = 500 ;f+K3- rBi? `�/Bmb Q7 R8 µKX

a2+i jXkX q2 }M/ i?�i- �7i2` Ry F2o- bQK2 Q7 i?2 K�tBKmK τfly p�Hm2b KB;?i
#2 BM i?2 b�K2 Q`/2` Q7 K�;MBim/2 Q` bHB;?iHv �#Qp2 i?2 7mbBQM iBK2X h?Bb
`2bmHi Bb iQ #2 2tT2+i2/- ;Bp2M i?�i i?2 .h 7m2H Bb �#H2 iQ 7mb2 BM Ry@ky F2oX AM
bm+? +QM/BiBQMb- +QMbB/2`BM; i?2 BMi2`M�H T`Q+2bb2b i�FBM; TH�+2 BM i?2 TH�bK�
rQmH/ BKT`Qp2 i?2 [m�HBiv Q7 i?2 bBKmH�iBQMbX �Hi2`M�iBp2Hv- r2 +�M �`;m2 i?�i
i?2 #2�K BMi2`�+iBQM Q7i2M /QKBM�i2b Qp2` i?2 TQr2` /2MbBiv Q7 i?2 BMi2`M�H
T`Q+2bb- �b r2 2tTH�BM2/ �#Qp2 rBi? Wd,beamX LQM2i?2H2bb- Bi Bb Q7 Qm` BMi2`2bi
iQ b2T�`�i2 i?2 #2�K BMi2`�+iBQM �M/ i?2 `2bi Q7 K2+?�MBbKb i?�i i�F2 TH�+2 BM
i?2 TH�bK�- bQ r2 �bbmK2 i?Bb �TT`QtBK�iBQMX

lHiBK�i2Hv- r2 }M/ i?2 2[mBHB#`BmK iBK2 KQbiHv #2ir22M i?2 KBMBKmK �M/
K�tBKmK τfly p�Hm2bX 6Q` i2KT2`�im`2b ?B;?2` i?�M Ry F2o r2 }M/ τeq BM i?2
b�K2 Q`/2` Q7 K�;MBim/2 Q` bHB;?iHv �#Qp2 τfus,dep �M/ i?2 K�tBKmK p�Hm2 Q7
τflyX AM i?2b2 +QM/BiBQMb- i?2 2[mBHB#`BmK +QM/BiBQM KB;?i r�p2- bT2+B�HHv r?2M
b?�`BM; i?2 b�K2 /m`�iBQM �b i?2 ~B;?i iBK2 Q7 i?2 T`QD2+iBH2bX >Qr2p2`- BM
i?2 HBi2`�im`2- +QMbB/2`BM; � bQH2 i2KT2`�im`2 Bb biBHH � p�HB/ �TT`QtBK�iBQM BM
i?2 }`bi BMbi�Mib Q7 i?2 B;MBiBQM U:�mi?B2` 2i �HX- kyRjc :�bT�`v�M 2i �HX- kyRjc
:mbǶFQp 2i �HX- kyR9#c wQm 2i �HX- kyRe- 2X;XVX



de

jXRy �M�HviB+�H KQ/2H 7Q` i?2 i2KT2`�im`2 }2H/
AM i?Bb rQ`F- r2 ?�p2 �HbQ /2p2HQT2/ �M �M�HviB+�H �TT`QtBK�i2/ KQ/2H iQ
/2i2`KBM2 i?2 i2KT2`�im`2 }2H/ Q7 Tm`2 .h TH�bK�b ?2�i2/ #v KQMQ2M2`;2iB+
BQM #2�Kb- �b BMi`Q/m+2/ #v 1bTBMQb�@oBp�b 2i �HX UkykjVX 6Q` i?Bb Tm`TQb2 r2
?�p2 �TT`QtBK�i2Hv bQHp2/ i?2 2[m�iBQMb Q7 i?2 ?2�iBM; KQ/2H- i?Bb Bb- 1[bX jXRe
�M/ jXR3X q2 K�F2 i?`22 #�bB+ +QMbB/2`�iBQMb, i?2 /vM�KB+ Q7 i?2 BQM T`QD2+iBH2b
BM i?2 TH�bK� Bb bm{+B2MiHv r2HH /2b+`B#2/ #v i?2 biQTTBM; rBi? TH�bK� 2H2+i`QMb
U�i ?B;? T`QD2+iBH2 2M2`;B2bV �M/ rBi? TH�bK� BQMb U�i HQr T`QD2+iBH2 2M2`;B2bVc
i?2 BQMb i`�p2H �Hr�vb i`�p2H BM � TH�bK� rBi? mMB7Q`K i2KT2`�im`2c �M/ i?2
BQM #2�K ?2�ib i?2 TH�bK� p2`v 7�biX h?2b2 TQBMib `2[mB`2 �//`2bbBM; i?2
`2H�iBQMb?BT #2ir22M i?2 BQM 2M2`;v �M/ i?2 TH�bK� i2KT2`�im`2X A7 i?2 p2HQ+Biv
Q7 i?2 #2�K BQMb Bb �#Qp2 i?2 i?2`K�H p2HQ+Biv Q7 i?2 TH�bK� 2H2+i`QMb- i?2M i?2
biQTTBM; TQr2` BM+`2�b2b �b i?2 BQM 2M2`;v /2+`2�b2b r?2M i`�p2HHBM; i?`Qm;?
i?2 TH�bK�X h?2 QTTQbBi2 #2?�pBQm` Bb 7QmM/ BM i?2 +�b2 Q7 �M BQM rBi? �
p2HQ+Biv #2HQr i?2 2H2+i`QM i?2`K�H p2HQ+BivX h?2 HBKBi BM r?B+? i?2 2M2`;v Q7
i?2 i`�p2HHBM; BQMb K�i+?2b i?2 i?2`K�H p2HQ+Biv Q7 i?2 TH�bK� 2H2+i`QMb +�M #2
+�H+mH�i2/ �b Ese(MeV) ≈ 1.85A∗Th(keV)- r?2`2 Th Bb i?2 K2�M i2KT2`�im`2 Q7
i?2 TH�bK� �7i2` i?2 ?2�iBM; U:mbǶFQp 2i �HX- kyRyVX h?Bb Bb +QKKQMHv `272``2/
iQ �b i?2`K�H i?`2b?QH/X h?2M- +QMbB/2`BM; i?2 �bvKTiQiB+ #2?�pBQm` Q7 i?2
2M2`;v /m2 iQ i?2 biQTTBM; rBi? TH�bK� 2H2+i`QMb UGB � S2i`�bbQ- RNNj�V- �M/
i�FBM; �b � `272`2M+2 i?2 i?2`K�H i?`2b?QH/ 2M2`;v UEse,eV- r2 ?�p2 �M 2tT`2bbBQM
7Q` i?2 biQTTBM; TQr2` ;Bp2M �b,

Sp(E) ∝
{

E1/2 if E < Ese,e
E−1 if E ≥ Ese,e.

UjX88V

A7 r2 �bbmK2 i?�i i?2 BQMb +QMbBbi2MiHv i`�p2`b2 � TH�bK� rBi? � mMB7Q`K
i2KT2`�im`2- �7i2` bQK2 K�MBTmH�iBQMb- r2 /2`Bp2 i?�i- 7Q` � bT2+B}+ iBK2-
Sp(x, t)α

(
1 − x−xTmax

λ

)
7Q` E < Ese,e �M/

(
1 − ζ x−xTmax

λ

)−1/2
7Q` E ≥ Ese,eX

>2`2- λ Bb i?2 H2M;i? #2ir22M xTmax �M/ i?2 TQbBiBQM r?2`2 i?2 ?2�i2/ `2;BQM
2M/b ULhVX h?2 p�Hm2 Q7 ζ Bb +�H+mH�i2/ �b ζ = (1 − δ2)- rBi? δ = Ese,e/E0X q2
M22/ iQ �//`2bb ?Qr- /m`BM; i?2 ?2�iBM; T`Q+2bb- i?2 i2KT2`�im`2 Q7 i?2 TH�bK�
Bb MQi mMB7Q`KX hQ /Q bQ- r2 �bbmK2 i?�i �i �Mv iBK2 i?2 BQMb i`�p2H i?`Qm;?
� TH�bK� Q7 +QMbi�Mi i2KT2`�im`2 �TT`QtBK�i2/ #v i?2 �p2`�;2 Q7 i?2 ?2�i2/
`2;BQM �i �Mv ;Bp2M iBK2- ⟨T (x, t)⟩X h?mb- T`2pBQmb 1[X jX88 Bb MQr r`Bii2M �b,

Sp(x, t) ∝

⎧
⎨

⎩

(
1 − x−xTmax

λ

)a1 if E < Ese,e(
1 − ζ x

xTmax

)−a2 if E ≥ Ese,e,
UjX8eV



dd

r?2`2 a1 �M/ a2 �`2 T�`�K2i2`b iQ }iX h?2 }iiBM; T�`�K2i2`b BMi`Q/m+2/ BM i?Bb
K�MM2` �`2 HBMF2/ iQ i?2 BKT�+i Q7 i?2 `2�H MQM@mMB7Q`KBiv Q7 i?2 i2KT2`�im`2
BM i?2 TH�bK�- `2bmHiBM; 7`QK T`Q;`2bbBp2 ?2�iBM; #v i?2 BQMb Q7 i?2 #2�KX

am#biBimiBM; 1[X jX8e BMiQ 1[X jXRd �M/ �bbmKBM; � p2`v 7�bi /2TQbBiBQM
Q7 i?2 2M2`;v BM i?2 TH�bK� Ui?2 BMi2MbBiv ?�b � /2Hi�@#2?�pBQm` I(t) ≈ σδ(t −
τbeam)V- i?2M- QM+2 i?2 #2�K@TH�bK� BMi2`�+iBQM ?�b 2M/2/- r2 }M/ �M �M�HviB+�H
2tT`2bbBQM 7Q` i?2 i2KT2`�im`2 }2H/ +`2�i2/ U1bTBMQb�@oBp�b 2i �HX- kykjV,

T (x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T0 + (Tmax − T0) ·
(
1 − x−xTmax

λ

)a1

if λ + xTmax > x > xTmax
Tx=0 + ε(Tmax − Tx=0)·(

1 −
(
1 − ζ x

xTmax

)−a2
)

if xTmax > x > 0,

UjX8dV

r?2`2 i?2 #QmM/�`v +QM/BiBQMb �`2 ;Bp2M �b T (x = 0) = Tx=0 �M/ T (xTmax +
λ) = T0- rBi? ε = −δ2a2/(1 − δ2a2)X h?2 +�b2b BM r?B+? a2 ! 0 �`2 �bbQ+B�i2/
rBi? BMi2`K2/B�i2 Q` +2Mi`�H ?Qi@bTQib- r?BH2 7Q` 2/;2 ?Qi@bTQib a2 = 0X h?2
H�ii2` Bb 2[mBp�H2Mi iQ }M/BM; xTmax = 0 �M/ λ = LhX

h?2 �M�HviB+�H KQ/2H Q7 1[X jX8d T`2b2Mib �MQi?2` r�v Q7 �//`2bbBM; i?2 }M�H
bi�i2 Q7 i?2 TH�bK� �7i2` i?2 #2�K BMi2`�+iBQMX Ai /2b+`B#2b i?2 }M�H i2KT2`�@
im`2 Q7 i?2 TH�bK� rBi? �M 2tTHB+Bi 2tT`2bbBQM- r?B+? KB;?i 2�b2 mM/2`bi�M/BM;
Q7 Bib #2?�pBQm`X �//BiBQM�HHv- 2KTHQvBM; 1[X jX8d b�p2b +QKTmi�iBQM�H `2@
bQm`+2b BMbi2�/ Q7 T2`7Q`KBM; i?2 2MiB`2 MmK2`B+�H bBKmH�iBQMX

�b 7Q`2b22M BM 1bTBMQb�@oBp�b 2i �HX UkykjV- 7`QK i?2 �M�HviB+�H KQ/2H Q7
i?2 i2KT2`�im`2 }2H/ U1[X jX8dV #Qi? i?2 ?Qi@bTQi i2KT2`�im`2 �M/ H2M;i? +�M
#2 �TT`QtBK�i2/ �b,

Ths = T0 +
( 1

1 + a1

)
(Tmax − T0)

(
1 − s(1+a1)/a1

1 − s1/a1

)

, UjX83V

rBi? s = (Tig − T0)/(Tmax − T0)- �M/

Lhs = xTmax · f + λ

(

1 −
[

Tig − T0
Tmax − T0

]1/a1
)

, UjX8NV

r?2`2 f 2[m�Hb y 7Q` 2/;2 ?Qi@bTQib- R 7Q` BMi2`K2/B�i2 ?Qi@bTQib �M/ Bb ;Bp2M
#v with f = 1 − (1/ζ)

(
1 −

[
1 − Tig−Tx=0

ε(Tmax−Tx=0)

]1/a2
)

7Q` +2Mi`�H ?Qi@bTQibX
q2 /2KQMbi`�i2 i?2 TQi2MiB�H Q7 i?2 KQ/2H T`2b2Mi2/ BM i?Bb b2+iBQM rBi?

i?2 i2bi `2bmHib b?QrM BM 6B;X jXRRX q2 +QMbB/2` � Tm`2 .h TH�bK� Q7 /2MbBiv



d3

ρ = 300 ;f+K3 �M/ BMBiB�H i2KT2`�im`2 T0 = 1 F2o- ?2�i2/ rBi? � p�M�/BmK
#2�K rBi? ~mt Q7 σ = 1.1 · 1019 +K−2 �M/ i?`22 /Bz2`2Mi FBM2iB+ 2M2`;B2b
E0 = 2000- 9yyy �M/ dyyy J2oX h?2 +QHQm`2/ HBM2b `2T`2b2Mi i?2 bBKmH�iBQM
Q7 Qm` MmK2`B+�H KQ/2H- r?BH2 i?2 /�b?2/ #H�+F HBM2b b?Qr Qm` �M�HviB+ KQ/2H
�7i2` }iiBM; i?2 7`22 T�`�K2i2`b a1 �M/ a2X JQ`2Qp2`- i?2 /Qii2/ #H�+F HBM2b
b?Qr i?2 `2bmHib Q7 i?2 �M�HviB+ KQ/2H Q7 :mbǶ FQp 2i �HX UkyyNV- r?B+? QMHv
2biBK�i2b i?2 /2+`2�b2 BM i2KT2`�im`2 7`QK Tmax iQ T0- +QMbB/2`BM; � p�Hm2 Q7
a1 = 0.4X

6B;m`2 jXRRĖ *QKT�`BbQM Q7 i?2 /Bbi`B#miBQM Q7 i2KT2`�im`2b Q#i�BM2/ rBi? Qm` MmK2`B+�H
KQ/2H �M/ i?Qb2 Q7 i?2 �M�HviB+ KQ/2H �7i2` }iiBM; i?2 7`22 T�`�K2i2`b a1 �M/ a2X h?2 TH�bK�
?�b � /2MbBiv Q7 ρ = 300 ;f+K3 �M/ �M BMBiB�H i2KT2`�im`2 Q7 T0 = 1 F2o- ?2�i2/ #v �
KQMQ2M2`;2iB+ p�M�/BmK #2�K rBi? � ~mt σ = 1.1 · 1019 +K−2- �i /Bz2`2Mi BMBiB�H 2M2`;B2bX

Ai Bb 7QmM/ i?�i Qm` �M�HviB+ KQ/2H T`QT2`Hv 7QHHQrb i?2 MmK2`B+�H `2bmHib
KQ`2 �++m`�i2Hv i?�M i?2 �TT`QtBK�iBQM Q7 :mbǶ FQp 2i �HX UkyyNVX JQ`2Qp2`-
Qm` �M�HviB+ KQ/2H Bb �#H2 iQ `2T`Q/m+2 +2Mi`�H ?Qi@bTQi i2KT2`�im`2 /Bbi`B#m@
iBQMb- r?BH2 :mbǶ FQp 2i �HX UkyyNV QMHv /2b+`B#2/ i?2 i2KT2`�im`2 /Bbi`B#miBQM
7`QK Bib K�tBKmK iQ i?2 }M�H `�M;2X h?mb- /2T2M/BM; QM i?2 2tT2+i2/ /Bbi`B@
#miBQM Q7 i2KT2`�im`2b- r2 +�M 7Q`2b22 p�Hm2b 7Q` Ua1, a2V �M/ �pQB/ bBKmH�iBM;
i?2 r?QH2 BMi2`�+iBQM- B7 Bi r2`2 M2+2bb�`vX AM a2+iX 9X8- r2 �M�Hvb2 7m`i?2`
i?2 `2bmHib Q#i�BM2/ rBi? i?2 �M�HviB+�H KQ/2H �M/ +QKT�`2 i?2K rBi? i?2
MmK2`B+�H KQ/2HX



dN

jXRR "m`MBM; ;�BM
q?2M i?2 p�Hm2b Q7 Ths �M/ Rhs �`2 FMQrM- Bi Bb TQbbB#H2 iQ Q#i�BM i?2 b2H7@
?2�iBM; Q` B;MBiBQM 2{+B2M+B2b 7Q` �Mv ;Bp2M ?Qi@bTQiX �//BiBQM�HHv- i?2 H�bi
;�BM �M�Hvb2/ Bb i?2 #m`MBM; ;�BM- Gburn- r?B+? Bb `2H�i2/ iQ i?2 bm#b2[m2Mi
+QK#mbiBQM Q7 i?2 r?QH2 T`2+QKT`2bb2/ 7m2HX Ai K2�bm`2b i?2 2{+B2M+v Q7 i?2
Mm+H2�` 7mbBQM 2M2`;v T`Q/m+2/ #v i?2 #m`MBM; Q7 � bT?2`B+�H .h 7m2H Q7 `�/Bmb
RFX h?Bb Bb /2}M2/ �b,

Gburn = Efus
(Ehs + Ec)

, UjXeyV

r?2`2 Ehs Bb i?2 2M2`;v Q7 i?2 ?Qi@bTQi- Ec Bb i?2 2M2`;v Q7 i?2 +QH/ `2;BQM
�M/ Efus Bb i?2 iQi�H 7mbBQM 2M2`;v HB#2`�i2/ /m`BM; i?2 #m`MBM; Q7 i?2 r?QH2
7m2HX h?2 7mbBQM 2M2`;v Bb +�H+mH�i2/ �b i?2 BMi2;`�H Qp2` i?2 #m`MBM; iBK2 Q7
i?2 bT?2`2 pQHmK2, Efus =

∫
τtotal

(
∫

V Wfus dV ) dt- rBi? i?2 iQi�H TQr2` /2MbBiv
#2BM; Wfus = nDnT ⟨σfusv⟩ QDTX

�b 2tTH�BM2/ BM a2+iX kXjXk- � +QKTH2i2 2p�Hm�iBQM Q7 i?Bb ;�BM rQmH/ `2[mB`2
T`2+Bb2 ?v/`Q/vM�KB+ bBKmH�iBQMbX �Hi2`M�iBp2Hv- BM i?Bb rQ`F- r2 ?�p2 mb2/
�M �M�HviB+�H 2tT`2bbBQM 7Q` i?2 #m`MBM; ;�BM Q7 � mMB7Q`KHv T`2+QKT`2bb2/ 7m2H
B;MBi2/ #v � bK�HH ?Qi@bTQi BKK2`b2/ BM � H�`;2` bT?2`2 Q7 +QH/2` 7m2H U6`�H2v
2i �HX- RNd9c EB//2`- RNdeV- r?B+? Bb rB/2Hv mb2/ BM BQM 7�bi B;MBiBQM i?2Q`v
U�ix2MB � J2v2`@h2`@o2?M- kyy9c :mbǶFQp 2i �HX- kyRRVX h?Bb Bb �M �++m`�i2
�TT`Q�+? rBi? `2bT2+i iQ ?v/`Q/vM�KB+ bBKmH�iBQMb- 7Q` ρRF ! 1 − 1.5 ;f+K2

U6`�H2v 2i �HX- RNd9c �ix2MB � h�#�F- kyy8V- � +`Bi2`BQM i?�i Bb KQbiHv 7mH}HH2/
BM i?2 T`2b2Mi rQ`F, 7Q` i?2 `272`2M+2 +�b2 Q7 ρ = 500 ;f+K3 �M/ RF = 50 µK-
r2 Q#i�BM ρRF = 2.5 ;f+K2X h?2M- 7Q` � /2MbBiv Q7 ρ = 300 ;f+K3 r2 }M/
ρRF = 1.5 ;f+K2 �M/ 7Q` ρ = 700 ;f+K3 r2 }M/ ρRF = 3.5 ;f+K2X �KQM;
Qm` bim/B2/ +�b2b- i?2 rQ`bi b+2M�`BQ BM `2H�iBQM iQ i?�i +QM/BiBQM rQmH/ #2
ρ = 300 ;f+K3 �M/ RF = 40 µK- r?2`2 r2 `2i`B2p2 ρRF = 1.2 ;f+K2- r?B+? Bb
BM i?2 Q`/2` Q7 i?`2b?QH/ p�Hm2X

�i H�bi- i?2 #m`MBM; ;�BM Bb 2tT`2bb2/ �b,

Gburn = G0(ρRF)3

(ρRhs)3 + ((ρRF)3 − (ρRhs)3) T∗
Ths

. UjXeRV

h?2 i2KT2`�im`2 T∗ `272`b iQ i?2 +QH/ 7m2H i2KT2`�im`2 T0 BM i?2 +�b2 Q7 �
J�tr2HHB�M TH�bK� �M/ T∗ = 2ϵFZ∗/5(1 + Z∗) BM i?2 +�b2 Q7 � /2;2M2`�i2 ;�b-
r?B+? Bb- BM ;2M2`�H- i?2 +�b2 Q7 i?Bb rQ`FX h?2M- i?2 ;�BM Q7 � ?QKQ;2M2Qmb
TH�bK� Bb,

G0 = ϵrg

3Ths(1 + Z∗)(1 + ξ) , UjXekV
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r?BH2 i?2 2M2`;v `2H2�b2/ BM QM2 7mbBQM `2�+iBQM Bb ϵr = 17.6 J2oX �i H�bi- i?2
#m`M@mT 7�+iQ` Bb

g =
ρRF · ADT

A∗(1+ξ)

ρRF · ADT
A∗(1+ξ) + HB · κ

, UjXejV

r?2`2 κ = 1 B7 ξ < 3/(Zdop + 1) �M/ κ =
( (1+Zdop)(1+Z∗)

4·(1−Xdop)(1+Zdop+ZDT(1+Zdop))

)2
B7

ξ ≥ 3/(Zdop + 1)X �i H�bi- HB = 7.25
√

(1 + Z∗)/A∗X
�M 2t�KTH2 Q7 i?2 #m`MBM; ;�BMb �+?B2p2/ BM i?2 UρR@T V@bT�+2 r�b b?QrM

T`2pBQmbHv- BM 6B;X jX8X �b Gburn /2T2M/b QM i?2 `�/Bmb Q7 i?2 bT?2`2- r2 i�F2
�b �M 2t�KTH2 � TH�bK� Q7 RF48y µKX h?2 +QHQm` ;`�/B2Mi `2T`2b2Mi2/ i?2`2-
b?Qrb i?2 K�tBKmK p�Hm2b Q7 i?2 #m`MBM; ;�BM +HQb2 iQ i?2 #QiiQK Q7 i?2
B;MBiBQM +m`p2- K2�MBM; i?�i i?2 QTiBK�H ?Qi@bTQib �`2 i?Qb2 i?�i �`2 �#H2 iQ
#m`M i?2 r?QH2 bT?2`2 rBi? i?2 KBMBKmK bBx2 �M/ i2KT2`�im`2 M2+2bb�`v iQ
`2�+? B;MBiBQMX AM i?2 +?�Ti2`b rBi? `2bmHib- i?Bb Bb 7QmM/ �;�BM- #mi BM i2`Kb Q7
i?2 T�`�K2i2`b Q7 i?2 #2�K i?�i +`2�i2 i?2b2 ?Qi@bTQibX

S`2pBQmb rQ`Fb- bm+? mb :mbǶFQp 2i �HX UkyRRVc :mbǶFQp 2i �HX UkyR9#- kyR8V
�M/ :mbǶFQp � a?2`K�M UkyReV- ?�p2 �M�Hvb2/ i?2 b2H7@?2�iBM;- i?2 B;MBiBQM
�M/ i?2 #m`MBM; ;�BMb BM i?2 Uρ, R, T V@bT�+2 Q7 � Tm`2 �M/ /QT2/ TH�bK�X
LQM2i?2H2bb- BM i?Bb rQ`F- r2 rB/2M i?2b2 bim/B2b #v T2`7Q`KBM; �M 2ti2M@
bBp2 �M�HvbBb BM i?2 #2�K T�`�K2i2` bT�+2 Q7 Uσ, E0VX h?Bb Bb- r2 `2i`B2p2
i?2 `�/Bmb �M/ i2KT2`�im`2 Q7 i?2 ?Qi@bTQi /2T2M/BM; QM i?2 #2�K �TTHB2/-
Rhs(σ, E0) �M/ Ths(σ, E0)- �M/ BMi`Q/m+2 i?2K BM i?2 #m`MBM; ;�BM 2tT`2bbBQM
iQ Q#i�BM Gburn(σ, E0) = Gburn (Rhs(σ, E0), Ths(σ, E0))X qBi? i?Bb +Qm`b2 Q7 �+@
iBQM- r2 T`QpB/2 i?2 T�`iB+mH�` +?�`�+i2`BbiB+b Q7 i?2 #2�K i?�i `2�+? +2`i�BM
TH�bK� i2KT2`�im`2- ?Qi@bTQi H2M;i? �M/ ;�BM- BMbi2�/ Q7 Dmbi �//`2bbBM; i?2
TH�bK� +QM/BiBQMb i?`Qm;? R �M/ T X q2 2ti2M/ i?2 �M�HvbBb #v +QMbB/2`BM;
/Bz2`2Mi #2�K bT2+B2b �M/ `�/BB- �b r2HH �b /Bz2`2Mi TH�bK� BMBiB�H +QM/BiBQMb
Uρ, T0, RF, Z∗, ξVX qBi? Qm` bBKmH�iBQMb- r2 �`2 �#H2 iQ /2i2`KBM2 `2H2p�Mi T`QT@
2`iB2b Q7 i?2 ?2�i2/ `2;BQM- i?2 ?Qi@bTQi- �M/ Bib +Q``2bTQM/BM; ;�BMbX

jXRk LmK2`B+�H KQ/2H
h?2 /Bz2`2MiB�H 2[m�iBQMb jXRe �M/ jXR3- �`2 bQHp2/ mbBM; MmK2`B+�H K2i?Q/b-
bQ Bi Bb M2+2bb�`v iQ T`2b2Mi � /Bb+`2i2 7Q`K Q7 i?2b2 2tT`2bbBQMbX

h?2 biQTTBM; TQr2` ;Qp2`Mb i?2 p�`B�iBQM Q7 i?2 FBM2iB+ 2M2`;v Q7 i?2 #2�K
T2` H2M;i? mMBi U1[X jXR3VX h?2`27Q`2- Bi /2T2M/b QM i?2 p2HQ+Biv Q7 i?2 T`Q@
D2+iBH2- BM 2�+? TQbBiBQM �M/ BMbi�Mi- �b r2HH �b i?2 i2KT2`�im`2 Q7 i?2 TH�bK�X
h?Bb QM2@/BK2MbBQM�H T`Q#H2K Bb /Bb+`2iBb2/ BMiQ � b2i Q7 Nx MQ/2b- r?2`2 i?2
bi2T Bb ∆x = 2RF/Nx �M/ i?2 K2b? Bb ;Bp2M #v xn = n · ∆xX 1[X jXR3 +�M #2
2tT`2bb2/ BM i?2 1mH2` K2i?Q/ 7Q`K�HBbK �b,
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En+1 = En − Spn · ∆x. UjXe9V
h�FBM; BMiQ �++QmMi i?�i i?2 biQTTBM; TQr2` Bb /2}M2/ TQbBiBp2- Bi `2/m+2b

i?2 FBM2iB+ 2M2`;v UEV Q7 i?2 BQMb BM 2�+? nth TQBMi Q7 i?2 K2b?- 2tT`2bb2/ BM
a2+iX jXk i?`Qm;? x(t′)X h?2 +�H+mH�iBQM Bb T2`7Q`K2/ 7Q` 2p2`v T`QD2+iBH2 mMiBH
Bi ?�b HQbi �HH Bib 2M2`;v UEn = 0V- r?B+? +QBM+B/2b rBi? i?2 `�M;2X

1[m�iBQM jXe9 /2b+`B#2b i?2 /2+2H2`�iBQM Q7 � bBM;H2 T`QD2+iBH2 7Q` �M BMbi�Mi
t- BM r?B+? Bi bmz2`b i?2 2M2`;v HQbb BM � ;Bp2M TH�bK� bi�i2X h?2M- bQHpBM;
1[X jXRe `2[mB`2b i?2 T`2b2M+2 Q7 �M BM/2t i?�i BM/B+�i2b i?2 BMbi�Mi Q7 iBK2 t-
r?B+? r2 /2MQi2 mX 6QHHQrBM; i?2b2 B/2�b- 1[X jXe9 Bb 2tT`2bb2/ 7Q` i?2 mth

BMbi�Mi UQ` T`QD2+iBH2V i?�i 2Mi2`b i?2 nth MQ/2 Q7 i?2 TH�bK� �b,

En+1,m = En,m − Spn,m · ∆x. UjXe8V
�Hi?Qm;? i?Bb 2[m�iBQM Bb r`Bii2M BM i?2 1mH2` K2i?Q/ 7Q`K�HBbK- Bi rBHH

#2 bQHp2/ mbBM; � _mM;2@Emii� K2i?Q/X >2`2- Bi Bb BKTQ`i�Mi iQ ?B;?HB;?i i?2
/2T2M/2M+2 Q7 i?2 biQTTBM; TQr2` QM i?2 FBM2iB+ 2M2`;v Q7 i?2 T`QD2+iBH2 �M/
i?2 i2KT2`�im`2 Q7 i?2 TH�bK�, Spn,m = Sp (En,m, Tn,m)X

�i 2�+? iBK2 bi2T- m- 1[X jXe8 Bb bQHp2/ 7Q` 2p2`v n- BM bm+? � r�v i?�i
i?2 biQTTBM; TQr2` /2i2`KBM2b i?2 ?2�iBM; Q7 i?2 TH�bK�- �M/ i?mb- i?2 p�Hm2
Q7 i?2 i2KT2`�im`2X h?2`27Q`2- i?2 i2KT2`�im`2 }2H/ Bb mT/�i2/ �TTHvBM; i?2
1mH2` K2i?Q/ �b,

Tn,m+1 = Tn,m + I

ρ CV
Spn,m ∆t. UjXeeV

>2`2- ∆t b?QmH/ #2 +�H+mH�i2/ �b � T�`iBiBQM Q7 i?2 #2�K /m`�iBQM τbeam/Nt-
r?2`2 Nt Bb � b2H2+i2/ MmK#2` Q7 i2KTQ`�H MQ/2bX >Qr2p2`- r2 �bbmK2 i?2
#2�K /m`�iBQM τbeam iQ #2 mMFMQrM- bQ BM Qm` MmK2`B+�H +�H+mH�iBQMb- r2 �TTHv
� +?�M;2 iQ i?2 BMi2;`�i2/ p�`B�#H2 t iQ T2`7Q`K i?2 +QKTmi�iBQMX q2 /Q bQ
#v `2/2}MBM; I · dt �b db- r?B+? +Q``2bTQM/b iQ � T�`iBiBQM Q7 i?2 ~mt- Uσ/NbV-
r?2`2 Nb Bb �M �`#Bi`�`v MmK#2` Q7 MQ/2b r2 +?QQb2X h?Bb `2[mB`2b i?2 BMi2MbBiv
iQ #2 +QMbi�MiN- #mi �HHQrb 2HBKBM�iBM; i?2 τbeam T�`�K2i2` BM bQHpBM; i?2 b2i
Q7 2[m�iBQMb U"2Hi`�M 2i �HX- kykyVX AM � /Bb+`2i2 /2b+`BTiBQM- i?Bb +?�M;2 Bb
2tT`2bb2/ �b,

∆b = I∆t = σ

Nb
, UjXedV

r?B+? i`�Mb7Q`Kb 1[X jXee BMiQ,

Tn,m+1 = Tn,m + 1
ρ CV

Spn,m ∆b, UjXe3V

Nh?Bb Bb i?2 T`Q+2/m`2 �TTHB2/ BM KQbi T�`ib Q7 i?Bb rQ`FX G�i2` r2 �//`2bb i?2 KQ/2HHBM;
7Q` Qi?2` +�b2bX 1t+2TiBQMb �`2 K2MiBQM2/ r?2M M2+2bb�`v i?`Qm;?Qmi i?2 /Q+mK2MiX
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r?2`2 ∆b Bb � T�`iBiBQM Q7 i?2 #2�K ~mt- r2 /2MQi2 Ǵ#BMǴX "v i?2b2 K2�Mb-
i?2 BQM #2�K ~mt Bb +QMbB/2`2/ bTHBi BMiQ Nb = τbeam/∆t mMB7Q`K #BMb i?�i
�`2 bm++2bbBp2Hv T�bb2/ i?`Qm;? i?2 TH�bK�X 1�+? #BM Bb +QKTQb2/ Q7 i?2 b�K2
7`�+iBQM Q7 BQMb- r?B+? KQp2 iQ;2i?2` i?`Qm;? i?2 TH�bK� �i i?2 b�K2 iBK2-
�b 6B;X jXj b?QrbX h?Bb +?�M;2 7`QK iBK2 iQ #BM@/2T2M/2M+2 Bb p2`v mb27mH-
#2+�mb2 Bi �HHQrb i�+FHBM; i?2 T`Q#H2K rBi?Qmi 2tTHB+BiHv i`2�iBM; i?2 iBK2 �M/
i?2 T�`iB+H2 ~mt U:�bT�`v�M 2i �HX- kyRjVX lHiBK�i2Hv- 1[X jXe3 ;Qp2`Mb Qm`
+QKTmi�iBQMb- /2b+`B#BM; i?2 +?�M;2 BM i?2 TH�bK� i2KT2`�im`2 /m2 iQ mth

#BM BM i?2 nth bT�iB�H MQ/2X LmK2`B+�HHv- i?2 #QmM/�`v �M/ BMBiB�H +QM/BiBQMb
�`2 bm+? i?�i 7Q` 2p2`v m@iBK2 �i n = 0- r2 ?�p2 i?2 BMBiB�H 2M2`;v Q7 i?2
T`QD2+iBH2b �b E0,m = E0X h?2M- 7Q` 2p2`v n@MQ/2 �i i?2 }`bi BMbi�Mi m = 0-
i?2 i2KT2`�im`2 Q7 i?2 TH�bK� Bb Tn,0 = T0X

h?2 T`2pBQmb MmK2`B+�H /2b+`BTiBQM Bb ;Bp2M 7Q` i?2 B/2�H +�b2 Q7 mMB7Q`K
i2KT2`�im`2 +QM/BiBQMb �M/ � KQMQ2M2`;2iB+ #2�KX .m`BM; Qm` rQ`F- r2 ?�p2
�//`2bb2/ bBim�iBQMb i?�i /Q MQi +QMbB/2` i?2b2 �TT`QtBK�iBQMbX AM i?2 }`bi
+�b2- �Hi?Qm;? MQi b?QrM BM i?2 `2bmHib Q7 i?Bb i?2bBb- BKTH2K2MiBM; � MQM@
mMB7Q`K BMBiB�H i2KT2`�im`2 K2b? Bb bi`�B;?i7Q`r�`/X Ai Bb /QM2 #v �bbB;MBM;
i?2 T`QT2` i2KT2`�im`2 T0,n = T (x, t = 0) p�Hm2 7Q` 2�+? n@MQ/2 Q7 i?2 bT�iB�H
K2b? �i m = 0X AM i?2 b2+QM/ +�b2- BKTH2K2MiBM; i?2 irQ [m�bB@KQMQ2M2`;2iB+
b+2M�`BQb r2 T`2b2Mi2/ BM a2+iX jXj- `2[mB`2b 7m`i?2` 2t�KBM�iBQMX 6Q` i?Bb
+�H+mH�iBQM- i?2 2M2`;v /Bbi`B#miBQM Bb /Bb+`2iBb2/ BM �M �``�v rBi? � MmK#2` Q7
T�`iBiBQMb UNEV- bQ E0 = [E0;0...E0;NE ]- r?2`2 E0;0 = Ē0 − 3σE �M/ E0;NE =
Ē0+3σEX �b 2tTH�BM2/ BM a2+iX jXjXk- ǴjǴ Bb �M �`#Bi`�`v T�`�K2i2` r2 +?QQb2 iQ
�bbm`2 `2�+?BM; QmiKQbi 2M2`;B2b Q7 i?2 /Bbi`B#miBQMX *QMb2[m2MiHv- i?2 2M2`;v
bi2T Bb +�H+mH�i2/ �b ∆E = (E0;NE − E0;0)/NEX

AM i?2 +�b2 Q7 :R- rBi? � [m�bB@KQMQ2M2`;2iB+ #2�K HQ+�i2/ �i i?2 2/;2
Q7 i?2 TH�bK�- 2�+? #BM ?�b �M BMi2`M�H /Bbi`B#miBQM Q7 2M2`;B2bX hQ 2�b2 i?2
2tTH�M�iBQM- H2i mb b�v i?�i 2�+? #BM Bb bm#/BpB/2/ BMiQ bm#@#BMb Q7 T`QD2+iBH2b
rBi? /Bz2`2Mi 2M2`;vX �b i?2 #BMb i`�p2H- i?2 bm#@#BMb rBi? /Bz2`2Mi 2M2`;v
#2?�p2 /Bz2`2MiHvc 7Q` BMbi�M+2- i?2 bHQr2` T`QD2+iBH2b biQT 2�`HB2` �M/ i?2 KQ`2
2M2`;2iB+ `2�+? 7m`i?2`X h?2`27Q`2- Bi Bb M2+2bb�`v iQ bim/v i?2 2M2`;v /2+`2�b2
Q7 2�+? bm#@#BM- �i 2�+? TQbBiBQM �M/ BMbi�MiX h?Bb BKTHB2b i?�i 1[X jXe8 Bb MQr
r`Bii2M rBi? � M2r bm#BM/2t /2T2M/2M+2 UlV- `2T`2b2MiBM; i?2 2M2`;2iB+ bm#@#BM
mM/2` 2t�KBM�iBQMX h?mb- MQr i?2 T`Q#H2K BMpQHp2b i?`22 HQQTb i?�i bQHp2,

En+1,m,l = En,m,l − spn,m,l · ∆x, UjXeNV

r?2`2 r2 /2MQi2 i?2 biQTTBM; rBi? HQr2`+�b2 UspV iQ `2K�`F Bi Bb i?2 biQTTBM;
Q7 � +2`i�BM 2M2`;2iB+ bm#@#BMX h?2M- �i 2�+? BMbi�Mi �M/ TQbBiBQM- r2 bmK
i?2 iQi�H /2TQbBi2/ 2M2`;v #v 2�+? 2M2`;2iB+ bm#@#BM �M/ +�H+mH�i2 i?2 iQi�H



3j

BM+`2�b2 BM i?2 i2KT2`�im`2 �i 2�+? TQbBiBQM- �++Q`/BM; iQ 1[X jXe3- #27Q`2 i?2
M2ti #BM 2Mi2`b i?2 TH�bK�, Spn,m = ∑NE

l=0 Fl spn,m,l ∆E- rBi? Fl #2BM; i?2
2M2`;v /Bbi`B#miBQM 7`QK 1[X jXkyX �bB/2 7`QK i?2 BMi2;`�iBQM Qp2` i?2 /Bz2`2Mi
T`QD2+iBH2 2M2`;B2b- i?2 T`Q+2/m`2 `2K�BMb i?2 b�K2 �b 2tTH�BM2/ BM a2+iX jXRkX

AM i?2 +�b2 Q7 :k- rBi? � [m�bB@KQMQ2M2`;2iB+ #2�K b2T�`�i2/ #v � /Bbi�M+2
ǴdǴ 7`QK i?2 2/;2 Q7 i?2 7m2H- Bi Bb MQi M2+2bb�`v iQ bQHp2 � i?B`/ HQQT MQ` mb2
�M 2ti`� bm#BM/2tX h?Bb Bb #2+�mb2 i?2 2M2`;v Q7 i?2 T`QD2+iBH2b i?�i `2�+?
i?2 2/;2 Q7 i?2 TH�bK� +�M #2 Q`/2`2/ �++Q`/BM; iQ i?2 /Bbi�M+2 i?2v Kmbi
i`�p2H iQ `2�+? i?2 2/;2X >Qr2p2`- BM i?Bb +QMi2ti- Bi Bb M2+2bb�`v iQ �#�M/QM
i?2 #BM MQi�iBQM �M/ rQ`F /B`2+iHv rBi? i?2 iBK2 Q7 ~v Q7 i?2 T`QD2+iBH2b 7`QK
i?2 bQm`+2 iQ i?2 2/;2 Q7 i?2 TH�bK� UτbeamVX h?Bb Bb +�H+mH�i2/ �b i?2 iBK2
/Bz2`2M+2 #2ir22M i?2 KQbi �M/ H2bb 2M2`;2iB+ T`QD2+iBH2b, τbeam ≈ tmax −tmin =√

mbd2
2

(
1

E0;0

1/2 − 1
E0;NE

1/2)X h?2M- r2 +�H+mH�i2 i?2 i2KTQ`�H /Bb+`2iBb�iBQM �b
∆t = τbeam/Nt �M/ i?2 /Bb+`2iBb2/ iBK2 �b t = tmin + m∆tX h?2`27Q`2- �M/
�b K2MiBQM2/ �#Qp2- i?2 BMBiB�H 2M2`;v �i 2�+? BMbi�Mi Q7 iBK2 Bb MQi i?2 b�K2
�M/ Bb ;Bp2M #v E†

0,m = (mbd2)/(2t2)- r?2`2 r2 F22T i?2 m MQi�iBQM 7Q` i?2
i2KTQ`�H p�`B�#H2X �i H�bi- T`2pBQmb 1[X jXe3 Bb +?�M;2/ iQ,

Tn,m+1 = Tn,m + σ

ρ CV

Pm Spm,n

E†
0,m

∆t, UjXdyV

r?2`2 i?2 +QKTmi�iBQM�H KQ/2H QT2`�i2b #v /B`2+iHv BMi2;`�iBM; Qp2` i?2 #2�K
iBK2 BMbi2�/ Q7 /BpB/BM; i?2 #2�K BMiQ #BMbX >2`2- Bi Bb rQ`i? MQiBM; i?�i r2
?�p2 7QmM/ 1[X jXdy iQ #2 BM/2T2M/2Mi Q7 i?2 /Bbi�M+2X :Bp2M i?2 /2}MBiBQMb Q7
�HH i2`Kb- �M/ �7i2` bQK2 bi`�B;?i7Q`r�`/ K�MBTmH�iBQMb- r2 /2KQMbi`�i2/ i?�i
ǴdǴ Bb +�M+2HH2/ Qmi /m`BM; BM i?2 +�H+mH�iBQMX

AM Qm` bBKmH�iBQMb- i?2 MmK#2` Q7 MQ/2b Q7 i?2 bT�iB�H �M/ i2KTQ`�H K2b?2b
UNx, Nb, [NE]V TH�vb � +`m+B�H `QH2 BM /2i2`KBMBM; i?2 p�HB/Biv Q7 Qm` `2bmHibX h?2
`2bmHib ;2i }M2` #v BM+`2�bBM; i?2 MmK#2` Q7 MQ/2b- #mi i?Bb +QK2b �i i?2 +Qbi
Q7 +QKTmi�iBQM�H `2bQm`+2b �M/ iBK2X q2 ?�p2 T2`7Q`K2/ p�`BQmb 2tT2`BK2Mib
iQ /2i2`KBM2 r?B+? MmK#2` Q7 MQ/2b Bb �TT`QT`B�i2 7Q` � i`mbi7mH +�H+mH�iBQMX
q2 +�H+mH�i2 i?2 K2�M `2H�iBp2 2``Q` Q7 i?2 FBM2iB+ 2M2`;v �M/ i2KT2`�im`2
�b i?2 /Bz2`2M+2 #2ir22M i?2 bQHmiBQM p�Hm2b Q7 � ;Bp2M K2b? �M/ i?Qb2 Q7 �
K2b? rBi? irB+2 i?2 MmK#2` Q7 MQ/2b- BX2X, ⟨|E[2Nx] − E[Nx]| / E[Nx]⟩ �M/
⟨|T [2Nb] − T [Nb]| / T [Nb]⟩X

AM 6B;X jXRk i?2 K2�M `2H�iBp2 2``Q` Q7 i?2 FBM2iB+ 2M2`;v �M/ i?2 i2KT2`�im`2
�`2 b?QrM �b � 7mM+iBQM Q7 i?2 MmK#2` Q7 MQ/2b- 7Q` #Qi? bT�iB�H �M/ i2KTQ`�H
U#BMbV /Bb+`2iBb�iBQMbX �b 2tT2+i2/- i?2 2``Q` /2+`2�b2b rBi? i?2 MmK#2` Q7
MQ/2bX >Qr2p2`- Bi b?Qrb i?�i i?2 FBM2iB+ 2M2`;v 2``Q` Bb +QMbBbi2MiHv ?B;?2`
i?�M i?2 i2KT2`�im`2 2``Q`X AM i?Bb b2Mb2- b2H2+iBM; � _mM;2@Emii� K2i?Q/ 7Q`
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bQHpBM; i?2 FBM2iB+ 2M2`;v 2[m�iBQM Bb � #2ii2` QTiBQM- �b �/QTiBM; �M 1mH2`
K2i?Q/ rQmH/ `2bmHi BM 2p2M ;`2�i2` 2tT2+i2/ 2``Q`bX q2 ?�p2 7QmM/ i?�i i?Bb
#2?�pBQm` +�M #2 �ii`B#mi2/ iQ i?2 7�+i i?�i +?�M;2b BM FBM2iB+ 2M2`;v 2t?B#Bi
bi22T2` bHQT2b +QKT�`2/ iQ i?Qb2 BM i2KT2`�im`2X
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6B;m`2 jXRkĖ J2�M `2H�iBp2 2``Q` Q7 i?2 FBM2iB+ 2M2`;v �M/ i2KT2`�im`2 bQHmiBQMb r?2M
/mTHB+�iBM; i?2 MmK#2` Q7 MQ/2b BM #Qi? bT�iB�H UNxV �M/ #2�K UNbV /Bb+`2iBb�iBQMbX 1tT2`@
BK2Mi rBi? � .h TH�bK� �i R F2o �M/ ρ = 300 ;f+K3- rBi? � T`QiQM #2�K Q7 E0 = 3 J2o
�M/ σ = 1.56 · 1021 +K−2X

AM 6B;X jXRj i?2 bT�iB�H /Bbi`B#miBQM Q7 i?2 }M�H i2KT2`�im`2 Bb b?QrM- rBi?
/Bz2`2Mi /Bb+`2iBb�iBQMb Q7 i?2 #2�K UNbVX h?Bb �HHQrb Q#b2`pBM; ?Qr i?2 i2K@
TQ`�H /Bb+`2iBb�iBQM Q7 i?2 i2KT2`�im`2 2[m�iBQM �z2+ib i?2 Qmi+QK2X h�FBM;
QMHv QM2 #BM Bb 2[mBp�H2Mi iQ +QMbB/2`BM; i?2 #2�K 2Mi2`BM; �b � r?QH2 BMiQ i?2
TH�bK�- BM i?Bb +�b2- 7Q`KBM; QM2 K�DQ` T2�FX q?2M i?`22 #BMb �`2 mb2/- i?2
i2KT2`�im`2 /Bbi`B#miBQM ?�b i?`22 bK�HH2` T2�Fb- QM2 7Q` 2�+? #BMX Ai Bb 7QmM/
i?�i �b i?2 MmK#2` Q7 #BMb BM+`2�b2b- i?2 bQHmiBQM +QMp2`;2b- i?mb bBKmH�iBM;
i?2 T`Q;`2bbBp2 2Mi`�M+2 Q7 i?2 #2�K BMiQ i?2 TH�bK�X >Qr2p2`- �M BMbm{+B2Mi
MmK#2` Q7 #BMb H2�/b iQ Qb+BHH�iBQMb BM i?2 bQHmiBQM- `2bmHiBM; BM � T2�F 7Q` 2�+?
#BMX A7 i?2 `2}M2K2Mi Q7 i?2 #2�K /Bb+`2iBb�iBQM H�+Fb T`2+BbBQM- Bi 7�BHb iQ bBKm@
H�i2 i?2 #2�K bKQQi?Hv- BMbi2�/ `2b2K#HBM; b2T�`�i2 T`QD2+iBH2bX �//BiBQM�HHv-
i?2 `�M;2 �M/ i?2 K�tBKmK i2KT2`�im`2 `2bmHib Q7 i?2 #2�K BMi2`�+iBQM �`2
/Bz2`2Mi B7 i?2 MmK#2` Q7 #BMb Bb BMbm{+B2MiX

Pm` MmK2`B+�H bBKmH�iBQMb +QMbB/2` � mMB7Q`K /Bb+`2iBb�iBQM Q7 i?2 bT�iB�H
�M/ i2KTQ`�H ;`B/b- r?2`2- BM KQbi +�b2b- i?2 MmK#2` Q7 K2b? MQ/2b �`2 Nx =
2048 �M/ Nx = 1024X q?2M � [m�bB@KQMQ2M2`;2iB+ #2�K Bb +QMbB/2`2/- Qm`
bBKmH�iBQMb BM/B+�i2 i?�i NE ∼> 32 H2�/b iQ � +QMp2`;2M+2 BM i?2 `2bmHibX AM Qm`
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bBKmH�iBQMb- r2 Q7i2M mb2 � p�Hm2 Q7 NE = 64 2M2`;2iB+ MQ/2bX
q2 M22/ iQ ?B;?HB;?i ?2`2 i?�i- i?`Qm;?Qmi i?Bb rQ`F- i?2 bBKmH�iBQM T`Q+2@

/m`2 2tTH�BM2/ �#Qp2 Bb +QKTmi2/ bvbi2K�iB+�HHv 7Q` H�`;2 �``�vb rBi? /Bp2`b2
p�Hm2b Q7 ~mt UσV �M/ T`QD2+iBH2 2M2`;v UE0VX q2 `2+�HH i?�i Qm` T`BK�`v �BK
Bb iQ bvbi2K�iB+�HHv T`2b2Mi `2bmHib Q7 i?2 ?2�i2/ TH�bK� BM i?2 Uσ, E0V@bT�+2X
AM bm+? +�b2b- r2 +�H+mH�i2 Ryy×Ryy �``�vb rBi? 2p2`v +QK#BM�iBQM Q7 i?2 b2@
H2+i2/ Uσ, E0V@p�Hm2b- �M/ i?2M Q#i�BM F2v 72�im`2b Q7 i?2 ?2�i2/ `2;BQM �M/ i?2
?Qi@bTQiX

6B;m`2 jXRjĖ aT�iB�H /Bbi`B#miBQM Q7 i?2 i2KT2`�im`2 Q7 i?2 TH�bK� r?2M i?2 #2�K ?�b
#22M /Bb+`2iBb2/ BM /Bz2`2Mi MmK#2`b Q7 #BMbX 1tT2`BK2Mi rBi? � .h TH�bK� Q7 ρ = 300 ;f+K3

�i R F2o �M/ � p�M�/BmK #2�K rBi? E0 = 5100 J2o �M/ σ = 1.22 · 1018 +K−2

�MQi?2` T`Q#H2K r2 bQHp2 BM i?Bb rQ`F +QMbBbib Q7 /2i2`KBMBM; i?2 p�Hm2b
Q7 ρR �M/ T i?�i K�F2 Gsh = 1 �M/ Gig = 1- `2bT2+iBp2HvX �b T`2b2Mi2/ BM
a2+iX jXe- i?2b2 +`Bi2`B� �bbm`2 i?2 b2H7@?2�iBM; Q` B;MBiBQM Q7 i?2 ?Qi@bTQi- bQ
Bi Bb +`m+B�H iQ +�H+mH�i2 i?2 i?`2b?QH/ p�Hm2b Q7 2�+? +�b2X 6Q` b2�`+?BM; i?2
bQHmiBQM Q7 Ghs(ρR, T ) = 1 �M/ Gig(ρR, T ) = 1 r2 �TTHv �M Bi2`�iBp2 K2i?Q/
BM r?B+? r2 +QKTmi2 #Qi? ;�BMb 7Q` 2p2`v i2KT2`�im`2 Q7 BMi2`2bi �M/ i?2M
}M/ i?2 ρR p�Hm2 i?�i bQHp2b i?2 2[m�iBQMX h?Bb Bb- ;Bp2M � i2KT2`�im`2 Tj r2
+�H+mH�i2 Wi,j = Wfus,dep(Tj , ρR) − (Wmec(Tj) + Wcond(Tj , ρR) + Wrad(Tj , ρR))
�M/ +QKT�`2 Bi rBi? Bib T`2pBQmb bi2T Wi−1,j X A7 i?2 T`Q/m+i Q7 #Qi? Bb HQr2`
i?�M x2`Q UWi,j · Wi−1,j ≤ 0V- � bQHmiBQM ?�b #22M 7QmM/X h?2M- r2 KQp2 iQ i?2
M2ti i2KT2`�im`2 Tj+1X q2 MQi2 i?�i i?2 b2H7@?2�iBM; �M/ B;MBiBQM +m`p2b b?B7i
iQr�`/b /Bz2`2Mi `2;BQMb Q7 i?2 UρR, T V@bT�+2 /2T2M/BM; QM i?2 TH�bK� +QM@
bB/2`2/- �b r2 /2KQMbi`�i2 BM 6B;X jXe r?2M /QT�Mib �`2 BM+Hm/2/X h?2`27Q`2-



3e

T`QT2`Hv b2H2+iBM; i?2 `�M;2 Q7 bim/v 7Q` Tj �M/ ρR Bb K�M/�iQ`vX q2 `2+QK@
K2M/ BMBiB�HHv T2`7Q`KBM; � `Qm;? 2tTHQ`�iBQM Q7 i?2 T�`�K2i2` bT�+2 iQ }M/
i?2 BMBiB�H �M/ }M�H p�Hm2b U(T0, Tf ) �M/ (ρR0, ρRf )V 7Q` }M2Hv imMBM; i?2 �+im�H
b2�`+?X q2 `2KBM/ i?�i bQHpBM; Ghs(ρR, T ) = 1 �M/ Gig(ρR, T ) = 1 Bb +`m+B�H
7Q` /2i2`KBMBM; i?2 ?Qi@bTQiX h?2 +?�`�+i2`BbiB+b Q7 i?2 ?Qi@bTQi- bm+? �b Ths-
Lhs- Rhs Q` Gburn- �`2 QMHv +�H+mH�i2/ B7 i?2`2 Bb � i2KT2`�im`2 bm+? i?�i T > Tig
UQ#i�BM2/ �7i2` /2i2`KBMBM; i?2 b2H7@?2�iBM; +m`p2V �M/ Gig(ρRhs, Ths) > 1X

AM i?2 M2ti *?�Ti2`b 9- 8- e �M/ d r2 T2`7Q`K /Bz2`2Mi 2tT2`BK2Mib mbBM;
ivTB+�H p�Hm2b 7`QK i?2 HBi2`�im`2 7Q` #Qi? i?2 TH�bK� �M/ i?2 #2�K Ub22- 7Q`
BMbi�M+2- �ix2MB- RNNNc �ix2MB � J2v2`@h2`@o2?M- kyy9c :mbǶFQp 2i �HX- kyRyc
:�bT�`v�M 2i �HX- kyRjc :mbǶFQp 2i �HX- kyR9#-�c >QM`m#B� 2i �HX- kyR9c >QM`m#B�
� Jm`�F�KB- kyR8c wQm 2i �HX- kyRec L2x�K 2i �HX- kykyVX h?2 TH�bK� Bb /2@
b+`B#2/ �b � +QKT`2bb2/ bT?2`2 Q7 .h 7m2H rBi? `�/BB Q7 RF49y- 8y Q` ey µK �i
bi�;M�iBQM bi�i2X A7 BKTm`BiB2b �`2 +QMbB/2`2/- i?2 +?Qb2M 2H2K2Mib �`2 #2`vHHBmK
U"2V- +�`#QM U*V- �HmKBMBmK U�HV- �M/ +QTT2` U*mVX JQbiHv- i?2 /Bbi`B#miBQMb
7Q` i?2 BMBiB�H i2KT2`�im`2 �M/ /2MbBiv �`2 ?QKQ;2M2Qmb- b2H2+iBM; T04yX8- R Q`
8 F2o �M/ ρ = 300- 8yy Q` dyy ;f+K3- `2bT2+iBp2Hv- �Hi?Qm;? 7Q` bQK2 2tT2`B@
K2Mib r2 2t�KBM2 � TH�bK� Q7 p�`B�#H2 /2MbBivX h?2M- 7Q` i?2 #2�K r2 +QMbB/2`
7�bi BQMb bm+? �b T`QiQMb UT+V- +�`#QM U*6+V �M/ p�M�/BmK Uo23+V- rBi? i?`22
/Bz2`2Mi `�/BB rb4Ry- R8 Q` ky µKX h?2 #2�K +�M #2 2Bi?2` KQMQ2M2`;2iB+
Q` [m�bB@KQMQ2M2`;2iB+ UrBi? � :�mbbB�M 2M2`;v /Bbi`B#miBQM Q7 2M2`;v bT`2�/,
δE = 5- Ry Q` R8W- �++Q`/BM; iQ >2;2HB+? 2i �HX kyRRV- HQ+�i2/ �i i?2 2/;2 Q7 i?2
TH�bK� Q` b2T�`�i2/ � +2`i�BM ǴdǴ /Bbi�M+2X _2;�`/BM; i?2 2M2`;v Q7 i?2 #2�K
UEb = SbσE0V- r2 7Q+mb Qm` bim/v QM i?2 +�b2b Q7 BMi2`2bi 7Q` i?2 BQM 7�bi B;MB@
iBQM b+?2K2X h?2`27Q`2- r2 T2`7Q`K � T�`�K2i`B+ b2�`+? BM i?2 Uσ, E0V@`�M;2b-
r?2`2 � ?Qi@bTQi Bb ;2M2`�i2/ BMbB/2 i?2 ?2�i2/ `2;BQMX q2 i�F2 �b � `272`2M+2
+�b2 � Tm`2 TH�bK� rBi?Qmi +Q`QM� �M/ � KQMQ2M2`;2iB+ #2�KX �++Q`/BM;Hv-
�M/ mMH2bb MQi2/ Qi?2`rBb2 r?2M T2`7Q`KBM; � /Bz2`2Mi 2tT2`BK2Mi- i?2 BMBiB�H
�M/ #QmM/�`v +QM/BiBQMb Q7 i?2 TH�bK� �`2 ;Bp2M #v UT (x, 0) = T0, ρ(x, t) = ρV-
�M/ 7Q` i?2 BQM #2�Kb �`2 ;Bp2M #v Uσ(0, t) = σ, E(0, t) = E0VX
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S`2HBKBM�`v `2bmHib Q7 i?2
#2�K@TH�bK� BMi2`�+iBQM

qBi? i?2 bBKmH�iBQMb T`2b2Mi2/ BM i?Bb +?�Ti2` r2 �BK iQ /2b+`B#2 i?2 KQbi
#�bB+ #2?�pBQm`b Q7 i?2 #2�K TH�bK� BMi2`�+iBQM �M/- KQ`2Qp2`- iQ p�HB/�i2 Qm`
bBKmH�iBQMb- #Qi? MmK2`B+�H �M/ �M�HviB+ KQ/2HX h?2M- r2 b2�`+? 7Q` i?2 `�M;2b
Q7 BMi2`2bi BM i?2 Uσ, E0V@bT�+2 Q7 i?2 BQM 7�bi B;MBiBQM b+?2K2- r?2`2 � ?Qi@bTQi
Bb ;2M2`�i2/ BMbB/2 i?2 ?2�i2/ `2;BQMX � rB/2 p�`B2iv Q7 +QM/BiBQMb �`2 +?Qb2M
7Q` i?Bb T`2HBKBM�`v bim/v- mbBM; ivTB+�H p�Hm2b 7`QK i?2 HBi2`�im`2 7Q` #Qi? i?2
TH�bK� �M/ i?2 #2�K Ub22- 7Q` BMbi�M+2- :mbǶFQp 2i �HX- kyRyc :�bT�`v�M 2i �HX-
kyRjc >QM`m#B� 2i �HX- kyR9c :mbǶFQp 2i �HX- kyR9�c wQm 2i �HX- kyRec 1bTBMQb�@
oBp�b 2i �HX- kykjVX

9XR aiQTTBM; TQr2` �M�HvbBb
h?2 +Q`2 +�H+mH�iBQM r?2M bQHpBM; 1[bX jXRe �M/ jXR3 Bb i?2 biQTTBM; TQr2`
KQ/2HX h?2 /Bb+mbbBQM Qp2` r?B+? biQTTBM; KQ/2H b?QmH/ #2 mb2/ 7Q` BQM T`Q@
D2+iBH2b i`�p2HHBM; BM /2Mb2 �M/ ?Qi TH�bK�b Bb biBHH QT2M /2#�i2X Ai ?�b #22M
T`Qp2M i?�i i?2 /Bz2`2Mi KQ/2Hb U�b T`2b2Mi2/ BM a2+iX kXjXRX#, _S�- SJo-
GS- "SaXXXV T`QpB/2 /BbiBM+i `2bmHib- bT2+B�HHv 7Q` T`QD2+iBH2b rBi? HQr 2M2`;v
�M/ BM i?2 Q`/2` Q7 i?2 i?2`K�H p2HQ+Biv Q7 i?2 TH�bK� 2H2+i`QMbX

h?2`27Q`2- iQ #2;BM rBi?- r2 BMbT2+i i?2 BKTH2K2Mi�iBQM Q7 i?2 irQ biQTTBM;
TQr2` 2tT`2bbBQMb +QMbB/2`2/ BM i?Bb rQ`F- �b T`2b2Mi2/ BM a2+iX jX9- i?2 SJo
�M/ GS KQ/2HbX �HbQ- BM Q`/2` iQ ?�p2 +QM}/2M+2 BM Qm` `2bmHib- r2 p�HB/�i2
i?2K rBi? T`2pBQmb HBi2`�im`2X hQ /Q bQ- r2 2p�Hm�i2 i?2 biQTTBM; TQr2` Q7
7`22 2H2+i`QMb �M/ BQMb #v 2t�KBMBM; i?2 bHQrBM; /QrM Q7 T`QiQM T`QD2+iBH2b BM
� 7mHHv BQMBx2/ .h TH�bK�X h?2 K�ii2` /2MbBiv �M/ i2KT2`�im`2 �`2 b2i �i

3d
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ρ = 300 ;f+K3 �M/ T0 = 1 F2o- `2bT2+iBp2HvX �//BiBQM�HHv- r2 +QMbB/2` i?2 .h
TH�bK� KBtim`2 rBi? /QT�Mi 2H2K2Mib bm+? �b �HmKBMBmK �M/ +QTT2`- r?2`2
i?2 /QT�Mi T2`+2Mi�;2 `2H�iBp2 iQ i?2 .h �#mM/�M+2 Bb b2i �i ξ = 0.005X

6B;m`2 9XR BHHmbi`�i2b i?2 BQM biQTTBM; UH27iV �M/ i?2 2H2+i`QM biQTTBM; U`B;?iV
7Q` i?2 GS KQ/2H UbQHB/ HBM2bV- i?2 SJo KQ/2H U/�b?2/ HBM2bV- �M/ i?2 QM2
miBHBx2/ BM wQm 2i �HX UkyReV U};m`2 RV U/Qii2/ HBM2VX q2 MQi2 i?�i wQm 2i �HX
UkyReV �HbQ mb2b i?2 GS biQTTBM; KQ/2H- �Hi?Qm;? rBi? bQK2 KQ/B}+�iBQMb BM
`2bT2+i iQ Qm`bX

6B`bi- Bi Bb 2pB/2Mi i?�i i?2 BQM �M/ 7`22 2H2+i`QM biQTTBM; TQr2` Q7 T`QiQMb
BM+`2�b2b r?2M i?2 .h KBtim`2 +QMi�BMb � /QT�Mi- rBi? � ?B;?2` `�i2 Q7 BM+`2�b2
Q#b2`p2/ �b i?2 �iQKB+ MmK#2` Q7 i?2 /QT�Mi `Bb2bX h?2 K�tBKmK p�Hm2 Q7 BQM
biQTTBM; Q++m`b �i HQr T`QiQM 2M2`;B2b- r?BH2 7Q` 7`22 2H2+i`QM biQTTBM;- Bi Bb
�ii�BM2/ �i ?B;?2` 2M2`;B2bX AM #Qi? +�b2b- �i 2M2`;B2b +Q``2bTQM/BM; iQ i?2 i?2`@
K�H p2HQ+BiB2b Q7 i?2 BQMb Uvth,ionsV �M/ i?2 7`22 2H2+i`QMb Uvth,eV- +Q``2bTQM/BM;
iQ 2�+? i?2`K�H i?`2b?QH/ 2M2`;v UEse,ions �M/ Ese,eVX PM i?2 Qi?2` ?�M/- i?2
+QKT�`BbQM `2p2�Hb i?�i #Qi? KQ/2Hb 2t?B#Bi [m�HBi�iBp2Hv bBKBH�` #2?�pBQm`- �H@
i?Qm;? i?2 GS KQ/2H b?Qrb #2ii2` �;`22K2Mi rBi? i?2 `272`2M+2 i?�M i?2 SJo
KQ/2HX AM i?2 +�b2 Q7 i?2 2H2+i`QM biQTTBM;- i?2 SJo KQ/2H Qp2`2biBK�i2b i?2
bHQrBM; /QrM- r?BH2 i?2 GS KQ/2H �HKQbi K�i+?2b i?2 `2bmHib Q7 wQm 2i �HX
UkyReVX AM i?2 +�b2 Q7 i?2 BQM biQTTBM; TQr2`- i?2 SJo KQ/2H mM/2`2biBK�i2b
i?2 `2bmHib- r?BH2 Qm` GS KQ/2H i2M/b iQ Qp2`2biBK�i2 i?2 bQHmiBQMb- 2bT2+B�HHv
�i p2`v HQr 2M2`;B2bX �b b�B/ �#Qp2- i?2b2 /Bz2`2M+2b �`2 /22K2/ �++2Ti�#H2
+QMbB/2`BM; i?�i i?2 SJo �M/ #Qi? GS biQTTBM; TQr2` KQ/2Hb BMpQHp2 /Bz2`BM;
�TT`QtBK�iBQMbX JQ`2Qp2`- r2 +�M /2bTBb2 i?2b2 /Bz2`2M+2b i�FBM; BMiQ �++QmMi
i?�i i?2 2H2+i`QM }2H/ Bb i?2 K�BM `2bTQMbB#H2 7Q` i?2 BMi2`�+iBQM Ub22 i?2 iQi�H
biQTTBM; BM 6B;X 9XkV- r?BH2 i?2 BQMb Dmbi +QMi`B#mi2 iQ i?2 }M�H #`2�FBM; TQBMi
Q7 i?2 T`QD2+iBH2b- r?2M i?2v ?�p2 HQr 2M2`;vX *QMbB/2`BM; i?�i i?`Qm;?Qmi i?Bb
rQ`F r2 K�BMHv mb2 i?2 GS KQ/2H- +Q``2+iHv p�HB/�i2/ rBi? wQm 2i �HX UkyReV
7Q` i?2 2H2+i`QM biQTTBM;- r2 +�M �bb2`i b�72iv BM Qm` `2bmHibX

6Q` � 7m`i?2` mM/2`bi�M/BM; Q7 i?2 #2?�pBQm` Q7 i?2 biQTTBM; KQ/2H- BM
6B;X 9Xk r2 b?Qr i?2 iQi�H GS biQTTBM; Q7 T`QiQM- +�`#QM �M/ p�M�/BmK BQMb BM �
`�M;2 Q7 2M2`;B2b 7`QK E ≈ 10−3 iQ Ry4 J2o URy2 J2o 7Q` T`QiQMbVX q2 +QMbB/2`
� Tm`2 .h TH�bK� rBi? /2MbBiv Q7 ρ = 500 ;f+K3 �M/ irQ i2KT2`�im`2b- R �M/ 8
F2o- `2T`2b2Mi2/ rBi? bQHB/ �M/ /�b?2/ HBM2b- `2bT2+iBp2HvX q2 MQi2 ?Qr i?2 BQM
bT2+B2b QT2`�i2 BM /Bz2`2Mi `�M;2 Q7 2M2`;B2bX 6Q` 2�+? #2�K- �i HQr 2M2`;B2b-
r2 }M/ i?2 biQTTBM; /m2 iQ i?2 BQM }2H/ Q7 i?2 TH�bK�- `2bTQMbB#H2 7Q` i?2
}M�H #`2�F Q7 i?2 T`QD2+iBH2bX J2�Mr?BH2- �i BMi2`K2/B�i2 2M2`;B2b r2 }M/ i?2
+2Mi`�H T2�F �bbQ+B�i2/ iQ i?2 2H2+i`QM }2H/- r?B+? /QKBM�i2b i?2 bHQrBM; /QrM
Q7 i?2 T`QD2+iBH2b �HQM; i?2B` i`�D2+iQ`vX AM +QKT�`BbQM rBi? 6B;X 9XR- r2 }M/
i?�i � ?B;?2` /2MbBiv `2im`Mb H�`;2` p�Hm2b Q7 i?2 biQTTBM;- /m2 iQ �M BM+`2�b2
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6B;m`2 9XRĖ aiQTTBM; SQr2` 7Q` BQMb UH27iV �M/ 2H2+i`QMb U`B;?iV r?2M �TTHvBM; T`QiQM
T`QD2+iBH2bX "Qi? 2tT2`BK2Mib +�H+mH�i2/ 7Q` � .h TH�bK� �i 1 F2o i2KT2`�im`2- ρ = 300 ;f+K3

�M/ rBi? � /QT�Mi TQ`iBQM BM `2bT2+i iQ i?2 .h Q7 ξ = 0.005- 7Q` /Bz2`2Mi FBM/b Q7 /QT�MibX
aQHB/ HBM2b +Q``2bTQM/ iQ Qm` `2bmHib rBi? i?2 GS- /�b?2/ QM2b iQ i?2 SJo KQ/2H- �M/ /Qii2/
HBM2b iQ i?Qb2 Q7 wQm 2i �HX UkyReV U};m`2 RVX

BM i?2 MmK#2` Q7 7`22 2H2+i`QMb i?�i K�F2 i?2 TH�bK� KQ`2 QT�[m2X �HbQ-
r2 Q#b2`p2 ?Qr BM+`2�bBM; i?2 i2KT2`�im`2 /BbTH�+2b i?2 K�tBKmK p�Hm2b iQ
?B;?2` 2M2`;B2b �M/ /BKBMBb?2b i?2 biQTTBM; 2z2+i- /m2 iQ i?2 BM+`2�b2/ i?2`K�H
p2HQ+BiB2b Q7 i?2 TH�bK� T�`iB+H2b �M/ `2/m+2/ +QHHBbBQM +`Qbb@b2+iBQMbX h?Bb
+`2�i2b � KQ`2 i`�MbT�`2Mi K2/BmK BM r?B+? i?2 T`QD2+iBH2b +�M i`�p2H 7m`i?2`X
q?2M +QKT�`BM; i?2 BQM bT2+B2b- r2 }M/ i?�i ?2�pB2` T`QD2+iBH2b `2im`M H�`;2`
biQTTBM; p�Hm2bX h?Bb 2tTH�BMb r?v i?2 ~mt `2[mB`2K2Mib 7Q` ?B;?@w #2�Kb �`2
HQr2`- �b b?QrM BM a2+iX 9XdX

L2ti- r2 �bb2bb i?2 bT�iB�H bQHmiBQMb 7Q` i?2 2M2`;v HQbb #v bQHpBM; 1[X jXR3X
*QMbB/2`BM; � .h TH�bK� �i ρ = 300 ;f+K3- 6B;X 9Xj BHHmbi`�i2b i?2 biQTTBM;
TQr2` �b � 7mM+iBQM Q7 bT�iB�H TQbBiBQM UxV 7Q` � 7mHHv BQMBx2/ +�`#QM BQM rBi?
�M BMBiB�H 2M2`;v Q7 E0 = 440 J2o 2Mi2`BM; i?2 TH�bK� �i p�`BQmb i2KT2`�@
im`2bX h?2 THQi /BbTH�vb i?2 biQTTBM; TQr2` +�H+mH�i2/ #v i?2 GS KQ/2H UbQHB/
HBM2V- i?2 SJo KQ/2H U/�b?2/ HBM2V- �HQM;bB/2 i?2 �M�HviB+�H KQ/2H +QKTmi2/ BM
:mbǶFQp 2i �HX UkyRyV U};m`2 R- /Qii2/ HBM2VX q?BH2 i?2 `2bmHib 2t?B#Bi bQK2 Mm@
K2`B+�H /BbT�`BiB2b- i?2v /2KQMbi`�i2 � +QMbBbi2Mi 7mM+iBQM�H #2?�pBQm`X h?2b2
/Bb+`2T�M+B2b �`Bb2 7`QK /Bz2`2M+2b BM i?2 biQTTBM; TQr2` 2tT`2bbBQMb miBHBx2/
#v Qm` KQ/2H �M/ i?Qb2 2KTHQv2/ #v i?2 �mi?Q`b Q7 i?2 `272`2M+2X 6Q` BMbi�M+2-
r2 }M/ i?2 SJo KQ/2H iQ `2im`M b?Q`i2` `�M;2b BM `2bT2+i iQ i?2 Qi?2` irQ
KQ/2HbX 6Q` HQr TH�bK� i2KT2`�im`2b- bm+? �b R F2o- r2 }M/ i?2 +?�`�+i2`BbiB+
"`�;; T2�F /m2 iQ i?2 T`QD2+iBH2b bHQrBM; /QrM BM i?2 2H2+i`QM }2H/X h?2M- 7Q`
?B;?2` i2KT2`�im`2b i?Bb T2�F ~�ii2Mb- �b i?2 biQTTBM; TQr2` /2+`2�b2bX PM
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6B;m`2 9XkĖ aiQTTBM; SQr2` BM `2bT2+i iQ i?2 2M2`;v Q7 i?2 BQM T`QD2+iBH2bX q2 +QMbB/2`
� Tm`2 .h TH�bK� rBi? ρ = 500 ;f+K3- �i T = 1 F2o UbQHB/ HBM2bV �M/ T = 5 F2o U/�b?2/
HBM2bVX

i?2 Qi?2` ?�M/- � MQi�#H2 /Bz2`2M+2 Bb i?2 /BbiBM+i }M�H T2�F Q#b2`p2/ 7Q` 8 �M/
Ry F2o- r?B+? Bb �ii`B#mi�#H2 iQ i?2 BM+HmbBQM Q7 BQM biQTTBM; TQr2` BM Qm` KQ/2H
#mi MQi BM :mbǶFQp 2i �HX UkyRyVX 6m`i?2`KQ`2- i?2b2 T2�Fb K�MB72bi iQr�`/b
i?2 2M/ Q7 2�+? +m`p2 /m2 iQ i?2 ?B;?2` p�Hm2b Q7 BQM biQTTBM; TQr2` �i HQr2`
T`QD2+iBH2 p2HQ+BiB2b- �b b?QrM BM T`2pBQmb 6B;X 9XRX AM i?Bb };m`2- r2 +�M �HbQ
Q#b2`p2 ?Qr BM+`2�bBM; i?2 i2KT2`�im`2 K�F2b i?2 TH�bK� KQ`2 i`�MbT�`2Mi-
�HHQrBM; i?2 T`QD2+iBH2b iQ i`�p2H 7m`i?2` rBi?BM i?2 7m2HX

9Xk S2M2i`�iBQM `�M;2 Q7 � T`QD2+iBH2
�b �MQi?2` T`2HBKBM�`v `2bmHi Q7 i?2 KQ/2H T`QTQb2/ BM a2+iX jXk- r2 +�H+mH�i2
i?2 biQTTBM; Q7 � bQH2 T�`iB+H2 rBi?BM TH�bK�b Q7 /Bz2`2Mi /2MbBiv �M/ i2KT2`@
�im`2X h?Bb r�v r2 �//`2bb i?2 KQbi #�bB+ #2?�pBQm` Q7 T�`iB+H2b i`�p2HHBM;
i?`Qm;? i?2 K�i2`B�H- BM i?Bb +�b2- +QMbB/2`BM; i?2 GS biQTTBM; KQ/2HX h?mb-
r2 b?Qr i?2 T2M2i`�iBQM `�M;2 BM ρLh mMBib �;�BMbi � p�`vBM; TH�bK� i2KT2`@



NR

6B;m`2 9XjĖ aiQTTBM; TQr2` Q7 � +�`#QM BQM �b Bi /22T2Mb BM i?2 TH�bK�X h?2 T`QD2+iBH2
?�b �M 2M2`;v Q7 E0 = 440 J2o �M/ 2Mi2`b � .h TH�bK� rBi? ρ = 300 ;f+K3 �M/ � T Q7
R- 8- �M/ Ry F2oX aQHB/ �M/ /�b?2/ HBM2b +Q``2bTQM/ iQ Qm` `2bmHib UGS �M/ SJo KQ/2Hb-
`2bT2+iBp2HvV �M/ /Qii2/ QM2b iQ i?Qb2 Q7 :mbǶFQp 2i �HX UkyRyV U};m`2 RVX

�im`2 BM 6B;X 9X9 �M/ �;�BMbi i?2 TH�bK� /2MbBiv BM 6B;X 9X8X "Qi? };m`2b �`2
+�H+mH�i2/ 7Q` /Bz2`2Mi #2�K bT2+B2b �M/ T`QD2+iBH2 2M2`;B2bX

AM 6B;X 9X9 r2 b?Qr i?2 T2M2i`�iBQM `�M;2 7Q` i?`22 BQM bT2+B2b UT+- *6+-
o23+V rBi? �M BM+`2�bBM; TH�bK� i2KT2`�im`2 �i � /2MbBiv Q7 ρ = 500 ;f+K2X
6Q` 2�+? BQM +?�`;2 r2 b?Qr i?`22 T`QD2+iBH2 2M2`;B2b- `2bT2+iBp2Hv bQHB/- /�b?2/
�M/ /Qii2/ HBM2b, BM `2/ E04dX8- kdX8 �M/ 9dX8 J2o 7Q` T`QiQMb- BM #Hm2 E0498y-
eyy �M/ d8y J2o 7Q` +�`#QM �M/ BM ;`22M E0488yy- e8yy �M/ d8yy J2o 7Q`
p�M�/BmKX �b 2tT2+i2/- 7Q` 2p2`v #2�K bT2+B2- BM+`2�bBM; i?2 T`QD2+iBH2 2M2`;v
�HHQrb 7m`i?2` T2M2i`�iBQM `�M;2X q2 }M/ � [m�bB@+QMbi�Mi #2?�pBQm` 7Q` HQr2`
i2KT2`�im`2b- r?2`2 i?2 T2M2i`�iBQM `�M;2 /Q2b MQi BM+`2�b2 bB;MB}+�MiHv mT
iQ � +2`i�BM i2KT2`�im`2 i?`2b?QH/ i?�i /2T2M/b KQbiHv QM i?2 #2�K bT2+B2
�M/ BQM 2M2`;vX 6Q` T`QiQMb bm+? i2KT2`�im`2 Bb ∼ 2 F2o- 7Q` +�`#QM Bb �#Qmi
∼ 5 F2o �M/ 7Q` p�M�/BmK Bb ∼ 10 F2oX h?2 +QMbi�Mi #2?�pBQm` Bb KQ`2 �TT�`@
2Mi r?2M i?2 #2�K bT2+B2 Q` i?2 2M2`;v �`2 BM+`2�b2/X 6Q` BMbi�M+2- T`QiQMb �i
dX8 J2o /Q MQi T`2b2Mi � +QMbi�Mi #2?�pBQm`- r?BH2 �i 9dX8 J2o i?2v /Q- rBi?
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6B;m`2 9X9Ė S2M2i`�iBQM `�M;2 Q7 � KQMQ2M2`;2iB+ BQM BM .h �i 8yy ;f+K3 �b � 7mM+@
iBQM Q7 i?2 TH�bK� i2KT2`�im`2X h?2 T`QD2+iBH2b �`2 T+ BM `2/ UbQHB/ E04dX8 J2o- /�b?2/
E04kdX8 J2o- /Qii2/ E049dX8 J2oV- *6+ BM ;`22M UbQHB/ E0498y J2o- /�b?2/ E04eyy J2o-
/Qii2/ E04d8y J2oV �M/ o23+ BM #Hm2 UbQHB/ E0488yy J2o- /�b?2/ E04e8yy J2o- /Qii2/
E04d8yy J2oVX h?2 2K#2//2/ BK�;2 b?Qr i?2 `2bmHib Q#i�BM2/ #v >QM`m#B� 2i �HX UkyR9V
U�b /�b?@/Qii2/ HBM2bV 7Q` T+ �i E04dX8 J2o- 7Q` *6+ �i E0498y J2o �M/ 7Q` o23+ �i
E0488yy J2o- +QKT�`2/ iQ i?2 b�K2 +�b2b +�H+mH�i2/ BM Qm` rQ`F rBi? i?2 GS KQ/2H U�b
bQHB/ HBM2bV 7Q` � TH�bK� �i ρ = 300 ;f+K3X

ρLh ≈ 3.3 ;f+K2- mT iQ j F2oX PM i?2 +QMi`�`v- � p�M�/BmK BQM rBi? 2M2`;v Q7
E0 = 5.5 :2o- `2im`Mb �M �TT`QtBK�i2Hv +QMbi�Mi `�M;2 Q7 ρLh ≈ 1.5 ;f+K2 mT
iQ Ry F2oX 6Q` i2KT2`�im`2b H�`;2` i?�M i?Bb i?`2b?QH/ i?2 T2M2i`�iBQM `�M;2
BM+`2�b2b 2tTQM2MiB�HHv- i?Bb Bb- i?2 TH�bK� #2+QK2b KQ`2 i`�MbT�`2Mi iQ i?2
T`QD2+iBH2bX A7 /m`BM; i?2 r?QH2 ?2�iBM; T`Q+2bb i?2 BQMb 2Mi2` BMiQ �M BM+`2�b@
BM;Hv ?Qii2` TH�bK�- #mi `2�+? i?2 b�K2 `�M;2- i?2M i?2 2M2`;v /2TQbBiBQM rBHH
#2 HQ+�HBb2/X h?Bb +?�`�+i2`BbiB+ Bb � /2bB`�#H2 72�im`2 7Q` �M 2{+B2Mi /2TQbBiBQM
Q7 i?2 2M2`;v BM � T�`iB+mH�` `2;BQMX 6Q` 2t�KTH2- 7Q` � KQMQ2M2`;2iB+ #2�K Q7
?2�pv BQMb- bm+? �b p�M�/BmK- r2 b22 i?�i 2M2`;v +�M #2 /2TQbBi2/ /m`BM; i?2
r?QH2 ?2�iBM; T`Q+2bb BM � +2`i�BM `2;BQM Q7 i?2 TH�bK�X aT2+B}+�HHv- /m`BM; i?2
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6B;m`2 9X8Ė S2M2i`�iBQM `�M;2 Q7 � KQMQ2M2`;2iB+ BQM BM .h �i T0 4 R F2o �b � 7mM+iBQM
Q7 i?2 TH�bK� /2MbBivX h?2 T`QD2+iBH2b �M/ 2M2`;B2b �`2 i?2 b�K2 �b bi�i2/ BM i?2 6B;X 9X9X

?2�iBM; T`Q+2bb i?�i i�F2b i?2 TH�bK� 7`QK yXR F2o iQ i?2 B;MBiBQM i2KT2`�im`2
Q7 �#Qmi Ry F2oX PM i?2 Qi?2` ?�M/- BM i?2 +�b2 Q7 � MQM@KQMQ2M2`;2iB+ #2�K
Q7 HB;?i BQMb- i?2 KQbi 2M2`;2iB+ BQMb i`�p2H i?`Qm;? i?2 TH�bK� }`bi- 7QHHQr2/ #v
bHQr2` BQMbX "v }M2Hv imMBM; i?2 2tT2`BK2Mi- Bi Bb TQbbB#H2 iQ 7QHHQr � ?2�iBM;
T`Q+2bb BM r?B+? i?2 TH�bK� BMi2`�+ib }`bi rBi? ?B;?@2M2`;v BQMb �M/- i?2M- �b
i?2 TH�bK� r�`Kb mT- rBi? HQr2`@2M2`;v BQMb- BM Q`/2` iQ /2TQbBi i?2 2M2`;v Q7
�HH i?2 BQMb- `2;�`/H2bb Q7 i?2B` 2M2`;v- BM i?2 b�K2 `2;BQM Q7 i?2 TH�bK�X �i H�bi-
Bi Bb rQ`i? MQiBM; i?�i i?2 +m`p2b BM 6B;X 9X9 2bi�#HBb?- 7Q` � ;Bp2M BQM 2M2`;v-
+QMbi`�BMib QM i?2 `�M;2 Q7 i?2 ?2�i2/ `2;BQM Q7 i?2 TH�bK�X AM T�`iB+mH�`- i?2
KBMBKmK `�M;2 �bbQ+B�i2/ rBi? 2�+? 2M2`;vX

�//BiBQM�HHv- rBi?BM 6B;X 9X9 i?2`2 Bb �M BMb2i BK�;2 Q7 i?2 `2bmHib Q#i�BM2/
#v >QM`m#B� 2i �HX UkyR9V- r?B+? mb2b � KQ`2 2H�#Q`�i2/ biQTTBM; TQr2` KQ/2HX
h?2 T`QD2+iBH2b b2H2+i2/ �`2 T+ �i E04dX8 J2o- *6+ �i E0498y J2o �M/ o23+

�i E0488yy J2o- BMi2`�+iBM; rBi? � TH�bK� �i ρ = 300 ;f+K3X q2 `2T`2b2Mi
Qm` `2bmHib rBi? bQHB/ HBM2b �M/ i?2 QM2b 7`QK i?2 HBi2`�im`2 rBi? /�b?@/Qii2/
HBM2bX AM i?Bb `�M;2 Q7 i2KT2`�im`2b- r2 }M/ � ;QQ/ �;`22K2Mi #2ir22M #Qi?
`2bmHib 7Q` i?2 /Bz2`2Mi 2M2`;B2b T`QTQb2/- }M/BM; �M �p2`�;2 2``Q` �`QmM/ kW
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�M/ K�tBKmK 2``Q` Q7 RyWX h?Bb b2`p2b �b � p�HB/�iBQM Q7 Qm` +�H+mH�iBQMb-
r?2`2 i?2 /Bz2`2M+2b +QK2 7`QK i?2 biQTTBM; KQ/2H �TTHB2/X

h?2M- BM 6B;X 9X8- r2 b?Qr i?2 T2M2i`�iBQM `�M;2 7Q` i?2 b�K2 +�b2b �b BM
6B;X 9X9- #mi rBi? �M BM+`2�bBM; TH�bK� /2MbBivX h?2 T2M2i`�iBQM `�M;2 /2b+2M/b
rBi? i?2 /2MbBiv �M/- �;�BM- i?2 ?B;?2` i?2 T`QD2+iBH2 2M2`;v- i?2 7m`i?2` i?2
T2M2i`�iBQM `�M;2X

9Xj h2KT2`�im`2 }2H/ p�HB/�iBQM
"2bB/2b T`QpBM; i?2 biQTTBM; TQr2` KQ/2H- Bi Bb M2+2bb�`v iQ �//`2bb i?2 2pQ@
HmiBQM Q7 i?2 TH�bK� �b i?2 T`QD2+iBH2b T�bb i?`Qm;?- r?B+? Bb +�H+mH�i2/ #v
bQHpBM; 1[X jXReX �7i2` i?2 #2�K@TH�bK� BMi2`�+iBQM- i?2 i2KT2`�im`2 }2H/ Bb
i?2 7QmM/�iBQM Q7 i?2 TQbi2`BQ` `2bmHib r2 T`2b2Mi BM i?Bb i?2bBbX � bvbi2K�iB+
/2b+`BTiBQM Q7 i?2 ?2�i2/ `2;BQM �M/ i?2 ?Qi@bTQi mM/2` /Bz2`2Mi +QM/BiBQMb Bb
QMHv TQbbB#H2 B7 r2 FMQr i?2 /Bbi`B#miBQM Q7 i2KT2`�im`2bX h?2`27Q`2- BM i?Bb
b2+iBQM- r2 T`2b2Mi � b2i Q7 2tT2`BK2Mib i?�i �HHQr mb iQ 2t?B#Bi �M/ p�HB/�i2
i?2 `2bmHib Q7 Qm` KQ/2HX

hQ /Q bQ- BM 6B;bX 9Xe �M/ 9Xd r2 /2TB+i i?2 TH�bK� i2KT2`�im`2 �b � 7mM+iBQM
Q7 i?2 /Bbi�M+2 KmHiBTHB2/ #v i?2 /2MbBiv UρxV- �i i?2 }M�H BMbi�Mi Q7 i?2 #2�KX
*?QQbBM; � .h TH�bK� Q7 ρ = 300 ;f+K3 �M/ T0 = 1 F2o- r2 T`2b2Mi Qm`
`2bmHib rBi? i?2 GS �M/ i?2 SJo KQ/2Hb UbQHB/ �M/ /�b?2/ HBM2b- `2bT2+iBp2HvV-
Dmti�TQb2/ rBi? i?Qb2 7`QK };m`2b R �M/ 9 Q7 :mbǶFQp 2i �HX UkyR9�VR U/Qii2/
HBM2bVX

AM 6B;X 9Xe- r2 +QMbB/2` i?`22 +�`#QM BQM #2�Kb rBi? UE0 = 120 J2oc
σ = 7.8 · 1019 +K−2V- UE0 = 160 J2oc σ = 5.9 · 1019 +K−2V �M/ UE0 = 200 J2oc
σ = 4.7 · 1019 +K−2VX h?2 ?2�i2/ TH�bK� T`2b2Mib � ivTB+�H `2bmHi Q7 �M 2/;2
?Qi@bTQi +�b2- rBi? ?B;?2` i2KT2`�im`2 p�Hm2b BM i?2 BMBiB�H `2;BQM Q7 i?2 bT?2`2X
Pm` bBKmH�iBQMb Qp2`2biBK�i2 i?2 K�tBKmK i2KT2`�im`2 �M/ mM/2`2biBK�i2 i?2
iQi�H `�M;2 BM `2bT2+i iQ i?2 bQHmiBQMb Q7 :mbǶFQp 2i �HX UkyR9�VX q2 MQi2 i?�i
i?2 GS KQ/2H Bb +HQb2` iQ i?2 `272`2M+2 i?�M i?2 SJo KQ/2HX

aBKBH�`Hv- BM 6B;X 9Xd r2 b?Qr i?2 bT�iB�H /Bbi`B#miBQM Q7 i2KT2`�im`2 r?2M
� +�`#QM BQM #2�K rBi? �M BMBiB�H FBM2iB+ 2M2`;v Q7 E0 = 1800 J2o 2Mi2`b i?2
TH�bK� �i ~mt p�Hm2b Q7 3.5 · 1018- 1.4 · 1019 �M/ 2.8 · 1019 +K−2X AM +QMi`�bi
iQ i?2 T`2pBQmb b+2M�`BQ- 7Q` i?2 i?`22 ~mt2b- i?2 TH�bK� `2�+?2b Bib K�tBKmK
i2KT2`�im`2 �7�` 7`QK i?2 2/;2 Q7 i?2 TH�bK�- �b BM � +2Mi`�H ?Qi@bTQi +�b2X
AM i?Bb +�b2- i?2 K�tBKmK i2KT2`�im`2 Bb 7QmM/ �i ρx ≈ 8 ;f+K2 7Q` i?2
SJo biQTTBM; KQ/2H �M/ �i ρx ≈ 10.5 ;f+K2 7Q` GS �M/ i?2 `272`2M+2 `2bmHib
U:mbǶFQp 2i �HX- kyR9�VX h?Bb b?Qrb ?Qr i?2 KQbi bB;MB}+�Mi /2+2H2`�iBQM Q7 i?2
T`QD2+iBH2b Q++m`b BM i?2 +2Mi`�H `2;BQM- BM/B+�iBM; � ;`2�i2` 2M2`;v HQbb #v i?2

Rh?Bb �mi?Q` Q7i2M mb2b Bib QrM biQTTBM; KQ/2H- T`2b2Mi2/ BM :mbǶ FQp 2i �HX UkyyNV
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T`QD2+iBH2 �M/ bm#b2[m2MiHv � ?B;?2` TH�bK� i2KT2`�im`2bX >2`2- Bi Bb rQ`i?
?B;?HB;?iBM; i?�i i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2- /Q2b MQi +?�M;2
rBi? i?2 ~mt- i?Bb Bb- QMHv /2T2M/b QM i?2 2M2`;v Q7 i?2 #2�KX h?Bb #2?�pBQm`
�HB;Mb rBi? Qm` `2bmHib 7`QK *?�Ti2` 8X AMbT2+iBM; 7m`i?2` i?Bb };m`2- r2 }M/
i?2 `�M;2b `2bmHiBM; Q7 i?2 GS KQ/2H iQ �;`22 +HQb2Hv rBi? i?2 `272`2M+2- r?BH2
i?2 SJo KQ/2H `2im`Mb b?Q`i2` /2Ti?bX h?2M- BM `2bT2+i iQ i?2 K�tBKmK
i2KT2`�im`2b- i?2 GS KQ/2H Bb bHB;?iHv bmT2`BQ` +QKT�`2/ iQ i?2 `272`2M+2-
r?BH2 i?2 SJo biQTTBM; Qp2`2biBK�i2b Bib p�Hm2X

"Qi? 6B;bX 9Xe �M/ 9Xd- b?Qr bQK2 /Bb+`2T�M+B2b #2ir22M i?2 `272`2M+2 `2@
bmHib �M/ #Qi? Qm` KQ/2HbX �;�BM- i?Bb Bb /m2 iQ i?2 miBHBx�iBQM Q7 /Bz2`2Mi
biQTTBM; TQr2` KQ/2Hb- /2bTBi2- BM ;2M2`�H- i?2 #2?�pBQm` Bb b?�`2/ Qp2`�HHX
"2ir22M i?2 SJo �M/ i?2 GS KQ/2Hb- i?2 H�ii2` �;`22b #2ii2` rBi? �HH i?2
HBi2`�im`2 `2bmHib r2 ?�p2 +?2+F2/- bQ Bi rBHH #2 b2H2+i2/ 7Q` KQbi 2tT2`BK2Mib
Q7 i?Bb i?2bBbX

6B;m`2 9XeĖ h2KT2`�im`2 /Bbi`B#miBQM Q7 � .h TH�bK� Q7 ρ = 300 ;f+K3 �M/ T0 = 1 F2o
�7i2` ?2�iBM; rBi? +�`#QM BQM #2�Kb Q7 UE0 = 120 J2o- σ = 7.8 ·1019 +K−2V- UE0 = 160 J2o-
σ = 5.9 · 1019 +K−2V �M/ UE0 = 200 J2o- σ = 4.7 · 1019 +K−2VX aQHB/ �M/ /�b?2/ HBM2b
+Q``2bTQM/ iQ Qm` `2bmHib UGS �M/ SJo KQ/2Hb- `2bT2+iBp2HvV �M/ /Qii2/ QM2b iQ :mbǶFQp
2i �HX UkyR9�V U};m`2 RVX

�7i2` b2H2+iBM; i?2 biQTTBM; GS KQ/2H- r2 T2`7Q`K �MQi?2` p�HB/�iBQM Q7



Ne

6B;m`2 9XdĖ h2KT2`�im`2 /Bbi`B#miBQM Q7 i?2 b�K2 TH�bK� Q7 6B;X 9Xe +QMbB/2`BM; � +�`#QM
BQM #2�K Q7 2M2`;v E0 = 1800 J2o �i p�`BQmb bT2+B}+ ~mt p�Hm2b σ = 3.5 · 1018- 1.4 · 1019

�M/ 2.8 · 1019 +K−2X aQHB/ �M/ /�b?2/ HBM2b +Q``2bTQM/ iQ Qm` `2bmHib UGS �M/ SJo KQ/2Hb-
`2bT2+iBp2HvV �M/ /Qii2/ QM2b iQ :mbǶFQp 2i �HX UkyR9�V U};m`2 9VX

Qm` bBKmH�iBQMb i?`Qm;? 6B;X 9X3- +QKT�`BM; rBi? i?2 bQHmiBQMb Q7 :mbǶFQp 2i �HX
UkyR9�V U};m`2 8VX PM+2 KQ`2- i?2 TH�bK� +QM/BiBQMb �`2 �b BM 6B;X 9Xe- #mi
rBi? � p�M�/BmK #2�K Q7 8Ryy J2oX AM i?Bb +�b2- r2 T2`7Q`K i?2 2tT2`BK2Mi Q7
?2�iBM; i?2 TH�bK� +QMbB/2`BM; i?2 r?QH2 #2�K 2Mi2`b BMbi�Mi�M2QmbHv- i?Bb Bb-
�b QM2 #BM �M/ rBi?Qmi i2KTQ`�H 2pQHmiBQMX am+? #2�K ?�b � ~mt Q7 σ = 1.2 ·
1018 +K−2X �//BiBQM�HHv- r2 bBKmH�i2 i?2 b�K2 #2�K #mi /Bb+`2iBx2/ BMiQ #BMb
+QMbB/2`BM; i?2 b�K2 ~mt Q7 1.2 · 1018 +K−2 �M/ �MQi?2` QM2 Q7 2.4 · 1018 +K−2X
�b BM 6B;X 9Xd r2 }M/ +2Mi`�H ?Qi@bTQib- r?B+? BM i?2 +�b2 Q7 Dmbi QM2 #BM- `2im`M
� b?�`T2` �M/ KQ`2 HQ+�HBb2/ i2KT2`�im`2 /Bbi`B#miBQM- rBi? � b?Q`i2` `�M;2X
6Q` QM2 #BM- i?2`2 Bb � /Bb�;`22K2Mi BM i?2 `�M;2 7QmM/ rBi? Qm` KQ/2H �M/
i?�i Q7 :mbǶFQp 2i �HX UkyR9�V- r?BH2 i?2 K�tBKmK i2KT2`�im`2b �`2 KQ`2 �HBF2X
PM i?2 +QMi`�`v- �7i2` /Bb+`2iBbBM; i?2 #2�K- i?2 `2bmHib �;`22 KQ`2 BM `�M;2-
#mi Qm` KQ/2H Qp2`2biBK�i2b i?2 K�tBKmK i2KT2`�im`2bX �b 2tTH�BM2/ #27Q`2-
Bi Bb 2tT2+i2/ iQ }M/ bm+? /Bz2`2M+2b /m2 iQ i?2 /Bz2`2Mi �TT`QtBK�iBQMb Q7
2�+? KQ/2HX �b i?2 `2bmHib 7QHHQr � bBKBH�` #2?�pBQm` rBi?BM i?2 +QM}/2M+2



Nd

`�M;2b- r2 �`2 +QM}/2Mi iQ H2�M QM i?2 GS KQ/2H 7Q` KQbi Q7 i?2 +�H+mH�iBQMb Q7
i?Bb rQ`FX q2 `2KBM/ i?�i i?2 GS Bb � r2HH 2bi�#HBb?2/ KQ/2H- �++QmMiBM; 7Q`
[m�MimK +Q``2+iBQMb- H�`;2@�M;H2 b+�ii2`BM;- bK�HH@�M;H2 #BM�`v +QHHBbBQMb �M/
+QHH2+iBp2 TH�bK� Qb+BHH�iBQMbX

6B;m`2 9X3Ė h2KT2`�im`2 /Bbi`B#miBQM Q7 i?2 b�K2 TH�bK� Q7 6B;X 9Xe +QMbB/2`BM; � p�M�@
/BmK BQM #2�K Q7 2M2`;v E0 = 5100 J2o +QMbB/2`BM; i?2 #2�K �b � r?QH2 UR #BMV rBi?
1.2 · 1018 +K−2- i?2M � T�`iBiBQM2/ #2�K rBi? 1.2 · 1018 +K−2 �M/ �MQi?2` 2.4 · 1018 +K−2X
aQHB/ HBM2b +Q``2bTQM/ iQ Qm` `2bmHib UGSV �M/ /�b?2/ QM2b iQ i?2 QM2b Q7 :mbǶFQp 2i �HX UkyR9�V
U};m`2 8VX

� }M�H �M/ KQ`2 +QKTH2i2 p�HB/�iBQM 2tT2`BK2Mi Bb b?QrM BM 6B;X 9XN- +QK@
T�`BM; rBi? i?2 bQHmiBQMb Q7 :mbǶFQp 2i �HX UkyR8V U};m`2 9V- BM i?Bb +�b2- +QM@
bB/2`BM; � /QT2/ TH�bK� �M/ �HbQ � [m�bB@KQMQ2M2`;2iB+ BQM #2�KX h?2 TH�bK�
?�b � /2MbBiv Q7 ρDT = 300 ;f+K3 rBi? #2`vHHBmK Uξ = 0.4925V �i T0 = 1 F2oX
h?2 #2�K +QMbB/2`2/ ?�b � :�mbbB�M 2M2`;v /Bbi`B#miBQM bi�`iBM; �i i?2 2/;2
Q7 i?2 bT?2`2 rBi? Ē0 = 11.5 :2o- �M 2M2`;v p�`B�M+2 Q7 σE = 0- R �M/ k :2o-
�b r2HH �b � ~mt Q7 σ = 7.1 · 1018 +K−2X LQi2 ?Qr BM+`2�bBM; i?2 2M2`;v bT`2�/-
2tT�M/b i?2 iQi�H `�M;2 #mi HQr2` i?2 K�tBKmK i2KT2`�im`2bX �;�BM- �bB/2



N3

7`QK bQK2 /Bz2`2M+2b BM i?2 K�tBKmK i2KT2`�im`2 �M/ i?2 `�M;2 #2ir22M
Qm` +�H+mH�iBQMb UbQHB/ HBM2bV �M/ i?2 QM2b 7`QK :mbǶFQp 2i �HX UkyR8V U/Qii2/V-
i?Bb i2bi �HHQrb mb iQ p�HB/�i2 i?2 BKTH2K2Mi�iBQM Q7 #Qi? i?2 /QT2/ TH�bK�
2tT`2bbBQMb �M/ i?2 [m�bB@KQMQ2M2`;2iB+ KQ/2HX

6B;m`2 9XNĖ h2KT2`�im`2 /Bbi`B#miBQM Q7 � TH�bK� /QT2/ rBi? #2`vHHBmK Uξ = 0.4925V �i
T0 = 1 F2o �M/ ρDT = 300 ;f+K3X h?2 #2�K � p�M�/BmK BQM #2�K Q7 2M2`;v E0 = 5100 J2o
+QMbB/2`BM; i?2 #2�K �b � r?QH2 UR #BMV rBi? 1.2 · 1018 +K−2- i?2M � T�`iBiBQM2/ #2�K rBi?
1.2 · 1018 +K−2 �M/ �MQi?2` 2.4 · 1018 +K−2X h?2 #2�K +QMbB/2`2/ ?�b � :�mbbB�M 2M2`;v
/Bbi`B#miBQM rBi? Ē0 = 11.5 :2o- �M 2M2`;v bT`2�/ Q7 σE = 0- R �M/ k :2o- �M/ � ~mt Q7
σ = 7.1 · 1018 +K−2X aQHB/ HBM2b +Q``2bTQM/ iQ Qm` `2bmHib UGSV �M/ /Qii2/ QM2b iQ i?Qb2 Q7
:mbǶFQp 2i �HX UkyR8V U};m`2 9VX

9X9 aT�iB�H@i2KTQ`�H bim/v Q7 i?2 #2�K@TH�bK� BMi2`�+iBQM
.2T2M/BM; QM i?2 T`2+QKT`2bbBQM T`Q+2bb- i?2 TH�bK� +�M #2 7QmM/ BM /Bz2`2Mi
/2MbBiB2b �M/ i2KT2`�im`2b �i i?2 bi�;M�iBQM bi�i2X h?2M- i?2 ?2�iBM; Q7 �
TH�bK� BM i?2 7�bi B;MBiBQM �TT`Q�+? 2Mi�BHb MQMHBM2�` T`Q+2bb2bX >2M+2- #Qi?
7�+iQ`b TH�v � bB;MB}+�Mi `QH2 BM i?2 bHQrBM; Q7 i?2 T`QD2+iBH2bX



NN

h?mb- rBi? 6B;bX 9XRR �M/ 9XRy r2 T2`7Q`K � i?Q`Qm;? �M�HvbBb iQ +QKTH2i2
i?2 2t�KBM�iBQM Q7 i?2 #2�K@TH�bK� BMi2`�+iBQMX AM i?Bb 2tT2`BK2Mi- r2 +QM@
bB/2` � T`QiQM #2�K rBi? � Tm`2 .h TH�bK� mbBM; ivTB+�H 6A +QM/BiBQMbk U2X;X
:mbǶFQp 2i �HX- kyRyc :�bT�`v�M 2i �HX- kyRjV, i?2 #2�K ?�b �M BMBiB�H FBM2iB+
2M2`;v Q7 E0 = 3 J2o �M/ � ~mt Q7 σ = 1.6 · 1021 +K2X "Qi? };m`2b �`2 �
+QKTQmM/ Q7 bm#THQi T�M2Hb /Bbi`B#mi2/ �b i?`22 `Qrb �M/ irQ +QHmKMbX _Qr
T�M2Hb `2T`2b2Mi- `2bT2+iBp2Hv- i?2 FBM2iB+ 2M2`;v Q7 i?2 T`QD2+iBH2b- i?2 biQTTBM;
TQr2` �M/ i?2 ?2�iBM; T`Q+2bbX h?2b2 T�`�K2i2`b �`2 b?QrM �b � 7mM+iBQM Q7
i?2 /Bbi�M+2 BM i?2 }`bi +QHmKM �M/ �b � 7mM+iBQM Q7 iBK2 U#v K2�Mb Q7 i?2 #BMb
i?�i 2Mi2` i?2 TH�bK�V BM i?2 b2+QM/ +QHmKMX AM i?2 H27i +QHmKM- i?2 bT�iB�H
/Bbi`B#miBQM Bb b?QrM 7Q` irQ /Bz2`2Mi ǴBMbi�MibǴ �bbQ+B�i2/ iQ i?2 }`bi �M/ H�bi
#BM UQmi Q7 Nb ≈ 2048V i?�i T�bb2b i?`Qm;? i?2 TH�bK�X AM i?2 `B;?i +QHmKM-
i?2 2pQHmiBQM Q7 i?2 TH�bK� Bb bim/B2/ �i irQ T�`iB+mH�` TQBMib- +Q``2bTQM/BM;
iQ i?2 2/;2 Q7 i?2 bT?2`2 Ux = 0V �M/ ?�H7 Q7 Bib `�/Bmb Ux = RF/2VX q2
`2KBM/ i?�i i?2 iBK2 2pQHmiBQM Q7 i?2 +�H+mH�iBQM- r?B+? BMpQHp2b i?2 bHQrBM;
/QrM Q7 T`QD2+iBH2b �M/ i?2 ?2�iBM; Q7 i?2 TH�bK�- ?�b #22M bQHp2/ �++Q`/BM;
iQ 1[X jXe3X AM bm+? 2[m�iBQM- Bi r�b TQbbB#H2 iQ +?�M;2 i?2 iBK2 BMi2`p�Hb U∆tV
iQ T�`iB+H2 #BMb U∆bV �b T�`iBiBQMb Q7 i?2 ~mtX h?Bb Bb QMHv TQbbB#H2 rBi? i?2
�TT`QtBK�iBQMb i�F2M BM Qm` KQ/2H- bm+? �b M2;H2+iBM; i?2 BMi2`M�H TQr2` /2M@
bBiB2b Q7 i?2 TH�bK� /m`BM; i?2 BMi2`�+iBQMX AM 6B;X 9XRR i?2 `2bmHib �`2 b?QrM
7Q` /Bz2`2Mi /2MbBiB2b Uρ = 200 �M/ 8yy ;f+K3V rBi? � }t2/ BMBiB�H i2KT2`�im`2
UT0 = 1 F2oV- r?BH2 BM 6B;X 9XRy i?2 /2MbBiv Bb }t2/ Uρ = 300 ;f+K3V 7Q` /Bz2`@
2Mi BMBiB�H i2KT2`�im`2b UT0 = 0.5 �M/ RX8 F2oVX h?2 `2bmHib T`2b2Mi2/ ?2`2 �`2
`2pBbBQMb i�F2M 7`QK Qm` T`2pBQmb rQ`F _Q/`ő;m2x@"2Hi`�M UkyR3VX

6B;m`2b 9XRy �M/ 9XRR Qz2` bm#bi�MiB�H BMbB;?ib BMiQ i?2 ;2M2`�H #2?�pBQm` Q7
i?2 TH�bK� �M/ i?2 #2�KX 6Q` i?Bb �M�HvbBb- Bi Bb BKTQ`i�Mi iQ `2KBM/ i?�i- �b
i?2 i2KT2`�im`2 Q7 i?2 TH�bK� BM+`2�b2b /m2 iQ i?2 BMi2`�+iBQM- Bi #2+QK2b KQ`2
i`�MbT�`2Mi- `2/m+BM; i?2 biQTTBM; TQr2` �M/ BM+`2�bBM; i?2 BQM T2M2i`�iBQM
/2Ti?X h?Bb r�b �H`2�/v �//`2bb2/ BM a2+iX 9XR �M/ /2KQMbi`�i2/ rBi? 6B;X 9X9X

hQ #2;BM rBi?- r2 �//`2bb i?2 ;2M2`�H #2?�pBQm` r2 }M/ i?`Qm;?Qmi i?2 bBt
T�M2Hb Q7 #Qi? };m`2b- rBi?Qmi i�FBM; BMiQ �++QmMi i?2 BMBiB�H i2KT2`�im`2 Q`
/2MbBivX AM T�M2H �- Bi Bb b?QrM ?Qr i?2 FBM2iB+ 2M2`;v /2b+2M/b 7Q` �HH #BMb
�b i?2 T`QD2+iBH2 Bb bHQr2/ /QrMX h?2 }`bi #BMb `2�+? b?Q`i2` `�M;2b rBi?BM i?2
biBHH +QH/ TH�bK�X �b � 7mM+iBQM Q7 iBK2- BM T�M2H "- i?2 FBM2iB+ 2M2`;v Bb �HKQbi
+QMbi�Mi 7Q` i?2 #2;BMMBM; Q7 i?2 TH�bK�- �b � T`QiQM #2�K +`2�i2b �M 2/;2
?2�i2/ `2;BQM Ub22 T�M2H 1V �M/ x = 0 rBHH #2 i?2 KQbi ?2�i2/ �M/ i`�MbT�`2Mi

k6Q` i?2b2 2tT2`BK2Mib- r2 mb2/ i?2 SJo KQ/2HX �Hi?Qm;? Bi T`2b2Mib MmK2`B+�H /Bz2`@
2M+2b +QKT�`2/ iQ i?2 `272`2M+2 GS KQ/2H- i?2 7mM+iBQM�H #2?�pBQm` Bb bBKBH�`- r?B+? Bb i?2
BMi2`2bi BM 7Q` i?Bb b2+iBQMX
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                  F.

6B;m`2 9XRyĖ 1tT2`BK2Mib rBi? � .h TH�bK� �i ρ = 300 ;f+K3 �M/ /Bz2`2Mi BMBiB�H
i2KT2`�im`2b UT0 = 0.5 �M/ R F2oV- mbBM; � T`QiQM #2�K T�`iBiBQM2/ BM Nb ≈ 2048 #BMb- rBi?
�M BMBiB�H FBM2iB+ 2M2`;v Q7 E0 = 3 J2o �M/ σ = 1.6 · 1021 +K2 U_Q/`ő;m2x@"2Hi`�M- kyR3VX

TQBMiX J2�Mr?BH2- 7Q` x = RF/2 i?2 2M2`;v bi�`b �b+2M/BM; U/m2 iQ i?2 TH�bK�
#2+QKBM; KQ`2 i`�MbT�`2MiV- #mi QMHv �7i2` i?2 T`QD2+iBH2b ?�p2 #22M �#H2 iQ
/B; iQ bm+? `�M;2X AM T�M2H *- Bi Bb b?QrM i?2 biQTTBM; TQr2` �b � 7mM+iBQM
Q7 i?2 /Bbi�M+2X q2 Q#b2`p2 Bib p�Hm2 [m�bB@+QMbi�Mi mT iQ i?2 }M�H TQBMib Q7
i?2 T2M2i`�iBQM- r?2`2- BM ;2M2`�H- Bi �m;K2Mib #27Q`2 }M�HHv /`QTTBM; iQ x2`QX
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                  F.

6B;m`2 9XRRĖ 1tT2`BK2Mib rBi? � /2mi2`BmK@i`BiBmK TH�bK� �i T0 = 1 F2o �M/ /Bz2`2Mi
/2MbBiB2b Uρ = 200 �M/ 8yy ;f+K3- mbBM; � T`QiQM #2�K T�`iBiBQM2/ BM Nb ≈ 2048 #BMb- rBi?
�M BMBiB�H FBM2iB+ 2M2`;v Q7 E0 = 3 J2o �M/ σ = 1.6 · 1021 +K2 U_Q/`ő;m2x@"2Hi`�M- kyR3VX

h?2b2 T2�Fb KQbi HBF2Hv +Q``2bTQM/ iQ i?2 KQK2Mi r?2`2 i?2 2M2`;v Q7 i?2
T`QD2+iBH2b `2bQM�i2b rBi? i?2 }2H/ Q7 T�`iB+H2b Q7 i?2 TH�bK�X h?2M- BM T�M2H
.- Bi Bb b?QrM ?Qr i?2 biQTTBM; /2b+2M/b rBi? iBK2- �b i?2 TH�bK� ?2�ib@mTX
S�M2H 1 b?Qrb �M 2/;2 i2KT2`�im`2 /Bbi`B#miBQM- ivTB+�H Q7 T`QiQM #2�Kb- r?BH2
T�M2H 6 b?Qrb Bib BM+`2�b2 Q7 i2KT2`�im`2 Qp2` iBK2X



Ryk

PM+2 i?2 ;2M2`�H #2?�pBQm` Bb /2b+`B#2/- r2 +�M �//`2bb i?2 /2T2M/2M+2
rBi? i?2 BMBiB�H i2KT2`�im`2 �M/ /2MbBivX PM i?2 QM2 ?�M/- r?2M +QMbB/2`BM;
� ?B;?2` �M/ � HQr2` BMBiB�H i2KT2`�im`2- �b BM 6B;X 9XRy- r2 Q#b2`p2 +2`i�BM
BMi2`2biBM; #2?�pBQm`bX AM T�M2H �- i?2 /Bz2`2M+2 BM `�M;2 Bb bB;MB}+�Mi 7Q` i?2
}`bi #BM- r?BH2- �7i2` i?2 r?QH2 #2�K BMi2`�+iBQM- i?2v `2�+? � bBKBH�` /2Ti?
#2+�mb2 i?2 TH�bK� ?�b #22M �H`2�/v ?2�i2/X h?Bb Bb �HbQ Q#b2`p2/ BM T�M2H "-
r?2`2 7Q` x = 0 �M/ x = RF/2 i?2 i2KT2`�im`2 Q7 #Qi? T0 +�b2b- +QMp2`;2b �i
i?2 H�bi #BMbX AM T�M2H *- r2 }M/ ?Qr i?2 +QH/2bi UT0 = 0.5 F2oV TH�bK� ?�b �
H�`;2` biQTTBM;- �Hi?Qm;? Bib p�Hm2 �HbQ +QMp2`;2b �i i?2 }M�H BMbi�Mib- �b T�M2H
. b?QrbX h?2 biQTTBM; /2+`2�b2b Qp2` iBK2- /m2 iQ i?2 TH�bK� ?2�iBM;X �i H�bi-
T�M2H 1 b?Qrb �M �TT�`2MiHv bK�HH BM+`2K2Mi BM i2KT2`�im`2 7Q` i?2 }`bi #BM-
#2BM; i?Bb BM+`2�b2 ?B;?2` BM i?2 +QH/2` TH�bK�X h?2 +QH/2` TH�bK� mM/2`;Q2b
+?�M;2b KQ`2 /`�biB+�HHv �i i?2 #2;BMMBM; Q7 i?2 BMi2`�+iBQM- #mi QM+2 i?2 r?QH2
#2�K 2Mi2`b- `2;�`/H2bb Q7 i?2 BMBiB�H i2KT2`�im`2- � bBKBH�` }M�H /Bbi`B#miBQM
Q7 i2KT2`�im`2b Bb Q#i�BM2/- �b T�M2H 6 �HbQ b?QrbX

PM i?2 Qi?2` ?�M/- p�`vBM; i?2 /2MbBiv Q7 i?2 TH�bK� Bb KQ`2 BM~m2MiB�H
i?�M p�`vBM; i?2 BMBiB�H i2KT2`�im`2- �b r2 /2KQMbi`�i2 BM 6B;X 9XRRX � /2Mb2`
7m2H `2/m+2b i?2 `�M;2 Q7 i?2 #2�K �M/ BM+`2�b2b i?2 biQTTBM;- i?mb- +`2�iBM; �
?Qii2` TH�bK�X q2 +�M bi�i2 i?�i +?�M;BM; i?2 /2MbBiv Bb KQ`2 bB;MB}+�iBp2 7Q`
i?2 }M�H i2KT2`�im`2 /Bbi`B#miBQMX

9X8 _2bmHib Q7 i?2 �M�HviB+ KQ/2H
*QMbB/2`BM; i?2 �M�HviB+�H KQ/2H T`2b2Mi2/ BM a2+iX jXRy- r2 BHHmbi`�i2 Bib TQi2M@
iB�H rBi? i?2 2t2KTH�`v `2bmHib Q7 6B;X 9XRkX q2 +QKT�`2 i?2 i2KT2`�im`2 }2H/b
/2`Bp2/ 7`QK Qm` MmK2`B+�H bBKmH�iBQMb �M/ �M�HviB+�H �TT`QtBK�iBQMb �+`Qbb
p�`BQmb #2�K T�`�K2i2` p�Hm2bX h?2 �M�HviB+�H `2bmHib �`2 Q#i�BM2/ �7i2` }i@
iBM; i?2 7`22 T�`�K2i2`b Ua1, a2V BM `2bT2+i iQ i?2 MmK2`B+�H +�H+mH�iBQMbX h?2
TH�bK� ?�b � /2MbBiv Q7 ρ = 300 ;f+K3 �M/ BMBiB�H i2KT2`�im`2 Q7 T0 = 1 F2o-
?2�i2/ #v KQMQ2M2`;2iB+ +�`#QM #2�Kb Q7 p�`BQmb 2M2`;B2b �M/ ~mt2b Up�Hm2b
�`2 b?QrM BM i?2 BK�;2bVX �//BiBQM�HHv- r?2M � +2Mi`�H ?Qi@bTQi Bb 7QmM/- r2
/BbTH�v i?Qb2 p�Hm2b i?�i �`2 +QMbi�Mi ULhs- Ths �M/ TmaxV rBi?BM i?2 };m`2bX

�7i2` Q#i�BMBM; i?2 i2KT2`�im`2 /Bbi`B#miBQMb 7`QK i?2 bBKmH�iBQMb �M/ i?2
�M�HviB+�H KQ/2H- r2 `2i`B2p2 i?2 T�`�K2i2`b �bbQ+B�i2/ iQ i?2 ?2�i2/ `2;BQM
�M/ i?2 ?Qi@bTQi UThs- Lhs- Lh- 2i+V 7Q` #Qi? +�b2b- rBi? i?2 BMi2MiBQM Q7 +QK@
T�`BM; i?2 [m�HBiv Q7 i?2 �M�HviB+ KQ/2H BM `2bT2+i iQ i?2 MmK2`B+�H bQHmiBQMX
h?`Qm;?Qmi i?2 `�M;2 Q7 #2�K T�`�K2i2`b BMp2biB;�i2/ BM i?Bb bim/v- i?2 �p@
2`�;2 `2H�iBp2 2``Q`b #2ir22M i?2 �M�HviB+�H }iiBM;b �M/ MmK2`B+�H bBKmH�iBQMb
+QMbBbi2MiHv `2K�BM #2HQr RW- bT2+B�HHv 7Q` i?2 +2Mi`�H �M/ BMi2`K2/B�i2 +�b2bX
Ai Bb Q#b2`p2/ i?�i i?2v i2M/ iQ #2 ?B;?2` 7Q` 2/;2 ?Qi@bTQib +QKT�`2/ iQ +2M@



Ryj

i`�H �M/ BMi2`K2/B�i2 +�b2b- rBi? K�tBKmK p�Hm2b ;2M2`�HHv #2HQr dW �M/ jW-
`2bT2+iBp2HvX �b i?2b2 �p2`�;2 `2H�iBp2 2``Q`b �`2 bK�HH 2MQm;?- r2 +�M +QM}`K
i?2 +HQb2 `2b2K#H�M+2 #2ir22M i?2 T`QT2`iB2b Q#i�BM2/ i?`Qm;? i?2 �M�HviB+�H
7Q`KmH� �M/ i?Qb2 7`QK MmK2`B+�H bBKmH�iBQMb- �b b?QrM BM 1bTBMQb�@oBp�b 2i �HX
UkykjVX

6B;m`2 9XRkĖ *QKT�`BbQM Q7 i?2 bT�iB�H i2KT2`�im`2 /Bbi`B#miBQMb BM � .h TH�bK� Uρ =
300 ;f+K3- T0 = 1 F2oV ?2�i2/ #v KQMQ2M2`;2iB+ +�`#QM #2�Kb Q#i�BM2/ rBi? Qm` MmK2`B+�H
KQ/2H UbQHB/ HBM2V �M/ i?Qb2 T`QpB/2/ }ii2/ �++Q`/BM; iQ i?2 �M�HviB+ KQ/2H Q7 a2+iX jXRy
U/Qii2/ HBM2bVX 1bTBMQb�@oBp�b 2i �HX UkykjVX

h�#H2 9XR T`2b2Mib i?2 }iiBM; T�`�K2i2`b 7Q` HQr BQM 2M2`;B2b �+`Qbb p�`B@
Qmb #2�K ~mt2bX 1/;2 TH�bK�b ivTB+�HHv K�MB72bi 7Q` T�`iB+H2 2M2`;B2b #2HQr
kyy J2o- �b BM/B+�i2/ BM 6B;X 9XRkX *QMb2[m2MiHv- QMHv i?2 }`bi 2tT`2bbBQM Q7
1[X jX8d Bb miBHBx2/ BM bm+? ?Qi@bTQibX 1/;2 ?Qi@bTQib �`2 /2MQi2/ rBi? a2 = 0
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BM i?2 i�#H2X *QMp2`b2Hv- +�b2b �bbQ+B�i2/ rBi? a2 ! 0 �`2 BM/B+�iBp2 Q7 BMi2`K2@
/B�i2 Q` +2Mi`�H ?Qi@bTQibX AM h�#H2 9Xk- r2 T`QpB/2 i?2 }iiBM; T�`�K2i2`b 7Q`
K2/BmK �M/ ?B;? 2M2`;v T2` BQM p�Hm2b- rBi? i?`22 ~mt2b Q7 i?2 #2�KX 6`QK
bm+? i�#H2- r2 }M/ +2Mi`�H ?Qi@bTQib 7Q` i?2 2M2`;v H2p2Hb Q7 9yy �M/ 8yy J2o B7
i?2 ~mt Bb HQr2` i?�M σ ∼< 2.4 · 1019 +K−2 �M/ σ ∼< 2.8 · 1019 +K−2- `2bT2+iBp2HvX
h?2 +�b2b rBi? 2M2`;B2b Q7 eky- dyy- �M/ 3yy J2o �`2 +2Mi`�H ?Qi@bTQib- i?2
`2bi �`2 BMi2`K2/B�i2 ?Qi@bTQibX

E0 (J2o) Ryy R8y kyy
σ (Ry19 +K−2) a1 a2 a1 a2 a1 a2

kXyy yX9je y yX999 ƐRXejy yX8ye ƐRXe3R
kX8N yX99j y yX99j y yX9ed ƐRXed3
jXRe yX998 y yX9jy y yX93y ƐRXeej
jX9d yX99k y yX9jR y yX989 ƐRXedN
8X83 yX99R y yX9k8 y yX9k8 y
eXyy yX9je y yX9k9 y yX9kj y

h�#H2 9XRĖ o�Hm2b 7Q` i?2 }iiBM; T�`�K2i2`b Q7 i?2 �M�HviB+�H KQ/2H- a1 �M/ a2- �i i?2
`�M;2 Q7 HQr BMBiB�H 2M2`;B2b UE0V- 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 ~mt UσVX 1bTBMQb�@oBp�b 2i �HX
UkykjVX

σ (Ry19 +K−2) kX98 kXde jXRe
E0 (J2o) a1 a2 a1 a2 a1 a2

9yy yX8dy ƐRXRNy yX8eN ƐRXjj3 yX88j ƐRX9e9
8yy yXe99 ƐRXyN8 yXeRe ƐRXRyy yX83R ƐRXRR9
eky yXe9y ƐyXNk9 yXeje ƐyXNeN yXe9R ƐRXyk3
dyy yXe9j ƐyX3k3 yXekN ƐyX3d9 yXej9 ƐyXNyy
3yy yXekj ƐyXd98 yXekN ƐyXdNy yXejN ƐyX3k8

h�#H2 9XkĖ o�Hm2b 7Q` i?2 }iiBM; T�`�K2i2`b Q7 i?2 �M�HviB+�H KQ/2H- a1 �M/ a2- �i i?2
`�M;2 Q7 ?B;? BMBiB�H 2M2`;B2b UE0V- 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 ~mt UσVX 1bTBMQb�@oBp�b 2i �HX
UkykjVX

lTQM 2t�KBM�iBQM Q7 i?2 i�#H2b- r2 MQi2 i?�i a1 p�`B�iBQMb �`2 MQi p2`v
/`�biB+ BM `2bT2+i iQ i?2 #2�K T�`�K2i2`b- #Qi? 7Q` 2/;2 �M/ +2Mi`�H ?Qi@bTQib-
rBi? p�Hm2b ?Qp2`BM; �`QmM/ yX9 �M/ yXe9- `2bT2+iBp2HvX J2�Mr?BH2- 7Q` a2- i?2
}iiBM; T�`�K2i2` `�M;2b 7`QK @RXd iQ @yX3- KQpBM; 7`QK BMi2`K2/B�i2 iQ +2Mi`�H
?Qi@bTQib- `2bT2+iBp2HvX q2 }M/ i?�i- �i H2�bi 7Q` i?2 +�`#QM #2�Kb T`2b2Mi2/
?2`2- r?2M i?2 T�`�K2i2` 7mH}Hb 0 > a2 > −1 r2 }M/ � +2Mi`�H ?Qi@bTQi �M/-
r?2M a2 < −1 i?2 i2KT2`�im`2 /Bbi`B#miBQM +Q``2bTQM/b iQ �M BMi2`K2/B�i2
?Qi@bTQiX
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AM i?2 +2Mi`�H +�b2- i?2 MmK2`B+�H bBKmH�iBQMb bm;;2bi �b � `2�bQM�#H2 �T@
T`QtBK�iBQM iQ �bbmK2 i?�i i?2 2M2`;v /2TQbBi2/ #v i?2 BQM #2�K BM i?2 ?Qi@
bTQi T`2/QKBM�MiHv /Bbi`B#mi2b �`QmM/ i?2 `2;BQM r?2`2 Tmax Bb `2�+?2/- #2BM;
Lhs ≈ 2λ �TT`QtBK�i2Hv +QMbi�Mij- � `2bmHi i?�i r�b �H`2�/v ?B;?HB;?i2/ #v
:mbǶFQp 2i �HX UkyRyVX

*QMb2[m2MiHv- i?2 +�H+mH�iBQM Q7 Ths �M/ Lhs 7Q` #Qi? 2/;2 �M/ +2Mi`�H ?Qi@
bTQib K�v `2Hv bQH2Hv QM i?2 T�`i Q7 i?2 �M�HviB+�H 2tT`2bbBQM /2T2M/2Mi QM a1-
r?B+? 2t?B#Bib � r2�F /2T2M/2M+2 QM i?2 #2�K T�`�K2i2`b- �b /Bb+mbb2/ 2�`@
HB2`X qBi? i?Bb mM/2`bi�M/BM;- i?2 +�H+mH�iBQM Q7 i?2 ?Qi@bTQib +?�`�+i2`BbiB+b
+�M #2 �TT`QtBK�i2/ rBi? 1[bX jX83 �M/ jX8NX >Qr2p2`- /2bTBi2 i?2 TQbbB#BH@
Biv Q7 miBHBxBM; i?2 b�K2 �M�HviB+�H 2tT`2bbBQM 7Q` #Qi? ivT2b Q7 ?Qi@bTQib- i?2
#2?�pBQm` Q7 Tmax- /Bz2` #2ir22M i?2KX �b K2MiBQM2/ 2�`HB2`- a1 K�v �HKQbi
`2K�BM +QMbi�Mi BM #Qi? +�b2b- �H#2Bi Bi i2M/b iQ #2 ?B;?2` 7Q` +2Mi`�H ?Qi@bTQib
+QKT�`2/ iQ 2/;2 ?Qi@bTQib Ub22 h�#H2 9XR �M/ h�#H2 9XkVX �b 7Q` Tmax �M/ λ-
bBKmH�iBQMb `2p2�H i?�i Bi BM+`2�b2b rBi? σ �M/ E0 7Q` 2/;2 +�b2b- r?2`2�b 7Q`
+2Mi`�H ?Qi@bTQib- Bi BM+`2�b2b rBi? σ #mi `2K�BMb `2H�iBp2Hv +QMbi�Mi rBi? E0-
�b /2TB+i2/ BM 6B;X 9XRkX

AM +QM+HmbBQM- B7 i?2 7`22 T�`�K2i2`b �`2 FMQrM- r2 +�M 2ti`�+i F2v T`QT2`@
iB2b Q7 i?2 ?Qi@bTQi rBi?Qmi T2`7Q`KBM; i?2 r?QH2 MmK2`B+�H bBKmH�iBQMX h?mb-
r2 +QmH/ /B`2+iHv T`2/B+i i?2 ;�BM Q7 i?2 TH�bK� BKTH2K2MiBM; i?2 bQHmiBQMb Q7
Ths �M/ Lhs BM 1[bX jXj8- jXje �M/ jXeR- b�pBM; +QKTmi�iBQM�H `2bQm`+2b �M/
iBK2 B7 M2+2bb�`vX

9Xe o�HB/�iBQM Q7 i?2 ?Qi@bTQi ;�BM
�7i2` �M�HvbBM; �M/ p2`B7vBM; i?2 i2KT2`�im`2 /Bbi`B#miBQM #v i?2 BQM #2�K
BMi2`�+iBQM- Bi Bb M2+2bb�`v �//`2bbBM; i?2 ;�BMb T`2b2Mi2/ BM *?�Ti2` jX 6`QK
i?2 }2H/ Q7 i2KT2`�im`2b- r2 /2i2`KBM2 i?2 ?Qi@bTQi- i?�i Bb- i?2 bT�`F@`2;BQM
�#H2 iQ B;MBi2X h?Bb `2;BQM Bb 2p�Hm�i2/ i?`Qm;? i?2 b2H7@?2�iBM;- i?2 B;MBiBQM
�M/ i?2 #m`MBM; ;�BMbX

AM 6B;X 9XRj r2 +QKT�`2 Qm` `2bmHib 7Q` Gig = 1 �M/ Gsh = 1 rBi? i?2 +�H@
+mH�iBQMb Q7 �ix2MB � J2v2`@h2`@o2?M Ukyy9V U};m`2 9X9V �M/ :mbǶFQp 2i �HX
UkyRRV U};m`2 kV- `2bT2+iBp2Hv- �M/ r2 +�M Q#b2`p2 � ;QQ/ �;`22K2Mi rBi? Qm`
+�H+mH�iBQMbX >Qr2p2`- bQK2 /Bz2`2M+2b +�M #2 +QKK2Mi2/X �#Qp2 i?2 i?`2b?@
QH/ Q7 Ry F2o- r2 }M/ Qm` `2bmHib 7Q` B;MBiBQM iQ #2 H2bb `2bi`B+iBp2 rBi? ρR i?�M
i?2 `272`2M+2- r?BH2 i?2 b2H7@?2�iBM; Bb bHB;?iHv KQ`2 HBKBiBM;X L2p2`i?2H2bb- r2
}M/ bm{+B2Mi �;`22K2Mi iQ p�HB/�i2 Qm` 2bi�#HBb?2/ +`Bi2`B�X

h?2M- BM 6B;X 9XR9 r2 +Q``Q#Q`�i2 Qm` `2bmHib 7Q` i?2 #m`M@mT 7�+iQ` UgV �M/
jq2 `2KBM/ i?�i λ Bb i?2 H2M;i? #2ir22M xTmax �M/ i?2 TQbBiBQM r?2`2 i?2 ?2�i2/ `2;BQM

2M/b ULhVX



Rye

6B;m`2 9XRjĖ A;MBiBQM �M/ b2H7@?2�iBM; `2bmHib BM i?2 UρR, T V@bT�+2 7Q` � Tm`2 .h TH�bK�
�i ρ48yy ;f+K3X aQHB/ HBM2b +Q``2bTQM/ iQ Gig = 1- r?BH2 /�b?2/ HBM2b b?Qr Gsh = 1X Pm`
`2bmHib �`2 /BbTH�v2/ BM #H�+F BM +QKT�`BbQM iQ i?Qb2 Q7 �ix2MB � J2v2`@h2`@o2?M Ukyy9V �M/
:mbǶFQp 2i �HX UkyRRV �b `2/ HBM2bX

i?2 ;�BM Q7 � ?QKQ;2M2Qmb TH�bK� UG0V- r?B+? �`2 i?2 +Q`2 BM;`2/B2Mib Q7 i?2
#m`MBM; ;�BM +�H+mH�iBQMb r2 T`2b2Mi i?`Qm;?Qmi i?Bb i?2bBbX q2 +QMbB/2` � Tm`2
�M/ /QT2/ .h TH�bK�b rBi? /Bz2`2Mi BKTm`Biv 7`�+iBQMb UXdop = 1/(1+ξ)V �M/
/QT�Mib- rBi? � TH�bK� �i T = 15 F2o �M/ ρRF,DT = 3 ;f+K2X �++Q`/BM; iQ
1[X jXej- BM i?2 `2;BK2 Q7 KQ/2`�i2 BKTm`Biv T`2b2M+2- Qm` `2bmHib K�i+? i?Qb2
Q7 :mbǶFQp 2i �HX UkyRRV U};m`2b 9 �M/ 8V- i?2M 7Q` ?B;? BKTm`Biv T2`+2Mi�;2b-
r2 Qp2`2biBK�i2 i?2 #m`MBM; ;�BMX h?`Qm;?Qmi i?Bb rQ`F- BM KQbi +�b2b- r2 /Q
MQi i�+FH2 H�`;2 BKTm`Biv H2p2HbX am#b2[m2MiHv- i?2 #m`MBM; ;�BM UGburnV p�Hm2b
7QmM/ BM i?Bb i?2bBb �`2 BM i?2 Q`/2` Q7 p�`BQmb `272`2M+2 `2bmHib U:mbǶFQp 2i �HX-
kyRRc :mbǶFQp 2i �HX- kyR9#- kyR8VX 6Q` BMbi�M+2- r?2M +QKT�`BM; rBi? i�#H2 k
7`QK :mbǶFQp 2i �HX UkyRRV r2 }M/ i?�i Qm` `2bmHib �`2 bBKBH�`- rBi? � `2H�iBp2
2``Q` #2ir22M R@jW- #mi bHB;?iHv Qp2`2biBK�i2/- �b b?QrM BM h�#H2 9XjX

9Xd .2i2`KBM�iBQM Q7 i?2 (σ, E0)@bT�+2 T�`�K2i2` Q7 i?2 BQM #2�K
� F2v �bT2+i Q7 i?Bb rQ`F Bb i?2 /2i2`KBM�iBQM Q7 �M �TT`QT`B�i2 bT�+2 T�`�K2i2`
7Q` i?2 2M2`;v Q7 i?2 BQMb �M/ i?2 #2�K ~mt Uσ, E0VX h?mb- 7Q` 2�+? TH�bK�
+QM/BiBQM �M/ BQM #2�K- r2 ?�p2 �TT`QtBK�i2/ i?2 Uσ, E0V@p�Hm2b i?�i T`QpB/2
?Qi@bTQib rBi? BMbB;?i7mH TQi2MiB�HX h?�i Bb- � `2;BQM BMbB/2 i?2 ?2�i2/ TH�bK�



Ryd

6B;m`2 9XR9Ė #m`M@mT 7�+iQ` UgV �M/ ;�BM Q7 � ?QKQ;2M2Qmb TH�bK� UG0V �b � 7mM+iBQM Q7
i?2 BKTm`Biv 7`�+iBQM 7Q` i?`22 /Bz2`2Mi /QT�Mib UHBi?BmK- #2`vHHBmK �M/ +�`#QMV +QMbB/2`BM;
� TH�bK� �i T = 15 F2o �M/ ρRDT = 3 ;f+K2X aQHB/ HBM2b +Q``2bTQM/ iQ Qm` `2bmHib �M/
/Qii2/ QM2b iQ i?Qb2 Q7 :mbǶFQp 2i �HX UkyRRV U};m`2b 9 �M/ 8VX

Gburn
ρRF = 4 ρRF = 6 ρRF = 8

ρ (;f+K3) Pm`b _27 Pm`b _27 Pm`b _27
jyy k39 k3y N9N N9y RdNe Rddy
8yy keN key 3kN 3ky R98N R9jy
dyy k8d k8y d9d d9y Rk89 Rkky
Ryyy k9j kjy e8N e8y Ry8e Ry8y

h�#H2 9XjĖ "m`MBM; ;�BM `2bmHib +QMbB/2`BM; � .h TH�bK� /QT2/ rBi? #2`vHHBmK Uξ = 0.5V-
� ?Qi@bTQi �i Ths = 20 F2o �M/ ρRhs = 1.5 ;f+K2X 6Q` 2p2`v �`2�H /2MbBiv UBM ;f+K2 mMBibV-
r2 b?Qr }`bi Qm` `2bmHib �M/ i?2M i?Qb2 Q7 :mbǶFQp 2i �HX UkyRRV Ui�#H2 kVX

rBi? �p2`�;2 i2KT2`�im`2 ?B;?2` i?�M i?2 B;MBiBQM i2KT2`�im`2 UThs(σ, E0) ≥
TigV- H2M;i? HQr2` i?�M i?2 /B�K2i2` Q7 i?2 7m2H bT?2`2 ULh(σ, E0) < 2RFV �M/
bm+? �b i?2 B;MBiBQM ;�BM Gig(Ths, Rhs; E0, σ) ≥ 1- r?2`2 Rhs Bb /2`Bp2/ 7`QK Lhs
�b b?QrM BM i?2 a2+iX jXNX h?2 T�`�K2i2` bT�+2 Bb 2tTHQ`2/ #v +�H+mH�iBM; i?2
#2�K@TH�bK� BMi2`�+iBQM 7Q` 2�+? T�B` Uσ, E0V- BM �``�vb Q7 Ryy×Ryy +�b2b- �M/
2ti`�+iBM; i?2 F2v 72�im`2b Q7 i?2 ?2�i2/ `2;BQM �M/ i?2 ?Qi@bTQiX

�b �M 2t�KTH2- 6B;X 9XR8 /2TB+ib i?2 BbQHBM2b BM i?2 Uσ, E0V@bT�+2 Q7 i?2
B;MBiBQM ;�BM Gig = 1 �M/ i?2 H2M;i? Q7 i?2 ?2�i2/ `2;BQM Lh4Ryy µK- +Q``2@
bTQM/BM; iQ irB+2 i?2 `�/Bmb Q7 � 7m2H bT?2`2 Q7 RF48y µKX AM i?�i };m`2- r2
�HbQ b?Qr i?2 BbQHBM2b 7Q` Ths4ky F2oX h?2 BMBiB�H i2KT2`�im`2 Bb T04R F2o �M/
+�`#QM BQM #2�Kb �`2 �TTHB2/- rBi? � `�/Bmb Q7 rb4R8 µKX �b r2 FMQr i?�i



Ry3

i?2 /2MbBiv Bb KQ`2 BM~m2MiB�H BM i?2 `2bmHiBM; ?2�i2/ `2;BQM Ub22 6B;X 9XRRV- r2
`2T`2b2Mi i?`22 +�b2b- jyy- 8yy �M/ dyy ;f+K3X 1p2`v Uσ, E0V p�Hm2 �#Qp2 i?2
BbQHBM2 Q7 Gig = 1 2Mbm`2b i?2 ?Qi@bTQi +`2�iBQMX h?Bb `2;BQM Bb HBKBi2/ #v i?2
TQBMib #2HQr i?2 +QMiQm` Q7 Lh4Ryy µK- +Q``2bTQM/BM; iQ i?2 H�`;2bi TQbbB#H2
?2�i2/ `2;BQM rBi?BM bm+? bT?2`2X

*QMb2[m2MiHv- 7Q` �Mv 2tT2`BK2Mi- i?2 HBKBib Q7 Qm` bT�+2 Q7 BMi2`2bi �`2
/2i2`KBM2/ �b 7QHHQrbX h?2 HQr2` HBKBi- σmin,ig- Bb }t2/ #v i?2 HQr2` ~mt p�Hm2
7Q` Gig = 1X h?2 +Q``2bTQM/BM; mTT2` HBKBi- E0 max- Bb 7QmM/ r?2`2 i?2 BbQHBM2
Q7 Lh = 2RF BMi2`b2+ib i?2 Gig = 1 HBM2X h?2M- σmax r�b b2H2+i2/ bm+? �b
i?2 BbQHBM2 Q7 Ths ≈ 20 F2o BMi2`b2+ib rBi? i?2 HBM2 Lh = 2RFX am+? `272`2M+2
i2KT2`�im`2 Bb b2H2+i2/ iQ �bbm`2 r2 �`2 rQ`FBM; BM �M BMi2`p�H Q7 i2KT2`�im`2b
r?2`2 i?2 2[mBHB#`BmK iBK2 �M/ i?2 BMi2`M�H T`Q+2bb2b iBK2 �`2 �/2[m�i2 BM
`2bT2+i iQ i?2 #2�K BMi2`�+iBQM Ub22 6B;X jXNV- �b r2HH �b i?2 TQr2` /2MbBiv Q7
i?2 BMi2`M�H T`Q+2bb2b �;�BMbi i?2 QM2 7Q` i?2 #2�KX JQ`2Qp2`- r2 ?�p2 7QmM/
i?�i 7Q` bm+? ?B;? i2KT2`�im`2 i?2 #m`MBM; ;�BM `2bmHib �`2 MQi Q7 BMi2`2bi BM
i?2 A6A +QMi2ti- �b r2 rBHH b?Qr BM i?2 M2ti +?�Ti2`bX AM �Mv +�b2- 7Q` H�`;2`
i2KT2`�im`2b i?2 ;2M2`�H #2?�pBQm` Bb bBKBH�` �M/ +�M #2 T`2/B+i2/ 7QHHQrBM;
i?2 `2bmHib T`2b2Mi2/ BM i?2 +m``2Mi rQ`FX �i H�bi- E0 min,ig Bb Q#i�BM2/ �b i?2
HQr2bi TQbbB#H2 p�Hm2 7Q` i?2 b2H2+i2/ σmax rBi? Gig > 1X

h?Bb T`Q+2/m`2 r�b �TTHB2/ iQ 2p2`v #2�K bT2+B2 �M/ `�/Bmb- iQ 2p2`v TH�bK�
/2MbBiv �M/ BMBiB�H i2KT2`�im`2X �Hi?Qm;? MQi 2tTHB+BiHv T`2b2Mi2/ BM i?Bb i?2bBb-
i?2 Uσ, E0V@`�M;2b Q7 bim/v 7Q` p�`BQmb /QT�Mib �M/ +QM+2Mi`�iBQMb ?�p2 #22M
+�H+mH�i2/- iQQX q2 +�M �/p�M+2 i?�i 7Q` /QT2/ TH�bK�b- i?2 bT�+2 Q7 bim/v
M�``Qrb �b i?2 BKTm`BiB2b �`2 ?2�pB2` Q` BM ?B;?2` +QM+2Mi`�iBQMbX h?2 B;MBiBQM
+QM/BiBQMb �`2 KQ`2 `2bi`B+iBp2- �b Bi Bb b?QrM BM *?�Ti2` eX

�b �M 2t�KTH2- BM h�#H2b 9X9 �M/ 9X8 r2 HBbi i?2 `�M;2b Q7 Qm` bim/v
Uσmin,ig, σmax, E0 min,ig, E0 maxV 7Q` � #2�K Q7 rb4R8 µK �M/ � Tm`2 .h TH�bK�
Q7 T04R F2oX q2 b?Qr E0 max �M/ σmax /2T2M/BM; QM i?2 /2MbBiv- �b r2 7QmM/
� bB;MB}+�Mi +?�M;2X PM i?2 Qi?2` ?�M/- i?2 `2bmHib F22T �TT`QtBK�i2Hv bi�#H2
r?2M +?�M;BM; 2Bi?2` i?2 #2�K `�/Bmb Q` i?2 BMBiB�H i2KT2`�im`2X �b b?QrM BM
6B;bX 9XRy �M/ 9XRR i?2 BMBiB�H i2KT2`�im`2 /Q2b MQi BM~m2M+2 /`�biB+�HHv i?2 }@
M�H /Bbi`B#miBQM Q7 i2KT2`�im`2b- r?BH2 i?2 /2MbBiv /Q2bX AM `2bT2+i iQ i?2 #2�K
`�/Bmb- Bi Bb M2+2bb�`v 7Q` +�H+mH�iBM; Gig- #mi Bib 2z2+i Bb KBMQ` BM +QKT�`BbQM
iQ i?2 p�Hm2 Q7 i?2 /2MbBivX AM i?2b2 i�#H2b- r2 Q#b2`p2 ?Qr i?2 p�Hm2b σmin,ig
/2+`2�b2 rBi? i?2 #2�K +?�`;2- r?BH2 i?2 E0 max p�Hm2b BM+`2�b2bX q2 ?�p2
7QmM/ i?�i- BM ;2M2`�H- 7Q` � Tm`2 .h TH�bK�- 2p2M i?Qm;? i?2 Qmi+QK2 KB;?i
p�`v /2T2M/BM; QM i?2 2t�+i +?�`�+i2`BbiB+b Q7 i?2 2tT2`BK2Mi- i?2 `2bmHib r2
?�p2 T`2b2Mi2/ b2`p2 �b � `2T`2b2Mi�iBp2 �TT`QtBK�iBQM Q7 i?2 HBKBib Q7 Gig = 1
BM i?2 Uσ, E0V@bT�+2X

q?2M 7QHHQrBM; i?2 BbQHBM2 Q7 Gig = 1- r2 }M/ i?�i i?2 ?Qi@bTQi i2KT2`�@



RyN

6B;m`2 9XR8Ė AbQHBM2b BM i?2 Uσ, E0V T�`�K2i2` bT�+2, B;MBiBQM ;�BM Gig = 1 UTm`TH2 HBM2V-
H2M;i? Q7 i?2 ?2�i2/ TH�bK� Lh4Ryy µK U;`2v HBM2bV �M/ ?Qi@bTQi i2KT2`�im`2 Q7 Ths4ky F2oX
SH�bK� /2MbBiB2b �`2 ρ = 300 UbQHB/V- ρ = 500 U/�b?2/V �M/ ρ4dyy ;f+K3 U/Qii2/VX q2 mb2
*6+ #2�K Q7 `�/Bmb rb4R8 µKX

im`2b `�M;2 7`QK Ths ≈ 10 F2o �i ?B;? 2M2`;B2b iQ RkX8 F2o B7 HQr T`QD2+iBH2 2M2`@
;B2b �`2 +QMbB/2`2/X h?2M- i?2 �`2�H /2MbBiv Qb+BHH�i2b �`QmM/ ρRhs ≈ 0.25−0.35
/2T2M/BM; QM i?2 2tT2`BK2MiX q2 +�M `2H�i2 i?2b2 p�Hm2b rBi? i?2 B;MBiBQM �M/
b2H7@?2�iBM; +m`p2b b?QrM BM 6B;X jX8X q2 }M/ i?�i i?2 ?2�i2/ TH�bK�b �b@
bQ+B�i2/ iQ i?2 /Bz2`2Mi Uσ, E0V i?`Qm;? i?2 Gig = 1 BbQHBM2 +Q``2bTQM/ iQ �
`2;BQM QM i?2 UρR, T V@bT�+2 7QmM/ �TT`QtBK�i2Hv #2HQr i?2 KBMBKmK Q7 i?2
b2H7@?2�iBM; +m`p2 �M/ QM i?2 `B;?i Q7 TigX �//BiBQM�HHv- i?Bb `2;BQM K�i+?2b
i?2 ?B;?2bi #m`MBM; ;�BM p�Hm2b �p�BH�#H2- BM/B+�iBM; i?�i �M QTiBK�H #2�K `2@
[mB`2b }M2Hv imMBM; Bib Uσ, E0V@T�`�K2i2`b- BM Q`/2` iQ ;2i +HQb2` iQ i?2 Gig = 1
BbQHBM2- �b Bi Bb b?QrM BM i?2 7QHHQrBM; +?�Ti2`bX JQ`2Qp2`- r2 T`QpB/2 r?B+?
#2�K 2M2`;B2b �`2 `2[mB`2/ iQ `2�+? i?2 Gig = 1 BbQHBM2 �i 2p2`v Uσ, E0V@+�b2X
q2 ?�p2 7QmM/ i?�i #2�K 2M2`;v `�M;2b 7`QK Eb ≈ 20 FC 7Q` ?B;?Hv 2M2`;2iB+
T`QD2+iBH2b �M/ HQr ~mt2b- iQ Eb ≈ 1 FC 7Q` ?B;? ~mt2bX aBKBH�`Hv- i?2 bT2+B}+



RRy

2M2`;v /2MbBiv Uσ ·E0V ;Q2b 7`QK j :Cf+K2 iQ yXR8 :Cf+K2- `2bT2+iBp2HvX h?2b2
`2bmHib �;`22 rBi? T`2pBQmb HBi2`�im`2- #2BM; BM i?2 b�K2 Q`/2` Q7 rQ`Fb bm+? �b
:mbǶFQp 2i �HX UkyR9#V �M/ >QM`m#B� 2i �HX UkyR9VX 6Q` i?2b2 +QM/BiBQMb- i?2
#2�K b?QmH/ QT2`�i2 BM � +?�`�+i2`BbiB+ iBK2 Q7 τbeam ≈ 10−11 − 10−12 b2+QM/b-
BM Q`/2` iQ �TT`QtBK�i2Hv 7mH}H i?2 +QM/BiBQMb Q7 i?Bb rQ`F BM `2bT2+i iQ i?2
BMi2`M�H iBK2b Q7 i?2 TH�bK�X

A* E0 min,ig E0 max(ρ300) E0 max(ρ500) E0 max(ρ700)
T+ yXk keXR 9RXR 8kX9
*6+ dXj dNkXN 1.10 · 103 1.30 · 103

o23+ eyXN 7.10 · 103 9.40 · 103 1.10 · 104

h�#H2 9X9Ė 1M2`;v `�M;2b UJ2oV Q7 i?2 T�`�K2i2` bT�+2 iQ bim/v- +QMbB/2`BM; � TH�bK�
rBi? BMBiB�H i2KT2`�im`2 Q7 T04R F2o �M/ #2�K `�/Bmb rb4R8 µKX A* /2MQi2b i?2 +?�`;2
Q7 i?2 BQMb BM i?2 #2�Kc E0 min,ig Bb i?2 KBMBKmK T`QD2+iBH2 2M2`;v iQ �+?B2p2 i?2 B;MBiBQM
+`Bi2`BQMc E0 max /2MQi2b i?2 K�tBKmK T`QD2+iBH2 2M2`;v r?2M Lh4Ryy µK- r?B+? Bb THQii2/
7Q` TH�bK� /2MbBiB2b ρ4jyy- 8yy �M/ dyy ;f+K3X

A* σmin,ig σmax(ρ300) σmax(ρ500) σmax(ρ700)
T+ 5.70 · 1020 4.50 · 1021 3.60 · 1021 3.40 · 1021

*6+ 1.60 · 1019 8.10 · 1019 8.20 · 1019 8.80 · 1019

o23+ 1.30 · 1018 6.50 · 1018 7.90 · 1018 9.20 · 1018

h�#H2 9X8Ė 6Hmt `�M;2b URf+K2V Q7 i?2 T�`�K2i2` bT�+2 iQ bim/v- +QMbB/2`BM; � TH�bK�
rBi? BMBiB�H i2KT2`�im`2 Q7 T04R F2o �M/ #2�K `�/Bmb rb4R8 µKX A* /2MQi2b i?2 +?�`;2
Q7 i?2 BQMb BM i?2 #2�Kc σmin,ig `2T`2b2Mib i?2 KBMBKmK #2�K ~mt M22/2/ iQ �+?B2p2 i?2
B;MBiBQM +`Bi2`BQMc σmax /2MQi2b i?2 K�tBKmK #2�K ~mt r?2M Ths4ky F2o- r?B+? Bb /2TB+i2/
7Q` TH�bK� /2MbBiB2b ρ4jyy- 8yy �M/ dyy ;f+K3X

AM bmKK�`v- rBi? i?Bb +?�Ti2` r2 ?�p2 p2`B}2/ Qm` MmK2`B+�H �M/ �M�HviB+
KQ/2Hb BM `2bT2+i iQ T`2pBQmb `2bmHib 7`QK i?2 HBi2`�im`2- �bB/2 7`QK `2�bQM@
�#H2 MmK2`B+�H /Bz2`2M+2bX h?2M- i?2 ;2M2`�H #2?�pBQm` Q7 i?2 BMi2`�+iBQM r�b
�+FMQrH2/;2/- �b r2HH �b � T`Q+2/m`2 7Q` b2H2+iBM; i?2 `�M;2 Q7 #2�K +?�`�+i2`@
BbiB+b r?2`2 � ?Qi@bTQi Bb ;2M2`�i2/ BMbB/2 i?2 ?2�i2/ `2;BQMX h?2b2 T`2pBQmb
TQBMib �`2 F2v 7Q` +QMiBMmBM; Qm` 2p�Hm�iBQM QM � #`Q�/2` p�`B2iv Q7 b+2M�`BQb-
�b i?2 7QHHQrBM; +?�Ti2`b ;�i?2`X



5
aBKmH�iBQM �M/ �M�HvbBb Q7 i?2

#2�K@TH�bK� BMi2`�+iBQM Q7
KQMQ2M2`;2iB+ BQM #2�Kb rBi? Tm`2

.h 7m2Hb
AM i?2 T`2pBQmb +?�Ti2`- r2 T`2b2Mi2/ T`2HBKBM�`v `2bmHib Q7 Qm` KQ/2HX h?Bb
�HHQr2/ mb iQ +QKT�`2 �M/ p�HB/�i2 Qm` bQHmiBQMb rBi? i?Qb2 Q#i�BM2/ #v Qi?2`
�mi?Q`bX �MQi?2` F2v `2bmHi r�b i?2 /2i2`KBM�iBQM Q7 i?2 Uσ, E0V@`�M;2 r?2`2 �
?Qi@bTQi Bb ;2M2`�i2/X AHHmbi`�iBp2- BM a2+iX 9Xd r2 T`2b2Mi2/ i?2 `�M;2b Q7 bim/v
7Q` KQMQ2M2`;2iB+ #2�Kb UT+- *6+- o23+V BMi2`�+iBM; rBi? � Tm`2 .h TH�bK�X
h?Bb �HHQrb 7Q+mbBM; Qm` bBKmH�iBQMb �M/ �M�HvbBb QM bBim�iBQMb Q7 BMi2`2bi BM
i?2 }2H/ Q7 BM2`iB�H 7mbBQM �M/- BM T�`iB+mH�`- QM i?2 BQM 7�bi B;MBiBQM b+?2K2X
AM i?2 +m``2Mi +?�Ti2`- r2 7Q+mb QM KQMQ2M2`;2iB+ BQM #2�Kb BMi2`�+iBM; rBi?
� Tm`2 .h 7m2HX q2 +QMbB/2` TH�bK�b rBi? /Bz2`2Mi /2MbBiB2b U7`QK jyy iQ
dyy ;f+K2V �M/ BMBiB�H i2KT2`�im`2b U7`QK yX8 iQ 8 F2oVX h?mb- r2 T`Q+22/ iQ
i?2 bvbi2K�iB+ bBKmH�iBQM Q7 i?2 bT�iB�H /Bbi`B#miBQM Q7 i?2 i2KT2`�im`2b �7i2`
i?2 #2�K BMi2`�+iBQMX 6`QK i?Bb i2KT2`�im`2 }2H/- r2 2ti`�+i i?2 7mM/�K2Mi�H
T�`�K2i2`b Q7 i?2 ?2�i2/ TH�bK� �M/ i?2 +Q``2bTQM/BM; ?Qi@bTQiX h?2 H2M;i?
�M/ i2KT2`�im`2 7`QK i?2 H�ii2` �HHQr mb iQ 2p�Hm�i2 r?2`2 B;MBiBQM Bb �+?B2p2/-
i?2 #m`MBM; ;�BM p�Hm2b Q` i?2 +QmTHBM; T�`�K2i2`b #2ir22M i?2 #2�K �M/ i?2
TH�bK�X

AM i?Bb +?�Ti2`- r2 bi�`i Qm` bvbi2K�iB+ bim/v #v +QMbB/2`BM; i?�i i?2 #2�K
Bb ;2M2`�i2/ �i i?2 2/;2 Q7 i?2 TH�bK�X h?Bb Bb �M B/2�HBb2/ bBim�iBQM- #mi
T`2b2Mib i?2 �/p�Mi�;2 i?�i i?2 +Q`QM� TH�bK� /Q2b MQi BM~m2M+2 i?2 BMi2`�+iBQM

RRR
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T`Q+2bb- i?mb- +?�`�+i2`BbBM; i?2 ?2�iBM; #v 2t+HmbBp2Hv +QMbB/2`BM; i?2 #2�K
�M/ i?2 T`2+QKT`2bb2/ +Q`2X aQK2 2tT2`BK2Mi�H �``�M;2K2Mib r2`2 �H`2�/v
T`2/B+i2/ iQ +QK2 +HQb2 iQ i?Bb +QMbB/2`�iBQM U2X;X EQ/�K� 2i �HX- kyyRc "2iiB �
w?Qm- kyy8VX �HbQ- r?2M +QMbB/2`BM; i?2 b+?2K2 r?2`2 � +QM2 Bb 2K#2//2/ BM
i?2 TH�bK�- i?2 #2�K +�M #2 i�`;2i2/ iQ `2�+? i?2 mMB7Q`K /2MbBiv Q7 i?2 +Q`2X
h?2M- iQr�`/b i?2 2M/ Q7 i?Bb +?�Ti2`- r2 BM+Hm/2 i?2 T`2b2M+2 Q7 � +Q`QM�- iQ
2t�KBM2 Bib BM~m2M+2 �M/ 2p�Hm�i2 ?Qr M2+2bb�`v Bb iQ +QMbB/2` Bib T`2b2M+2X AM
i?�i +QMi2ti- Bi Bb BKTQ`i�Mi iQ +QMbB/2` i?2 /Bbi�M+2 �i r?B+? i?2 BQM #2�K Bb
;2M2`�i2/ 7`QK i?2 TH�bK� 2/;2X

h?2 T�`iB+mH�` +�b2b r2 +?Qb2 iQ b?Qr BM i?Bb +?�Ti2` �`2 `2T`2b2Mi�iBp2 Q7
;2M2`�H #2?�pBQm`b 2M+QmMi2`2/ i?`Qm;?Qmi Qm` bBKmH�iBQMbX

8XR G2M;i? �M/ i2KT2`�im`2 /Bbi`B#miBQMb BM i?2 Uσ, E0V@bT�+2
q2 T`2b2Mi F2v `2bmHib Q7 i?2 ?2�i2/ TH�bK� �M/ i?2 ?Qi@bTQi �7i2` i?2 #2�K@
TH�bK� BMi2`�+iBQM- bm+? �b Bib +?�`�+i2`BbiB+ H2M;i?b �M/ i2KT2`�im`2b BM i?2
`2;BQM Q7 i?2 Uσ, E0V@bT�+2 r?2`2 i?2 B;MBiBQM Bb �+?B2p2/X _2T`2b2Mi�iBp2 bBKm@
H�iBQMb r2`2 T2`7Q`K2/ 7Q` � .h TH�bK� Q7 /2MbBiv ρ48yy ;f+K3- T04R F2o �M/
RF48y µKX h?2 #2�Kb b2H2+i2/ �`2 T+- *6+ �M/ o23+X h?mb- BM i?2 H27i +QHmKM
Q7 6B;X 8XR r2 b?Qr i?2 BbQHBM2b �bbQ+B�i2/ iQ i?2 ?Qi@bTQi H2M;i?b Lhs- i?2 `�M;2b
Lh �M/ i?2 TQbBiBQMb Q7 i?2 K�tBKmK i2KT2`�im`2b xTmax- 7Q` i?2 Uσ, E0V #2�K
T�`�K2i2`bX AM i?2 `B;?i +QHmKM Q7 6B;X 8XR r2 /2TB+i i?2 BbQHBM2b Q7 ?Qi@bTQi
K2�M i2KT2`�im`2b Ths- i?2 K�tBKmK i2KT2`�im`2b Tmax �M/ i?2 i2KT2`�im`2b
�i i?2 2/;2 Q7 i?2 TH�bK� Tx=0X qBi? i?Bb b2i Q7 T�`�K2i2`b- r2 +�M +?�`�+@
i2`Bb2 i?2 #2�K@TH�bK� BMi2`�+iBQM- FMQrBM;- 7Q` 2t�KTH2- r?�i #2�K 2M2`;v Bb
`2[mB`2/ iQ ;2M2`�i2 � ?Qi@bTQi rBi? � +2`i�BM H2M;i? Q` i2KT2`�im`2- /2T2M/BM;
QM i?2 +?�`;2 Q7 i?2 T`QD2+iBH2bX h?Bb Bb /QM2 #v `2i`B2pBM; i?2 +?�`�+i2`BbiB+
Uσ, E0V@p�Hm2b �bbQ+B�i2/ iQ i?2 /2bB`2/ TH�bK� +QM/BiBQMb �M/ i?2M +�H+mH�iBM;
Eb = σE0πr2

bX q2 +�M �HbQ +�H+mH�i2 i?2 2M2`;v /2TQbBi2/ BM i?2 ?Qi@bTQi Q`
i?2 2M2`;v Q7 i?2 r?QH2 ?2�i2/ `2;BQM- �b ∆Ehs = ρCV(Ths − T0)Lhsπr2

b �M/
Eh = ρCVThLhπr2

b- `2bT2+iBp2HvX JQ`2Qp2`- 7`QK bQK2 Q7 i?2b2 T�`�K2i2`b �M/
i?2 +Q``2bTQM/BM; BbQHBM2 K�Tb- r2 +�M `2i`B2p2 i?2 #m`MBM; ;�BM Ub22 1[X jXeRV-
r?B+? Bb � F2v `2bmHi BM i?2 A6A b+?2K2X �Hi2`M�iBp2Hv- r2 +�M `2+QMbi`m+i i?2
i2KT2`�im`2 }2H/ 7`QK i?2 �M�HviB+�H KQ/2H Ub22 1[bX jX8d- jX83 �M/ jX8NVX h?Bb
+�M #2 mb27mH iQ bi�`i +QKTH2t `�/B�iBp2@?v/`Q/vM�KB+ bBKmH�iBQMb Q7 i?2 ?Qi@
bTQi 2pQHmiBQM 7Q` i?2 Mm+H2�` 7m2H #m`M@mT- #v b2H2+iBM; ivTB+�H ?Qi@bTQib Q7
A6AX
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6B;m`2 8XRĖ _2bmHib 7Q` � Tm`2 .h TH�bK� Q7 ρ48yy ;f+K3 �M/ T04R F2o- 7Q` #2�Kb Q7
T+ U� �M/ . T�M2HbV- *6+ U" �M/ 1 T�M2HbV �M/ o23+ U* �M/ 6 T�M2HbVX G27i, AbQHBM2b Q7 Lhs
UbQHB/ #H�+F HBM2V- Lh UbQHB/ ;`2v HBM2V �M/ xTmax U/Qii2/ #Hm2 HBM2Vc mMBib �`2 BM µK �M/ i?2
bT�+BM; #2ir22M HBM2b Bb Q7 Ry µKX _B;?i, AbQHBM2b Q7 Ths UbQHB/ #H�+F HBM2V- Tmax UbQHB/ ;`2v
HBM2V �M/ Tx=0 U/�b?2/ ;`2v HBM2Vc mMBib �`2 BM F2o �M/ i?2 bT�+BM; #2ir22M HBM2b Bb Q7 R F2o 7Q`
Ths �M/ BM BMi2`p�Hb Q7 k F2o 7Q` Tmax �M/ Tx=0X h?2 ;`22M bQHB/ HBM2b UxTmax = 0V /BpB/2 i?2
Uσ, E0V@bT�+2 BM 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMbX h?2 Tm`TH2 bQHB/ HBM2b UTx=0 = TigV
b2T�`�i2 i?2 BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMbX
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q2 +�M Q#b2`p2 i?2 Uσ, E0V@`2;BQMb r?2`2 r2 }M/ �M 2/;2- BMi2`K2/B�i2 Q`
+2Mi`�H ?Qi@bTQi- �b 2tTH�BM2/ BM a2+iX jXNX �M 2/;2 ?Qi@bTQi `2;BQM Bb +`2�i2/
r?2M xTmax = 0- i?�i Bb- Tmax Bb 2[m�H iQ Tx=0X h?2 i?`2b?QH/ #2ir22M i?2
2/;2 �M/ i?2 BMi2`K2/B�i2 ?Qi@bTQi `2;BQMb Bb K�`F2/ BM #Qi? };m`2b rBi? �
;`22M /Qii2/ HBM2X h?2 +2Mi`�H ?Qi@bTQi `2;BQM Bb 7QmM/ r?2M Tx=0 < Tig �M/
K�i+?2b i?Qb2 +�b2b r?2`2 Lhs- Ths �M/ Tmax �`2 +QMbi�Mi rBi? i?2 FBM2iB+
2M2`;v 7Q` � ;Bp2M ~mtX h?2 BMi2`K2/B�i2 ?Qi@bTQi `2;BQM Bb BM #2ir22M i?2
2/;2 �M/ i?2 +2Mi`�H ?Qi@bTQi `2;BQM- Bi +Q``2bTQM/b iQ +�b2b r?2`2 xTmax ! 0
#mi Tx=0 ≥ TigX h?2 i?`2b?QH/ #2ir22M i?2 BMi2`K2/B�i2 �M/ i?2 +2Mi`�H ?Qi@
bTQi `2;BQM Bb b?QrM rBi? � Tm`TH2 /�b?2/ HBM2X q2 ?�p2 BM+Hm/2/ BM i?2 };m`2-
7Q` bQK2 +�b2b- � xQQK@BM rBi?BM i?2 `�M;2b Q7 bim/v Q#i�BM2/ BM a2+iX 9Xd- 7Q`
i?2 b�F2 Q7 � +H2�`2` `2T`2b2Mi�iBQMX

aim/vBM; 6B;X 8XR- r2 +�M /2i2+i +2`i�BM /Bz2`2M+2b 7Q` /Bz2`2Mi BQM +QKTQbB@
iBQMb Q7 i?2 #2�KbX h?2 bT�+2 Q7 T�`�K2i2`b r?2`2 +2Mi`�H ?Qi@bTQi Bb �+?B2p2/
BM+`2�b2b rBi? i?2 #2�K +?�`;2 UZbVX h?mb- i?2 bi22T Q7 i?2 HBM2b i?�i /BpB/2 i?2
2/;2- BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMb `Bb2 rBi? ZbX �//BiBQM�HHv- 7Q`
i?2 +2Mi`�H ?Qi@bTQi �M�Hvb2/ BM i?Bb rQ`F- i?2 ?B;?2bi i2KT2`�im`2b �+?B2p2/
#v i?2 ?Qi@bTQi UThs, TmaxV BM+`2�b2 rBi? i?2 #2�K +?�`;2X

PM i?2 Qi?2` ?�M/- bQK2 +QKKQM #2?�pBQm`b �`2 Q#b2`p2/ 7Q` �HH i?2 #2�Kb
bT2+B2b +QMbB/2`2/X 6B`bi- rBi?BM i?2 2/;2 ?Qi@bTQi `2;BQM- i?2 p�`B�#H2b ULh-
Lhs- Ths- Tx=0 = TmaxV T`2b2Mi � bBKBH�` b?�T2X �HH Q7 i?2K BM+`2�b2 rBi? #Qi?
~mt �M/ 2M2`;v- 2p2M i?Qm;? i?2 p�`B�iBQM Bb KQ`2 /2T2M/�Mi rBi? i?2 2M2`;vX

a2+QM/- BM i?2 BMi2`K2/B�i2 ?Qi@bTQi `2;BQM- i?2 p�`B�#H2b Lh �M/ Lhs T`2b2Mi
i?2 b�K2 #2?�pBQm` �b BM i?2 2/;2 ?Qi@bTQi `2;BQMX *QMp2`b2Hv- i?2 i2KT2`�im`2
T�`�K2i2`b #2?�p2 /Bz2`2MiHv, i?2 BbQHBM2b Q7 Tx=0 �M/ Tmax b2T�`�i2 r?2M
2Mi2`BM; i?2 BMi2`K2/B�i2 ?Qi@bTQi `2;BQMc Tx=0 BM+`2�b2b rBi? i?2 ~mt #mi
/2+`2�b2b rBi? i?2 2M2`;vc Tmax T`2b2Mib � i`2M/ iQr�`/b � +QMbi�Mi #2?�pBQm`
rBi? i?2 2M2`;v 7Q` � ;Bp2M ~mtc Ths +QMiBMm2b iQ BM+`2�b2 rBi? i?2 2M2`;v �M/
i?2 ~mt- i?2M- BM � +2`i�BM i?`2b?QH/- bi�`ib /2+`2�bBM; rBi? i?2 2M2`;v- #mi H2bb
/`�biB+�HHv i?�M Tx=0X

h?B`/- 7Q` +2Mi`�H ?Qi@bTQib Bi Bb /2i2+i2/ i?�i- 7Q` � ;Bp2M ~mt p�Hm2- i?2
`2;BQM Bb /2HBKBi2/ #v �M �``�v Q7 i?`2b?QH/ TQBMib Uσ∗, E∗(σ∗)V bm+? i?�i i?2
?Qi@bTQib ;2M2`�i2/ rBi? E0 > E∗ ?�p2 i?2 b�K2 p�Hm2b 7Q` Lhs, Ths �M/ TmaxX
AM Qi?2` rQ`/b- 7Q` � ;Bp2M 2M2`;v i?2b2 T�`�K2i2`b QMHv BM+`2�b2 rBi? σX 6Q`
BMbi�M+2- rBi? � p�M�/BmK #2�K- �i σ∗ = 2.7·1018 +K−2- i?2 +QMbi�Mi #2?�pBQm`
Q++m`b �i E∗(σ) ≈ 3500 J2o- }M/BM; i?�i Lhs ≈ 21 µK- Ths ≈ 12.7 F2o �M/
Tmax ≈ 15.5 F2oX h?2M- �i ?B;?2` � ?B;?2` ~mt Uσ = 3.8 · 1018 +K−2V i?2
i?`2b?QH/ Bb 7QmM/ �i E∗ ≈ 5500 J2o- �M/ i?2 b�K2 T�`�K2i2`b �b+2M/ iQ
Lhs ≈ 42.6 µK- Ths ≈ 13.9 F2o �M/ Tmax ≈ 18.8 F2oX AM Qi?2` rQ`/b- 7Q` 2M2`;B2b
?B;?2` i?�M i?2 i?`2b?QH/- E∗- r2 +�M �HbQ /2}M2 � σ∗

Lhs
p�Hm2 i?�i +Q``2bTQM/
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iQ � H2M;i? Q7 i?2 ?Qi@bTQi- BM/2T2M/2MiHv Q7 i?2 2M2`;vX *Q``2bTQM/BM;Hv- i?2
2M2`;v i?`2b?QH/ +�M #2 �bbB;M2/ iQ � p�Hm2 Q7 Lhs- i?Bb Bb E∗

Lhs
X PM i?2 +QMi`�`v-

BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM Qi?2` K�;MBim/2b /Q MQi 7QHHQr i?Bb +QMbi�Mi
#2?�pBQm`- bm+? �b i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2 UxTmaxV- i?2
`�M;2 ULhV �M/ i?2 i2KT2`�im`2 �i i?2 #2;BMMBM; Q7 i?2 TH�bK� UTx=0V- r?B+?
/Q +?�M;2 rBi? 2M2`;vX q2 }M/ i?�i Lh �M/ xTmax #2?�pBQm` Bb i?2 b�K2 �b
BM 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMbX AM T�`iB+mH�`- xTmax BM+`2�b2b rBi?
E0 �M/ Bi Bb �HKQbi BM/2T2M/2Mi Q7 σX h?2`27Q`2- BM Q`/2` iQ +`2�i2 � ?Qi@bTQi
BM i?2 +2Mi`2 Q7 i?2 7m2H bT?2`2- Bi Bb M2+2bb�`v iQ imM2 �++m`�i2Hv i?2 FBM2iB+
2M2`;vX 6Q` 2t�KTH2- �+?B2pBM; xTmax4RF48y µK `2[mB`2b E04jd∼j3 J2o
7Q` T`QiQMb- E043yy∼3ky J2o 7Q` +�`#QM �M/ E0 ≈ eeyy J2o 7Q` p�M�/BmKX

q2 r�Mi iQ ?B;?HB;?i i?2 TQi2MiB�H Q7 i?2 #2?�pBQm` 7QmM/ BM i?2 Uσ, E0V@
bT�+2X q?2M 7QHHQrBM; � T�`iB+mH�` Lhs BbQHBM2 Bi Bb TQbbB#H2 iQ `2�+? i?2 b�K2
H2M;i? BM /Bz2`2Mi b+2M�`BQbX 6Q` HQr 2M2`;B2b �M/ H�`;2` ~mt2b- i?2 ?Qi@bTQi
Bb +`2�i2/ �i i?2 2/;2 Q7 i?2 TH�bK�X J2�Mr?BH2- i?2 b�K2 ?Qi@bTQi H2M;i? Bb
Q#i�BM2/ �b � +2Mi`�H ?Qi@bTQi 7Q` HQr ~mt2b �M/ ?B;?2` 2M2`;B2bX h?2 BbQHBM2b
Q7 i?2 i2KT2`�im`2 Q7 i?2 ?Qi@bTQi rQ`F BM � bBKBH�` r�vX

�b �M BMbi�M+2 Q7 i?2 #2?�pBQm` BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM- BM 6B;X 8Xk
r2 `2T`2b2Mi i?2 i2KT2`�im`2 }2H/ Q7 � o23+ #2�K 7Q` σ4jXR· Ry18 +K−2- �b@
bQ+B�i2/ rBi? p�Hm2b Q7 Lhs4jy µK- Ths4Rj �M/ Tmax4ReXe F2oX A7 r2 b2H2+i
i?`22 /Bz2`2Mi FBM2iB+ 2M2`;B2b- E0483e8- eejy �M/ djyy J2o- r2 Q#b2`p2 ?Qr
i?2v +Q``2bTQM/ iQ i?2 TQbBiBQMb Q7 xTmax49y- 8y �M/ ey µK �M/ i?2 `�M;2b
Lh48yX8- eyX8 �M/ dy µKX h?Bb b?Qrb ?Qr i?2b2 H2M;i?b BM+`2�b2 rBi? i?2B`
`2bT2+iBp2 2M2`;v p�Hm2b U�HbQ- i?2B` 2/;2 i2KT2`�im`2 /2+`2�b2b �b Tx=043- dXj
�M/ eX3 F2oV- r?BH2 i?2 ?Qi@bTQi T�`�K2i2`b �M/ Tmax `2K�BM +QMbi�MiX

h?2M- BM 6B;X 8Xj r2 }t i?2 2M2`;v �i E04eejy J2o- r?2`2 xTmax ≈ 50 µK-
7Q` i?`22 /Bz2`2Mi ~mt2b σ4kXe·Ry18- jXR·Ry18 �M/ jX8·Ry18 +K−2- K�i+?BM;
Lhs4ky- jy �M/ 9y µKX �b 2tT2+i2/- i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`@
�im`2 Bb }t2/ �i xTmax ≈ 50 µK- i?2 i2KT2`�im`2b Q7 BMi2`2bi BM+`2�b2 rBi? i?2
~mt, Ths4RkXj- Rj �M/ RjXj F2o- T04eXk- dXj �M/ 3Xk F2o �M/ Tmax4R8- ReXe
�M/ RdXN F2o- `2bT2+iBp2Hv 7Q` 2p2`v σ@p�Hm2X

8Xk G2M;i? �M/ i2KT2`�im`2 /Bbi`B#miBQMb BM i?2 Uσ, E0V@bT�+2
p�`vBM; TH�bK� ρ �M/ T0

aQ 7�`- i?2 bim/v ?�b #22M T2`7Q`K2/ 7Q` � }t2/ b2i Q7 TH�bK� BMBiB�H +QM/BiBQMb
Uρ48yy ;f+K3 �M/ T04R F2oVX LQr- r2 �//`2bb i?2 BM~m2M+2 Q7 /Bz2`2Mi BMBiB�H
TH�bK� i2KT2`�im`2b �M/ K�bb /2MbBiB2bX q2 b2H2+i2/ p�`BQmb +�b2b iQ 2t2KTHB7v
i?2 /2T2M/2M+2 Q7 i?2 #2�K@TH�bK� BMi2`�+iBQMX >2M+2- BM 6B;X 8X9 r2 +QMbB/2`
i?`22 K�bb /2MbBiB2b- ρ4jyy- 8yy �M/ dyy ;f+K3- 7Q` T04R F2oX h?2M- BM 6B;X 8X8-
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6B;m`2 8XkĖ aT�iB�H /Bbi`B#miBQM Q7 i?2 TH�bK� i2KT2`�im`2b Uρ48yy ;f+K−3V �7i2` i?2
BMi2`�+iBQM rBi? � V 23+ #2�K 7Q` � }t2/ σ4jXR·Ry18 +K−2 �M/ i?`22 /Bz2`2Mi FBM2iB+ 2M2`;B2b
E0483Rd- e83N �M/ dkNe J2oX

6B;m`2 8XjĖ a�K2 +QM/BiBQMb �b BM 6B;X 8Xk #mi +QMbB/2`BM; � }t2/ E04e83N J2o �M/
i?`22 /Bz2`2Mi ~mt2b σ4kXe·1018- jXR·1018 �M/ jX8·1018 +K−2X

r2 +QMbB/2` i?`22 p�Hm2b Q7 TH�bK� BMBiB�H i2KT2`�im`2- 7Q` � K�bb /2MbBiv Q7
ρ48yy ;f+K3X

h?`Qm;? i?2 +m``2Mi rQ`F- r2 7Q+mb QM +2`i�BM +�b2b Q7 BMi2`2bi `2H�i2/ iQ
ivTB+�H 2tT2`BK2Mi�H p�Hm2bX q2 b2H2+i 2tT2`BK2Mib rBi? #2�K `�/BB Q7 rb4Ry-



RRd

R8 �M/ ky µK- +QK#BM2/ rBi? bT?2`2 `�/BB Q7 RF49y- 8y �M/ ey µK Ur?B+? �`2
ivTB+�H A6A p�Hm2b- �b bi�i2/ BM a2+iX kX9VX h?2M- 7Q` �+?B2pBM; � ?Qi@bTQi r?Qb2
+vHBM/`B+�H ;2QK2i`v `2b2K#H2b � bT?2`2- r2 M22/ Lhs ≈ 2rb- �M/- BM Q`/2` iQ
�+?B2p2 � +2Mi`�H 2tTHQbBQM- Bi Bb `2[mB`2/ i?�i Bi Bb HQ+�i2/ BM i?2 KB//H2 Q7 i?2
TH�bK� xTmax ≈ RFX

>2M+2- BM 6B;bX 8X9 �M/ 8X8 r2 b?Qr r?2`2 Lhs4ky- jy �M/ 9y µK �`2
HQ+�i2/X �//BiBQM�HHv- r2 b?Qr xTmax48y µKX >2`2- xTmax49y �M/ ey µK �`2
MQi BM+Hm/2/ 7Q` i?2 b�F2 Q7 +H�`Biv BM i?2 };m`2- #mi i?2B` `2H�i2/ E0 p�Hm2b
�`2 b?QrM BM h�#H2b 8XR- 8Xk �M/ 8XjX AM 6B;bX 8X9 �M/ 8X8- i?2 p�Hm2b Q7 Ths
+Q``2bTQM/BM; iQ Lhs4ky- jy �M/ 9y µK BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM ?�p2 #22M
BM+Hm/2/X AM �HH };m`2b- xTmax ≈ 0 Bb THQii2/- r?B+? /BpB/2b i?2 Uσ, E0V@bT�+2
#2ir22M 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQiX 6m`i?2`KQ`2- i?2 HBM2b +Q``2bTQM/BM;
iQ Tx=0 = Tig �`2 �HbQ /2TB+i2/- r?B+? b2T�`�i2 i?2 BMi2`K2/B�i2 �M/ +2Mi`�H
?Qi@bTQibX h?Bb �M�HvbBb Bb `2T2�i2/ 7Q` /Bz2`2Mi #2�Kb, T+- *6+ �M/ o23+X

PM i?2 QM2 ?�M/- 6B;X 8X9 b?Qrb i?�i- BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM- i?2
/2Mb2` i?2 TH�bK�- i?2 KQ`2 ~mt Bb M2+2bb�`v iQ �+?B2p2 i?2 b�K2 LhsX J2�M@
r?BH2- BM i?2 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMb- r?2M BM+`2�bBM; i?2 /2M@
bBiv- KQ`2 T`QD2+iBH2 2M2`;v Bb `2[mB`2/ 7Q` �+?B2pBM; � bBKBH�` ?Qi@bTQiX 6Q`
B/2MiB+�H ?Qi@bTQi H2M;i?b- i?2 i2KT2`�im`2b �`2 bHB;?iHv bmT2`BQ` r?2M BM+`2�b@
BM; i?2 TH�bK� /2MbBivX �HbQ- Bi Bb 7QmM/ i?�i KQ`2 BQM 2M2`;v Bb M22/2/ iQ `2�+?
i?2 b�K2 HQ+�iBQM 7Q` i?2 K�tBKmK i2KT2`�im`2- xTmaxX AM i?2 T�`iB+mH�` +�b2
Q7 i?2 T`QiQM #2�K- xTmax48y µK Bb M2p2` �+?B2p2/ BM Qm` `2;BQM Q7 bim/vX
6BM�HHv- +?�M;BM; i?2 /2MbBiv /Q2b MQi �z2+i bB;MB}+�MiHv i?2 TQbBiBQM Q7 i?2
xTmax = 0 �M/ i?2 Tx=0 = Tig HBM2bX

PM i?2 Qi?2` ?�M/- BM 6B;X 8X8- r?2M BM+`2�bBM; i?2 BMBiB�H i2KT2`�im`2
T0- 2Bi?2` H2bb ~mt 7Q` +2Mi`�H ?Qi@bTQib Q` H2bb T`QD2+iBH2 2M2`;v 7Q` 2/;2@
BMi2`K2/B�i2 ?Qi@bTQib Bb `2[mB`2/ 7Q` �+?B2pBM; i?2 b�K2 H2M;i?bX 6Q` bm+? Lhs-
r2 }M/ i?�i i?2 ?Qi@bTQi i2KT2`�im`2 /2b+2M/b rBi? i?2 BMBiB�H i2KT2`�im`2X
q2 }M/ i?�i i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2- xTmax- /Q2b MQi /2T2M/
bB;MB}+�MiHv QM i?2 BMBiB�H i2KT2`�im`2X �i H�bi- +?�M;BM; i?2 BMBiB�H i2KT2`�@
im`2 +?�M;2b i?2 TQbBiBQM Q7 i?2 xTmax = 0 HBM2 �M/ i?2 Tx=0 = Tig HBM2X h?Bb Bb
7QmM/ KQ`2 /`�biB+�HHv 7Q` i?2 T048 F2o +�b2- r?2`2 i?2 2/;2 ?Qi@bTQi `2;BQM
Bb 2tT�M/2/ �M/ +2Mi`�H ?Qi@bTQib �`2 ?�`/2` iQ +`2�i2X am+? `2bi`B+iBQM QM i?2
+2Mi`�H ?Qi@bTQi `2;BQM Bb /m2 iQ i?2 TH�bK� #2BM; KQ`2 i`�MbT�`2Mi 7`QK i?2
#2;BMMBM;X 6BM�HHv- H�`;2` i2KT2`�im`2b �`2 Q#i�BM2/ 7Q` ?2�pB2` #2�K bT2+B2b-
�b +�M #2 b22M BM 6B;X 8X8X

h?Bb �M�HvbBb Bb +QKTH2i2/ rBi? i?2 h�#H2b 8XR- 8Xk �M/ 8XjX q2 b2H2+i
`2T`2b2Mi�iBp2 +QM/BiBQMb /2bB`�#H2 7Q` � +2Mi`�H �M/ �TT`QtBK�i2Hv bvKK2i`B+
+QK#mbiBQM Ub22 a2+iX kXjXkVX PM i?2 QM2 ?�M/- r2 b?Qr i?2 2M2`;v `2bmHib
�i r?B+? xTmax ≈ RF- +QMbB/2`BM; ivTB+�H bT?2`2b bm+? i?�i RF = 40- 8y �M/



RR3

6B;m`2 8X9Ė AbQHBM2 `2bmHib 7Q` � Tm`2 .h TH�bK� UT04R F2oV rBi? /2MbBiB2b Q7 ρ4jyy ;f+K3

UbQHB/V- ρ48yy ;f+K3 U/�b?2/V �M/ ρ4dyy ;f+K3 U/Qii2/VX "2�Kb Q7 T+ UT�M2Hb � �M/ .V-
*6+ UT�M2Hb " �M/ 1V �M/ o23+ UT�M2Hb * �M/ 6V �`2 +QMbB/2`2/X G27i, "H�+F- ;`2v �M/
HB;?i@;`2v +QHQm`b `2T`2b2Mi i?2 ?Qi@bTQi H2M;i?b 7Q` Lhs4ky- jy �M/ 9y µKX .Qii2/ #Hm2 HBM2b
`2T`2b2Mi xTmax48y µKX _B;?i, "H�+F- ;`2v �M/ HB;?i@;`2v +QHQm`b `2T`2b2Mi i?2 ?Qi@bTQi
i2KT2`�im`2b UThsV +Q``2bTQM/BM; iQ Lhs4ky- jy �M/ 9y µK BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM-
rBi? �HH i2KT2`�im`2b BM F2oX h?2 ;`22M bQHB/ HBM2b UxTmax = 0V /BpB/2 i?2 Uσ, E0V@bT�+2 BM
2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMbX h?2 Tm`TH2 bQHB/ HBM2b UTx=0 = TigV b2T�`�i2 i?2
BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMbX



RRN

6B;m`2 8X8Ė AbQHBM2 `2bmHib 7Q` � Tm`2 .h TH�bK� Uρ48yy ;f+K3V rBi? BMBiB�H i2KT2`�im`2
T0 = 0.5 UbQHB/V- T0 = 1 U/�b?2/V �M/ T048 F2o U/Qii2/VX "2�Kb Q7 T+ UT�M2Hb � �M/ .V-
*6+ UT�M2Hb " �M/ 1V �M/ o23+ UT�M2Hb * �M/ 6V �`2 +QMbB/2`2/X G27i, "H�+F- ;`2v �M/
HB;?i@;`2v +QHQm`b `2T`2b2Mi i?2 ?Qi@bTQi H2M;i?b 7Q` Lhs4ky- jy �M/ 9y µKX .Qii2/ #Hm2 HBM2b
`2T`2b2Mi xTmax48y µKX _B;?i, "H�+F- ;`2v �M/ HB;?i@;`2v +QHQm`b `2T`2b2Mi i?2 ?Qi@bTQi
i2KT2`�im`2b UThsV +Q``2bTQM/BM; iQ Lhs4ky- jy �M/ 9y µK BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM-
rBi? �HH i2KT2`�im`2b BM F2oX h?2 ;`22M bQHB/ HBM2b UxTmax = 0V /BpB/2 i?2 Uσ, E0V@bT�+2 BM
2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMbX h?2 Tm`TH2 bQHB/ HBM2b UTx=0 = TigV b2T�`�i2 i?2
BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMbX



Rky

ey µKX PM i?2 Qi?2` ?�M/- b2T�`�i2Hv- r2 b?Qr i?2 ~mt `2bmHib �i r?B+?
Lhs ≈ 2rb 7Q` +2Mi`�H ?Qi@bTQib- b2H2+iBM; rb = 10- R8 �M/ ky µK- i?Bb Bb- �;�BM-
Lhs = 20- jy �M/ 9y µKX 6Q` 2�+? ?Qi@bTQi H2M;i?- r2 �TT2M/ Bib i2KT2`�im`2
r?2M i?2 ?Qi@bTQi Bb +2Mi`�HX h?2b2 bQHmiBQMb �`2 +�H+mH�i2/ 7Q` Qm` +QMbB/2`2/
#2�Kb UT+- *6+- o23+V- TH�bK� /2MbBiB2b Uρ = 300- 8yy- dyy ;f+K3V �M/ BMBiB�H
i2KT2`�im`2b UT0 = 0.5-R- 8 F2oVX q?2M i?2 bQHmiBQM Bb MQi �p�BH�#H2 rBi?BM Qm`
Uσ, E0V@`�M;2b Q7 bim/v- i?2 +Q``2bTQM/2Mi +2HH Q7 i?2 i�#H2 Bb H27i mM}HH2/X

h?Bb b2`p2b �b � TQr2`7mH iQQH iQ +?�`�+i2`Bb2 2tT2`BK2MibX 6Q` 2t�KTH2- H2i
mb +QMbB/2` � 7m2H bT?2`2 Q7 ey µK- BMBiB�HHv �i T0 = 1 F2o �M/ /2MbBiv 500 ;f+K3

BMi2`�+iBM; rBi? � +�`#QM #2�K Q7 rb = 15 µKX Ai rQmH/ #2 /2bB`�#H2 iQ ?�p2
� ?Qi@bTQi H2M;i? Q7 Lhs = 30 µK rBi? � +2Mi`�H ?Qi@bTQi rBi? Bib K�tBKmK
HQ+�i2/ �i xTmax = 60 µKX GQQFBM; �i i?2 i�#H2b #2HQr- r2 +�M }M/ i?2 p�Hm2b
Q7 E0 �M/ σ �i r?B+? bm+? ?Qi@bTQi Bb 7Q`K2/ UBM Q7 i?Bb +�b2- E0 = 890 J2o
�M/ σ = 2.6 · 1019 +K−2V �M/ r?�i i2KT2`�im`2 rBHH Bi ?�p2 UThs = 11.4 F2oVX
q2 +�M +QKTH2K2Mi i?Bb FBM/ Q7 �M�HvbBb rBi? i?2 `2bmHib 7Q` i?2 #m`MBM; ;�BM
b?QrM #2HQr BM a2+iX 8Xj- iQ T`2/B+i i?2 Qmi+QK2 Q7 i?2 2tT2`BK2MiX

�//BiBQM�HHv- Bi Bb rQ`i? �//`2bbBM; Qi?2` K�;MBim/2b �bbQ+B�i2/ iQ i?2 `2@
bmHib Q7 i?2b2 i�#H2bX AM `2bT2+i iQ i?2 MmK#2` Q7 T�`iB+H2b Q7 i?2 #2�K- i?2
`2bmHib /2T2M/ QM i?2 `�/Bmb Q7 i?2 #2�K UNp = σπr2

bVX 6Q` 2�+? #2�K bT2+B2-
i?2 KBMBKmK MmK#2` Q7 ~mt +Q``2bTQM/b iQ Urb = 10 µKc ρ = 300 ;f+K3c
T0 = 5 F2oc Lhs = 20 µKV �M/ i?2 K�tBKmK iQ Urb = 20 µKc ρ = 700 ;f+K3c
T0 = 0.5 F2oc Lhs = 40 µKVX AM i?Bb `�M;2- r2 }M/ i?�i 7Q` T`QiQMb- i?2
MmK#2` Q7 T�`iB+H2b Bb BM i?2 Q`/2` Q7 Np ≈ 1.25 · 1015 − 1 · 1016- 7Q` +�`#QM Bb
Np ≈ 3.45·1013−4.5·1014 �M/ 7Q` p�M�/BmK Bb Np ≈ 3.45·1012−5.7·1013X JQ`2@
Qp2`- r2 +�M /2i2`KBM2 i?2 2M2`;v Q7 i?2 #2�K Q7 i?2 +�b2b T`2b2Mi2/ �#Qp2-
+QMbB/2`BM; i?2 KBMBKmK �M/ K�tBKmK 2M2`;B2b Q7 i?2 i�#H2b- xTmax = 40
�M/ ey µK- `2bT2+iBp2HvX 6Q` T`QiQMb- r2 }M/ Eb ≈ 5.2 − 80 FC- 7Q` +�`#QM Bb
Eb ≈ 3 − 80 FC �M/ 7Q` p�M�/BmK Bb Eb ≈ 2.5 − 80 FCX LQi2 ?Qr i?2 KBMBKmK
#2�K 2M2`;v /2+`2�b2b rBi? i?2 +?�`;2- r?BH2 i?2 K�tBKmK `2K�BMb �TT`QtB@
K�i2Hv i?2 b�K2X AM +QKT�`BbQM- r2 +�M +�H+mH�i2 i?2 2M2`;v /2TQbBi2/ BM i?2
?Qi@bTQi 7Q` 2�+? QM2 Q7 i?2 T`2pBQmb 2tT2`BK2Mib- +QMbB/2`BM; Lhs = 20 �M/
9y µK `2bT2+iBp2Hv- 7Q` i?2 +?Qb2M KBMBKmK �M/ K�tBKmK b+2M�`BQbX 6Q` T`Q@
iQMb- r2 }M/ ∆Ehs ≈ 1.04 − 42 FC- 7Q` +�`#QM Bb ∆Ehs ≈ 1.1 − 48 FC �M/ 7Q`
p�M�/BmK Bb ∆Ehs ≈ 1.2 − 54 FCX qBi? i?2 T`2pBQmb `2bmHib- r2 +�M 2p�Hm�i2
?Qr Km+? 2M2`;v Q7 i?2 #2�K Bb �+im�HHv /2TQbBi2/ BM i?2 ?Qi@bTQi- #v 2p�Hm�i@
BM; i?2 +QmTHBM; 2{+B2M+v U∆Ehs/EbVX q2 }M/ kyW@8jW 7Q` T`QiQMb- jdW@eyW
7Q` +�`#QM �M/ 93W@e3W 7Q` p�M�/BmKX h?2`27Q`2- r2 r�Mi iQ ?B;?HB;?i i?�i-
7Q` � ;Bp2M b2i Q7 TH�bK� BMBiB�H +QM/BiBQMb �M/ � #2�K `�/Bmb- r?2M +`2�iBM;
� +2Mi`�H ?Qi@bTQi rBi? i?2 b�K2 ULhs, xTmaxV@p�Hm2b- i?2 +QmTHBM; Bb ?B;?2` 7Q`
?2�pB2`@BQMb- bm+? �b p�M�/BmKX



RkR

"2�K, T+

ρ =jyy ;f+K3c h04yX8 F2o
xTmax 10

9y keXj
8y @
ey @
Lhs σ (Ry20) Ths

ky 6.0 RyXy
jy 6.3 RyXj
9y 6.6 RyX3

ρ =jyy ;f+K3c h04R F2o
xTmax 10

9y keXk
8y @
ey @
Lhs σ (Ry20) Ths

ky 5.8 RyXy
jy 6.0 RyXk
9y 6.3 RyXj

ρ =jyy ;f+K3c h048 F2o
xTmax 10

9y @
8y @
ey @
Lhs σ (Ry20) Ths

ky 4.0 NX3
jy 4.2 NXN
9y 4.4 RyXy

ρ =8yy ;f+K3c h04yX8 F2o
xTmax 10

9y jjXR
8y jdXk
ey 9RXk
Lhs σ (Ry20) Ths

ky 6.8 RyXk
jy 7.1 RyX9
9y 7.6 RyXe

ρ =8yy ;f+K3c h04R F2o
xTmax 10

9y jkXd
8y jeXN
ey 9yXd
Lhs σ (Ry20) Ths

ky 6.4 RyXR
jy 6.8 RyXj
9y 7.3 RyX8

ρ =8yy ;f+K3c h048 F2o
xTmax 10

9y @
8y @
ey @
Lhs σ (Ry20) Ths

ky 4.2 NX3
jy 4.3 NXN
9y 4.4 RyXy

ρ =dyy ;f+K3c h04yX8 F2o
xTmax 10

9y jNXk
8y 99X8
ey 9NXj
Lhs σ (Ry20) Ths

ky 7.2 RyXj
jy 7.8 RyXe
9y 8.5 RyXN

ρ =dyy ;f+K3c h04R F2o
xTmax 10

9y j3Xd
8y 9jXd
ey 93Xj
Lhs σ (Ry20) Ths

ky 6.8 RyXk
jy 7.5 RyX8
9y 8.1 RyXd

ρ =dyy ;f+K3c h048 F2o
xTmax 10

9y j3Xe
8y 9jXe
ey @
Lhs σ (Ry20) Ths

ky 4.3 RyXR
jy 4.5 RyXj
9y 4.7 RyX9

h�#H2 8XRĖ LmK2`B+�H `2bmHib Q7 i?2 ?2�i2/ TH�bK� 7Q` � b2i Q7 +�b2b Q7 BMi2`2bi- +QMbB/2`BM;
� T`QiQM #2�K 7Q` i?2 BMi2`�+iBQMX h?2 b2H2+i2/ +�b2b �`2 i?2 TQbBiBQM Q7 i?2 K�tBKmK
i2KT2`�im`2 bm+? �b xTmax49y- 8y Q` ey µK �M/ i?2 H2M;i? Q7 i?2 ?Qi@bTQi bm+? �b Lhs4ky-
jy Q` 9y µKX q2 T`QpB/2 `2bmHib 7Q` 2�+? /2MbBiv Uρ4jyy- 8yy �M/ dyy ;f+K3V �M/ BMBiB�H
i2KT2`�im`2b Q7 i?2 TH�bK� UT04yX8- R- 8 F2oVX q2 T`2b2Mi i?2 #2�K `2[mB`2K2Mib Uσ, E0V
M2+2bb�`v 7Q` �+?B2pBM; � TH�bK� mM/2` i?2b2 +QM/BiBQMbX q2 �// i?2 i2KT2`�im`2 �bbQ+B�i2/
iQ bm+? ?Qi@bTQi UThsVX



Rkk

"2�K, *6+

ρ =jyy ;f+K3c h04yX8 F2o
xTmax 10

9y 889Xk
8y ek8XN
ey eNkXk
Lhs σ (Ry19) Ths

ky 2.0 RyXe
jy 2.2 RRXy
9y 2.5 RRXj

ρ =jyy ;f+K3c h04R F2o
xTmax 10

9y 88jXk
8y ek9Xj
ey e3dXd
Lhs σ (Ry19) Ths

ky 1.9 RyX8
jy 2.1 RyXN
9y 2.3 RRXk

ρ =jyy ;f+K3c h048 F2o
xTmax 10

9y 88kXj
8y ekjXj
ey e3dXe
Lhs σ (Ry19) Ths

ky 1.1 RyXR
jy 1.2 RyXk
9y 1.3 RyXj

ρ =8yy ;f+K3c h04yX8 F2o
xTmax 10

9y dkkXj
8y 3R3X9
ey NyjX3
Lhs σ (Ry19) Ths

ky 2.4 RRXy
jy 2.7 RRX9
9y 3.1 RRX3

ρ =8yy ;f+K3c h04R F2o
xTmax 10

9y dRRX8
8y 3y9Xd
ey 3NyXy
Lhs σ (Ry19) Ths

ky 2.3 RyXN
jy 2.6 RRXj
9y 2.9 RRXd

ρ =8yy ;f+K3c h048 F2o
xTmax 10

9y dRRXk
8y 3yjXy
ey 33dXR
Lhs σ (Ry19) Ths

ky 1.3 RyXk
jy 1.4 RyXj
9y 1.6 RyXe

ρ =dyy ;f+K3c h04yX8 F2o
xTmax 10

9y 38NX9
8y Ne3Xd
ey RydkX8
Lhs σ (Ry19) Ths

ky 2.7 RRXj
jy 3.2 RRX3
9y 3.6 RkXj

ρ =dyy ;f+K3c h04R F2o
xTmax 10

9y 399Xj
8y N8eXj
ey Ry8dXe
Lhs σ (Ry19) Ths

ky 2.6 RRXR
jy 3.0 RRXd
9y 3.4 RkXR

ρ =dyy ;f+K3c h048 F2o
xTmax 10

9y 39yXN
8y N9NX3
ey Ry9NX3
Lhs σ (Ry19) Ths

ky 1.4 RyXj
jy 1.6 RyXe
9y 1.8 RyXN

h�#H2 8XkĖ a�K2 �b h�#H2 8XR- #mi +QMbB/2`BM; � +�`#QM #2�K 7Q` i?2 BMi2`�+iBQMX



Rkj

"2�K, o23+

ρ =jyy ;f+K3c h04yX8 F2o
xTmax 10

9y 99NdXe
8y 8yN3Xd
ey 8e93X9
Lhs σ (Ry18) Ths

ky 2.1 RRX3
jy 2.5 RkX8
9y 2.9 RkXN

ρ =jyy ;f+K3c h04R F2o
xTmax 10

9y 9933X8
8y 8y3jXj
ey 8ekyX9
Lhs σ (Ry18) Ths

ky 2.0 RRXd
jy 2.4 RkXj
9y 2.7 RkXd

ρ =jyy ;f+K3c h048 F2o
xTmax 10

9y 993RX3
8y 8y3yX9
ey 8eR3Xy
Lhs σ (Ry18) Ths

ky 1.1 RyXe
jy 1.3 RRXy
9y 1.5 RRX9

ρ =8yy ;f+K3c h04yX8 F2o
xTmax 10

9y 8339Xe
8y ee8dXR
ey dje9Xy
Lhs σ (Ry18) Ths

ky 2.7 RkX9
jy 3.3 RjXy
9y 3.8 RjX8

ρ =8yy ;f+K3c h04R F2o
xTmax 10

9y 83ekXe
8y eek9Xy
ey djRyXe
Lhs σ (Ry18) Ths

ky 2.6 RkXj
jy 3.1 RkXN
9y 3.6 RjX9

ρ =8yy ;f+K3c h048 F2o
xTmax 10

9y 83jNX8
8y eeykXe
ey djykXe
Lhs σ (Ry18) Ths

ky 1.4 RRXy
jy 1.7 RRX8
9y 1.9 RRX3

ρ =dyy ;f+K3c h04yX8 F2o
xTmax 10

9y eN33X3
8y dNyyXj
ey 3djNXe
Lhs σ (Ry18) Ths

ky 3.2 RkXN
jy 3.9 RjXe
9y 4.5 RjXN

ρ =dyy ;f+K3c h04R F2o
xTmax 10

9y eNkdX9
8y d393Xj
ey 3eNkXy
Lhs σ (Ry18) Ths

ky 3.0 RkXd
jy 3.7 RjX9
9y 4.2 RjX3

ρ =dyy ;f+K3c h048 F2o
xTmax 10

9y eNR8Xk
8y d3kkXy
ey 3e8jXj
Lhs σ (Ry18) Ths

ky 1.6 RRXj
jy 2.0 RRX3
9y 2.3 RkXy

h�#H2 8XjĖ a�K2 �b h�#H2 8XR- #mi +QMbB/2`BM; � p�M�/BmK #2�K 7Q` i?2 BMi2`�+iBQMX



Rk9

8Xj "m`MBM; ;�BM �M/ +QmTHBM; `2bmHib
�7i2` bim/vBM; i?2 +?�`�+i2`BbiB+b Q7 i?2 `2bmHiBM; ?2�i2/ TH�bK� �M/ Bib ?Qi@
bTQi- r2 bim/v i?2 #m`MBM; ;�BM UGburnV- �b Bi Bb � 7mM/�K2Mi�H T�`�K2i2` 7Q`
� bm++2bb7mH Mm+H2�` 7mbBQMX hQ /Q bQ- r2 �TTHv 1[X jXeR- r?B+?- �/�Ti2/ 7Q` �
Tm`2 TH�bK� rBi? ?QKQ;2M2Qmb /2MbBiv- +�M #2 r`Bii2M �b,

Gburn = ρRF
ρRF + HB

· ϵr

6Ths
· R3

F
3Lhsr2

b/4 +
(
R3

F − 3Lhsr2
b/4

) T∗
Ths

, U8XRV

r?2`2 r2 ?�p2 bi�i2/ +H2�` i?2 /2T2M/2M+2 rBi? i?2 `2bmHib Q7 Lhs �M/ Ths i?�i
r2`2 T`2b2Mi2/ �#Qp2X

q2 T`2b2Mi #m`MBM; ;�BM K�Tb �b � 7mM+iBQM Q7 i?2 2M2`;v Q7 i?2 T`QD2+iBH2b
�M/ i?2 ~mt Q7 i?2 #2�KX h?2M- r2 p�`v i?2 `2bi Q7 +QKTQM2Mib Q7 Qm` T�`�K2i2`
bT�+2, i?2 #2�K bT2+B2 �M/ `�/Bmb UrbV- i?2 TH�bK� /2MbBiv UρV- Bib BMBiB�H
i2KT2`�im`2 UT0V �M/ i?2 7m2H `�/Bmb URFVX "m`MBM; ;�BM +QHQm` K�Tb �`2
b?QrM BM 6B;bX 8Xe- 8Xd- 8X3- 8XN �M/ 8XRyX h?2b2 };m`2b �`2 HBKBi2/ #v i?2
B;MBiBQM +m`p2 UGig = 1V �M/ i?2 mTT2` `�M;2 ULh < 2RFVX hQ T`QpB/2 � ;2M2`�H
T2`bT2+iBp2 Q7 ?Qr 2�+? T�`�K2i2` �z2+ib i?2 #m`MBM; ;�BM- r2 ?�p2 i�F2M �b �
`272`2M+2 +�b2 � +�`#QM #2�K *6+ Q7 `�/Bmb rb4R8 µK �M/ � TH�bK� Q7 /2MbBiv
ρ48yy ;f+K3- BMBiB�H i2KT2`�im`2 Q7 T04R F2o �M/ `�/Bmb Q7 RF48y µKX am+?
+�b2 Bb `2T`2b2Mi2/ BM �HH +2Mi`�H T�M2Hb Q7 2�+? };m`2X PM iQT �M/ #QiiQK Q7
i?2 `272`2M+2 T�M2H- r2 �Hi2` QM2 Q7 i?2 }p2 T�`�K2i2`b- H2�pBM; i?2 `2bi }t2/
iQ i?2 `272`2M+2 +�b2X 6`QK 6B;X 8Xe iQ 6B;X 8XRy- }`bi QM2 +?�M;2b i?2 bT2+B2b Q7
i?2 #2�K- b2+QM/ p�`B2b Bib `�/Bmb- i?B`/ i?2 TH�bK� /2MbBiv- 7Qm`i? i?2 BMBiB�H
i2KT2`�im`2 �M/ }7i? i?2 `�/Bmb Q7 i?2 7m2H bT?2`2X 6Q` � T`QT2` +QKT�`BbQM
#2ir22M i?2b2 }p2 };m`2b- r2 ?�p2 }t2/ i?2 +QHQ`#�` 7`QK Gburn ≈ 0 iQ 8yyy-
r?B+? �`2 i?2 KBMBKmK �M/ K�tBKmK p�Hm2b 7QmM/ �HQM; i?2 2tT2`BK2MibX

aim/vBM; i?2 /2T2M/2M+2 Q7 i?2 #m`MBM; ;�BM `2bT2+i iQ i?2 T`QD2+iBH2 2M2`;v
�M/ ~mt Q7 i?2 #2�K- r2 }M/ � bBKBH�` bi`m+im`2 BM �HH ;�BM K�Tb, i?2 ?B;?2`
#m`MBM; 7�+iQ`b �`2 7QmM/ +HQb2 iQ i?2 B;MBiBQM +m`p2- r?2`2 i?2 ?Qi@bTQi `2[mB`2b
H2bb 2M2`;v iQ 7Q`K- #mi biBHH Bb �#H2 iQ `2im`M � bm++2bb7mH +QK#mbiBQMX h?Bb Bb
7QmM/ BM bK�HH `2;BQMb Q7 HQr T`QD2+iBH2 2M2`;v Q` HQr #2�K ~mt- Q` #Qi?X 6Q`
H�`;2 T`QD2+iBH2 2M2`;B2b Q` #2�K ~mt2b- i?2 #m`MBM; ;�BM /2b+2M/b /`�biB+�HHv mT
iQ � #H�MF `2;BQM r?2`2 i?2 `�M;2 Bb H�`;2` i?�M 2RFX 6QHHQrBM; i?2 bi`m+im`2b
7QmM/ BM 6B;X 8XR- r2 �+FMQrH2/;2 `2;BQMb Q7 2/;2- BMi2`K2/B�i2 �M/ +2Mi`�H
?Qi@bTQibX �;�BM- i?2 H�bi QM2b T`2b2Mi +QMbi�Mi #2?�pBQm` rBi? i?2 2M2`;v Q7
i?2 T`QD2+iBH2bX "m`MBM; ;�BM /2T2M/b QM i?2 `�/Bmb �M/ i2KT2`�im`2 Q7 i?2
?Qi@bTQi- bQ- �b #Qi? �`2 7QmM/ iQ #2 +QMbi�Mi U2tTH�BM2/ BM a2+iX jXRRV- i?2
;�BM Bb +QMbi�Mi iQQX



Rk8

o�`vBM; i?2 `2bi Q7 T�`�K2i2`b- �bB/2 7`QK i?2 T`QD2+iBH2 2M2`;v �M/ ~mt Q7
i?2 #2�K- �HHQrb +QKT�`BM; i?2 #m`MBM; ;�BM 2{+B2M+v 7Q` /Bz2`2Mi 2tT2`BK2Mi
b2imTbX _Qr T2` `Qr- r2 }M/,

Ç 6Q` HB;?i2` #2�K bT2+B2b- MQi QMHv Bb Bi /B{+mHi iQ }M/ � +2Mi`�H ?Qi@bTQi-
#mi i?2 `2;BQMb rBi? ?B;? #m`MBM; ;�BM �`2 bK�HH2`X >2�pB2` #2�Kb T`2b2Mi
2H2p�i2/ #m`MBM; ;�BMb BM H�`;2` `2;BQMb +HQb2 iQ i?2 BbQHBM2 Q7 Gig = 1X

Ç aK�HH2` #2�K `�/BB `2i`B2p2 H�`;2` #m`MBM; ;�BMbX 6Q` ?Qi@bTQib Q7 i?2
b�K2 H2M;i? �M/ i2KT2`�im`2- ?�pBM; � HQr2` #2�K `�/Bmb K2�Mb �+?B2p@
BM; i?2 #m`MBM; Q7 i?2 r?QH2 bT?2`2 rBi? � KQ`2 +QKT�+i ?Qi@bTQi pQHmK2-
r?B+? K2�Mb 2KTHQvBM; H2bb 2M2`;vX

Ç >B;?2` TH�bK� /2MbBiB2b T`QpB/2 +QMbB/2`�#H2 H�`;2` ;�BMbX

Ç GQr2` BMBiB�H i2KT2`�im`2b T`QpB/2 H�`;2` `2;BQMb rBi? ?B;?2` ;�BMb- �H@
i?Qm;? Bb MQi � /QKBM�Mi T�`�K2i2` 7Q` +?�M;BM; i?2 `2bmHibX

Ç 6Q` ?Qi@bTQib rBi? b�K2 /BK2MbBQMb- `2/m+BM; i?2 bBx2 Q7 i?2 7m2H bT?2`2
/2+`2�b2b i?2 #m`MBM; ;�BM- �b H2bb K�i2`B�H Bb #m`Mi- �++Q`/BM;Hv iQ 1[X UjXeRVX



Rke

6B;m`2 8XeĖ "m`MBM; ;�BMb BM i?2 Uσ, E0V@bT�+2X *2Mi`�H T�M2H b2`p2b �b `272`2M+2 +�b2-
mbBM; � +�`#QM #2�K *6+ Q7 `�/Bmb rb4R8 µK �M/ � TH�bK� Q7 /2MbBiv ρ48yy ;f+K3- BMBiB�H
i2KT2`�im`2 T04R F2o �M/ `�/Bmb RF48y µKX hQT �M/ #QiiQK T�M2Hb p�`v QM2 T�`�K2i2`
BM `2bT2+i iQ i?2 `272`2M+2 +�b2- H2�pBM; i?2 `2bi }t2/X AM i?Bb +�b2 r2 +?�M;2 i?2 #2�K ivT2
UT+- *6+ �M/ o23+VX



Rkd

6B;m`2 8XdĖ aBKBH�` iQ 6B;X 8Xe- #mi p�`vBM; i?2 #2�K `�/BB Urb4Ry- R8 �M/ ky µKV BM
`2bT2+i iQ i?2 +2Mi`�H `272`2M+2 +�b2X



Rk3

6B;m`2 8X3Ė aBKBH�` iQ 6B;X 8Xe- #mi p�`vBM; i?2 TH�bK� /2MbBiv Uρ = 300- 8yy �M/ dyy µKV
BM `2bT2+i iQ i?2 +2Mi`�H `272`2M+2 +�b2X



RkN

6B;m`2 8XNĖ aBKBH�` iQ 6B;X 8Xe- #mi p�`vBM; i?2 TH�bK� BMBiB�H i2KT2`�im`2 UT0 = 0.5- R
�M/ 8 F2oV BM `2bT2+i iQ i?2 +2Mi`�H `272`2M+2 +�b2X



Rjy

6B;m`2 8XRyĖ aBKBH�` iQ 6B;X 8Xe- #mi p�`vBM; i?2 7m2H bT?2`2 `�/BB URF = 40- 8y �M/
ey µKV BM `2bT2+i iQ i?2 +2Mi`�H `272`2M+2 +�b2X



RjR

6QHHQrBM; i?2 `2bmHib T`2b2Mi2/ BM h�#H2b 8XR- 8Xk �M/ 8Xj- r2 +�H+mH�i2 i?2
#m`MBM; ;�BM p�Hm2b 7QmM/ �i +2Mi`�H ?Qi@bTQib rBi? H2M;i?b Lhs = 20- jy �M/
9y µK- 7Q` � #2�K �M/ TH�bK� `�/BB Q7 R8 �M/ 8y µK- `2bT2+iBp2HvX 6Q` i?2b2
2tT2`BK2Mib- r2 }M/ i?2 K�tBKmK ;�BM p�Hm2b +HQb2 iQ kyyy r?BH2 KBMBKmK
�#Qp2 8yyX �b BM i?2 #m`MBM; };m`2b /BbTH�v2/ BM i?Bb b2+iBQM- H�`;2` ?Qi@bTQi
H2M;i?b �`2 HQ+�i2/ �i ?B;?2` ~mt2b �M/ `2im`M HQr2` ;�BMbX h?2M- i?2b2 i�#H2b
b?Qr ?Qr i?2 #m`MBM; ;�BM BM+`2�b2b rBi? i?2 /2MbBiv �M/ HQr2`b B7 i?2 BMBiB�H
i2KT2`�im`2 /Q2bX q?2M +?�M;BM; i?2 BQM +?�`;2- 7Q` i?2 b�K2 ?Qi@bTQi H2M;i?-
r2 }M/ i?�i ?2�pB2` BQMb `2im`M HQr2` #m`MBM; ;�BMbX h?Bb KB;?i b22K +QMi`�@
/B+iQ`v rBi? i?2 `2bmHib Q7 6B;X 8Xe- BM r?B+? r2 }M/ H�`;2` `2;BQMb rBi? ?B;?
;�BM p�Hm2b 7Q` ?B;?@w #2�KbX >Qr2p2`- r2 MQi2 ?Qr BMi2`T`2iBM; i?2 ;2M2`�H
/Bbi`B#miBQM Q7 `2bmHib BM i?2 Uσ, E0V@bT�+2 Bb MQi 2[mBp�H2Mi iQ +?2+FBM; i?2 2t@
�+i TQbBiBQM Q7 i?2 Lhs- r?B+? 7�HH �i /Bz2`2Mi TQbBiBQMb BM `2bT2+i iQ i?2 ;�BM
K�TbX

"2�K, T+

ρ =jyyc h04yX8
Lhs Gburn

ky ReR8Xj
jy RyyeX9
9y 3ykXe

ρ =jyyc h04R
Lhs Gburn

ky RedkXd
jy RRkyXd
9y 3edXk

ρ =jyyc h048
Lhs Gburn

ky @
jy @
9y @

ρ =8yyc h04yX8
Lhs Gburn

ky R3kyXN
jy Rje3X9
9y RRyyX3

ρ =8yyc h04R
Lhs Gburn

ky R3kjXe
jy Rj3dX9
9y RRyjXj

ρ =8yyc h048
Lhs Gburn

ky kRj9Xk
jy RdRkXk
9y RRejXN

ρ =dyyc h04yX8
Lhs Gburn

ky kye3XN
jy Rey3Xy
9y RkNeX9

ρ =dyyc h04R
Lhs Gburn

ky kRkjX3
jy ReR3X8
9y RkNNXR

ρ =dyyc h048
Lhs Gburn

ky kj99XN
jy RNjkXe
9y R938Xd

h�#H2 8X9Ė LmK2`B+�H `2bmHib Q7 i?2 #m`MBM; ;�BM 7Q` i?2 b�K2 b2i Q7 +�b2b Q7 BMi2`2bi �b
BM h�#H2 8XR- i?Bb Bb- +QMbB/2`BM; � T`QiQM #2�K 7Q` i?2 BMi2`�+iBQMX h?2 b2H2+i2/ +�b2b �`2
H2M;i?b Q7 i?2 ?Qi@bTQi bm+? �b Lhs4ky- jy Q` 9y µKX q2 T`QpB/2 `2bmHib 7Q` 2�+? /2MbBiv
Uρ4jyy- 8yy �M/ dyy ;f+K3V �M/ BMBiB�H i2KT2`�im`2b Q7 i?2 TH�bK� UT04yX8- R- 8 F2oVX "2�K
�M/ 7m2H `�/BB }t2/ �i R8 �M/ 8y µK- `2bT2+iBp2Hv



Rjk

"2�K, *6+

ρ =jyyc h04yX8
Lhs Gburn

ky Rj9kXk
jy Nd9XR
9y d89XN

ρ =jyyc h04R
Lhs Gburn

ky Rj88X9
jy N39XN
9y deRX3

ρ =jyyc h048
Lhs Gburn

ky R98jX9
jy RyRNXR
9y 3keXR

ρ =8yyc h04yX8
Lhs Gburn

ky RdjdX8
jy Rk3NXe
9y RyyNXy

ρ =8yyc h04R
Lhs Gburn

ky Rd8jXR
jy RkNdXR
9y RyRNXk

ρ =8yyc h048
Lhs Gburn

ky R38kXN
jy Rj39Xk
9y RRykX8

ρ =dyyc h04yX8
Lhs Gburn

ky RN38Xk
jy R9NRX8
9y RRdNXN

ρ =dyyc h04R
Lhs Gburn

ky RN3NXd
jy R9NdXd
9y RR3NXe

ρ =dyyc h048
Lhs Gburn

ky ky3NXy
jy R8N3Xy
9y Rk3eXj

h�#H2 8X8Ė a�K2 �b h�#H2 8X9- #mi +QMbB/2`BM; � +�`#QM #2�K 7Q` i?2 BMi2`�+iBQMX

"2�K, o23+

ρ =jyyc h04yX8
Lhs Gburn

ky Rk9dXj
jy 33yXN
9y edjXd

ρ =jyyc h04R
Lhs Gburn

ky Rk88Xe
jy 33NXd
9y e3kX8

ρ =jyyc h048
Lhs Gburn

ky Rj8kX9
jy Ne3Xe
9y d8yXN

ρ =8yyc h04yX8
Lhs Gburn

ky ReyNXe
jy RRejXN
9y NyeXk

ρ =8yyc h04R
Lhs Gburn

ky ReRyXN
jy RRdjXj
9y NRjX9

ρ =8yyc h048
Lhs Gburn

ky Rdj9X8
jy Rk3eXe
9y RyRkXR

ρ =dyyc h04yX8
Lhs Gburn

ky R3j9XN
jy Rj8eXk
9y RyedXN

ρ =dyyc h04R
Lhs Gburn

ky R3jdXe
jy RjekXN
9y Ryd3Xd

ρ =dyyc h048
Lhs Gburn

ky RNeNXN
jy R9NRXd
9y RRNeXN

h�#H2 8XeĖ a�K2 �b h�#H2 8X9- #mi +QMbB/2`BM; � p�M�/BmK #2�K 7Q` i?2 BMi2`�+iBQMX

"2bB/2b 7`QK i?2 #m`MBM; ;�BM Bi Bb rQ`i? [m�MiB7vBM; i?2 2M2`;v /2TQbBi2/ BM
i?2 ?Qi@bTQi BM `2bT2+i iQ i?2 2M2`;v BMi`Q/m+2/ #v i?2 #2�K U∆Ehs/EbV- i?Bb Bb-
i?2 +QmTHBM; Ub22 a2+iX jXNVX GQr +QmTHBM; p�Hm2b BM/B+�i2 i?�i T�`i Q7 i?2 2M2`;v



Rjj

7`QK i?2 #2�K Bb HQbi BM `2;BQMb i?�i /Q MQi +`2�i2 B;MBiBQMX 6B`bi- r2 �//`2bb
i?2 2M2`;v Q7 i?2 #2�K �M/ i?2 2M2`;v /2TQbBi2/ BM i?2 ?Qi@bTQi BM/2T2M/2MiHvX
h?mb- BM 6B;X 8XRR r2 b?Qr #Qi? K�;MBim/2b BM b2T�`�i2/ +QHmKMb Q7 T�M2Hb- 7Q`
/Bz2`2Mi BQM +?�`;2bX q2 `2KBM/ i?�i i?2 2M2`;v Q7 i?2 #2�K Bb 2[mBp�H2Mi iQ
i?2 2M2`;v /2TQbBi2/ BM i?2 r?QH2 ?2�i2/ `2;BQM UBM �#b2M+2 Q7 � +Q`QM�VX *HQb2
iQ i?2 B;MBiBQM +m`p2 r2 }M/ #2�K 2M2`;B2b #2ir22M Eb ! 0 �M/ K�tBKmK
p�Hm2b Q7 jy- ky �M/ Ry FC- 7Q` T`QiQM- +�`#QM �M/ p�M�/BmK BQMb- `2bT2+iBp2HvX
PM i?2 Qi?2` ?�M/- i?2 ?Qi@bTQi 2M2`;B2b �bbQ+B�i2/ iQ i?2 B;MBiBQM +m`p2 �`2
7QmM/ BM �M BMi2`p�H #2ir22M ∆Ehs ! 0 �M/ 8 FCX h?2b2 `2bmHib �`2 7QmM/ rBi?BM
i?2 BMi2`p�H /2/m+2/ 7`QK h�#H2b 8XR- 8Xk �M/ 8XjRX h?2 `2;BQM +HQb2 iQ i?2
B;MBiBQM +m`p2 Bb Q7 ;`2�i BMi2`2bi- �b Bi `2T`2b2Mib i?Qb2 +�b2b r?2`2 KBMBKmK
2M2`;v Bb BMp2bi2/ iQ +`2�i2 � ?Qi@bTQi i?�i rBHH #m`M i?2 7m2H- �b r�b b?QrM
rBi? i?2 T`2pBQmb #m`MBM; ;�BM `2bmHibX h?2M- i?2 K�tBKmK p�Hm2b 7QmM/ 7Q`
#Qi? Eb �M/ ∆Ehs +Q``2bTQM/ iQ dy- d8 �M/ 3y FC- r?2M BM+`2�bBM; i?2 BQM
+?�`;2X h?2 /Bbi`B#miBQM Q7 `2bmHib BM i?2 Uσ, E0V@bT�+2 Bb bBKBH�` #2ir22M Eb
�M/ Ehs 7Q` 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQib- �Hi?Qm;? Bi p�`B2b r?2M +2Mi`�H
?Qi@bTQib �`2 +`2�i2/X

Rq2 `2KBM/ i?2 `2bmHib 2ti`�+i2/ 7`QK h�#H2b 8XR- 8Xk �M/ 8Xj +QMbB/2`2/ � Km+? /Bp2`b2
bT�M Q7 TH�bK� +QM/BiBQMb- i?2`27Q`2 }M/BM; � rB/2` `�M;2 Q7 Eb �M/ ∆Ehs `2bmHib BM i?2
B;MBiBQM +m`p2X



Rj9

6B;m`2 8XRRĖ 1M2`;v Q7 i?2 #2�K UH27i +QHmKMV �M/ 2M2`;v /2TQbBi2/ BM i?2 ?Qi@bTQi
U`B;?i +QHmKMV 7Q` /Bz2`2Mi BQMb- BM `2bT2+i iQ i?2 Uσ, E0V@bT�+2X



Rj8

h?2M- BM 6B;X 8XRk r2 b?Qr �M 2ti2M/2/ bim/v Q7 i?2 +QmTHBM; 2{+B2M+v
`2bmHibX h?2 +2Mi`�H +QHmKM b2`p2b �b `272`2M+2 +�b2- mbBM; � +�`#QM #2�K- �
TH�bK� Q7 /2MbBiv ρ48yy ;f+K3 �M/ �M BMBiB�H i2KT2`�im`2 T04R F2oX G27i �M/
`B;?i +QHmKMb �`2 p�`B�iBQMb BM `2bT2+i iQ i?2 `272`2M+2 +�b2X 1�+? `Qr p�`B2b
QM2 Q7 i?2b2 i?`22 T�`�K2i2`b r?BH2 H2�pBM; i?2 `2bi }t2/- �b i?2 iBiH2 Q7 2�+?
T�M2H BM/B+�i2bX h?2 #2�K �M/ 7m2H `�/BB �`2 MQi +QMbB/2`2/ BM i?Bb +�b2- �b i?2
+QmTHBM; Bb BM/2T2M/2Mi Q7 i?2KX *QMb2[m2MiHv- i?2`2 Bb MQ M22/ iQ HBKBi i?2
+QHQm`2/ K�T iQ Lh < 2RF 2Bi?2`X

h?2 ;2M2`�H #2?�pBQm` Q7 i?2 +QmTHBM; BM i?2 Uσ, E0V@bT�+2 Bb /BbiBM;mBb?�#H2
BM irQ xQM2bX AM i?2 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMb i?2`2 Bb �M BM+`2�b2
K�BMHv /QKBM�i2/ #v i?2 ~mt �M/ b2+QM/�`BHv #v i?2 2M2`;v Q7 i?2 T`QD2+iBH2bX
AM i?2 +2Mi`�H ?Qi@bTQi `2;BQM- r2 }M/ � T�H2ii2 Q7 BM+`2�bBM; +QmTHBM; 2{+B2M@
+B2b- KQbiHv /2T2M/2Mi QM i?2 #2�K ~mtX h?Bb +?�M;2 BM i?2 7mM+iBQM�H b?�T2
/2T2M/b K�BMHv QM i?2 +?�`;2 Q7 i?2 BQM #2�KX >B;?2` #2�K bT2+B2b BM+`2�b2
i?2 +2Mi`�H ?Qi@bTQi `2;BQM �M/ `2p2�H bm+? T�H2ii2 Q7 +QmTHBM;bX q?2M p�`vBM;
i?2 /2MbBiv Q` i?2 BMBiB�H i2KT2`�im`2- i?2 +QHQ`K�Tb Q7 i?2 +QmTHBM; /Q2b MQi
+?�M;2 `Qm;?HvX �Hi?Qm;?- BM +�b2b rBi? b�K2 Uσ, E0V@p�Hm2b- r2 }M/,

Ç AM i?2 2/;2@BMi2`K2/B�i2 ?Qi@bTQi `2;BQM- BM+`2�bBM; i?2 /2MbBiv /2+`2�b2b
i?2 +QmTHBM;X AM i?2 +2Mi`�H ?Qi@bTQi `2;BQM- Bi ?�TT2Mb i?2 QTTQbBi2X

Ç q?2M BM+`2�bBM; i?2 BMBiB�H i2KT2`�im`2 Q7 i?2 TH�bK� UT0V i?2 +QmTHBM;
BM+`2�b2b BM �HH `2;BQMbX

h?2 F2v `2bmHi iQ �//`2bb Bb i?�i- 7Q` +2Mi`�H ?Qi@bTQib- i?2 +QmTHBM; /Q2b MQi
`2�+? i?2 ?B;?2bi +QmTHBM; p�Hm2b- �b bQK2 2M2`;v Q7 i?2 #2�K Bb /2TQbBi2/ BM
i?2 #2;BMMBM; Q7 i?2 TH�bK� BM Q`/2` iQ T2M2i`�i2 i?2 7m2H mT iQ i?2 +2Mi`2-
r?2`2 i?2 ?Qi@bTQi �TT2�`bX



Rje

6B;m`2 8XRkĖ *QmTHBM; #2ir22M i?2 ?Qi@bTQi �M/ i?2 #2�K 2M2`;v U∆Ehs/EbV 7Q` /Bz2`2Mi
#2�K@TH�bK� +QM/BiBQMb- BM i?2 Uσ, E0V@bT�+2X h?2 +2Mi`�H +QHmKM b2`p2b �b `272`2M+2 +�b2
U*6+- ρ48yy ;f+K3- T04R F2oVX G27i �M/ `B;?i +QHmKMb �`2 p�`B�iBQMb BM `2bT2+i iQ i?2
`272`2M+2 +�b2X 1�+? `Qr p�`B2b QM2 Q7 i?2b2 T�`�K2i2`b r?BH2 H2�pBM; i?2 `2bi }t2/X



Rjd

h?2 HQr2bi +QmTHBM; Bb 7QmM/ M2�` i?2 B;MBiBQM +m`p2 UGig = 1V- r?B+? Bb
i?2 `2;BQM r?2`2 i?2 ?B;?2bi #m`MBM; ;�BM Bb HQ+�i2/X *`2�iBM; i?2 bT�`F BM
i?2 +2Mi`2 Q7 i?2 7m2H Bb �/p�Mi�;2Qmb 7Q` i?2 6A- ?Qr2p2`- 7Q` +2Mi`�H ?Qi@
bTQib i?2 +QmTHBM; 2{+B2M+v M2p2` `2�+?2b Bib QTiBKmK p�Hm2X � +QKT`QKBb2
#2ir22M T`QT2` #m`MBM; ;�BM- i?2 +QmTHBM; 2{+B2M+v �M/ }M/BM; � +2Mi`�H ?Qi@
bTQi Kmbi #2 i�F2MX hQ �//`2bb bm+? T`Q#H2K- BM 6B;X 8XRj r2 `2T`2b2Mi i?2
T`Q/m+i #2ir22M #Qi? T�`�K2i2`b- Gburn ×(∆Ehs/Eb)- �M/ r2 /BbTH�v i?2 HBM2b
/2HBKBiBM; i?2 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMb U;`22M /Qii2/ HBM2V �M/
i?2 BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMb UTm`TH2 /�b?2/ HBM2VX 6Q` i?Bb
2t�KTH2 r2 i�F2 i?2 b�K2 `272`2M+2 +�b2b Q7 6B;X 8Xe- i?Bb Bb- T`QiQM- +�`#QM
�M/ p�M�/BmK #2�Kb Q7 `�/Bmb rb4R8 µK �M/ � TH�bK� Q7 /2MbBiv ρ48yy ;f+K3-
BMBiB�H i2KT2`�im`2 T04R F2o �M/ `�/Bmb RF48y µKX

q2 }M/ i?2 ?B;?2bi p�Hm2b 7Q` 2/;2 ?Qi@bTQib Up2`v b?Q`i �M/ MQi 2ti`2K2Hv
?QiV- �i ?B;? ~mt2b �M/ HQr T`QD2+iBH2 2M2`;B2bX 6Q` +2Mi`�H ?Qi@bTQib- i?2 `2bmHib
�`2 KQ`2 +QM+2`MBM;- �b i?2 #m`MBM; ;�BM /2b+2M/b r?2M BM+`2�bBM; i?2 ~mt �M/
i?2 +QmTHBM; /2b+2M/b r?2M �m;K2MiBM; i?2 T`QD2+iBH2 2M2`;vX >2�pB2` #2�Kb
T`2b2Mi KQ`2 7�pQm`�#H2 `2bmHib BM H�`;2` `2;BQMb Q7 i?2 bim/B2/ bT�+2X h?mb-
�M QTiBK�H i`�/2@Qz #2ir22M #m`MBM;- +QmTHBM; �M/ }M/BM; � +2Mi`�H ?Qi@bTQi
rQmH/ �TT2�`- 7Q` 2t�KTH2- r?2M b2H2+iBM; � +�`#QM BQM #2�K- �i E0 ≈ eyy J2o
�M/ σ ≈ 2.5 · 1019 ;f+K2 UGburn × (∆Ehs/Eb) ≈ 900VX AM bm+? TQBMi r2 }M/ �
#�H�M+2/ ;�BM �M/ +QmTHBM;- rBi? � ?Qi@bTQi +2Mi`2/ �i jy µK- rBi? irB+2 i?2
H2M;i? Q7 i?2 #2�K `�/Bmb Lhs ≈ 30 µK UBX2X r?2`2 �bbmKBM; � bT?2`2 b?�T2 7Q`
i?2 ?Qi@bTQi Bb i?2 #2ii2`VX �i E0 ≈ 3yy J2o r2 rBHH }M/ � bBKBH�` ?Qi@bTQi-
#mi TQbBiBQM2/ 2t�+iHv BM i?2 +2Mi`2 Q7 i?2 7m2H bT?2`2 �M/ rBi? � HQr2` +QmTHBM;
UGburn × (∆Ehs/Eb) ≈ 700VX



Rj3

6B;m`2 8XRjĖ S`Q/m+i Q7 i?2 #m`MBM; ;�BM �M/ +QmTHBM;- Gburn ×(∆Ehs/Eb) BM i?2 Uσ, E0V@
bT�+2X q2 b2H2+i T+ UiQTV- *6+ UKB//H2V �M/ o23+ U#QiiQKV #2�Kb Q7 `�/Bmb rb4R8 µK �M/
� TH�bK� Q7 /2MbBiv ρ48yy ;f+K3- BMBiB�H i2KT2`�im`2 T04R F2o �M/ `�/Bmb RF48y µKX



RjN

8X9 _2bmHib rBi? � 7m2H +Q`QM�

AM i?Bb b2+iBQM r2 T2`7Q`K � bBKBH�` bim/v iQ i?2 QM2 �#Qp2- #mi +QMbB/2`BM;
� +Q`QM� 7Q` i?2 7m2H bT?2`2- BM Q`/2` iQ /2i2`KBM2 i?2 /Bz2`2M+2b rBi? i?2
QMHv@+Q`2 +�b2X h?Bb BKTHB2b i?2 #2�K i`�p2Hb i?`Qm;? � `2;BQM Q7 HQr /2MbBiv
�M/ Bib T�`iB+H2b ?�p2 � T`2pBQmb bHQrBM; /QrM BM i?2 T`Q+2bb- `2�+?BM; i?2 +Q`2
rBi? H2bb 2M2`;v +QKT�`2/ iQ i?2 MQM@+Q`QM� b+2M�`BQX h?2 +QM/BiBQMb Q7 i?2
2tT2`BK2Mi �`2 i?2 b�K2 �b BM 6B;X 8XR- #mi- iQ 2t2KTHB7v i?2 BKT�+i Q7 i?2
+Q`QM�- r2 +?Qb2 i?2 bT�iB�H �M/ /2MbBiv /Bbi`B#miBQM Q7 6B;X jXkX h?�i Bb- r2
+QMbB/2` � +Q`QM� Q7 HQr /2MbBiv Uρc = 10 ;f+K3V +Qp2`BM; Ryy µK- 7QHHQr2/ #v
� +Q`QM�@+Q`2 i`�MbBiBQM `2;BQM Q7 ky µK rBi? p�`B�#H2 /2MbBiv- �M/- �i H�bi- i?2
+QMbi�Mi T�`i Q7 i?2 +Q`2 rBi? � /B�K2i2` i?�i K2�bm`2b �TT`QtBK�i2Hv Ryy µK-
r?B+? +Q``2bTQM/b iQ KQbi Q7 i?2 2tT2`BK2Mib T2`7Q`K2/ BM i?2 b2+iBQMb #27Q`2-
r?2`2 RF = 50 µKX

6B`bi- r2 r�Mi iQ �//`2bb i?2 bi�i2 Q7 i?2 +Q`2 �7i2` #2BM; ?2�i2/X hQ /Q bQ-
BM 6B;X 8XR9 r2 /BbTH�v i?2 H2M;i? �M/ i2KT2`�im`2 `2bmHib 7Q` T`QiQM- +�`#QM
�M/ p�M�/BmK #2�KbX h?2b2 `2bmHib �`2 K2�Mi iQ #2 +QKT�`2/ rBi? i?Qb2 Q7
6B;X 8XRX h?2v �`2 +�H+mH�i2/ BM i?2 b�K2 Uσ, E0V@`�M;2- 7Q` � #2ii2` +QKT�`BbQM
rBi? i?2 MQM@+Q`QM� +�b2- �M/ �`2 /BbTH�v2/ 7QHHQrBM; i?2 b�K2 HBM2bivH2 iQ
/2bB;M�i2 2�+? T�`�K2i2`X h?2 KQbi `2K�`F�#H2 `2bmHi- BM `2bT2+i iQ i?2 +�b2
rBi?Qmi +Q`QM�- Bb � /BbTH�+2K2Mi Q7 �HH `2bmHib iQ bmT2`BQ` p�Hm2b Q7 E0X AM Qi?2`
rQ`/b- i?2 ;2M2`�H #2?�pBQm` Bb i?2 b�K2- #mi- r?2M +QMbB/2`BM; i?2 +Q`QM�- i?2
T`QD2+iBH2b `2[mB`2 KQ`2 2M2`;v iQ �+?B2p2 i?2 b�K2 /2Ti?- bQ �HH i?2 `2bmHib �`2
KQp2/ iQ ?B;?2` 2M2`;B2bX 6Q` BMbi�M+2- `2�+?BM; xTmax = 50 µK rBi? � +�`#QM
#2�K M22/b �#Qmi 800 J2o 7Q` i?2 MQM@+Q`QM� +�b2 �M/ 900 J2oX � bBKBH�`
#2?�pBQm` Bb 7QmM/ 7Q` Lh BbQHBM2b- r?B+? KQp2 iQ ?B;?2` 2M2`;B2bX h?2 b?�T2
Q7 Tx=0 BbQHBM2b #2+QK2b M�``Qr2` rBi? i?2 t@�tBbX h?Bb Bb /m2 iQ i?2 KBMBKmK
2M2`;v M2+2bb�`v iQ `2�+? B;MBiBQM #2BM; ?B;?2` �M/ i?2 Tx=0 = Tig i?`2b?QH/
Ub?QrM BM Tm`TH2V #2BM; bi22T2`X PM i?2 Qi?2` ?�M/- QM+2 i?2 +2Mi`�H ?Qi@bTQi
`2;BQM Bb `2�+?2/- i?2 `2bmHib 7Q` Lhs �M/ Ths �`2 i?2 b�K2 rBi? Q` rBi?Qmi
+Q`QM� U+QMbi�Mi BM `2bT2+i iQ E0V- �b BM Qm` 2tT2`BK2Mi +QMbB/2`BM; � +Q`QM�
`2;BQM /Q2b MQi +?�M;2 i?2 /2T2M/2M+v rBi? i?2 ~mtX *QKT�`�#Hv- BM i?2
BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMb- Tmax T`2b2Mib � bBKBH�` #2?�pBQm`X
AM ;2M2`�H- i?2b2 `2bmHib BM/B+�i2 i?�i i?2 b�K2 +QM/BiBQMb 7Q` i?2 ?2�i2/ TH�bK�
+�M #2 `2�+?2/ #v }M2Hv imMBM; i?2 T`QT2` #2�K +QM/BiBQMbX

a2+QM/Hv- 6B;X 8XR8 b2`p2b �b �M 2t�KTH2 iQ �M�Hvb2 i?2 +?�M;2b Q7 Gig = 1-
i?2 Uσ, E0V@bT�+2 r?2`2 i?2 B;MBiBQM +�M i�F2 TH�+2- �b r2HH �b Gburn- rBi?
�M/ rBi?Qmi +Q`QM� UH27i �M/ `B;?i +QHmKMb- `2bT2+iBp2HvVX q2 b2H2+i i?2 b�K2
`272`2M+2 +�b2b Q7 6B;X 8Xe UBX2X T`QiQM- +�`#QM �M/ p�M�/BmK #2�Kb Q7 rb =
15 µK- ρ = 500 ;f+K3- T0 = 1 F2o �M/ RF = 50 µKVX �b 2tT2+i2/- i?2



R9y

6B;m`2 8XR9Ė _2bmHib 7Q` i?2 2tT2`BK2Mib Q7 6B;X 8XR- #mi +QMbB/2`BM; � +Q`QM� Q7 p�`B�#H2
/2MbBivX h?2 HBM2bivH2 Q7 i?2 BbQHBM2b iQ /2bB;M�i2 2�+? T�`�K2i2` Bb �HbQ i?2 b�K2 iQ i?2 QM2
Q7 i?�i };m`2X

B;MBiBQM i?`2b?QH/ U�b #H�+F i?B+F HBM2V ?�b #22M /BbTH�+2/ BMiQ ?B;?2` 2M2`;B2b-
bQ i?2 KBMBKmK T`QD2+iBH2 2M2`;v UE0 min,igV rQmH/ `2[mB`2 ;`2�i2` p�Hm2bX 6Q`
2t�KTH2- r?2M +QKT�`BM; rBi? i?2 KBMBKmK 2M2`;v Q7 i?2 MQM@+Q`QM� +�b2 Ub22



R9R

h�#H2 9X9V- 7Q` ρ = 500 ;f+K3- BM i?2 +Q`QM� +�b2 r2 }M/ E0 min,ig ≈ 2.2 J2o
7Q` T`QiQMb- Ryy J2o 7Q` +�`#QM �M/ Rje8 J2o 7Q` p�M�/BmKX h?Bb BKTHB2b i?2
i?`2b?QH/b BM+`2�b2 #v � RyyyW- RkdyW �M/ kR9jyW- `2bT2+iBp2HvX JQ`2Qp2`- i?2
p2`iB+�H H27i HBKBi r2 7QmM/ BM 6B;X 8XR8 Bb MQi �b bi`�B;?i �Mv KQ`2- bQ E0 min,ig
Bb MQi +QKTH2i2Hv `2T`2b2Mi�iBp2 Q7 i?2 `�M;2 Q7 bim/vX q2 r�Mi iQ MQi2 i?�i
E0 max BM+`2�b2b +Q``2bTQM/BM;Hv �M/ i?�i σmin,ig Bb i?2 b�K2 �b BM i?2 MQM@
+Q`QM� +�b2X qBi? `2;�`/ iQ i?2 #m`MBM; ;�BM- �bB/2 7`QK i?2 /BbTH�+2K2Mi Q7
i?2 `2bmHib BM i?2 t@�tBb- i?2 TQbbB#H2 KBMBKmK �M/ K�tBKmK p�Hm2b Q7 Gburn
�`2 i?2 b�K2- 7`QK y iQ 9yyy- QMHv KQ`2 2M2`;v Bb `2[mB`2/ iQ `2�+? i?2 b�K2
Gburn p�Hm2bX

h?B`/Hv- rBi? 6B;X 8XRe r2 2t2KTH�`v +QKT�`2 i?2 +?�M;2b BM i?2 +QmTHBM;
U∆Ehs/∆EbV rBi? i?Qb2 Q7 6B;X 8XRk UBX2X ρ = 500 ;f+K3- T0 = 1 F2oV 7Q`
T`QiQM- +�`#QM �M/ p�M�/BmK #2�KbX h?Bb Bb- i?2 MQM@+Q`QM� +�b2 UH27i +QHmKM
Q7 T�M2HbV �M/ i?2 7m2H +QMbB/2`BM; � +Q`QM� U`B;?i +QHmKM Q7 T�M2HbVX �b #27Q`2-
2p2`v `2bmHi Bb /BbTH�+2/ iQ ?B;? 2M2`;v `2;BQMbX >Qr2p2`- BM i?Bb +�b2- i?2
BKTHB+�iBQMb Q7 +QMbB/2`BM; i?2 +Q`QM� �`2 KQ`2 bB;MB}+�MiX AM ;2M2`�H- i?2
+QmTHBM; p�Hm2b �`2 `2/m+2/ �M/ /Bbi`B#mi2/ /Bz2`2MiHvX GQr2` +QmTHBM;b �`2
KQ`2 T`2/QKBM�Mi BM i?2 2/;2 ?Qi@bTQi `2;BQM �M/ i?2 b?�T2 Q7 i?2b2 +QMiQm`b
Bb /Bz2`2MiX LQr- 2�+? `2;BQM Bb H2bb `QmM/2/- +QMbi`�BM2/ #v �M �HKQbi bi`�B;?i
p2`iB+�H HBM2X h?2 +2Mi`�H ?Qi@bTQi `2;BQM Bb KQ`2 bBKBH�` iQ i?2 MQM@+Q`QM�
b?�T2- b?QrBM; �;�BM i?2 `2bmHib �b � T�H2ii2 Q7 +QmTHBM; p�Hm2bX h?2b2 +?�M;2b
Q++m` #2+�mb2 � T�`i Q7 i?2 #2�K 2M2`;v Bb +QMbBbi2MiHv HQbi BM i?2 +Q`QM�X
"2�Kb i?�i +`2�i2 2/;2 ?Qi@bTQib HQb2 KQ`2 2M2`;v BM i?2 +Q`QM�- H2�/BM; iQ i?2
p2`iB+�H T�H2ii2 Q7 p�Hm2b 7QmM/ MQr 7Q` i?2 +QmTHBM;X *QMi`�`BHv- 7Q` +2Mi`�H ?Qi@
bTQib- i?2 +Q`QM� Bb KQ`2 i`�MbT�`2Mi 7Q` i?2 #2�K- }M/BM; KQ`2 �HBF2 `2bmHib iQ
i?Qb2 Q7 i?2 MQM@+Q`QM� +�b2X q2 r�Mi iQ ?B;?HB;?i i?�i- #27Q`2- r2 2tTH�BM2/
i?�i Bi r�b TQbbB#H2 iQ Q#i�BM i?2 b�K2 ?2�i2/ TH�bK� +QM/BiBQMb BM i?2 MQM@
+Q`QM� �M/ +Q`QM� +�b2b #v �/DmbiBM; i?2 #2�K +?�`�+i2`BbiB+b UK�BMHv i?2
2M2`;v Q7 i?2 T`QD2+iBH2bVX >Qr2p2`- i?2 +QmTHBM; /Q2b MQi 7QHHQr i?Bb #2?�pBQm`-
#2BM; MQi i?�i 2�bBHv imM�#H2X 6Q` 2t�KTH2- BM i?2 +Q`QM� +�b2- `2�+?BM; �
+QmTHBM; +HQb2 iQ QM2 U∆Ehs/Eb ≈ 1V Bb Q7i2M MQi TQbbB#H2 BM i?2 bim/B2/ `�M;2b
Q7 Uσ, E0V- BM +QKT�`BbQM iQ i?2 MQM@+Q`QM� 7m2HX



R9k

6B;m`2 8XR8Ė "m`MBM; ;�BMb BM i?2 Uσ, E0V@bT�+2X h?2 2tT2`BK2Mib +QMbB/2`2/ �`2 i?2
b�K2 �b BM 6B;X 8Xe Urb = 15 µK- ρ = 500 ;f+K3- T0 = 1 F2o- RF = 50 µKV 7Q` T`QiQM UiQT
`QrV- +�`#QM UKB//H2 `QrV �M/ p�M�/BmK U#QiiQK `QrV #2�KbX h?2 H27i +QHmKM Bb mb2/ �b
i?2 `272`2M+2 +�b2 rBi?Qmi +Q`QM� �M/ i?2 `B;?i +QHmKMb /Q +QMbB/2` � +Q`QM�X



R9j

6B;m`2 8XReĖ *QmTHBM; 2{+B2M+v #2ir22M i?2 ?Qi@bTQi �M/ i?2 #2�K 2M2`;v BM i?2 Uσ, E0V@
bT�+2X h?2 2tT2`BK2Mi +QMbB/2`2/ Bb i?2 b�K2 �b i?2 +2Mi`�H T�M2H 8XRk Uρ = 500 ;f+K3-
T0 = 1 F2oV 7Q` T`QiQM UiQT `QrV- +�`#QM UKB//H2 `QrV �M/ p�M�/BmK U#QiiQK `QrV #2�KbX
h?2 H27i +QHmKM Bb mb2/ �b i?2 `272`2M+2 +�b2 rBi?Qmi +Q`QM� �M/ i?2 `B;?i +QHmKMb /Q +QMbB/2`
� +Q`QM�X



R99

�b � #QiiQK HBM2- r2 +�M b�v i?�i `2bmHib �`2 bBKBH�` #mi /BbTH�+2/ iQ ?B;?2`
2M2`;B2b- 2t+2Ti 7Q` i?2 +QmTHBM; p�Hm2b- i?�i KB;?i #2 HQr2` �M/ HQ+�i2/ /Bz2`@
2MiHvX h?mb- BM Q`/2` iQ �//`2bb i?2 MQM@+Q`QM� �TT`QtBK�iBQM- Bi Bb M2+2bb�`v
iQ +QMbB/2` i?2 +?�M;2 BM T`QD2+iBH2 2M2`;B2b Q` iQ +`2�i2 �M 2tT2`BK2Mi r?2`2
i?2 #2�K bQm`+2 Bb �b +HQb2 iQ i?2 +Q`2 �b TQbbB#H2X



6
aBKmH�iBQM �M/ �M�HvbBb Q7 i?2

#2�K@TH�bK� BMi2`�+iBQM Q7
KQMQ2M2`;2iB+ BQM #2�Kb rBi? /QT2/

.h 7m2Hb
AM i?Bb +?�Ti2`- � ?m;2 MmK#2` Q7 MmK2`B+�H bBKmH�iBQMb r2`2 T2`7Q`K2/ iQ
bim/v Q7 i?2 BMi2`�+iBQM #2ir22M � 7�bi KQMQ2M2`;2iB+ BQM #2�K �M/ /QT2/ .h
7m2HX hQ 2t2KTHB7v i?2 #2?�pBQm` Q7 � 7m2H i?�i Bb MQi Tm`2- r2 ?�p2 +?Qb2M
p�`BQmb BQM #2�Kb �M/ � TH�bK� /QT2/ rBi? 7mHHv BQMBx2/ BKTm`BiB2b U"2- *- �H
�M/ *mV �i /Bz2`2Mi +QM+2Mi`�iBQMbX �b 2tTH�BM2/ �i i?2 #2;BMMBM; Q7 *?�T@
i2` j- /m`BM; i?2 +QKT`2bbBQM T`Q+2bb- i`�+2b Q7 i?2 �#H�iQ` K�i2`B�H ;2i KBt2/
rBi? i?2 .h 7m2HX h?2`27Q`2- �M�HvbBM; i?2 BM~m2M+2 Q7 i?2 BKTm`BiB2b QM i?2
+?�`�+i2`BbiB+ T�`�K2i2`b Q7 i?2 ?Qi@bTQib ;2M2`�i2/ BM 6A Bb F2v 7Q` � KQ`2
`2�HBbiB+ bim/vX q2 T`2b2Mi i?2 `2bmHib Q7 i?2 ?2�i2/ TH�bK� �M/ i?2 ?Qi@bTQi-
i?2 b2H7@?2�iBM;- i?2 B;MBiBQM +m`p2b- i?2 #m`MBM; ;�BM �M/ i?2 +QmTHBM; Q7 bm+?
/QT2/ .h TH�bK�X qBi? i?2 BM+HmbBQM Q7 /Bz2`2Mi /QT�Mib �M/ +QM+2Mi`�iBQMb-
i?2 MmK#2` Q7 p�`B�#H2b Q7 Qm` bim/v Bb 2p2M H�`;2`X h?mb- r2 M�``Qr /QrM
i?2 bim/v #v b2H2+iBM; � 7�bi 7mHHv BQMBx2/ KQMQ2M2`;2iB+ T`QiQM- +�`#QM �M/
p�M�/BmK BQM #2�Kb rBi? `�/Bmb rb = 15 µK �M/ � `2T`2b2Mi�iBp2 TH�bK� rBi?
RF = 50 µK- ρDT = 500 ;f+K3 �M/ T0 = 1 F2oX q2 H27i �b 7`22 T�`�K2i2`b
i?2 FBM/ Q7 BKTm`Biv UZdopV �M/ Bib +QM+2Mi`�iBQM UξV- �b r2HH �b � rB/2 `�M;2
Q7 p�Hm2b 7Q` i?2 2M2`;v Q7 i?2 #2�K BQMb UE0V �M/ Bib ~mt UσVX �b 2tTH�BM2/
BM a2+iX kX9- M2Bi?2` +Q`QM� MQ` [m�bB@KQMQ2M2`;2iB+ #2�Kb �`2 +QMbB/2`2/- BM
Q`/2` iQ 2p�Hm�i2 b2T�`�i2Hv i?2 BM~m2M+2 Q7 /QT�Mib BM `2bT2+i iQ i?2 Tm`2 .h

R98



R9e

TH�bK� +�b2X q2 MQi2 i?�i- iQ 2�b2 i?2 +QKT�`BbQM- BM i?Bb +?�Ti2` i?2 HBKBib
Uσmin, σmax, E0 minV Q7 i?2 T�`�K2i2` bT�+2 �`2 Q7i2M i?2 b�K2 �b BM T`2pBQmb
*?�Ti2` 8X q2 ?�p2 2ti2M/2/ E0 max iQ ;�i?2` i?2 `�M;2 Q7 Lh = 100 µK �M/
bQK2iBK2b- B7 M2+2bb�`v- r2 �TTHv � xQQK@BM 7Q` � +H2�`2` `2T`2b2Mi�iBQMX

eXR G2M;i? �M/ i2KT2`�im`2 /Bbi`B#miBQMb BM i?2 Uσ, E0V@bT�+2
hQ 7mHHv mM/2`bi�M/ i?2 BM~m2M+2 Q7 /QT�Mib BM i?2 +QM/BiBQMb Q7 i?2 TH�bK�
�7i2` i?2 BMi2`�+iBQM- }`bi r2 b?Qr bQK2 `2bmHib �bbQ+B�i2/ rBi? +?�M;2b BM
H2M;i? �M/ i2KT2`�im`2 Q7 i?2 ?Qi@bTQiX 6QHHQrBM; i?2 B/2�b �H`2�/v T`2b2Mi2/
BM a2+iX kX9- r2 +?QQb2 i?2 ?Qi@bTQi bm+? i?�i Lhs = 2rb �M/ xTmax = RFX
�b i?2 #2�K �M/ bT?2`2 `�/BB �`2 Q7 R8 µK �M/ 8y µK- `2bT2+iBp2Hv- BM i?2
iQT 7Qm` T�M2Hb Q7 6B;bX eXR- eXk �M/ eXj U2�+? };m`2 +Q``2bTQM/b iQ � T`QiQM-
+�`#QM �M/ p�M�/BmK #2�KV r2 ?�p2 /2TB+i2/ i?2 BbQHBM2b Q7 Lhs = 30 µK �M/
xTmax = 50 µK BM i?2 Uσ, E0V@bT�+2- 7Q` � Tm`2 .h TH�bK� Uξ = 0V �M/ 7Q` i?2
/QT�Mib b2H2+i2/ �i /Bz2`2Mi +QM+2Mi`�iBQMbX h?2M- BM i?2 #QiiQK 7Qm` T�M2Hb-
r2 b?Qr i?2 i2KT2`�im`2b �bbQ+B�i2/ iQ bm+? H2M;i?b BM i?2 +2Mi`�H ?Qi@bTQi
`2;BQM 7Q` i?2 b�K2 +�b2bX

AM i?2 iQT 7Qm` T�M2Hb Q7 6B;bX eXR- eXk �M/ eXj r2 Q#b2`p2 ?Qr- r?2M i?2
+QM+2Mi`�iBQM Bb BM+`2�b2/- #Qi? Lhs = 30 �M/ xTmax = 50 µK /BbTH�+2 iQr�`/b
?B;?2` 2M2`;v �M/ ~mt p�Hm2b- �HB;M2/ iQ i?2 Tm`2 .h BbQHBM2X h?Bb Bb K�BMHv /m2
iQ i?2 BM+`2�b2 Q7 i?2 bHQrBM; /QrM Q7 i?2 BQMb Q7 i?2 #2�K 2t2`i2/ #v 7`22 2H2+@
i`QMb �M/ Mm+H2B �bbQ+B�i2/ rBi? BKTm`BiB2bX JQ`2Qp2`- r?2M �//BM; � /QT�Mi-
i?2 /2MbBiv Q7 i?2 TH�bK� BM+`2�b2b- `2/m+BM; �HH H2M;i?b- �b /2KQMbi`�i2/ BM
a2+ibX 9Xk �M/ 9X9X

� T`2+Bb2 r�v Q7 /2i2`KBMBM; i?2 +?�M;2 BM i?2 BbQHBM2 TQbBiBQMb +�M #2 /QM2
#v BMbT2+iBM; i?2 2M2`;v �i r?B+? xTmax = 50 µK Bb `2�+?2/ U�b BM i?2 Tm`2 +�b2-
i?2 HBM2b �`2 p2`iB+�HV Q` #v bim/vBM; i?2 TQBMi Uσ∗(ZI , ξ), E∗

0(σ∗, ZI , ξ)V- r?2M
i?2 +2Mi`�H ?Qi@bTQi `2;BQM Bb `2�+?2/ Ub22 a2+iX 8XRVX 6Q` BMbi�M+2- xTmax =
50 µK Bb 7QmM/ BM � Tm`2 .h 7m2H �i E0 ≈ 800 J2o- i?2M- i?Bb p�Hm2 BM+`2�b2b
mT iQ Rkd8 J2o 7Q` � "2 /QT2/ 7m2H Uξ = 0.4VX PM i?2 Qi?2` ?�M/- r2 }M/
i?�i E∗

0(ZI , ξ) �M/ σ∗(ZI , ξ) BM+`2�b2 rBi? #Qi? i?2 �iQKB+ MmK#2` �M/ i?2
+QM+2Mi`�iBQM Q7 i?2 BKTm`BivX �b �M 2t�KTH2- 7Q` � Tm`2 TH�bK�- r2 }M/
E∗

0(ZI , ξ) ≈ 500 J2o �M/ σ∗(ZI , ξ) ≈ 2.5 · 1019 +K−2X q?2M "2 Uξ = 0.2V Bb
BMi`Q/m+2/ BM i?2 TH�bK�- i?2b2 p�Hm2b �`2 b?B7i2/ iQ E∗

0(ZI , ξ) ≈ 1100 J2o
�M/ σ∗(ZI , ξ) ≈ 3.4 · 1019 +K−2- r?BH2 B7 i?2 BKTm`Biv Bb +�`#QM �i � bBKBH�`
+QM+2Mi`�iBQM- E∗

0(ZI , ξ) ≈ 1225 J2o �M/ σ∗(ZI , ξ) ≈ 4.4 · 1019 +K−2X 6Q`
i?2 +�b2 Q7 *m Uξ = 0.015V- r2 Q#i�BM E∗

0(ZI , ξ) ≈ 625 J2o �M/ σ∗(ZI , ξ) ≈
3.7 ·1019 +K−2X q?2M � ?2�pB2` /QT�Mi Bb +QMbB/2`2/- Uσ∗(ZI , ξ), E∗

0(σ∗, ZI , ξ)V@
p�Hm2b Q7 i?2 b�K2 Q`/2` �`2 7QmM/ 7Q` HQr2` +QM+2Mi`�iBQMbX



R9d

6B;m`2 eXRĖ AbQHBM2 `2bmHib `2i`B2p2/ �7i2` �TTHvBM; � T`QiQM #2�K iQ � .h TH�bK� BM@
+Hm/BM; 7Qm` FBM/b Q7 BKTm`BiB2b �i /Bz2`2Mi +QM+2Mi`�iBQMb, "2 UiQT@H27iV- * UiQT@`B;?iV- �H
U#QiiQK@H27iV �M/ *m U#QiiQK@`B;?iVX hQT 7Qm` T�M2Hb, bQHB/ HBM2b `2T`2b2Mi � ?Qi@bTQi H2M;i?
Q7 Lhs = 30 µK �M/ /Qii2/ HBM2b `2T`2b2Mi i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2 r?2M Bb
HQ+�i2/ �i xTmax = 50 µKX "QiiQK 7Qm` T�M2Hb, BbQHBM2b Q7 i?2 ?Qi@bTQi i2KT2`�im`2b UThsV
+Q``2bTQM/BM; iQ H2M;i?b Q7 Lhs = 30 µK BM i?2 +2Mi`�H ?Qi@bTQi `2;BQMX



R93

6B;m`2 eXkĖ a�K2 �b BM 6B;X eXR #mi �TTHvBM; � +�`#QM #2�KX



R9N

6B;m`2 eXjĖ a�K2 �b BM 6B;X eXR #mi �TTHvBM; � p�M�/BmK #2�KX



R8y

J2�Mr?BH2- BM i?2 #QiiQK 7Qm` T�M2Hb Q7 6B;bX eXR- eXk �M/ eXj r2 b?Qr i?2
BbQHBM2b Q7 i?2 ?Qi@bTQi i2KT2`�im`2b UThsV �bbQ+B�i2/ iQ Lhs = 30 µK r?2M
i?2v �`2 BM i?2 +2Mi`�H ?Qi@bTQi `2;BQMX Ai Bb 7QmM/ i?�i i?2 ?Qi@bTQib #2+QK2
?Qii2` r?2M 2Bi?2` i?2 �iQKB+ MmK#2` Q` i?2 +QM+2Mi`�iBQM Q7 i?2 BKTm`Biv
BM+`2�b2X 6Q` 2t�KTH2- BM i?2 Tm`2 +�b2- Ths = 11.1 F2o- r?BH2 7Q` #2`vHHBmK
/QT2/ 7m2H Ths = 13.7 F2o 7Q` ξ = 0.2X 6Q` � bBKBH�` +QM+2Mi`�iBQM- � +�`#QM
/QT�Mi `2�+?2b � i2KT2`�im`2 Q7 Ths = 16.5 F2oX h?Bb BM+`2�b2 BM i2KT2`�im`2
+QmH/ #2 �MiB+BT�i2/ �++Q`/BM; iQ i?2 `2bmHib Q7 a2+X 9X9- �b i?2 /2MbBiv Q7 i?2
TH�bK� BM+`2�b2b r?2M � /QT�Mi Bb BMi`Q/m+2/X

qBi? �HH i?2b2 2tT2`BK2Mib- r2 �`2 �#H2 iQ T`QpB/2 i?2 #2�K +?�`�+i2`BbiB+b
Uσ, E0V �i r?B+? Bi Bb TQbbB#H2 iQ ;2M2`�i2 � ?Qi@bTQi rBi? � H2M;i? Q7 jy µK �M/
HQ+�i2/ �i i?2 +2Mi`2 Q7 i?2 bT?2`2 UxTmax = 50 µKV- �b r2HH �b Bib �bbQ+B�i2/
i2KT2`�im`2- 7Q` /Bz2`2Mi KBtim`2b Q7 i?2 7m2HX G�i2` QM- r2 �HbQ T`QpB/2 Bib
�bbQ+B�i2/ #m`M ;�BM �M/ +QmTHBM; p�Hm2b 7Q` bQK2 Q7 i?2b2 +QM+2Mi`�iBQMb- #v
K2�Mb Q7 i?2 bvbi2K�iB+ `2bmHib Q7 a2+iX eXjX A7 M2+2bb�`v- Qm` KQ/2HHBM; Bb
+�T�#H2 Q7 +�H+mH�iBM; i?Bb bQ`i Q7 `2bmHib 7Q` �Mv /2bB`2/ BMTmi T�`�K2i2`bX

eXk A;MBiBQM �M/ b2H7@?2�iBM; i?`2b?QH/ BM i?2 Uσ, E0V@bT�+2
�7i2` �//`2bbBM; i?2 +?�`�+i2`BbiB+b Q7 i?2 ?Qi@bTQi- r2 bim/v i?2 i?`2b?QH/
p�Hm2b Q7 σ �M/ E0 �i r?B+? b2H7@?2�iBM; �M/ B;MBiBQM +�M #2 `2�+?2/X hQ /Q bQ- BM
6B;bX eX9- eX8 �M/ eXe r2 ?�p2 THQii2/ i?2 b2H7@?2�iBM; +m`p2b UGsh(σ, E0, ZI , ξ) =
1V �M/ B;MBiBQM +m`p2b UGig(σ, E0, ZI , ξ) = 1VX o�Hm2b Q7 i?2 Uσ, E0V@bT�+2 �#Qp2
i?Qb2 +m`p2b 7mH}H i?2B` `2bT2+iBp2 +QM/BiBQMbX h?2 +QHQm` +Q/2 Bb i?2 b�K2 �b
BM a2+iX eXRX

�b 2tT2+i2/- 7Q` i?2 `�M;2b Q7 K2/BmK �M/ ?B;? 2M2`;B2b- i?2b2 +m`p2b ?�p2
�M �HKQbi +QMbi�Mi p�Hm2X h?Bb Bb /m2 iQ Lhs �M/ Ths #2BM; +QMbi�Mi rBi? 2M2`;v
r?2M i?2 +2Mi`�H ?Qi@bTQi `2;BQM Bb `2�+?2/X 6Q` � .h Tm`2 TH�bK� Uξ = 0V-
i?2 KBMBKmK p�Hm2b Q7 σ �`2 p2`v bBKBH�` 7Q` b2H7@?2�iBM; �M/ B;MBiBQM +m`p2b
Uσmin,sh ≈ σmin,ig ≈ 1.6·1019 +K−2V �Hi?Qm;? bQK2 bK�HH /Bz2`2M+2b �`2 /2i2+i2/
�i HQr 2M2`;B2b UE0 < 150 J2oVX

q?2M �M BKTm`Biv Bb BMi`Q/m+2/ BM i?2 .h 7m2H- i?2 /Bz2`2M+2b #2ir22M
b2H7@?2�iBM; �M/ B;MBiBQM +m`p2b #2+QK2b KQ`2 `2H2p�MiX JQ`2Qp2`- #Qi? +m`p2b
�`2 b?B7i2/ iQ ?B;?2` p�Hm2b Q7 σ �M/ E0- r?B+? BKTHB2b i?�i i?2 `2;BQM Q7 #2�K
T�`�K2i2`b BM r?B+? i?2 +`Bi2`BQM �`2 7mH}HH2/ Bb `2/m+2/X h?2b2 #2?�pBQm`b �`2
KQ`2 T`QMQmM+2/ �b i?2 �iQKB+ MmK#2` �M/ i?2 +QM+2Mi`�iBQM Q7 i?2 BKTm`Biv
BM+`2�b2X 6Q` 2t�KTH2- 7Q` i?2 +�b2 Q7 "2- i?2 p�Hm2 Q7 σ∗

sh BM+`2�b2b iQ 1.9 ·
1019 +K−2- 2.1 · 1019 +K−2 �M/ 3.9 · 1019 +K−2 r?2M ξ = 0.1- yXk �M/ yXj-
`2bT2+iBp2HvX 6Q` i?2 +�`#QM /QT2/ +�b2- i?2 p�Hm2b �`2 2.2 · 1019 �M/ 3.3 · 1019

+K−2- r?2M ξ = 0.1 �M/ yXk- `2bT2+iBp2HvX



R8R

6B;m`2 eX9Ė AbQHBM2 `2bmHib `2i`B2p2/ �7i2` �TTHvBM; � T`QiQM #2�K iQ � .h TH�bK� BM@
+Hm/BM; 7Qm` FBM/b Q7 BKTm`BiB2b �i /Bz2`2Mi +QM+2Mi`�iBQMb, "2 UiQT@H27iV- * UiQT@`B;?iV- �H
U#QiiQK@H27iV �M/ *m U#QiiQK@`B;?iVX a2H7@?2�iBM; UGsh = 1V Bb `2T`2b2Mi2/ �b /�b?2/ HBM2b
�M/ B;MBiBQM +m`p2b UGig = 1V Bb `2T`2b2Mi2/ �b bQHB/ HBM2bX 1�+? +QHQm` +QBM+B/2b rBi? i?2
+QM+2Mi`�iBQMb b?QrM �i 6B;X jXeX



R8k

6B;m`2 eX8Ė a�K2 �b BM 6B;X eX9 #mi �TTHvBM; � +�`#QM #2�KX



R8j

6B;m`2 eXeĖ a�K2 �b BM 6B;X eX9 #mi �TTHvBM; � p�M�/BmK #2�KX



R89

q2 MQi2 i?�i- �i HQr p�Hm2b Q7 ξ- i?2 p�Hm2b Q7 σmin,ig �`2 bHB;?iHv HQr2`
i?�M σmin,shX >Qr2p2`- i?2 T�M2Hb Q7 6B;bX eX9- eX8 �M/ eXe b?Qr i?�i- 7Q`
2p2`v BKTm`Biv- i?2`2 Bb � +2`i�BM +QM+2Mi`�iBQM p�Hm2 Uξ∗(ZI)V 7`QK r?B+? i?2
b2H7@?2�iBM; +m`p2 Bb 7QmM/ #2HQr i?2 B;MBiBQM +m`p2X AM bm+? +�b2b- i?2 b2H7@
?2�iBM; +`Bi2`BQM Bb H2bb `2bi`B+iBp2 i?�M i?2 B;MBiBQM +`Bi2`BQM- BM +QMi`�/B+iBQM
iQ i?2 B/2�b bi�i2/ BM a2+ibX kXjXk- jXe �M/ jXdX h?Bb K2�Mb i?�i i?2 b2H7@?2�iBM;
+`Bi2`BQM /Q2b MQi 2Mbm`2 i?2 B;MBiBQM �M/- i?2`27Q`2- i?2 TQbi2`BQ` #m`MBM; Q7 i?2
?2�i2/ `2;BQMX AM i?�i bBim�iBQM- i?2 b2i Q7 #2�K T�`�K2i2`b BM+Hm/2/ #2ir22M
#Qi? +m`p2b Bb MQi Q7 BMi2`2biX 6Q` "2- *- �H �M/ *m BKTm`BiB2b- r2 ?�p2 7QmM/
i?�i ξ∗(ZI) Bb �`QmM/ yXR8- yXR- yXyj8 �M/ yXyR- `2bT2+iBp2HvX

eXj "m`MBM; ;�BM �M/ +QmTHBM; `2bmHib BM i?2 Uσ, E0V@bT�+2
6BM�HHv- r2 ?�p2 �M�Hvb2/ i?2 BM~m2M+2 Q7 i?2 BKTm`BiB2b BM i?2 Mm+H2�` #m`MX
�;�BM- Bi Bb +?�`�+i2`Bx2/ #v i?2 #m`MBM; ;�BM T�`�K2i2`- Gburn- ;Bp2M #v
1[X jXeRX h?Bb T�`�K2i2` �HbQ /2T2M/b QM i?2 `�/Bmb Q7 i?2 bT?2`2 URF =
50 µKV- bQ r2 ?�p2 `2bi`B+i2/ Qm` �M�HvbBb iQ +�b2b BM r?B+? i?2 `�M;2 Q7 i?2
BQM Bb H2bb i?�M Lh = 100 µKX 6Q` ?B;?2` H2M;i?b- i?2 BQM #2�K /2TQbBib 2M2`;v
QmibB/2 i?2 7m2H- bQ i?Bb bBim�iBQM ?�b MQi #22M +QMbB/2`2/ BM i?2 T`2b2Mi bim/vX

AM 6B;bX eXd- eX3 �M/ eXN r2 /2TB+i i?2 #m`MBM; ;�BMb Q#i�BM2/ 7Q` � Tm`2
.h TH�bK� BM +QKT�`BbQM iQ i?2 b�K2 TH�bK� /QT2/ rBi? "2- *- �H �M/ *m
BKTm`BiB2b �i /Bz2`2Mi +QM+2Mi`�iBQMbX 1�+? };m`2 +QMbB/2`b � /Bz2`2Mi #2�K,
T+- *6+ �M/ o23+X AM i?2b2 };m`2b- i?2 i?B+F #H�+F HBM2 �i HQr σ `2T`2b2Mib
i?2 B;MBiBQM +m`p2 Uσmin,ig(E0, ZI , ξ)V r?B+? BM/B+�i2b i?�i QMHv �#Qp2 i?Bb +m`p2
/Q2b Mm+H2�` #m`M i�F2 TH�+2X h?2 Qi?2` i?B+F #H�+F HBM2 b?Qr2/ BM i?2 };m`2b
`2T`2b2Mib i?2 BbQHBM2 Q7 Lh(σ, E0, ZI , ξ) = 100 µKX �b /Bb+mbb2/ T`2pBQmbHv-
rBi? a2+ibX eXR �M/ eXk- #Qi? i?2 B;MBiBQM +m`p2 �M/ i?2 Lh = 100 µK BbQHBM2b
�`2 b?B7i2/ iQr�`/ ?B;?2` p�Hm2b Q7 σ �M/ E0 r?2M BKTm`BiB2b �`2 BMi`Q/m+2/ �M/
i?2B` +QM+2Mi`�iBQM Bb BM+`2�b2/X �b � +QMb2[m2M+2 Q7 i?2 B;MBiBQM `2[mB`2K2Mib-
i?2 Uσ, E0V@bT�+2 r?2`2 #m`MBM; +�M i�F2 TH�+2 Bb `2/m+2/X JQ`2 BKTQ`i�MiHv- B7
i?2 `2;BQM r?2`2 i?2 #m`MBM; Bb TQbbB#H2 b?`BMFb- i?2 K�tBKmK #m`MBM; ;�BM p�H@
m2b �`2 `2bi`B+i2/X q?2M BM+`2�bBM; i?2 +QM+2Mi`�iBQM Q7 2�+? BKTm`Biv- r2 }M/
i?�i i?2 b�K2 ;�BMb �`2 7QmM/ BM �HKQbi i?2 b�K2 Uσ, E0V@p�Hm2b- bHB;?iHv /Bb@
TH�+2/ iQr�`/b ?B;?2` ~mt2b r?2M i?2 +QM+2Mi`�iBQM Bb BM+`2�b2/X h?mb- r?2M
bQK2 Q7 i?Qb2 p�Hm2b �`2 MQ HQM;2` �p�BH�#H2 iQ +`2�i2 � ?Qi@bTQi i?�i �+?B2p2b
B;MBiBQM- i?2 QTiBK�H p�Hm2b 7Q` Gburn �`2 HQbiX h?2b2 /2/m+iBQMb �`2 bBKBH�` 7Q`
�HH i?2 /QT�Mib b?QrM- �i H2�bi 7Q` i?2 b2H2+i2/ +QM+2Mi`�iBQMbX 6Q` 2t�KTH2-
6B;X eX3 b?Qrb i?�i Gburn `2�+?2b � K�tBKmK p�Hm2 �`QmM/ Gburn ≈ 4000 UQ`-
7`QK 1[X jXey- Efus ≈ 4000 · (Ehs + Ec)V- r?BH2- 7Q` 2t�KTH2- � +�`#QM /QT2/
7m2H i?Bb p�Hm2 Bb `2/m+2/ iQ Gburn ∼< 2400 �M/ ∼< 800 r?2M i?2 +QM+2Mi`�iBQM
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Bb yXye �M/ yXkR- `2bT2+iBp2HvX 6m`i?2`KQ`2- i?2 K�tBKmK p�Hm2b Q7 i?2 ;�BMb
�`2 Q#i�BM2/ +HQb2 iQ i?2 B;MBiBQM +m`p2b- r?2`2 ?Qi@bTQib ?�p2 i?2 HQr2bi p�H@
m2b Q7 i?2 �`2�H /2MbBiv �M/ i2KT2`�im`2X h?Bb ?�TT2Mb r?2M i?2 #2�Kb ?�p2
2Bi?2` HQr ~mt Q` BQM 2M2`;vX PM i?2 Qi?2` ?�M/- r2 ?�p2 Q#b2`p2/ i?�i i?2
K�tBKmK p�Hm2 Q7 i?2 #m`MBM; ;�BM Bb `2/m+2/ �b i?2 �iQKB+ MmK#2` Q7 i?2 BK@
Tm`Biv BM+`2�b2bX 6Q` BMbi�M+2- 7Q` #2`vHHBmK �M/ +�`#QM BKTm`BiB2b �i ξ ≈ 0.2-
i?2 K�tBKmK p�Hm2 Bb Gburn ∼< 1600 �M/ ∼< 800- `2bT2+iBp2HvX

6BM�HHv- BM 6B;bX eXRy- eXRR �M/ eXRk- r2 T`2b2Mi i?2 `2bmHib Q7 i?2 +QmTHBM;
U∆Ehs/EbV 7Q` i?2 b�K2 +�b2b b2H2+i2/ r?2M T`2b2MiBM; i?2 `2bmHib Q7 i?2 #m`M@
BM; ;�BMX �;�BM- 2�+? };m`2 +Q``2bTQM/b iQ � /Bz2`2Mi #2�K bT2+B2X 6Q` 2�+?
BKTm`Biv- r?2M BM+`2�bBM; i?2 +QM+2Mi`�iBQM- i?2 b�K2 +QmTHBM; `2bmHib �`2 /Bb@
TH�+2/ iQr�`/b ?B;?2` ~mt p�Hm2b �M/- �;�BM- i?2 `2;BQM Q7 bim/v Bb `2/m+2/X
>Qr2p2`- BM i?Bb +�b2 i?2 HQr2` p�Hm2b Q7 i?2 +QmTHBM; /Bb�TT2�`- BM 7�pQm` Q7
i?2 2M2`;v /2TQbBiBQMX

h?2 +QmTHBM; };m`2b �HbQ b2`p2 iQ +QKK2Mi QM ?Qr i?2 2/;2 �M/ +2Mi`�H ?Qi@
bTQi `2;BQMb #2?�p2 BM i?2 T`2b2M+2 Q7 /QT�Mib Ub22- 7Q` BMbi�M+2- 6B;X eXRRVX q2
}M/ i?�i- r?2M BMi`Q/m+BM; �M BKTm`Biv Q7 BM+`2�bBM; +QM+2Mi`�iBQM- i?2 bBx2
Q7 i?2 +2Mi`�H ?Qi@bTQi `2;BQM ;`QrbX �Hi?Qm;? BM Qm` bim/B2/ T�`�K2i2` bT�+2
i?2 �p�BH�#H2 `2;BQMb �`2 `2bi`B+i2/ iQ ?B;?2` Uσ, E0V@p�Hm2b- i?2 BKTm`BiB2b KB;?i
2�b2 }M/BM; +2Mi`�H ?Qi@bTQibX

qBi? �HH i?2 `2bmHib Q7 i?Bb +?�Ti2`- r2 +�M `2�bQM i?�i i?2 T`2b2M+2 Q7
BKTm`BiB2b Bb ?B;?Hv /2i`BK2Mi�H BM i?2 6A +QMi2tiX AM +QKT�`BbQM iQ � Tm`2 .h
7m2H- i?2 `2[mB`2K2Mib 7Q` i?2 #2�K �`2 bi`B+i2` �M/ i?2 72�bB#H2 #m`MBM; ;�BMb
�`2 HQr2`X



R8e

S`QiQM #2�K

6B;m`2 eXdĖ "m`MBM; ;�BM Q7 � Tm`2 .h TH�bK� UH27i +QHmKMV �M/ BM+Hm/BM; /Bz2`2Mi
BKTm`BiB2b �i /Bz2`2Mi +QM+2Mi`�iBQMb U+2Mi`�H �M/ `B;?i +QHmKMbV r?2M �TTHvBM; � T`QiQM
#2�KX



R8d

*�`#QM #2�K

6B;m`2 eX3Ė aBKBH�` iQ 6B;X eXd- #mi �TTHvBM; � +�`#QM #2�KX
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o�M�/BmK #2�K

6B;m`2 eXNĖ aBKBH�` iQ 6B;X eXd- #mi �TTHvBM; � p�M�/BmK #2�KX



R8N

S`QiQM #2�K

6B;m`2 eXRyĖ *QmTHBM; p�Hm2b Q7 � Tm`2 .h TH�bK� UH27i +QHmKMV �M/ BM+Hm/BM; /Bz2`2Mi
BKTm`BiB2b �i /Bz2`2Mi +QM+2Mi`�iBQMb U+2Mi`�H �M/ `B;?i +QHmKMbV r?2M �TTHvBM; � T`QiQM
#2�KX



Rey

*�`#QM #2�K

6B;m`2 eXRRĖ aBKBH�` iQ 6B;X eXRy- #mi �TTHvBM; � +�`#QM #2�KX
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o�M�/BmK #2�K

6B;m`2 eXRkĖ aBKBH�` iQ 6B;X eXRy- #mi �TTHvBM; � p�M�/BmK #2�KX





7
aBKmH�iBQM �M/ �M�HvbBb Q7 i?2

#2�K@TH�bK� BMi2`�+iBQM Q7
[m�bB@KQMQ2M2`;2iB+ :�mbbB�M BQM

#2�Kb rBi? Tm`2 .h 7m2Hb
h?Bb +?�Ti2` /2Hp2b BMiQ i?2 BMi2`�+iBQM #2ir22M [m�bB@KQMQ2M2`;2iB+ #2�Kb
�M/ � Tm`2 .h TH�bK�X q2 +QKT�`2 i?2 `2bmHib Q7 � KQMQ2M2`;2iB+ #2�K rBi?
irQ [m�bB@KQMQ2M2`;2iB+ :�mbbB�M #2�KbX �b 2tTH�BM2/ BM a2+iX jXjXk- QM2
;2M2`�i2/ �i i?2 2/;2 Q7 i?2 T`2+QKT`2bb2/ 7m2H U:RV �M/ QM2 ;2M2`�i2/ �i �
/Bbi�M+2 ǴdǴ Q7 i?2 2/;2 U:k Q` iBK2@/2T2M/2MiVRX q2 /2i2`KBM2 i?2 BQM #2�K
T�`�K2i2`b i?�i 7mH}HH2/ i?2 b2H7@?2�iBM; �M/ B;MBiBQM +`Bi2`B� BM 2�+? +�b2- i?�i
Bb- BM i?2 Uσ, Ē0, δEV@bT�+2X h?2M- r2 T`2b2Mi i?2 /Bz2`2M+2b BM i?2 `2i`B2p2/
?Qi@bTQib �M/ ?2�i2/ `2;BQMb- �b r2HH �b i?2 #m`MBM; ;�BMb Q7 i?2 i?2`KQMm+H2�`
7m2HX

�Hi?Qm;? Qm` bBKmH�iBQMb +�M #2 T2`7Q`K2/ 7Q` � p�`B2iv Q7 2tT2`BK2Mi�H
+QM/BiBQMb- BM i?Bb +?�Ti2` r2 rBHH QMHv b?Qr 2t2KTH�`v `2bmHib 7Q` � TH�bK�
Q7 /2MbBiv ρ = 500 ;f+K3 �M/ BMBiB�H i2KT2`�im`2 T0 = 1 F2o- rBi? /Bz2`2Mi
p�M�/BmK #2�KbX h?2b2 +�b2b �`2 `2T`2b2Mi�iBp2 Q7 i?2 ;2M2`�H #2?�pBQm` r2
?�p2 7QmM/ i?`Qm;? Qm` KQ/2HHBM;X h?2 #2�K +QMbB/2`2/ ?�b � rB/2 `�M;2 Q7 i?2
T�`�K2i2`b Uσ, Ē0, δEV- �b r2HH �b #2BM; HQ+�i2/ �i i?2 2/;2 Q7 i?2 TH�bK� Q` MQi
U:R Q` :k +�b2bVX h?2 2M2`;v bT`2�/ p�Hm2b +QMbB/2`2/ BM Qm` bim/v +Q``2bTQM/b

Rq2 MQi2 i?�i- r?2M T2`7Q`KBM; Qm` MmK2`B+�H +�H+mH�iBQMb- i?2 `2bmHib �`2 mHiBK�i2Hv
BM/2T2M/2Mi Q7 i?2 /Bbi�M+2- �b 2tTH�BM2/ BM a2+iX jXRkX

Rej



Re9

iQ [m�bB@KQMQ2M2`;2iB+ :�mbbB�M #2�Kb- i?�i Bb- i?2v r2`2 b2H2+i2/ 2[m�H iQ Q`
H2bb i?�M R8W UδE ∼< 0.15- >2;2HB+? 2i �HX- kyRRVX LQ +Q`QM� Q` /QT�Mib �`2
+QMbB/2`2/- iQ bim/v i?2 2z2+i Q7 +QMbB/2`BM; � [m�bB@KQMQ2M2`;2iB+ #2�K �HQM2
�M/ +QMi`�bi i?2 `2bmHib rBi? i?2 KQMQ2M2`;2iB+ +�b2X

dXR aT�iB�H@i2KTQ`�H `2bmHib
hQ #2;BM rBi?- r2 �M�Hvb2 i?2 +?�M;2b BM i?2 biQTTBM; TQr2` r?2M +QMbB/2`BM;
� :�mbbB�M /Bbi`B#miBQM 7Q` i?2 2M2`;B2b Q7 i?2 #2�KX h?mb- BM 6B;X dXR- r2
b?Qr i?2 biQTTBM; TQr2` Q7 � #BM 2Mi2`BM; i?2 TH�bK� �i i?2 2M/ Q7 i?2 ?2�iBM;
T`Q+2bbX q2 +QMbB/2` � ~mt Q7 σ = 2.7 ·1018 +K−2 UH27iV �M/ σ = 3.8 ·1018 +K−2

U`B;?iV- 7Q` K2�M BMBiB�H 2M2`;B2b ;Bp2M #v Ē0 = 4000 �M/ dyyy J2oX h?2 2M2`;v
bT`2�/b UδEV +QMbB/2`2/ �`2 yW UKQMQ2M2`;2iB+V- 8W- RyW �M/ R8W- rBi? MQ
b2T�`�iBQM #2ir22M i?2 bQm`+2 �M/ i?2 i�`;2i U:R- d = 0VX

AM i?2 +�b2 Q7 [m�bB@KQMQ2M2`;2iB+ #2�Kb UδE ! 0%V- i?2 BQMb �i 2�+?
BMbi�Mi- t- 2Mi2` i?2 TH�bK� rBi? � p�`B2iv Q7 BMBiB�H 2M2`;B2b BM � T`QTQ`iBQM
2bi�#HBb?2/ #v i?2 :�mbbB�M 2M2`;v /Bbi`B#miBQM 7`QK 1[X jXkyX �b � +QM@
b2[m2M+2- 2�+? BQMk ?�b i?2B` QrM 2pQHmiBQM UQ` bHQrBM; /QrMV i?`Qm;? i?2
TH�bK�- bmz2`BM; � /Bz2`2Mi biQTTBM;X h?2 biQTTBM; TQr2` b?Qr2/ BM i?2 };@
m`2 USp(x; Ē0, δE)V +Q``2bTQM/b iQ i?2 �++mKmH�i2/ biQTTBM; TQr2` Qp2` �HH i?2
T`QD2+iBH2bX

AM 6B;X dXR r2 b22 ?Qr i?2 biQTTBM; Q7 KQMQ2M2`;2iB+ #2�Kb `2�+?2b Bib
K�tBKmK p�Hm2 Dmbi #27Q`2 #2+QKBM; x2`Q- Q` 2[mBp�H2MiHv- 7Q`KBM; i?2 "`�;;
T2�F Dmbi #27Q`2 i?2 BQMb biQTX �b 2tT2+i2/- 7Q` � ;Bp2M p�Hm2 Q7 i?2 ~mt-
i?2 H2M;i? Q7 i?2 ?2�i2/ `2;BQM ULhV BM+`2�b2b rBi? i?2 BMBiB�H 2M2`;v UE0VX
J2�Mr?BH2- 7Q` [m�bB@KQMQ2M2`;2iB+ #2�Kb- r2 b22 i?�i i?2 K�BM 2z2+i Q7 �M
2M2`;v bT`2�/ Bb `2/m+BM; Q` K�FBM; /Bb�TT2�` i?2 "`�;; T2�FX h?Bb Bb /m2 iQ
i?2 BQM T`QD2+iBH2b MQi ?�pBM; i?2 b�K2 2M2`;v- �M/ bQ- Bib bHQrBM; Bb /Bz2`2Mi
�M/ /Q MQi biQT �i i?2 2t�+i b�K2 `�M;2X

a2+QM/Hv- BM 6B;X dXk r2 b?Qr i?2 bT�iB�H i2KT2`�im`2 }2H/ �+?B2p2/ �7i2`
?2�iBM; i?2 TH�bK� rBi? i?2 b�K2 +QM/BiBQMb Q7 6B;X dXRX 6Q` i?2 b2H2+i2/ +QM@
/BiBQMb Q7 i?2 #2�K- r2 }M/ +2Mi`�H ?Qi@bTQib 7Q` �HH i?2 2tT2`BK2MibX aBKBH�`Hv
iQ i?2 T`2pBQmb `2bmHib- ?�pBM; � /Bbi`B#miBQM Q7 2M2`;B2b 7Q` i?2 BQM T`QD2+iBH2b
bT`2�/b i?2 2M2`;v /2TQbBiBQMX 6Q` BMbi�M+2- T`QD2+iBH2b rBi? 2M2`;v Qp2` Ē0
rBHH `2�+? 7m`i?2` i?�M BM i?2 KQMQ2M2`;2iB+ +�b2X *QMp2`b2Hv- �b MQi �HH i?2
T`QD2+iBH2b /2TQbBi i?2B` 2M2`;v �i i?2 b�K2 iBK2 �M/ TQbBiBQM- H2bb i2KT2`�im`2
Bb `2�+?2/X h?Bb DmbiB}2b ?Qr- 7Q` [m�bB@KQMQ2M2`;2iB+ #2�Kb rBi? BM+`2�bBM;
/BbT2`bBQM- i?2 i2KT2`�im`2b �+?B2p2/ �`2 HQr2`- i?2 TQbBiBQM Q7 i?2 K�tBKmK
i2KT2`�im`2 /2+`2�b2b- #mi i?2 `�M;2 Q7 i?2 }M�H ?2�i2/ `2;BQM Bb H�`;2`X h?2`2@

kP` Ǵbm#@#BMǴ- �++Q`/BM; iQ Qm` +QKTmi�iBQM- �b 2tTH�BM2/ BM a2+iX jXRk
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7Q`2- r?2M i?2 2M2`;v bT`2�/ Bb ?B;?2`- i?2 ?Qi@bTQib �`2 +QQH2` �M/ +HQb2` iQ i?2
2/;2 Q7 i?2 TH�bK�X h?Bb +?�M;2 Bb +`m+B�H r?2M i�FBM; BMiQ �++QmMi i?�i `2�+?@
BM; i2KT2`�im`2b Qp2` i?2 B;MBiBQM i?`2b?QH/ UTigV Bb � `2[mBbBi2 7Q` i?2 #m`MBM;
Q7 i?2 7m2HX h?Bb 7Q`2b22b i?2 HBKBi�iBQMb Q7 :�mbbB�M Q` J�tr2HHB�M #2�Kb iQ
�+?B2p2 B;MBiBQM �;�BMbi KQMQ2M2`;2iB+ #2�Kb- �b r2 rBHH �//`2bb H�i2` QM- rBi?
6B;X dX8X

6B;m`2 dXRĖ aiQTTBM; TQr2` (J2ofK) Q7 i?2 H�bi #BM �b Bi /22T2Mb BM i?2 TH�bK�X �
[m�bB@KQMQ2M2`;2iB+ :�mbbB�M #2�K Bb +QMbB/2`2/ U:RV- HQ+�i2/ �i i?2 2/;2 Q7 i?2 TH�bK�-
rBi? p�M�/BmK T`QD2+iBH2b Q7 irQ 2M2`;B2b UĒ0 = 4000 �M/ dyyy J2oV �M/ irQ ~mt2b Uσ =
2.7 · 1018 +K−2 QM i?2 H27i �M/ σ = 3.8 · 1018 +K−2 QM i?2 `B;?iVX SH�bK� +QM/BiBQMb �`2
T0 = 1 F2o �M/ ρ = 500 ;f+K3 U:BH 2i �HX- kykjVX

6B;m`2 dXkĖ h2KT2`�im`2 }2H/ �7i2` ?2�iBM; � TH�bK� rBi? � p�M�/BmK #2�KX h?2 +QM@
/BiBQMb +QMbB/2`2/ �`2 i?2 b�K2 Q7 6B;X dXR U:BH 2i �HX- kykjVX
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qBi? h�#H2b dXR �M/ dXk r2 +QKTH2K2Mi i?2 BM7Q`K�iBQM Q7 6B;X dXk �M/
T`2b2Mi � KQ`2 /2i�BH2/ pB2r QM i?2 `2H2p�Mi T`QT2`iB2b Q7 ?Qi@bTQib ;2M2`�i2/
#v p�M�/BmK BQM #2�Kb- +QMbB/2`BM; p�`BQmb T�`�K2i2` p�Hm2b Uσ, Ē0, δEVX Pm`
/Bb+mbbBQM `2pQHp2b �`QmM/ T�`iB+H2 /2MbBiB2b Q7 σ = 2.7 · 1018 +K−2 Uh�#H2 dXRV
�M/ σ = 3.8 · 1018 +K−2 Uh�#H2 dXkV- �b i?2b2 p�Hm2b +Q``2bTQM/ iQ ?Qi@bTQi
H2M;i?b QM i?2 Q`/2` Q7 ky �M/ 9y µK- `2bT2+iBp2HvX h?2b2 p�Hm2b �`2 F2v-
+QMbB/2`BM; i?�i ivTB+�H p�Hm2b Q7 i?2 #2�K `�/BB �`2 BM i?2 Q`/2` Q7 rb ≈Ry iQ
ky µK U62`M�M/2x 2i �HX- kyR9c >QM`m#B� � Jm`�F�KB- kyR8V- bQ r2 b2H2+i #2�Kb
i?�i +`2�i2 ?Qi@bTQib r?2`2 Lhs ≈ 2rb- iQ 2Mbm`2 i?�i i?2 ?Qi@bTQi pQHmK2 +�M
#2 �TT`QtBK�i2/ �b � bT?2`2 �b QTiBK�HHv �b TQbbB#H2X

δE = 0% δE = 10% δE = 15%
Ē0 Lhs Ths xTmax Tmax Lhs Ths xTmax Tmax Lhs Ths xTmax Tmax

Ryyy 8X3 RjX8 y R9XN 8X3 RjX8 y R9XN 8X3 RjX9 y R9XN
9yyy kyX3 RkXd kyX3 R8X8 kyX3 RkX8 RdX3 R9XR kyXe RkXR ReXj RjXj
88yy kyX3 RkXd j3Xk R8X8 kyX9 RRX3 jkX9 RkXd R3Xj RRXR kNX8 RRXe
dyyy kyX3 RkX3 8dXk R8X8 R3XR RRXR 93Xe RRX8 y y 9jXN NXN
d8yy kyX3 RkX3 ejX9 R8X8 ReXj RyX3 8jXd RRXR y y 93Xj NXe

h�#H2 dXRĖ o�Hm2b 7Q` i?2 +?�`�+i2`BbiB+ T�`�K2i2`b Q7 i?2 ?2�i2/ TH�bK� �M/ i?2 ?Qi@
bTQi 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 UĒ0, δEV- +QMbB/2`BM; � }t2/ p�Hm2 Q7 σ = 2.7 · 1018 +K−2X h?2
H2M;i?b �`2 BM µK- i?2 i2KT2`�im`2b BM F2o �M/ i?2 2M2`;B2b BM J2o U:BH 2i �HX- kykjVX

δE = 0% δE = 10% δE = 15%
Ē0 Lhs Ths xTmax Tmax Lhs Ths xTmax Tmax Lhs Ths xTmax Tmax

Ryyy dX8 R8Xj y RdXN dX8 R8Xj y RdXN dX8 R8Xj y RdXN
9yyy k3Xe R8X9 kyX3 R3Xe k3Xe R8Xk RdX3 RdX8 k3Xe R9XN ReXj ReX3
88yy 9kXe R9XR j3Xk R3X3 9kXe RjX8 jkXN ReXj 9kX8 RjXR kNXd R8XR
dyyy 9kXe R9XR 8dXk R3X3 9kXe RjXy 93X3 R8Xy 9kXe RkXj 99Xy RjX8
d8yy 9kXe R9XR ejXk R3X3 9kXe RkXN 8jXd R9Xe 9kX8 RkXy 93X8 RjXR

h�#H2 dXkĖ aBKBH�` iQ h�#H2 dXR- #mi +QMbB/2`BM; � #2�K rBi? σ = 3.8 · 1018 +K−2 U:BH
2i �HX- kykjVX

h?2 MmK2`B+�H bBKmH�iBQMb `2p2�H i?�i- BM #Qi? i�#H2b- 7Q` � ;Bp2M b2i Q7
T�`�K2i2`b Uσ, Ē0V Q7 i?2 #2�K- i?2 ?Qi@bTQi T�`�K2i2`b ULhs, Ths, Tmax, xTmaxV
;2M2`�HHv /2+`2�b2 rBi? �M BM+`2�b2 BM i?2 2M2`;v bT`2�/ UδEV Q7 i?2 #2�KX
6`QK i?2 `2bmHib Q7 6B;X dXk r2 FMQr i?�i i?2 iQi�H `�M;2 BM+`2�b2b- �b Bi Bb
H�i2` /2KQMbi`�i2/ �;�BM- BM 6B;X dXdX q2 MQi2 i?�i i?2 2z2+i Q7 δE Bb bi`QM;2`
rBi? ?B;?2` 2M2`;B2b UĒ0V- bT2+B�HHv 7Q` Tmax �M/ xTmaxX Ai Bb BMi2`2biBM; iQ
+QKT�`2 i?2 K�tBKmK i2KT2`�im`2 �M/ Bib TQbBiBQM 7Q` � [m�bB@KQMQ2M2`;2iB+



Red

#2�K `2H�iBp2 iQ i?2 +Q``2bTQM/BM; [m�MiBiB2b Q7 i?2 KQMQ2M2`;2iB+ QM2X 6Q`
2t�KTH2- 7Q` σ = 2.7 ·1018 +K−2- Ē0 = 5500 J2o �M/ δE = 10% i?2 +?�M;2b BM
i?2 K�tBKmK i2KT2`�im`2 �M/ BM Bib TQbBiBQM �`2 BM i?2 Q`/2` Q7 � NW �M/ R9W-
`2bT2+iBp2HvX �M/- r?2M i?2 2M2`;v bT`2�/ BM+`2�b2b iQ δE = 15%- i?2 +?�M;2b
Q#i�BM2/ �`2 i?2 Q`/2` Q7 keW �M/ kjW- `2bT2+iBp2HvX 6Q` σ = 3.8·1018 +K−2- i?2
b�K2 2M2`;v �M/ δE = 10%- i?2 +?�M;2b BM i?2 K�tBKmK i2KT2`�im`2 �M/ Bib
TQbBiBQM �`2 BM i?2 Q`/2` Q7 RjW �M/ R8W- `2bT2+iBp2HvX �M/- 7Q` 2M2`;v bT`2�/ Q7
δE = 15%- i?2 +?�M;2b �`2 Q7 i?2 Q`/2` Q7 kyW �M/ kjW- `2bT2+iBp2HvX >Qr2p2`-
7Q` HQr 2MQm;? 2M2`;B2b- i?2 +?�M;2b BM T�`�K2i2`b Q7 i?2 ?Qi@bTQi �`2 M2;HB;B#H2
Q` bK�HHX h?Bb +�M #2 Q#b2`p2/ BM #Qi? i�#H2b- 7Q` BMbi�M+2 rBi? Ē0 = 1000 J2o
�M/ #Qi? ~mt2b- r?2`2 i?2 +?�M;2b BM i?2 K�tBKmK i2KT2`�im`2 �`2 H2bb i?�M
8W �M/ BM Bib TQbBiBQMb �`2 �i i?2 2/;2 Q7 i?2 TH�bK�X

�b Bi r�b /2KQMbi`�i2/ BM *?�Ti2` 8- 7Q` � KQMQ2M2`;2iB+ #2�K- i?2 +?�`@
�+i2`BbiB+b Q7 Lhs- Ths- �M/ Tmax BM +2Mi`�H ?Qi@bTQib `2K�BM �TT`QtBK�i2Hv
+QMbi�Mi rBi? 2M2`;vX 6Q` BMbi�M+2- BM h�#H2 dXR- rBi? σ = 2.7 · 1018 +K−2-
i?Bb ?�TT2Mb �i 2M2`;B2b Q7 9yyy- 88yy- dyyy- �M/ d8yy J2oX h?2M- r?2M i?2
~mt BM+`2�b2b- i?Bb #2?�pBQm` T2`bBbib #mi Q++m`b �i ?B;?2` i?`2b?QH/ 2M2`;B2b
�M/ rBi? 2H2p�i2/ T�`�K2i2` p�Hm2bX h?Bb Bb b?QrM BM h�#H2 dXk- BM r?B+? +2M@
i`�H ?Qi@bTQib �`2 7QmM/ QMHv 7Q` 88yy- dyyy- �M/ d8yy J2o- rBi? � ~mt Q7
σ = 3.8 · 1018 +K−2X >2M+2- �M/ �b 2tTH�BM2/ BM a2+iX 8XR- 7Q` KQMQ2M2`;2iB+
#2�Kb i?2`2 Bb � i?`2b?QH/ 2M2`;v UE∗(σ∗)V /2T2M/2Mi QM i?2 ~mt- bm+? i?�i i?2
?Qi@bTQib ;2M2`�i2/ �`2 +2Mi`�HX 6`QK MmK2`B+�H bBKmH�iBQMb r2 +�M +QM}`K
i?�i- 7Q` σ = 2.7 ·1018 +K−2- i?Bb Q++m`b 7Q` 2M2`;B2b ?B;?2` i?�M � i?`2b?QH/ 2M@
2`;v Q7 E∗(σ∗) ≈ 3500 J2o- i?2M- �i ?B;?2` � ?B;?2` ~mt Q7 σ = 3.8 · 1018 +K−2

�i E∗ ≈ 5500 J2oX �b Bi Bb b22M BM h�#H2b dXR �M/ dXk- 7Q` p�Hm2b Q7 i?2 BQM
2M2`;v H�`;2` i?�M E∗- BM 2�+? `2bT2+iBp2 +�b2- i?2 T�`�K2i2`b Lhs- Ths �M/
Tmax F22T +QMbi�MiX

PM i?2 +QMi`�`v- i?Bb +QMbi�Mi #2?�pBQm` Q7 +2Mi`�H ?Qi@bTQib i2M/b iQ p�M@
Bb? r?2M [m�bB@KQMQ2M2`;2iB+ #2�Kb �`2 +QMbB/2`2/X h?2 /Bz2`2M+2b rBi? i?2
KQMQ2M2`;2iB+ +�b2 �`2 KQ`2 �+mi2 �b i?2 2M2`;v bT`2�/ BM+`2�b2bX 6Q` BM@
bi�M+2- i?2 `2H�iBp2 /Bz2`2M+2 Q7 i?2 K�tBKmK i2KT2`�im`2 UTmaxV BM i?2 +�b2
UĒ0 = 5500 J2o-σ = 2.7 · 1018 +K−2V Bb �M R3W 7Q` δE = 10% �M/ � k8W 7Q`
δE = 15%X h?2M- r2 Q#b2`p2 i?�i i?2b2 +?�M;2b �`2 2p2M H�`;2` r?2M BM+`2�b@
BM; i?2 2M2`;B2b- �b 7Q` BMbi�M+2- 7Q` UĒ0 = 7500 J2o-σ = 2.7 · 1018 +K−2-δE =
15%V i?2 `2H�iBp2 /Bz2`2M+2 Bb Q7 j3W BM +QKT�`BbQM iQ i?2 T`2pBQmb 2t�K@
TH2bX �i H�bi- i?2 2z2+i Bb bKQQi?2/ B7 i?2 ~mt Bb BM+`2�b2/- �b i?2 +�b2 Q7
UĒ0 = 7500 J2o-σ = 3.8 · 1018 +K−2-δE = 15%V- }M/BM; � +?�M;2 Q7 kyW- BM
`2bT2+i iQ i?2 T`2pBQmb +�b2bX q?2M bim/vBM; i?2 T�`�K2i2`b �bbQ+B�i2/ iQ i?2
?Qi@bTQi- r2 +QmH/ �`;m2 i?�i i?2 `2bmHib ULhs, ThsV /Q MQi +?�M;2 �b /`�biB+�HHv
rBi? δEX 6Q` BMbi�M+2- BM i?2 +�b2 Q7 UĒ0 = 5500 J2o-σ = 2.7 · 1018 +K−2V-
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r?2M +QKT�`BM; i?2 ?Qi@bTQi i2KT2`�im`2 UThsV rBi? i?2 KQMQ2M2`;2iB+ #2�K-
r2 }M/ � dW Q7 `2H�iBp2 /Bz2`2M+2 7Q` δE = 10% �M/ � RkW 7Q` δE = 15%-
r?B+? �`2 HQr2` p�Hm2b BM +QKT�`BbQM iQ i?2 QM2b 7QmM/ T`2pBQmbHv 7Q` TmaxX
1p2Mim�HHv- i?2 HQr2`BM; Q7 Lhs �M/ Ths H2�/b iQ i?2 MQM@7Q`K�iBQM Q` /Bb�T@
T2�`�M+2 Q7 i?2 ?Qi@bTQiX h?Bb Bb 7QmM/ BM h�#H2 dXR- 7Q` δE = 15%- r?2`2 i?2
H2M;i? �M/ K2�M i2KT2`�im`2 p�Hm2b Q7 i?2 ?Qi@bTQi �i dyyy �M/ d8yy J2o �`2
x2`Q- BM/B+�iBM; i?2 �#b2M+2 Q7 TQBMib BM i?2 ?2�i2/ `2;BQM rBi? � i2KT2`�im`2
2t+22/BM; i?2 B;MBiBQM i2KT2`�im`2 UTmax ≈ 10 F2oVX �i H�bi- rBi? `2;�`/ iQ
2/;2 ?Qi@bTQib- i?2 p�Hm2b Q7 Lhs- Ths �M/ Tmax BM+`2�b2 bHB;?iHv BM `2bT2+i iQ
i?2 KQMQ2M2`;2iB+ +�b2X

6m`i?2`KQ`2- r2 MQi2 i?�i i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2 BM `2@
bT2+i iQ i?2 2/;2 Bb �HbQ `2/m+2/ r?2M i?2 2M2`;v bT`2�/ Bb BM+`2�b2/X >Qr2p2`-
QM2 #2?�pBQm` Bb b?�`2/ rBi? i?2 KQMQ2M2`;2iB+ +�b2, �b r2 7QmM/ BM a2+iX 8XR-
xTmax /2T2M/b KQbiHv QM i?2 BMBiB�H 2M2`;v Q7 i?2 BQMb �M/ `2K�BMb T`�+iB+�HHv
BM/2T2M/2Mi Q7 i?2 ~mt Q7 i?2 #2�KX h?Bb Q#b2`p�iBQM ?QH/b i`m2 7Q` p�M�/BmK
[m�bB@KQMQ2M2`;2iB+ BQM #2�Kb �b r2HHX h?Bb Bb 2�bBHv MQiB+2�#H2 r?2M +QKT�`@
BM; �Mv +�b2 Q7 h�#H2 dXR Uσ = 2.7 · 1018 +K−2V rBi? Bib �M�HQ;m2 BM h�#H2 dXk
Uσ = 3.8 · 1018 +K−2VX

�//BiBQM�HHv- BM 6B;X dXj r2 BHHmbi`�i2 � KQ`2 /2i�BH2/ `2T`2b2Mi�iBQM Q7 i?2
2pQHmiBQM Q7 i?2 TH�bK� 7Q` /Bz2`2Mi 2M2`;v /Bbi`B#miBQMb Q7 i?2 #2�KX q2 b?Qr
i?2 iBK2 2pQHmiBQM Q7 i?2 i2KT2`�im`2 }2H/ /m`BM; i?2 ?2�iBM; T`Q+2bb Q7 i?2
TH�bK� #v KQMQ2M2`;2iB+ UδE = 0%V �M/ [m�bB@KQMQ2M2`;2iB+ UδE = 15%VX
6Q` i?Bb �M�HvbBb- r2 �bbmK2 #Qi? #2�Kb ?�p2 i?2 b�K2 BMi2MbBiv UIV- ~mt
Uσ = 3.8 ·1018 +K−2V �M/ 2M2`;v Udyyy J2oV- �M/ i?2`27Q`2- i?2v ?�p2 i?2 b�K2
+?�`�+i2`BbiB+ iBK2 Uτbeam = σ/IVX Ai ?�b #22M b2H2+i2/ BM b2p2`�H BMbi�Mib Q7 i?2
bBKmH�iBQM- 7`QK t1 = 0.01τbeam mMiBH t7 = τbeamX �7i2` i?2 r?QH2 BMi2`�+iBQM-
#Qi? #2�Kb �`2 �#H2 iQ ;2M2`�i2 � ?Qi@bTQi- �Hi?Qm;? i?2 KQMQ2M2`;2iB+ `2�+?2b
i?Bb +QM/BiBQMb 2�`HB2`- �i t4 ≈ 0.4τbeam- r?BH2 i?2 [m�bB@KQMQ2M2`;2iB+ /Q2b �i
t6 ≈ 0.8τbeamX �i bm+? BMbi�Mi Ut6V- i?2 ?Qi@bTQi H2M;i? �bbQ+B�i2/ rBi? i?2
KQMQ2M2`;2iB+ #2�K Bb b?Q`i2` i?�M i?2 QM2 Q7 i?2 [m�bB@KQMQ2M2`;2iB+ #2�KX
>Qr2p2`- �b Bi +�M #2 b22M BM i?Bb };m`2 Q` BM h�#H2 dXk U7Q` +2Mi`�H ?Qi@bTQi
+�b2b- rBi? ?B;? Ē0V- �i i?2 2M/ Q7 i?2 ?2�iBM; T`Q+2bb- #Qi? ?Qi@bTQib /Q `2�+?
bBKBH�` H2M;i? p�Hm2b Q7 Lhs ≈ 43 µKX

�7i2` i?Bb +�`27mH 2t�KBM�iBQM Q7 � [m�bB@KQMQ2M2`;2iB+ :�mbbB�M #2�K HQ@
+�i2/ �i i?2 2/;2 Q7 i?2 TH�bK� Ud = 0V- Bi Bb �HbQ M2+2bb�`v iQ �//`2bb i?2
`2bmHib 7QmM/ r?2M i?2 bQm`+2 Bb b2T�`�i2/ 7`QK i?2 7m2HX h?mb- BM 6B;X dX9 r2
b?Qr i?2 bT�iB�H i2KT2`�im`2 }2H/ `2�+?2/ �i i?2 2M/ Q7 i?2 ?2�iBM; T`Q+2bb
7Q` /Bz2`2Mi +QM/BiBQMb Q7 i?2 #2�KbX h?2 TH�bK� +QMbB/2`2/ Bb i?2 b�K2 �b BM
6B;X dXk- #mi BM i?Bb +�b2 i?2 #2�Kb ?�p2 � ~mt Q7 σ ≈ 3·1018 +K−2- rBi? 2M2`;B2b
Q7 Ē0 ≈ 5000 �M/ e8yy J2o �M/ 2M2`;v bT`2�/b Q7 δE = 0% UKQMQ2M2`;2iB+V-
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6B;m`2 dXjĖ hBK2 2pQHmiBQM Q7 i?2 i2KT2`�im`2 }2H/ Q7 i?2 ?2�iBM; T`Q+2bb 7Q` b2p2M
BMbi�Mib Q7 iBK2 Ut/τbeam4yXyR- yXR- yXk- yX9- yXe- yX3 �M/ RVX hrQ p�M�/BmK #2�Kb �`2
+QMbB/2`2/, KQMQ2M2`;2iB+ �M/ � :�mbbB�M UδE = 15%V HQ+�i2/ �i i?2 2/;2 Q7 i?2 TH�bK�
U:RV- #Qi? rBi? Ē0 = 7000 J2o �M/ σ = 3.8 · 1018 +K−2X h?2 +QM/BiBQMb Q7 i?2 TH�bK� �`2
i?2 b�K2 Q7 6B;X dXRX

δE = 10% �M/ δE = 15%X �//BiBQM�HHv- r2 +QMbB/2` i?2 [m�bB@KQMQ2M2`;2iB+
#2�Kb HQ+�i2/ �i i?2 2/;2 Q7 i?2 TH�bK� U:RV �M/ �MQi?2` QM2 �i � /Bbi�M+2
ǴdǴ U:kVX

q2 }M/ i?�i i?2 `2bmHiBM; /Bbi`B#miBQMb Q7 i2KT2`�im`2b +`2�i2 +2Mi`�H ?Qi@
bTQibX �;�BM- r2 +�M b22 i?2 K�BM 2z2+ib Q7 i?2 2M2`;v bT`2�/ QM i?2 i2KT2`�@
im`2 }2H/, i?2 K�tBKmK i2KT2`�im`2 /2+`2�b2b- i?2 TQbBiBQM Q7 i?2 K�tBKmK
i2KT2`�im`2 Bb /BbTH�+2/ �M/ i?2 H2M;i? Q7 i?2 ?2�i2/ `2;BQM Lh BM+`2�b2bX hQ
7m`i?2` �//`2bb i?2b2 /Bz2`2M+2b- r2 ?�p2 BMbT2+i2/ i?2 `2bmHib BM i?2 Uσ, Ē0V@
bT�+2 �M/ +�H+mH�i2/ i?2 `2H�iBp2 /Bz2`2M+2bX 1t�KTH2b Q7 i?2b2 `2bmHib �`2
/BbTH�v2/ BM i?2 7QHHQrBM; b2+iBQMbX "2ir22M i?2 :R �M/ :k +�b2b- r2 }M/ bQK2
bBKBH�`BiB2b- �b i?2 K�tBKmK i2KT2`�im`2 �M/ `�M;2- �M/ � /Bb+`2T�M+v BM i?2
TQbBiBQM Q7 xTmax- #2BM; 7m`i?2` 7`QK i?2 2/;2 BM i?2 :k +�b2X �b r2 rBHH b?Qr
#2HQr- r?2M +QKT�`BM; :R �M/ :k b+2M�`BQb BM i?2 Uσ, Ē0V@bT�+2 KQbi Q7 i?2
`2bmHib �`2 M2�`Hv 2[mBp�H2Mi- BM+Hm/BM; i?2 ?Qi@bTQi T�`�K2i2`bX h?Bb Bb T�`@
iB+mH�`Hv `2H2p�Mi #2+�mb2 i?2 ;�BMb r2 bim/v �`2 /2i2`KBM2/ #v i?2 `�/Bmb �M/
K2�M i2KT2`�im`2 Q7 i?2 ?Qi@bTQi- bQ- #2ir22M :R �M/ :k- i?Qb2 `2bmHib rBHH



Rdy

#2 bBKBH�` iQQX

6B;m`2 dX9Ė h2KT2`�im`2 }2H/ �7i2` ?2�iBM; � TH�bK� rBi? � p�M�/BmK #2�KX h?2
b+2M�`BQb +QMbB/2`2/ �`2, � KQMQ2M2`;2iB+ #2�K- � [m�bB@KQMQ2M2`;2iB+ #2�K HQ+�i2/ �i i?2
2/;2 Q7 i?2 TH�bK� U:RV �M/ �MQi?2` QM2 HQ+�i2/ �i � ǴdǴ /Bbi�M+2 U:kVX h?2 +QM/BiBQMb Q7
i?2 #2�K �`2 Ē0 ≈ 5000 �M/ e8yy J2o �M/ σ ≈ 3 · 1018 +K−2X 6Q` i?2 [m�bB@KQMQ2M2`;2iB+
#2�Kb- i?2 2M2`;v bT`2�/b �`2 δE = 10% UbQHB/ HBM2V- δE = 15% U/�b?2/ HBM2VX h?2 TH�bK�
+QM/BiBQMb �`2 i?2 b�K2 Q7 6B;X dXRX

dXk A;MBiBQM i?`2b?QH/ BM i?2 Uσ, Ē0V@bT�+2
>2`2�7i2`- r2 /2i�BH i?2 bvbi2K�iB+ `2bmHib 7QmM/ BM i?2 Uσ, Ē0V@bT�+2 7Q` �
KQMQ2M2`;2iB+ #2�K- � [m�bB@KQMQ2M2`;2iB+ :�mbbB�M #2�K 7QmM/ �i i?2 2/;2
Q7 i?2 TH�bK� U:RV �M/ �MQi?2` QM2 7QmM/ �i � ǴdǴ/Bbi�M+2 U:kVX "Qi? :�mbbB�M
#2�Kb ?�p2 2M2`;v /BbT2`bBQMb Q7 δE = 5- Ry �M/ R8WX hQ 2�b2 i?2 +QKT�`BbQM-
i?2 `�M;2b Q7 i?2 Uσ, Ē0V@bT�+2 �`2 i?2 b�K2 Q7 *?�Ti2` 8X A7 M2+2bb�`v- � xQQK@
BM Bb �TTHB2/ iQ i?2 σ@�tBb 7Q` #2ii2` pBbB#BHBivX

6B`bi- r2 r�Mi iQ �//`2bb i?2 `2;BQM rBi?BM i?2 Uσ, Ē0V@bT�+2 r?2`2 i?2
B;MBiBQM Bb �+?B2p2/X h?Bb Bb b?QrM BM 6B;X dX8- r?2`2 r2 /BbTH�v i?2 B;MBiBQM
+m`p2 UGig = 1V 7Q` i?2 /Bz2`2Mi ivT2 Q7 #2�KbX 6Q` 2�+? 2M2`;v bT`2�/- i?2
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irQ [m�bB@KQMQ2M2`;2iB+ #2�Kb U:R �M/ :kV �`2 `2T`2b2Mi2/ iQ;2i?2`- #2+�mb2
i?2 B;MBiBQM i?`2b?QH/ Q7 #Qi? �`2 �HKQbi B/2MiB+�HX �b Bi Bb b?QrM BM 6B;bX dXd
�M/ dX3- i?2 ?Qi@bTQi T�`�K2i2`b Q7 :R �M/ :k �`2 Km+? �HBF2- H2�/BM; iQ
bBKBH�` B;MBiBQM p�Hm2bX q2 +�M �//`2bb ?Qr i?Bb T�`Biv �TT2�`b- #v i�FBM; BMiQ
�++QmMi i?�i i?2 QMHv /Bz2`2M+2 #2ir22M :R �M/ :k Bb i?2 2M2`;v rBi? r?B+?
i?2 T`QD2+iBH2b 2Mi2` i?2 TH�bK�X AM i?2 :R +�b2 i?2`2 Bb � :�mbbB�M /Bbi`B#miBQM
7Q` 2�+? #BM- r?BH2 BM :k i?2 T`QD2+iBH2b 2Mi2` BM �M Q`/2`Hv K�MM2`- }`bi i?2
KQbi 2M2`;2iB+ QM2b- i?�i ?�p2 i`�p2HH2/ i?2 b2T�`�iBQM /Bbi�M+2 i?2 7�bi2bi �M/
}M�HHv i?2 bHQr2biX >Qr2p2`- mHiBK�i2Hv- i?2 b�K2 b2i Q7 T`QD2+iBH2b /2TQbBib
2M2`;v BM i?2 TH�bK�- H2�/BM; iQ �FBM i2KT2`�im`2 /Bbi`B#miBQMbX

q2 `2KBM/ i?�i i?2 �`2� �#Qp2 i?2 B;MBiBQM +m`p2 +Q``2bTQM/ iQ i?Qb2 +�b2b
r?2`2 i?2 #m`MBM; Bb TQbbB#H2X AM +QKT�`BbQM iQ i?2 KQMQ2M2`;2iB+ +�b2- r2
}M/ i?�i #Qi? :�mbbB�M #2�Kb 7mH}H i?2 B;MBiBQM +QM/BiBQMb BM � /BKBMBb?2/
Uσ, Ē0V@�`2�X q2 +�M b22 i?�i i?2 B;MBiBQM +m`p2b b?B7i iQr�`/ ?B;?2` p�Hm2b
Q7 i?2 T�`�K2i2`b σ �M/ Ē0 r?2M i?2 2M2`;v bT`2�/ BM+`2�b2bX h?Bb Bb �M
BM/B+�iBQM Q7 ?Qr i?2 bT�`F i2KT2`�im`2 �M/ H2M;i? �`2 HQr2` r?2M +QMbB/2`BM;
� [m�bB@KQMQ2M2`;2iB+ +�b2- �M/ i?mb- /Q MQi `2�+? i?2 B;MBiBQM +QM/BiBQMb 7Q`
bQK2 Uσ, Ē0V@+�b2b- r?2`2 � KQMQ2M2`;2iB+ #2�K /Q2bX

6B;m`2 dX8Ė A;MBiBQM +m`p2 UGig(σ, Ē0, δE) = 1V BM i?2 Uσ, Ē0V@bT�+2- +QMbB/2`BM; i?`22
ivT2b Q7 p�M�/BmK BQM #2�Kb �M/ /Bz2`2Mi 2M2`;v bT`2�/bX
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dXj G2M;i? �M/ i2KT2`�im`2 /Bbi`B#miBQMb BM i?2 Uσ, Ē0V@bT�+2
�7i2` BHHmbi`�iBM; i?2 bT�+2 r?2`2 i?2 #m`MBM; Bb TQbbB#H2- r2 T`Q+22/ iQ b?Qr
i?2 bi�i2 Q7 i?2 ?Qi@bTQi �M/ i?2 ?2�i2/ `2;BQM BM i?2 Uσ, Ē0V@bT�+2X "27Q`2 �HH
2Hb2- BM 6B;X dXe r2 b?Qr i?2 `2bmHib 7Q` � KQMQ2M2`;2iB+ #2�KX �Hi?Qm;? i?Bb
BM7Q`K�iBQM Bb `2T2�i2/ rBi? i?2 #QiiQK T�M2Hb Q7 6B;X 8XR- r2 /BbTH�v Bi ?2`2
�;�BM iQ 2�b2 i?2 +QKT�`BbQM rBi? i?2 `2bi Q7 +�b2bX h?2M- BM 6B;X dXd r2 b?Qr
i?2 �M�HQ;m2 `2bmHib 7Q` � [m�bB@KQMQ2M2`;2iB+ #2�K �i i?2 2/;2 Q7 i?2 TH�bK�
U:RV �M/ BM 6B;X dX3 r2 b?Qr i?2 `2bmHib 7Q` i?2 b�K2 [m�bB@KQMQ2M2`;2iB+
#2�Kb #mi b2T�`�i2/ 7`QK i?2 7m2H U:kVX AM #Qi? [m�bB@KQMQ2M2`;2iB+ };m`2b-
i?`22 2M2`;v bT`2�/b �`2 +QMi2KTH�i2/- δE 4 8W- RyW �M/ R8WX

h?2`2- i?2 BbQHBM2b /2TB+i2/ BM i?2 Uσ, Ē0V@bT�+2 �bbQ+B�i2/ iQ H2M;i?b �`2
/BbTH�v2/ BM i?2 H27i T�M2Hb �M/ i?2 BbQHBM2b �bbQ+B�i2/ iQ i2KT2`�im`2b BM i?2
`B;?i QM2bX AM i?2 H27i T�M2H r2 b?Qr i?2 `�M;2 ULhV �b ;`2v bQHB/ BbQHBM2b- i?2
H2M;i? Q7 i?2 ?Qi@bTQi ULhsV �b bQHB/ #H�+F HBM2b �M/ i?2 TQbBiBQM Q7 i?2 K�tBKmK
i2KT2`�im`2 UxTmaxV �b #Hm2 /Qii2/ HBM2bX 6Q` i?2 BbQHBM2b Q7 Lh �M/ Lhs r2
BM/B+�i2 i?2 KBMQ` p�Hm2 URy µKV �M/ 7Q` xTmax r2 BM/B+�i2 i?2 `272`2M+2 p�Hm2 Q7
?�H7 i?2 bT?2`2 U8y µKVX h?2 `2bi Q7 i?2 BbQHBM2b �`2 �Hr�vb /BbTH�v2/ BM BMi2`p�Hb
Q7 Ry µKX AM i?2 `B;?i T�M2H- r2 b?Qr i?2 BbQHBM2b �bbQ+B�i2/ iQ i?2 i2KT2`�im`2
�i i?2 2/;2 Q7 i?2 TH�bK� UTx=0V �b /�b?2/ ;`2v HBM2b- i?2 i2KT2`�im`2 Q7 i?2
?Qi@bTQi UThsV �b #H�+F bQHB/ HBM2b �M/ i?2 K�tBKmK i2KT2`�im`2 UTmaxV �b
bQHB/ ;`2v HBM2bX h?2 KBMQ` p�Hm2 /2TB+i2/ Q7 i?2 BbQHBM2b Bb Ry F2o- �M/ i?2
`2bi Q7 i?2 BbQHBM2b �`2 /BbTH�v2/ BM BMi2`p�Hb Q7 k F2oX �b 2tTH�BM2/ BM a2+iX 8XR-
r2 BM/B+�i2 i?2 i?`2b?QH/ Uσ, Ē0V@p�Hm2b r?2`2 2/;2- BMi2`K2/B�i2 �M/ +2Mi`�H
?Qi@bTQib �`2 7QmM/ �b /Qii2/ ;`22M �M/ /�b?2/ Tm`TH2 HBM2b- `2bT2+iBp2HvX 1/;2
?Qi@bTQib �`2 7QmM/ �i p2`v HQr 2M2`;B2b UH27i Q7 i?2 ;`22M HBM2V- +2Mi`�H Bb 7QmM/
BM �HKQbi i?2 2MiB`2 `�M;2 Q7 Ē0 U�i `B;?i �M/ #2HQr Q7 i?2 Tm`TH2 HBM2V- i?2M-
i?2 BMi2`K2/B�i2 ?Qi@bTQib �`2 7QmM/ #2ir22M #Qi? `2;BQMbX

AM a2+iX 8XR r2 2tTH�BM2/ i?2 ;2M2`�H #2?�pBQm` Q7 i?2 T�`�K2i2`b BM i?2
KQMQ2M2`;2iB+ +�b2X AM b?Q`i- i?2 H2M;i? Q7 i?2 ?2�i2/ TH�bK� ULhV BM+`2�b2b
rBi? #Qi? i?2 2M2`;v Q7 i?2 T`QD2+iBH2b �M/ i?2 ~mt- i?Bb Bb- BM+`2�b2b rBi? i?2
2M2`;v Q7 i?2 #2�K UEb = SbσE0V- �Hi?Qm;? i?2 /2T2M/2M+2 Bb bi`QM;2` rBi?
E0X 6Q` Lhs- i?2 #2?�pBQm` Bb bBKBH�` BM i?2 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi
`2;BQMb- r?BH2 BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM r2 }M/ � +QMbi�Mi p�Hm2 BM `2bT2+i
iQ i?2 2M2`;vX aBKBH�`Hv iQ Lhs- Ths- i?2 K�tBKmK i2KT2`�im`2b UTmaxV b?Qrb
�M �HKQbi +QMbi�Mi #2?�pBQm` BM `2bT2+i iQ i?2 2M2`;v 7Q` BMi2`K2/B�i2 �M/
+2Mi`�H ?Qi@bTQibX �i H�bi- i?2 bQHmiBQMb 7Q` xTmax �`2 /BbTH�v2/ rBi? p2`iB+�H
HBM2b- i?�i Bb- i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2 KQbiHv /2T2M/b QM E0X

� ;2M2`�H `2bmHi Q7 i?2 :R �M/ :k #2�Kb BM `2bT2+i iQ i?2 KQMQ2M2`;2iB+
#2�K Bb i?�i i?2 +QMbi�Mi #2?�pBQm` Q7 +2Mi`�H ?Qi@bTQib BM `2bT2+i iQ E0 Bb MQi
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7QmM/ �Mv KQ`2X �b #27Q`2- r2 MQi2 i?�i i?2 2z2+ib Q7 i?2 :�mbbB�M #2�K �`2
KQ`2 /`�biB+ r?2M i?2 2M2`;v bT`2�/ Bb 2MH�`;2/X �//BiBQM�HHv- i?2 HBM2b i?�i
b2T�`�i2 i?2 2/;2- BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQi `2;BQMb �TT`QtBK�i2Hv /Q
MQi +?�M;2 BM `2bT2+i iQ i?2 KQMQ2M2`;2iB+ +�b2X

PM i?2 QM2 ?�M/- r?2M +QKT�`BM; i?2 `2bmHib Q7 6B;X dXd U:RV- rBi? i?2
KQMQ2M2`;2iB+ +�b2 Q7 6B;X dXe- r2 }M/ i?�i- r?2M �M 2M2`;v bT`2�/ Bb �TTHB2/-
i?2 b�K2 `�M;2b ULhV `2[mB`2 H2bb 2M2`;vX h?Bb r�b �H`2�/v �/p�M+2/ rBi?
6B;X dXk r?2`2 r2 b?Qr2/ ?Qr i?2 ?2�i2/ `2;BQMb 2MH�`;2/X 6Q` BMbi�M+2- BM i?2
KQMQ2M2`;2iB+ +�b2 Lh = 100 µK r�b 7QmM/ �TT`QtBK�i2Hv �i 3k8y∼N8yy J2o-
r?BH2 7Q` �M 2M2`;v bT`2�/ Q7 δE = 15%- i?2 b�K2 BbQHBM2 Bb KQ`2 p2`iB+�H �M/
Bi Bb 7QmM/ ∼edyy J2oX qBi? `2;�`/ iQ i?2 ?Qi@bTQi H2M;i? ULhsV r2 /Q MQi
}M/ /`�biB+ /Bz2`2M+2b BM i?2 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMbX >Qr2p2`-
�b �/p�M+2/ #27Q`2- BM i?2 +2Mi`�H ?Qi@bTQi `2;BQM- r2 }M/ ?Qr i?2 +QMbi�Mi
#2?�pBQm` b?QrM BM 6B;X dXe /Bb�TT2�`b �b i?2 2M2`;v bT`2�/ Bb BM+`2�b2/X h?Bb
Bb bT2+B�HHv MQi�#H2 �i HQr ~mt2b Q` QM+2 ?B;? 2MQm;? 2M2`;B2b �`2 +QMbB/2`2/X AM
i?Bb b2Mb2- Lhs BbQHBM2b �`2 M�``Qr2/- KQpBM; iQr�`/b ?B;?2` ~mt2b 7Q` `2�+?BM;
i?2 b�K2 p�Hm2 �b BM i?2 KQMQ2M2`;2iB+ b+2M�`BQX q2 �HbQ }M/ i?�i i?2 TQbBiBQM
Q7 i?2 K�tBKmK i2KT2`�im`2 `2[mB`2b ?B;?2` 2M2`;B2b rBi? � :�mbbB�M #2�K-
7Q` BMbi�M+2- xTmax = 50 µK Bb 7QmM/ �i e8yy J2o BM 6B;X dXe- r?BH2 MQr
�TT2�`b �i d8yy J2o 7Q` �M 2M2`;v bT`2�/ Q7 δE = 15%X q2 ?�p2 +�H+mH�i2/
i?2 `2H�iBp2 /Bz2`2M+2b BM i?2 Uσ, Ē0V@bT�+2 Q7 :R BM `2bT2+i iQ i?2 KQMQ2M2`;2iB+
#2�KX 6Q` 2t�KTH2- r?2M +QMbB/2`BM; δE = 15%- i?2 `�M;2b BM/B+�i2 � +QMi`�bi
mT iQ � 8yW #2ir22M #Qi?- �M/ mT iQ k8W 7Q` i?2 TQbBiBQM Q7 i?2 K�tBKmK
i2KT2`�im`2X h?2b2 /Bz2`2M+2b /2T2M/ QM i?2 T�`�K2i2`b Q7 i?2 #2�K �M/
/2T2M/ QM i?2 `2;BQM Q7 i?2 Uσ, Ē0V@bT�+2- }M/BM; i?2 ?B;?2` /Bb+`2T�M+B2b 7Q`
BMi2`K2/B�i2 �M/ +2Mi`�H ?Qi@bTQibjX

AM `2bT2+i iQ i?2 i2KT2`�im`2b- 7QmM/ BM i?2 `B;?i T�M2H- r2 }M/ i?�i Tx=0
/Q2b MQi +?�M;2 bB;MB}+�MiHv- M2Bi?2` /Q2b Tmax- #mi i?Bb ?�TT2Mb QMHv BM i?2
2/;2 ?Qi@bTQi `2;BQMX AM i?2 +2Mi`�H �M/ BMi2`K2/B�i2 ?Qi@bTQi `2;BQMb- i?2 BbQ@
HBM2b Q7 Tmax �M/ Ths �HbQ i2M/ iQ M�``Qr- i2�`BM; /QrM �Mv +QMbi�Mi #2?�pBQm`X
h?Bb K2�Mb i?�i- 7Q` i?2 b�K2 2M2`;v- �+?B2pBM; � +2Mi`�H ?Qi@bTQi rBi? i?2
b�K2 i2KT2`�im`2 `2[mB`2b MQr ?B;?2` ~mt2bX 6Q` BMbi�M+2- �i Ē0 = 9400 J2o-
BM i?2 KQMQ2M2`;2iB+ +�b2 Tmax = 14 F2o �M/ Ths = 14 F2o- �`2 7QmM/ �i
σ ≈ 2.4 · 1018 +K−2 �M/ σ ≈ 4.3 · 1018 +K−2- `2bT2+iBp2Hv- r?BH2 7Q` �M 2M@
2`;v /BbT2`bBQM Q7 δE = 15%- i?2v �`2 7QmM/ �i σ ≈ 6.3 · 1018 +K−2 �M/
σ ≈ 5 · 1018 +K−2X q?2M +QKTmiBM; i?2 `2H�iBp2 /Bz2`2M+2b #2ir22M i?2 :R

jq2 �/p�M+2 i?�i i?2 `2bmHib Q7 :R �M/ :k +�b2b �`2 �HKQbi B/2MiB+�H- bQ i?2 `2H�iBp2
/Bz2`2M+2b #2ir22M i?2 :k �M/ i?2 KQMQ2M2`;2iB+ #2�K �`2 2[mBp�H2Mi iQ i?Qb2 T`2b2Mi2/ 7Q`
:RX
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�M/ i?2 KQMQ2M2`;2iB+ +�b2b- r2 ?�p2 7QmM/ /Bb+`2T�M+B2b mT iQ k8W 7Q` i?2
?Qi@bTQi i2KT2`�im`2 �M/ mT iQ 8yW 7Q` i?2 K�tBKmK i2KT2`�im`2- /2T2M/BM;
QM i?2 b2H2+i2/ Uσ, Ē0V@p�Hm2bX

PM i?2 Qi?2` ?�M/- BM 6B;X dX3 U:kV r2 b?Qr i?2 bQHmiBQMb r?2M +QMbB/2`BM;
� :�mbbB�M #2�K b2T�`�i2/ 7`QK i?2 i�`;2iX �b 7Q`2b22M BM 6B;bX dX9 �M/ dX8-
i?2 `2bmHib Q7 i?2 :k +�b2 /Q MQi /Bz2` /`�biB+�HHv 7`QK i?2 :R +�b2X aiBHH-
KBMQ` /Bz2`2M+2b +�M #2 7QmM/- �b 7Q` BMbi�M+2, xTmax BbQHBM2b �`2 H2bb p2`iB+�H
BM i?2 :k #2�K- BM bm+? � r�v i?�i- r?2M BM+`2�bBM; i?2 ~mt- 7Q` i?2 b�K2 Ē0
i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2 Bb 7m`i?2` 7`QK i?2 2/;2 BM i?2 :k
+�b2c i?2 Lh BbQHBM2b Q7 i?2 :R b+2M�`BQ �`2 KQbiHv p2`iB+�H �M/ `2�+? b?Q`i2`
`�M;2b 7Q` H�`;2` p�Hm2b Q7 Ē0- BM +QKT�`BbQM iQ i?2 :k +�b2c �i H�bi- i?2 :k
b+2M�`BQ `2�+?2b bHB;?iHv ?B;?2` ?Qi@bTQi i2KT2`�im`2bX q2 ?�p2 �HbQ +�H+mH�i2/
i?2 `2H�iBp2 /Bz2`2M+2b BM i?2 Uσ, Ē0V@bT�+2 Q7 :k BM `2bT2+i iQ :RX h?2 KQbi
2ti`2K2 /Bb+`2T�M+v r2 ?�p2 7QmM/ Bb `2H�i2/ iQ i?2 TQbBiBQM Q7 i?2 K�tBKmK
i2KT2`�im`2- mT iQ 8yW 7Q` BMi2`K2/B�i2 2M2`;B2b �M/ H�`;2 ~mt2bX h?2 `�M;2
b?Qrb /Bz2`2M+2b mT iQ � kyW- #mi KQbiHv M2;HB;B#H2 BM �HH 2tT2`BK2MibX h?2
+QMi`�bi #2ir22M :R �M/ :k 7Q` i?2 i2KT2`�im`2b UThs- Tmax �M/ Tx=0V- �b r2HH
�b- 7Q` i?2 `�/Bmb Q7 i?2 ?Qi@bTQi URhsV- �`2 7QmM/ iQ #2 HQr2` i?�M RyWX h?2
H�ii2` 2tTH�BMb r?v i?2 ;�BM `2bmHib �`2 �HKQbi B/2MiB+�H BM a2+iX dXk �M/ BM i?2
7QHHQrBM; b2+iBQMX

6B;m`2 dXeĖ AbQHBM2b Q7 i?2 +?�`�+i2`BbiB+ H2M;i?b UiQT T�M2H- Lh- Lhs �M/ xTmaxV �M/
i2KT2`�im`2b U#QiiQK T�M2H- Ths- Tmax �M/ Tx=0V ;2M2`�i2/ #v KQMQ2M2`;2iB+ p�M�/BmK
#2�Kb BM i?2 Uσ, Ē0V@bT�+2X
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6B;m`2 dXdĖ aBKBH�` iQ 6B; dXe- #mi +QMbB/2`BM; � :�mbbB�M BQM #2�K ;2M2`�i2/ �i i?2
2/;2 Q7 i?2 TH�bK� U:RV- rBi? δE 4 8W- RyW �M/ R8WX
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6B;m`2 dX3Ė aBKBH�` iQ 6B; dXe- #mi +QMbB/2`BM; � :�mbbB�M BQM #2�K ;2M2`�i2/ �i /Bbi�M+2
ǴdǴ 7`QK i?2 2/;2 Q7 i?2 TH�bK� U:kV- rBi? δE 4 8W- RyW �M/ R8WX
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dX9 "m`MBM; ;�BM �M/ +QmTHBM; `2bmHib BM i?2 Uσ, Ē0V@bT�+2
q2 �HbQ ?�p2 /2i2`KBM2/ i?2 #m`MBM; ;�BMb �M/ +QmTHBM; BM i?2 Uσ, Ē0V@bT�+2 Q7
i?2 b�K2 p�M�/BmK #2�Kb- �b r2 b?Qr BM 6B;bX dXN �M/ dXRyX q2 +QMbB/2` i?2
KQMQ2M2`;2iB+ #2�K UδE = 0%V �M/ i?2 i?`22 T`2pBQmb 2M2`;v bT`2�/bX h?2
.h 7m2H Bb �bbmK2/ rBi? � `�/Bmb Q7 RF = 50 µK U7Q` +�H+mH�iBM; 1[X jXeRV �M/
i?2 BQM #2�Kb rBi? � `�/Bmb Q7 rb = 15 µKX h?2 `2bi Q7 i?2 +QM/BiBQMb Q7 i?2
#2�K �M/ i?2 TH�bK� K�i+? i?Qb2 Q7 6B;X dXdX AM �HH T�M2Hb- i?2 i?B+F #H�+F HBM2
�i HQr σ Q` HQr Ē0 `2T`2b2Mib i?2 B;MBiBQM +m`p2 U�b BM 6B;X dX8VX AM 6B;X dXN-
i?2 Qi?2` #H�+F HBM2 `2T`2b2Mib i?2 BbQHBM2 Q7 Lh = 100 µK- BM Q`/2` iQ bim/v
i?Qb2 +�b2b BM r?B+? i?2 `�M;2 Q7 i?2 T`QD2+iBH2b Bb H2bb i?�M i?2 #2�K /B�K2i2`X
h?2 }`bi `2bmHi r2 +�M �//`2bb Bb i?2 H�+F Q7 bB;MB}+�Mi /Bz2`2M+2b #2ir22M :R
�M/ :k- 2Bi?2` 7Q` i?2 #m`MBM; ;�BM Q` i?2 +QmTHBM;X h?Bb Bb � +QMb2[m2M+2 Q7
}M/BM; p2`v bBKBH�` `2bmHib 7Q` i?2 ?Qi@bTQi T�`�K2i2`b #2ir22M :R �M/ :k
U�b b?QrM BM 6B;X dXd �M/ dX3VX q2 +�M biBHH �M�Hvb2 i?2 /Bz2`2M+2b #2ir22M �
KQMQ2M2`;2iB+ �M/ � :�mbbB�M #2�KX

AM 6B;X dXN r2 b22 i?�i i?2 K�tBKmK p�Hm2 Q7 Gburn Bb BM i?2 Q`/2` Q7 98yyX
h?2 KQMQ2M2`;2iB+ #2�K UδE = 0%V Bb i?2 QM2 rBi? 2�bB2` �++2bb iQ i?2 ?B;?2bi
;�BMb- r?B+? �`2 7QmM/ 7Q` Uσ, Ē0V@T�`�K2i2`b +HQb2 iQ i?2 B;MBiBQM +m`p2- i?Bb
Bb 2Bi?2` HQr T`QD2+iBH2 2M2`;v Q` ~mtX AM +QKT�`BbQM- 7Q` [m�bB@KQMQ2M2`;2iB+
#2�Kb- bQK2 �`2�b Q7 7�pQm`�#H2 ;�BM /Bb�TT2�` Q` `2[mB`2 H�`;2` ~mt2b iQ #2
�+?B2p2/X �b b?QrM BM 6B;X dX8- 7Q` H�`;2` 2M2`;v bT`2�/b- i?2 B;MBiBQM +m`p2
#2+QK2b KQ`2 +QM}MBM;- `2bi`B+iBM; i?2 K�tBKmK ;�BMb iQ HQr T`QD2+iBH2 2M2`;v
p�Hm2bX 6Q` BMbi�M+2- 7Q` �Mv Q7 i?2 [m�bB@KQMQ2M2`;2iB+ #2�Kb T`2b2Mi2/- Bi Bb
BKTQbbB#H2 iQ `2�+? � #m`MBM; ;�BM Q7 j8yy@9yyy �i Ē0 = 5000 J2o- r?BH2 i?2
KQMQ2M2`;2iB+ +�b2 /Q2b ?�p2 �++2bb iQ bm+? ;�BMbX �//BiBQM�HHv- i?2 BbQHBM2 Q7
Lh = 100 µK b?B7ib iQr�`/b HQr2` 2M2`;B2b- `2/m+BM; KQ`2 i?2 `2;BQM r?2`2 i?2
bim/v Bb TQbbB#H2X A7 biBHH �p�BH�#H2- b�K2 ;�BM p�Hm2b �`2 /BbTH�+2/ iQ 2H2p�i2/
~mt2b r?2M i?2 2M2`;v bT`2�/ BM+`2�b2bX 6Q` 2t�KTH2- �i 8yyy J2o- � #m`MBM;
;�BM Q7 kyyy@k8yy Bb 7QmM/ �i σ ≈ 2 · 1018 +K−2 7Q` i?2 KQMQ2M2`;2iB+ +�b2 �M/
�i σ ≈ 2.3 ·1018 +K−2 7Q` δE = 15%X AM i?Bb +�b2- bBKBH�` ;�BMb +�M #2 Q#i�BM2/
B7 i?2 ~mt Bb imM2/ iQ � ?B;?2` p�Hm2X

�i H�bi- BM 6B;X dXRy r2 b?Qr i?2 +QmTHBM; `2bmHib U∆Ehs/EbVX �;�BM- 7Q`
H�`;2` 2M2`;v bT`2�/b- r2 }M/ i?�i i?2 `2bi`B+iBQM Q7 i?2 B;MBiBQM +QM/BiBQMb
K�F2b i?2 T�H2ii2 Q7 +QmTHBM;b Q7 i?2 +2Mi`�H ?Qi@bTQi `2;BQM iQ #2+QK2 KQ`2
+QKT�+i- rBi? � KBMQ` /BbTH�+2K2Mi iQ ?B;?2` ~mt2bX �bB/2 7`QK i?Bb- r2
/Q MQi }M/ /`�biB+ +?�M;2b BM i?2 `2bmHib rBi? `2bT2+i iQ i?2 KQMQ2M2`;2iB+
#2�KX q2 +QmH/ �`;m2 i?�i i?2 :k +�b2 Qz2`b bHB;?iHv KQ`2 Uσ, Ē0V@�`2� rBi?
∆Ehs/Eb ≈ 1- BM `2bT2+i iQ :RX h?Bb Bb 7QmM/- 7Q` BMbi�M+2- r?2M +QKT�`BM; i?2
+QmTHBM; Q7 #Qi? +�b2b �i σ ≈ 2 · 1018 +K−2 �M/ Ē0 = 2000 J2o- 7Q` δE = 15%X



Rd3

6B;m`2 dXNĖ "m`MBM; ;�BMb BM i?2 Uσ, Ē0V@bT�+2- +QMbB/2`BM; � :�mbbB�M BQM #2�K ;2M2`�i2/
�i i?2 2/;2 Q7 i?2 TH�bK� U:RV �M/ �MQi?2` ;2M2`�i2/ �i /Bbi�M+2 ǴdǴ 7`QK i?2 2/;2 Q7 i?2
TH�bK� U:kV- rBi? δE4yW UKQMQ2M2`;2iB+ #2�KV- 8W- RyW �M/ R8WX



RdN

6B;m`2 dXRyĖ *QmTHBM; `2bmHib BM i?2 Uσ, Ē0V@bT�+2- +QMbB/2`BM; � :�mbbB�M BQM #2�K ;2M@
2`�i2/ �i i?2 2/;2 Q7 i?2 TH�bK� U:RV �M/ �MQi?2` ;2M2`�i2/ �i /Bbi�M+2 ǴdǴ 7`QK i?2 2/;2
Q7 i?2 TH�bK� U:kV- rBi? δE4yW UKQMQ2M2`;2iB+ #2�KV- 8W- RyW �M/ R8WX



R3y

dX8 AKTHB+�iBQMb Q7 i?2 /Bbi�M+2 #2ir22M i?2 #2�K bQm`+2 �M/
i?2 7m2H

� T�`iB+mH�` /2i�BH i?�i M22/b iQ #2 �//`2bb2/ Bb ?Qr i?2 `2bmHib Q7 :k �`2
BM/2T2M/2Mi Q7 i?2 b2T�`�iBQM /Bbi�M+2 UdV- �b 2tTH�BM2/ BM a2+iX jXRkX AM i?2
T`2b2M+2 Q7 � +Q`QM�- i?2 2z2+i Q7 i?2 /Bbi�M+2 rQmH/ #2 bm#bi�MiB�H, i?2 7�`i?2`
i?2 bQm`+2 Bb- i?2 H�`;2` i?2 2M2`;v HQbb2b #27Q`2 2Mi2`BM; i?2 +Q`2- 2p2M KQ`2
B7 �M 2M2`;v /Bbi`B#miBQM Bb +QMbB/2`2/X PM i?2 Qi?2` ?�M/- B7 i?2 #2�K bQm`+2
Bb iQQ /Bbi�Mi 7`QK i?2 7m2H- i?2 #2�K iBK2 KB;?i BM+`2�b2 mMiBH Qm` +QM/BiBQM
Q7 τproc > τbeam �M/ τhyd > τbeam Bb MQi 7mH}HH2/X AM bm+? bBim�iBQM rQmH/ #2
M2+2bb�`v iQ +QKTmi2 i?2 BMi2`M�H T`Q+2bb i�FBM; TH�+2 BM i?2 TH�bK� bBKmHi�@
M2QmbHv rBi? i?2 #2�K BMi2`�+iBQMX h?Bb `�Bb2b i?2 [m2biBQM Q7 i?2 K�tBKmK
/Bbi�M+2 �i r?B+? i?2 #2�K +�M #2 +QHQ+�i2/ #27Q`2 Qm` +`Bi2`B� Bb #`QF2MX hQ
�//`2bb i?Bb- r2 bim/v r?2M i?2 #2�K iBK2 Bb 2[mBp�H2Mi iQ i?2 +?�`�+i2`BbiB+
iBK2 Q7 i?2 T`Q+2bb2b U�b 2tTH�BM2/ BM a2+iX jXNXR- r2 i�F2 τfus,dep iQ `2T`2b2Mi
i?2 `2biVX hQ 2t2KTHB7v r?2M i?2 /Bbi�M+2 M22/b iQ #2 i�F2M BMiQ �++QmMi- BM
6B;X dXRR- r2 /BbTH�v i?2 i?`2b?QH/ ǴdǴ �i r?B+? τbeam = τfus,dep- 7Q` i?2 b�K2
2tT2`BK2Mib �b BM 6B;X dX3X Ai Bb 7QmM/ i?�i i?2 K�tBKmK /Bbi�M+2 +Q``2bTQM/b
iQ ?B;?2` 2M2`;B2b �M/ HQr2` ~mt2b- r?B+? �`2 �bbQ+B�i2/ iQ H�`;2` #2�K �M/
7mbBQM iBK2bX �b BM T`2pBQmb 2tT2`BK2Mib- BM+`2�bBM; i?2 2M2`;v bT`2�/ K�;@
MB}2b i?2 `2bmHib- i?mb }M/BM; i?2 b?Q`i2` i?`2b?QH/ /Bbi�M+2b 7Q` i?2 2M2`;v
bT`2�/ Q7 δE = 15%X LQi2 ?Qr i?2 `2bmHib `�M;2 7`QK d ≈ 0.25 iQ j KK- r?B+?
�`2 ivTB+�H p�Hm2b +QMbB/2`2/ BM i?2 HBi2`�im`2 U2X;X >QM`m#B� 2i �HX- kyyN- kyR9c
E?�i�KB � E?Qb?#BM7�`- kykyVX AM �//BiBQM�H bBKmH�iBQMb r2 ?�p2 T2`7Q`K2/-
Bi Bb �HbQ 7QmM/ i?�i HB;?i2` #2�Kb UT+ Q` *6+V `2[mB`2b b?Q`i2` ǴdǴ p�Hm2b 7Q`
Qm` �TT`QtBK�iBQM iQ #2 p�HB/X

6B;m`2 dXRRĖ h?`2b?QH/ /Bbi�M+2 bm+? i?�i τbeam = τfus,dep 7Q` i?2 b�K2 2tT2`BK2Mib �b
BM 6B;X dX3X



R3R

h?2 /2/m+iBQMb 7`QK i?Bb +?�Ti2` BKTHv i?�i � [m�bB@KQMQ2M2`;2iB+ #2�K
BM ;2M2`�H +QKTHB+�i2b i?2 +`2�iBQM Q7 � bmBi�#H2 ?Qi@bTQiX AM i?2 Uσ, Ē0V@bT�+2
i?2 `2;BQM r?2`2 i?2 B;MBiBQM Bb TQbbB#H2 Bb `2/m+2/X h?Bb Bb /m2 iQ � /2+`2�b2
BM i?2 K�tBKmK i2KT2`�im`2b �+?B2p2/ #v [m�bB@KQMQ2M2`;2iB+ #2�KbX �HbQ-
r2 }M/ i?�i 7Q` bBKBH�` T`QD2+iBH2 2M2`;B2b- r?2M � [m�bB@KQMQ2M2`;2iB+ #2�K
Bb +QMbB/2`2/- i?2 `�M;2b #2+QK2 H�`;2` �M/ i?2 TQbBiBQM Q7 i?2 K�tBKmK i2K@
T2`�im`2 Bb 7QmM/ +HQb2` iQ i?2 2/;2 Q7 i?2 TH�bK�X "2ir22M i?2 :R �M/ :k
+�b2b- r2 }M/ bBKBH�` `2bmHib 7Q` �HH T�`�K2i2`bX �b �M 2t+2TiBQM- 7Q` i?2 b�K2
Ē0- i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2 Bb +HQb2` iQ i?2 2/;2 BM i?2
:R +�b2X q?2M BMbT2+iBM; i?2 +2Mi`�H ?Qi@bTQib BM Uσ, Ē0V@bT�+2- i?2 +QMbi�Mi
#2?�pBQm` Q7 i?2 ?Qi@bTQi T�`�K2i2`b r2 }M/ rBi? KQMQ2M2`;2iB+ #2�Kb- /Bb@
�TT2�`b r?2M � :�mbbB�M 2M2`;v /Bbi`B#miBQM Bb +QMbB/2`2/ 7Q` i?2 T`QD2+iBH2b-
bm+? i?�i H�`;2` ~mt Bb M22/2/ 7Q` �+?B2pBM; i?2 bBKBH�` +QM/BiBQMbX �i H�bi-
rBi? � [m�bB@KQMQ2M2`;2iB+ #2�K- i?2 QTiBK�H #m`MBM; ;�BMb �`2 `2bi`B+i2/- BM
+QKT�`BbQM iQ i?2 KQMQ2M2`;2iB+ +�b2X AM i?2 :k +�b2- Bi Bb M2+2bb�`v iQ +?2+F
i?2 /Bbi�M+2 �i r?B+? i?2 bQm`+2 Bb HQ+�i2/- BM Q`/2` iQ 7mH}H i?2 +QM/BiBQMb Q7
τproc > τbeam �M/ τhyd > τbeamX �HH i?2 /Bb+`2T�M+B2b rBi? i?2 KQMQ2M2`;2iB+
+�b2 �`2 �++2Mim�i2/ r?2M i?2 2M2`;v bT`2�/ Bb BM+`2�b2/X





8
*QM+HmbBQMb �M/ 7mim`2 `2b2�`+?

h?2 BQM 7�bi B;MBiBQM UA6AV b+?2K2 Bb QM2 Q7 i?2 TQbbB#H2 +�M/B/�i2b iQ �+?B2p2
Mm+H2�` 7mbBQM- rBi?BM i?2 BM2`iB�H +QM}M2K2Mi �TT`Q�+?X h?Bb BKTHB2b �TTHvBM;
� ?B;? 2M2`;v T�`iB+H2 #2�K iQ ?2�i � T`2+QKT`2bb2/ 7m2H Q7 .hX a2p2`�H MmK2`@
B+�H bim/B2b ?�p2 #22M +�``B2/ Qmi iQ �/p�M+2 i?2 +�T�#BHBiB2b �M/ HBKBi�iBQMb
Q7 i?Bb b+?2K2- ?Qr2p2`- T`2pBQmb HBi2`�im`2 K�v H�+F � +QKTH2i2 T2`bT2+iBp2 Q7
i?2 T`Q+2bbX AM i?Bb +QMi2ti- i?2 +m``2Mi `2b2�`+? �BK2/ iQ T`QpB/2 � bvbi2K�iB+
bim/v Q7 i?2 #2�K@TH�bK� BMi2`�+iBQM- +QMbB/2`BM; � rB/2 `�M;2 Q7 b+2M�`BQbX
Pm` 2ti2MbBp2 `2bmHib b?QmH/ 2tT�M/ i?2 FMQrH2/;2 QM i?Bb iQTB+- i�+FHBM; M2r
`2;BK2b MQi T`2pBQmbHv 2tTHQ`2/ BM � bvbi2K�iB+ r�vX hQ /Q bQ- r2 ?�p2 /2@
p2HQT2/ � +QKTmi�iBQM�H �TTHB+�iBQM +�T�#H2 Q7 T2`7Q`KBM; � K�bbBp2 MmK#2`
Q7 bBKmH�iBQMb �M/ �M �M�HvbBb Q7 i?2 BQM #2�K@TH�bK� BMi2`�+iBQM BM /Bz2`2Mi
b+2M�`BQb Q7 BMi2`2bi BM i?2 A6A +QMi2tiX h?mb- r2 KQ/2H i?2 bi�i2 Q7 i?2 TH�bK�
/m`BM; �M/ Dmbi �7i2` i?2 ?2�iBM; /m2 iQ i?2 #2�KX 6`QK i?Bb BM7Q`K�iBQM-
r2 7Q`2b22 Bib +�T�+Biv iQ �+?B2p2 7m2H #m`MBM;X :Bp2M � bT2+B}+ 7m2H b2i@mT-
Qm` T�`iB+mH�` �TT`Q�+? /2Hp2b BMiQ /2i2`KBMBM; r?�i #2�K +?�`�+i2`BbiB+b �`2
`2[mB`2/ iQ `2i`B2p2 � ?2�i2/ TH�bK� rBi? +2`i�BM T`QT2`iB2bX .2b+`B#BM; i?2
+QMM2+iBQM #2ir22M i?2 #2�K �ii`B#mi2b �M/ i?2 `2bmHiBM; TH�bK� pB� bBKmH�@
iBQMb Bb F2v 7Q` i?2 �/p�M+2K2Mi Q7 6AX PM � T`�+iB+�H H2p2H- i?Bb �HHQrb iQ imM2
i?2 2tT2`BK2Mi +QM};m`�iBQM BM bm+? � r�v i?�i i?2 /2bB`2/ QmiHBM2 Bb �+?B2p2/
Q`- +QMp2`b2Hv- ;Bp2M bQK2 2tT2`BK2Mi�H +QMbi`�BMb- r2 T`2/B+i i?2 `2bmHi iQ #2
7QmM/X PM+2 i?2 bT�+2 Q7 T�`�K2i2`b Bb 2tTHQ`2/- r2 �M�Hvb2 ivTB+�H 2tT2`BK2M@
i�H +QM/BiBQMb �M/ b2�`+? 7Q` i?Qb2 p�Hm2b i?�i QTiBKBx2 i?2 Qmi+QK2X hQ i?2
#2bi Q7 Qm` FMQrH2/;2- i?2`2 �`2 MQ T`2pBQmb rQ`Fb i?�i T2`7Q`K �M �M�HvbBb Q7
i?Bb K�;MBim/2 �M/ +?�`�+i2`BbiB+bX

h?2 iQQHb r2 ?�p2 +`2�i2/ iQ T2`7Q`K i?2 /2bB`2/ bvbi2K�iB+ bim/v BM+Hm/2

R3j
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b2p2`�H b+2M�`BQb �M/ 7`22 T�`�K2i2`bX h?2 bBKTH2` +�b2 +QMbBbib Q7 � KQMQ2M@
2`;2iB+ BQM #2�K BMi2`�+iBM; rBi? � Tm`2 .h TH�bK� rBi?Qmi +Q`QM�X h?2M- r2
+�M +QMbB/2` � TH�bK� rBi? +Q`QM�- � TH�bK� rBi? BKTm`BiB2b �i /Bz2`2Mi +QM@
+2Mi`�iBQMb Q` � [m�bB@KQMQ2M2`;2iB+ BQM #2�KX AM �Mv Q7 i?2b2 +�b2b- r2 +�M
b2H2+i i?2 T�`�K2i2`b Q7 i?2 #2�K �M/ i?2 TH�bK�X h?2 TH�bK� Bb /2i2`KBM2/
#v i?2 `�/Bmb Q7 i?2 7m2H bT?2`2- Bib +QKTQbBiBQM- Bib BMBiB�H i2KT2`�im`2 �M/
Bib /2MbBiv- i?2 H�ii2` #2BM; MQi M2+2bb�`BHv +QMbi�MiX h?2 #2�K +�M ?�p2 �Mv
+?�`;2- `�/Bmb- ~mt �M/ T`QD2+iBH2 2M2`;v- �b r2HH �b 2M2`;v /BbT2`bBQM �M/ /Bb@
i�M+2 7`QK i?2 7m2H- B7 +QMbB/2`2/X h?2 KQ/2HHBM; Q7 i?2 BMi2`�+iBQM BM+Hm/2b �
bT�iB�H@i2KTQ`�H bBKmH�iBQM Q7 i?2 biQTTBM; Q7 i?2 #2�K �M/ i?2 ?2�iBM; Q7 i?2
TH�bK�- `2im`MBM; i?2 }M�H }2H/ Q7 i2KT2`�im`2bX qBi? i?Bb `2bmHi- r2 T2`7Q`K
� TQbi2`BQ` �M�HvbBb Q7 i?2 TQbbB#BHBiv Q7 B;MBiBQM �M/ � T`2HBKBM�`v 2biBK�iBQM
Q7 i?2 #m`MBM; ;�BMX Pm` +QKTmi�iBQM�H �TT`Q�+? Bb i?Qm;?i iQ K�bbBp2Hv +�H@
+mH�i2 �``�vb rBi? /Bz2`2Mi p�Hm2b Q7 i?2 ~mt �M/ i?2 T`QD2+iBH2 2M2`;vX >2M+2-
BM Q`/2` iQ T2`7Q`K i?2 bvbi2K�iB+ bim/v- r2 M22/ iQ 2ti`�+i F2v +?�`�+i2`BbiB+b
7`QK i?2 i2KT2`�im`2 }2H/ `2+Qp2`2/ 7Q` 2�+? b2i Q7 T�`�K2i2`bX 6`QK i?2 /Bb@
i`B#miBQM Q7 i2KT2`�im`2b Q7 i?2 ?2�i2/ `2;BQM r2 2ti`�+i i?2 `�M;2 Q7 i?2 #2�K
rBi?BM i?2 TH�bK�- i?2 K2�M i2KT2`�im`2 Q7 i?2 ?2�i2/ `2;BQM- i?2 K�tBKmK
i2KT2`�im`2 �M/ Bib TQbBiBQMX h?2M- r2 �M�Hvb2 B7 rBi?BM i?2 ?2�i2/ `2;BQM
i?2`2 Bb � ?Qi@bTQi �#H2 iQ �+?B2p2 B;MBiBQMX A7 2tBbi2Mi- bm+? ?Qi@bTQi Bb +?�`@
�+i2`Bb2/ #v � H2M;i? �M/ � i2KT2`�im`2X �i H�bi- r2 +�H+mH�i2 i?2 b2H7@?2�iBM;-
B;MBiBQM �M/ #m`MBM; ;�BMb- �b r2HH �b i?2 +QmTHBM; #2ir22M i?2 ?Qi@bTQi �M/
i?2 #2�KX

�KQM; Qi?2` `2bmHib- Qm` T`BK�H BMp2biB;�iBQM +QMbB/2`b i?2 bBKTH2bi +�b2 Q7
� KQMQ2M2`;2iB+ BQM #2�K BMi2`�+iBM; rBi? � Tm`2 .h TH�bK� rBi?Qmi +Q`QM�X
h?2 `2bi Q7 +�b2b T`2b2Mi2/ #27Q`2 UTH�bK� rBi? +Q`QM�- /QT2/ TH�bK� �M/
[m�bB@KQMQ2M2`;2iB+ #2�KV �`2 bim/B2/ BM/2T2M/2MiHv- i?�i Bb- QMHv QM2 Q7 i?2
i?`22 Bb +QMbB/2`2/- r?BH2 i?2 `2bi Q7 +?�`�+i2`BbiB+b K�i+? i?2 bBKTH2bi +�b2X
qBi? i?Bb �TT`Q�+?- r2 +�M bim/v 2�+? b+2M�`BQ b2T�`�i2Hv �M/ /Bz2`2MiB�i2
i?2 2z2+i BM i?2 bQHmiBQMbX >2M+2- i?2 }`bi `2bmHib iQ i�+FH2 �`2 i?Qb2 7Q` i?2
`272`2M+2 +�b2 Q7 � KQMQ2M2`;2iB+ BQM #2�K BMi2`�+iBM; rBi? � Tm`2 .h TH�bK�
rBi?Qmi +Q`QM�- `2T`2b2MiBM; i?2 KQbi B/2�H +�b2X q2 T`Q+22/ iQ bmKK�`Bb2
i?2 KQbi BMi2`2biBM; #2?�pBQm`b 7QmM/ BM 7mM+iBQM Q7 i?2 T�`iB+H2 ~mt Q7 i?2
#2�K �M/ i?2 2M2`;v Q7 i?2 T`QD2+iBH2bX h?2 miKQbi Qmi+QK2 r2 2p�Hm�i2 Bb i?2
T�`�K2i2` bT�+2 r?2`2 Bi Bb rQ`i? T2`7Q`KBM; i?2 bim/v- i?�i Bb- KQbiHv- i?2
#2�K +?�`�+i2`BbiB+b i?�i �+?B2p2 B;MBiBQMX qBi? Qm` bBKmH�iBQMb- r2 +�M �HbQ
/2i2`KBM2 r?�i FBM/ Q7 #2�K rBHH T`Q/m+2 �M 2/;2- BMi2`K2/B�i2 Q` +2Mi`�H ?Qi@
bTQi- r?B+? +�M #2 �//`2bb2/ �b `2;BQMb Q7 bim/v BM i?2 ~mt@2M2`;v bT�+2X �b
T`2pBQmb HBi2`�im`2 �H`2�/v bi�i2/- r2 }M/ i?�i }M/BM; +2Mi`�H ?Qi@bTQib Bb 2�bB2`
B7 i?2 +?�`;2 Q7 i?2 #2�K Bb BM+`2�b2/X q2 `2KBM/ i?�i i?2 +2Mi`�H ?Qi@bTQib
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�`2 Q7 bT2+B�H BMi2`2bi- �b i?2 +QMb2[m2Mi #m`MBM; Bb KQ`2 bvKK2i`B+X AM `2bT2+i
iQ i?2 +?�`�+i2`BbiB+b Q7 i?2 ?2�i2/ `2;BQM- r2 b?Qr ?Qr i?2 i2KT2`�im`2 �M/
i?2 H2M;i? BM+`2�b2 �b i?2 ~mt@2M2`;v T�`�K2i2`b /QX AM i?2 +�b2 Q7 +2Mi`�H ?Qi@
bTQib r2 }M/ � T�`iB+mH�` b+2M�`BQ, i?2 TQbBiBQM Q7 i?2 K�tBKmK i2KT2`�im`2
Bb �HKQbi BM/2T2M/2Mi Q7 i?2 ~mt- bQ Bib p�Hm2 Bb imM�#H2 #v i?2 2M2`;v Q7 i?2
T`QD2+iBH2X PM i?2 Qi?2` ?�M/- BM i?2 +2Mi`�H ?Qi@bTQi +�b2b- r2 }M/ i?�i i?2
H2M;i? �M/ i2KT2`�im`2 Q7 i?2 ?Qi@bTQi �`2 BM/2T2M/2Mi Q7 i?2 2M2`;v �M/ QMHv
BM+`2�b2 rBi? i?2 ~mtX h?2M- r?2M bim/vBM; i?2 #m`MBM; ;�BM- r2 }M/ i?�i
i?2 K�tBKmK p�Hm2b �`2 HQ+�i2/ +HQb2 iQ i?2 B;MBiBQM i?`2b?QH/- i?Bb Bb- 2Bi?2`
7Q` HQr ~mt2b Q` 2M2`;B2bX AM ;2M2`�H- i?2 #m`MBM; ;�BM BM+`2�b2b 7Q` ?2�pB2`
BQMb Q7 i?2 #2�K �M/ b?Q`i2` `�/Bmb- r?BH2 7Q` i?2 7m2H- i?2 `2bmHib BKT`Qp2 7Q`
/2Mb2` �M/ BMBiB�HHv +QH/2` TH�bK�b �M/ #B;;2` `�/Bmb Q7 i?2 bT?2`2X �H H�bi- i?2
+QmTHBM; #2ir22M i?2 ?Qi@bTQi �M/ i?2 #2�K 2M2`;B2b Bb 7QmM/ iQ #2 #2ii2` �b
i?2 ~mt �M/ 2M2`;v BM+`2�b2- �i H2�bi 7Q` i?2 2/;2 �M/ BMi2`K2/B�i2 ?Qi@bTQibX
6Q` i?2 +2Mi`�H ?Qi@bTQib- i?2 +QmTHBM; rQ`b2Mb 7Q` ?B;? 2M2`;B2b �M/ HQr ~mt2bX
>2M+2- i?2`2 Bb � +QKT`QKBb2 #2ir22M i?2 #m`MBM; ;�BM �M/ i?2 +QmTHBM;- B7 �
+2Mi`�H ?Qi@bTQi Bb iQ #2 +`2�i2/X

�i i?Bb TQBMi- r2 +�M 2p�Hm�i2 i?2 `2bi Q7 b+2M�`BQb BM `2bT2+i iQ i?2 `272`@
2M+2 +�b2 r2 ?�p2 Dmbi /2b+`B#2/X 6B`bi- r2 �M�Hvb2 i?2 BKTHB+�iBQMb Q7 BM+Hm/BM;
� +Q`QM� bm``QmM/BM; i?2 +Q`2 Q7 i?2 7m2HX �b 2tT2+i2/- i?2 T`QD2+iBH2b bmz2`
biQTTBM; BM i?Bb T`2HBKBM�` TH�bK�- bQ- i?2 KQbi `2K�`F�#H2 `2bmHi Bb � /BbTH�+2@
K2Mi Q7 �HH `2bmHib iQ ?B;?2` 2M2`;B2bX h?2 ;2M2`�H #2?�pBQm` Bb i?2 b�K2 �b BM
i?2 `272`2M+2 +�b2- #mi i?2 T`QD2+iBH2b `2[mB`2 KQ`2 2M2`;v iQ �+?B2p2 i?2 b�K2
/2Ti?- i2KT2`�im`2 �M/ ;�BMX �//BiBQM�HHv- i?2 +QmTHBM; rQ`b2Mb 7Q` �HH +�b2bX
a2+QM/- r2 +QMbB/2` i?2 BM+HmbBQM Q7 /QT�Mib BM i?2 7m2HX �KQM; Qi?2` i?BM;b-
i?Bb K2�Mb BM+`2�bBM; i?2 /2MbBiv BM `2bT2+i iQ i?2 Tm`2 .h TH�bK�X q?2M
2Bi?2` i?2 �iQKB+ MmK#2` Q` i?2 +QM+2Mi`�iBQM Q7 i?2 BKTm`Biv BM+`2�b2- i?2
;2M2`�H #2?�pBQm` Q7 �HH K�;MBim/2b Bb i?2 b�K2- #mi /BbTH�+2/ iQr�`/b ?B;?2`
2M2`;B2b �M/ ~mt2b- �b r2HH �b `2�+?BM; ?B;?2` i2KT2`�im`2bX JQ`2 BKTQ`i�MiHv-
i?2 BM+HmbBQM Q7 /QT�Mib K�F2b i?2 B;MBiBQM KQ`2 `2bi`B+iBp2 �M/ HBKBib i?2 K�t@
BKmK p�Hm2b Q7 i?2 #m`MBM; ;�BM �+?B2p�#H2- r?B+? Bb ?B;?Hv /2i`BK2Mi�H BM i?2
A6A +QMi2tiX h?B`/- r2 bBKmH�i2 [m�bB@KQMQ2M2`;2iB+ #2�Kb rBi? � :�mbbB�M
/Bbi`B#miBQM Q7 2M2`;B2b- r2 +QMbB/2`2/ irQ +�b2b- QM2 r?2`2 i?2 #2�K Bb HQ+�i2/
�i i?2 2/;2 Q7 i?2 TH�bK� U:RV �M/ �MQi?2` HQ+�i2/ �i � +2`i�BM /Bbi�M+2 U:kVX
AM 2Bi?2` +�b2- i?2 B;MBiBQM i?`2b?QH/ #2+QK2b KQ`2 `2bi`B+iBp2- i?Bb Bb- #2�Kb Q7
?B;? T`QD2+iBH2 2M2`;v `2[mB`2 KQ`2 ~mt 7Q` i?2 +QM/BiBQM iQ #2 7mH}HH2/X h?Bb Bb
/m2 iQ i?2 /Bbi`B#miBQM Q7 i2KT2`�im`2b #2+QKBM; rBi? +QH/2` �M/ ~�ii2`- i?Bb
Bb- rBi? H�`;2` `�M;2bX q2 }M/ i?�i i?2 :R �M/ :k +�b2b /Q MQi /Bz2` /`�b@
iB+�HHv- `2im`MBM; p2`v bBKBH�` bQHmiBQMbX q?2M Q#b2`pBM; i?2 +?�`�+i2`BbiB+b
Q7 i?2 ?2�i2/ `2;BQM- i?2 p�Hm2b +Q``2bTQM/BM; iQ 2/;2 �M/ BMi2`K2/B�i2 ?Qi@
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bTQi- �`2 p2`v bBKBH�` #2ir22M i?2 KQMQ2M2`;2iB+ �M/ i?2 [m�bB@KQMQ2M2`;2iB+
#2�KX >Qr2p2`- 7Q` +2Mi`�H ?Qi@bTQib- r2 }M/ /`�biB+ /Bz2`2M+2b BM `2bT2+i
iQ i?2 KQMQ2M2`;2iB+ #2�KX 6Q` #Qi? :R �M/ :k- +2Mi`�H ?Qi@bTQi +QMbi�Mi
#2?�pBQm` rBi? 2M2`;v Bb HQbiX _2�+?BM; i?2 b�K2 +QM/BiBQMb 7Q` i?2 TH�bK�
`2[mB`2b KQ`2 ~mt 7Q` i?2 b�K2 T`QD2+iBH2 2M2`;vX �//BiBQM�HHv- +QMbB/2`BM; �
[m�bB@KQMQ2M2`;2iB+ #2�K +QKTHB+�i2b �+?B2pBM; i?2 b�K2 #m`MBM; ;�BMb �b BM
i?2 KQMQ2M2`;2iB+ +�b2, 2Bi?2` i?2 K�tBKmK p�Hm2b �`2 MQi `2�+?2/ Q` i?2 p�H@
m2b `2[mB`2 ?B;?2` ~mt2bX Pp2`�HH- H�`;2` 2M2`;v bT`2�/b BM [m�bB@KQMQ2M2`;2iB+
#2�Kb `2im`M rQ`b2M2/ `2bmHibX

.2b+`BTiBQMb Q7 i?2 #2?�pBQm` 2ti`�+i2/ 7`QK i?2 `2bmHib 7QmM/ 7Q` 2�+?
b+2M�`BQ- bm+? �b 2tTH�BM2/ BM i?2 T`2pBQmb T�`�;`�T?- vB2H/ � ;`2�i2` pB2r QM
i?2 T2`7Q`K�M+2 Q7 A6A /2T2M/BM; QM i?2 +QM/BiBQMb b2H2+i2/X AM `2bT2+i iQ i?2
bvbi2K�iB+ bim/v- r2 ?�p2 }HH2/ bQK2 #H�MF bT�+2b Q7 FMQrH2/;2 #v rB/2MBM; i?2
bT�+2 Q7 T�`�K2i2`b bim/B2/- mbBM; p�`BQmb �TT`QtBK�iBQMbX JQ`2 BMi2`2biBM;Hv-
Qm` 7Q+mb QM +QMM2+iBM; i?2 BMBiB�H +QM/BiBQMb �M/ i?2 +?�`�+i2`BbiB+b Q7 i?2
#2�K rBi? i?2 bi�i2 Q7 i?2 `2bmHiBM; ?2�i2/ TH�bK� T`QpB/2b � ;`2�i �/p�Mi�;2,
Qm` rQ`F T`QpB/2b i?2 +�T�#BHBiv iQ 7Q`KmH�i2 � +QM+2Tim�H 2tT2`BK2Mi- rBi?
bQK2 BMTmi T�`�K2i2`b- �M/ T`2/B+i i?2 `2bmHiBM; TH�bK� bi�i2c �Hi2`M�iBp2Hv- B7
i?2 Q#D2+iBp2 Bb iQ +`2�i2 � bT2+B}+ ?Qi@bTQi 7Q` i?2 7mbBQM- r2 Qz2` i?2 M22/2/
BMTmi +?�`�+i2`BbiB+bX h?2b2 �`2 bQK2 Q7 i?2 K�BM +QMi`B#miBQMb T`QpB/2/ #v
i?2 +m``2Mi i?2bBb iQ i?2 }2H/X

L2p2`i?2H2bb- 7m`i?2` `2b2�`+? Bb #�/Hv M22/2/ BM �HH /B`2+iBQMb iQ K22i i?2
`2[mB`2K2Mib Q7 � 7mim`2 A6A 2tT2`BK2Mi- bm+? mb QTiBKBxBM; i?2 T`Q/m+iBQM Q7
7mbBQM K�i2`B�Hb- i?2 /2p2HQTK2Mi Q7 +QMi�BM2`b `2bBbi�Mi iQ ?B;? 2M2`;B2b �M/
i?2 K2+?�MBbKb `2bTQMbB#H2 7Q` BMBiB�iBM; TH�bK� B;MBiBQMX AM Qm` 7`�K2rQ`F-
� #2ii2` i?2Q`2iB+�H 2t�KBM�iBQM Q7 i?2 #2�K- i?2 TH�bK� �M/ i?2B` BMi2`�+iBQM
rQmH/ #2 Q7 ;`2�i mb2- �b r2HH �b +QKTmi�iBQM�H bBKmH�iBQMb i?�i 7Q`2+�bi i?2
T`Q+2bb rBi? T`2+BbBQMX

AM i?Bb b2Mb2- 2p2M B7 i?Bb rQ`F b2`p2b �b � bQHB/ 7QmM/�iBQM- r2 +QmH/ 2tT�M/
2p2M 7m`i?2` i?2 A6A bim/B2b �M/ T2`7Q`K KQ`2 `2�HBbiB+ bBKmH�iBQMbX 6mim`2
rQ`Fb b?QmH/ bBKmH�i2- B7 M2+2bb�`v- KQ`2 `2�HBbiB+ 2tT2`BK2Mib- +QMbB/2`BM; �HH
Qm` +QKTmi2/ b+2M�`BQb iQ;2i?2`- i?Bb Bb- � /QT2/ TH�bK� rBi? +Q`QM� �M/ �
[m�bB@KQMQ2M2`;2iB+ #2�KX �MQi?2` 7�+iQ` iQ BKT`Qp2 rQmH/ #2 i?2 TQbi2`BQ`
2pQHmiBQM Q7 i?2 ?Qi@bTQiX *m``2MiHv- r2 T`2HBKBM�`BHv �TT`QtBK�i2 i?2 7mbBQM
bm++2bb rBi? i?2 #m`MBM; ;�BM Ur?B+? +QmH/ BKT`Qp2 rBi? � KQ`2 �++m`�i2 `2pB@
bBQMV- ?Qr2p2`- r2 +QmH/ +QKTmi2 � KQ`2 `2�HBbiB+ bBKmH�iBQM Q7 i?2 2tTHQbBQMX
PM i?2 QM2 ?�M/- r2 +QmH/ +QMbB/2` � x2`Q /BK2MbBQM�H ?2�iBM; KQ/2H iQ bim/v
i?2 BMi2`�+iBQM Q7 BQM #2�Kb rBi? /m`�iBQMb HQM;2` i?�M i?2 iBK2b +?�`�+i2`@
BbiB+ Q7 i?2 BMi2`M�H TH�bK� T`Q+2bb2bX h?Bb +QK2b �b � M�im`�H 2ti2MbBQM Q7
i?2 K�BM7`�K2 T`QTQb2/ BM i?Bb i?2bBb- �M/ BMbTB`2/ #v i?2 rQ`Fb Q7 wQm 2i �HX
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UkyReVc J2?`�M;Bx UkyRdV �M/ 62ib+? � 6Bb+? UkykjVX h?mb- r2 +QK#BM2 i?2
#2�K BMi2`�+iBQM rBi? i?2 i2KTQ`�H 2pQHmiBQM Q7 i?2 i2KT2`�im`2 �M/ pQHmK2
Q7 i?2 ?Qi@bTQi- �b Bi �#bQ`#b i?2 bm``QmM/BM; +QH/ K�i2`B�H �M/ 2tT�M/b /m`BM;
i?2 B;MBiBQM �M/ #m`MBM; T`Q+2bbX PM i?2 Qi?2` ?�M/- r2 +QmH/ T2`7Q`K � +QK@
TH2i2 j.@i2KTQ`�H bBKmH�iBQM BM r?B+? r2 bim/v i?2 /2TQbBiBQM Q7 2M2`;v Q7 i?2
�HT?� T�`iB+H2b rBi?BM i?2 +QH/ TH�bK�- i?mb T`QpB/BM; � `2�HBbiB+ /2b+`BTiBQM Q7
i?2 2pQHmiBQM Q7 i?2 bT?2`2X h?2 H�ii2` +QmH/ #2 2�bBHv BKTH2K2Mi�#H2- �b r2
�H`2�/v ?�p2 � +Q/2 i?�i +�H+mH�i2b i?2 biQTTBM; Q7 T�`iB+H2b- ?Qr2p2`- i?2 +QK@
Tmi�iBQM�H +Qbi rQmH/ BM+`2�b2 bB;MB}+�MiHvX �MQi?2` bB;MB}+�Mi BKT`Qp2K2Mi
+QmH/ #2,

Ç *QMbB/2`BM; BQM #2�Kb rBi? HB72iBK2b QM i?2 Q`/2` Q` b?Q`i2` i?�M i?2
2[mBHB#`BmK iBK2 Q7 i?2 TH�bK�X h?Bb Bb BMbTB`2/ #v i?2 �`iB+H2b Q7 "�/xB�F
� .QK�ƖbFB UkyRNV �M/ "�/xB�F � .QK�ƖbFB UkykRV- BM r?B+? i?2v i`2�i
BQM #2�K TmHb2b Q7 TB+Qb2+QM/b �M/ 72KiQb2+QM/b- 7QHHQrBM; i?2 HBM2 Q7
bim/v �#Qmi i?2 +?�`�+i2`BbiB+ iBK2b +�``B2/ Qmi BM i?2 +m``2Mi i?2bBbX

Ç JQ/2HHBM; � irQ@i2KT2`�im`2 TH�bK� 7Q` Bib BQMb �M/ 2H2+i`QMbX h?Bb
rQmH/ BKT`Qp2 i?2 �TT`QtBK�iBQM BM i?2 +�b2 Q7 � TH�bK� rBi?Qmi i?2`@
KQ/vM�KB+ 2[mBHB#`BmKX

Ç h�+FHBM; i?2 b+2M�`BQ Q7 ?v#`B/ BQM +?�`;2 #2�Kb- bm+? �b J2?`�M;Bx �
E?Qb?#BM7�` UkykyV �M/ .2M; 2i �HX UkykRV T`QTQb2X

Ç A7 M2+2bb�`v- �M 2ti2MbBQM Q7 i?2 KQ/2H iQ T�`iB�HHv BQMBb2/ BQM #2�Kb
+QmH/ #2 BKTH2K2Mi2/- �HHQrBM; 7Q` � KQ`2 `B;Q`Qmb bim/v BM i?2 `�M;2 Q7
TQbbB#BHBiB2b i?�i i?Bb +?�M;2 BMi`Q/m+2bX 6Q` i?Bb Tm`TQb2- Bi Bb `2[mB`2/
iQ /2p2HQT � biQTTBM; KQ/2H i?�i i�F2b BMiQ �++QmMi i?2 BM~m2M+2 Q7 i?2
#QmM/ 2H2+i`QMb T`2b2Mi BM i?2 #2�K BQMbX h?Bb Bb- � +QHHBbBQM�H@`�/B�iBp2
KQ/2H i?�i i�F2b BMiQ �++QmMi i?2 iBK2 2pQHmiBQM Q7 i?2 2H2+i`QMB+ bi�i2b
�M/ i?2 MmK#2` Q7 #QmM/ 2H2+i`QMb Q7 i?2 #2�K BQMbX

6m`i?2`KQ`2- Qm` BMi2`�+iBQM KQ/2H rBHH �HbQ #2M2}i 7`QK TH2Miv Q7 TQi2MiB�H `2@
}M2K2Mib- �KQM; i?2K- r2 +QMbB/2`, BKTH2K2MiBM; MQM@+QHHBK�i2/- /BbT2`bBp2
�M/ MQM@?QKQ;2M2Qmb #2�Kbc mbBM; KQ`2 `2�HBbiB+ 2M2`;v /Bbi`B#miBQMb 7Q` i?2
[m�bB@KQMQ2M2`;2iB+ #2�Kbc BM+Hm/BM; Qi?2` +QM};m`�iBQMb- bm+? �b KmHiB@#2�K
BMi2`�+iBQM Q` i?2 T`2b2M+2 Q7 � `2@2Mi`�Mi +QM2c +QKTmiBM; k.@bBKmH�iBQMb Q7
i?2 T`Q+2bb �M/ BM+Q`TQ`�iBM; i?2 ?v/`Q/vM�KB+ T`Q+2bb2b Q7 i?2 bvbi2KX �H@
i?Qm;? MQi K2MiBQM2/ BM i?Bb i?2bBb- Qm` +QKTmi�iBQM�H T�+F�;2 Bb �#H2 iQ +�H+m@
H�i2 i?2 biQTTBM; Qp2` � TH�bK� r?2`2 i?2 BQMb ?�p2 #QmM/ 2H2+i`QMb U_Q/`ő;m2x@
"2Hi`�M- kyR3VX h?Bb rQmH/ b2`p2 iQ bim/v Qi?2` TH�bK�b- #2bB/2b i?2 7mbBQM
QM2bX AM i?Bb b2Mb2- r2 M22/ iQ 2biBK�i2 i?2 �iQKB+ bi`m+im`2 �M/ i?2 �iQKB+
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FBM2iB+ Q7 i?2 BQMb BM i?2 TH�bK� #v bQHpBM; i?2 b2i Q7 `�i2 2[m�iBQMb BM i?2
+QHHBbBQM�H@`�/B�iBp2 7Q`K�HBbKX h?Bb +�H+mH�iBQM Bb T2`7Q`K2/ #v i?2 JAsEAS
+QKTmi�iBQM�H T�+F�;2- +`2�i2/ #v Qm` i2�K U1bTBMQb� 2i �HX- kyRdVX �i H�bi-
#2bB/2b iQ BKT`QpBM; Qm` T?vbB+�H KQ/2H- BM i?2 +QKTmi�iBQM�H b2Mb2- Qm` +Q/2
+QmH/ #2M2}i 7`QK TQHBb?BM; �M/ QTiBKBx�iBQMX *m``2MiHv- i?2 bvbi2K�iB+ �M�H@
vbBb Bb KQbiHv #�b2/ QM H�`;2 �``�vb Q7 T`QD2+iBH2 2M2`;v �M/ ~mtX Ai rQmH/ #2
Q7 ;`2�i mb2 iQ 2M�#H2 Qi?2` T�`�K2i2`b iQ #2 +�H+mH�i2/ bBKBH�`HvX �M 2M/;�K2
;Q�H rQmH/ #2 iQ `2H2�b2 �M QT2M@bQm`+2 p2`bBQM 7Q` i?2 Tm#HB+ iQ mb2X

h?2 #QiiQK HBM2 Bb- i?`Qm;? � bvbi2K�iB+ bim/v- r2 Qz2` � KQ`2 ;2M2`�H
T2`bT2+iBp2 QM r?�i FBM/ Q7 2tT2`BK2Mi�H +QM/BiBQMb �M/ #2�K +?�`�+i2`BbiB+b
�`2 M2+2bb�`v iQ #`BM; i?2 TH�bK� iQ � /2bB`2/ bi�i2 Q7 7mbBQMX *m``2MiHv- 6�bi
A;MBiBQM Bb MQi i?2 KQbi TQTmH�` �TT`Q�+? BM i?2 T�i? 7Q` �+?B2pBM; Mm+H2�`
7mbBQMX >Qr2p2`- Bi Bb �#bQHmi2Hv M2+2bb�`v iQ 2tTHQ`2 �Mv pB�#H2 QTiBQM- BM Q`/2`
iQ H2�`M 2MQm;? �M/ �bbm`2 i?2 #2ii2` �Hi2`M�iBp2 Bb 7QmM/X AM i?Bb +QMi2ti- r2
?QT2 i?2 +QMi2Mib Q7 i?Bb i?2bBb b2`p2 �b � bT�`F 7Q` i?2 +QKKmMBiv- iQ +QMiBMm2
7mim`2 BMp2biB;�iBQMb iQr�`/b i?2 MQ#H2 Tm`TQb2 Q7 }M/BM; � +H2�M 2M2`;v bQm`+2
7Q` i?Bb TH�M2iX



a+B2MiB}+ S`Q/m+iBQM

Sm#HB+�iBQMb
Ç S�#HQ _X "2Hi`�M- Cm�M JB;m2H :BH- _�7�2H _Q/`ő;m2x- :m�/�HmT2 1b@

TBMQb� UkykjVX Ǵ"2�K@TH�bK� BMi2`�+iBQM BM 7�bi B;MBiBQM Mm+H2�` 7m@
bBQM, >Qi@bTQi T`QT2`iB2b �M/ ;�BMb 7Q` /Bz2`2Mi BMBiB�H TH�bK� i2KT2`@
�im`2bXǴ Lm+H2�` AMbi`mK2Mib �M/ J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM
", "2�K AMi2`�+iBQMb rBi? J�i2`B�Hb �M/ �iQKbX 1Hb2pB2`X .PA,?iiTb,
ff/QBXQ`;fRyXRyRefDXMBK#XkykjXydXyyd

Ç S�#HQ _X "2Hi`�M- Cm�M JB;m2H :BH- _�7�2H _Q/`ő;m2x- :m�/�HmT2 1b@
TBMQb� UkyRNVX ǴaBKmH�iBQM Q7 i?2 BQM #2�K@TH�bK� BMi2`�+iBQM T`Q+2bb2b
7Q` TQBMi@HBF2 BQMb BM /QT2/ .h TH�bK�bXǴ s@_�v aT2+i`QK2i`vX qBH2v
PMHBM2 GB#`�`vX .PA,RyXRyykft`bXjy3j

Ç Cm�M JB;m2H :BH- S�#HQ _X "2Hi`�M- _�7�2H _Q/`ő;m2x- :m�/�HmT2 1b@
TBMQb� UkykjVX ǴaBKmH�iBQM �M/ +?�`�+i2`Bx�iBQM Q7 ?Qi bTQib ;2M2`�i2/ BM
/2mi2`BmKĜi`BiBmK TH�bK� #v 7�bi [m�bB@KQMQ2M2`;2iB+ BQM #2�KbXǴ Lm@
+H2�` AMbi`mK2Mib �M/ J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM ", "2�K
AMi2`�+iBQMb rBi? J�i2`B�Hb �M/ �iQKb 1Hb2pB2`X .PA,RyXRyRefDXMBK#X
kykjXyjXyj8

Ç :m�/�HmT2 1bTBMQb�- Cm�M JB;m2H :BH- _�7�2H _Q/`ő;m2x- S�#HQ _X "2H@
i`�M UkykjVX Ǵ�M�HviB+�H KQ/2H 7Q` i?2 i2KT2`�im`2 }2H/ Q7 � TH�bK�
?2�i2/ #v 7�bi �M/ KQMQ2M2`;2iB+ BQM #2�KbXǴ Lm+H2�` AMbi`mK2Mib �M/
J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM ", "2�K AMi2`�+iBQMb rBi? J�i2`B�Hb
�M/ �iQKbX 1Hb2pB2`X .PA,RyXRyRefDXMBK#XkykjXyeXyRd

Ç _�7�2H _Q/`ő;m2x- :m�/�HmT2 1bTBMQb�- Cm�M JB;m2H :BH- S�#HQ _X "2H@
i`�M UkyR3VX ǴJQMQ+?`QK�iB+ �M/ K2�M `�/B�iBp2 T`QT2`iB2b Q7 �bi`Q@
T?vbB+�H TH�bK� KBtim`2b BM MQMHQ+�H i?2`KQ/vM�KB+ 2[mBHB#`BmK `2;BK2XǴ
s@_�v aT2+i`QK2i`vX qBH2v PMHBM2 GB#`�`vX .PA,RyXRyykft`bXkNNd

R3N



RNy

Ç Cm�M JB;m2H :BH- S�#HQ _X "2Hi`�M- _�7�2H _Q/`ő;m2x- :m�/�HmT2 1b@
TBMQb� UkyR3VX Ǵ"QmM/ 2H2+i`QM biQTTBM; TQr2` KQ/2H Q7 T�`iB�HHv bi`BTT2/
BQMb BM T�`iB�HHv BQMBx2/ TH�bK�bXǴ s@_�v aT2+i`QK2i`vX qBH2v PMHBM2 GB@
#`�`vX .PA,RyXRyykft`bXjRRe

Ç Cm�M JB;m2H :BH- _�7�2H _Q/`ő;m2x- :m�/�HmT2 1bTBMQb�- S�#HQ _X "2H@
i`�M UkyRNVX ǴaBKmH�iBQM Q7 SH�bK� JB+`Qb+QTv S`QT2`iB2b �M/ AQM "2�K@
SH�bK� AMi2`�+iBQM S`Q+2bb2b AM SH�bK�b #v lbBM; JBtFBTf_�T+�HfaiQTT
*Q/2XǴ AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi�iBQM�H J2i?Q/bX qQ`H/ a+B2MiB}+X
.PA,RyXRR9kfaykRN3dekRN9yyyNd

Ç _�7�2H _Q/`ő;m2x- :m�/�HmT2 1bTBMQb�- Cm�M JB;m2H :BH- S�#HQ _X "2H@
i`�M UkyRNVX Ǵ:2M2`�iBQM �M/ S�`�K2i`Bx�iBQM Q7 J2�M SH�bK� _�/B�@
iBp2 S`QT2`iB2b .�i�#�b2b 7Q` �bi`QT?vbB+b �M/ Lm+H2�` 6mbBQM �TTHB+�@
iBQMbXǴ AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi�iBQM�H J2i?Q/bX qQ`H/ a+B2MiB}+X
.PA,RyXRR9kfaykRN3dekRN9yyyje

Ç Cm�M JB;m2H :BH- _�7�2H _Q/`ő;m2x- :m�/�HmT2 1bTBMQb�- S�#HQ _X "2H@
i`�M UkyR3VX Ǵ*QKTmi�iBQM�H S�+F�;2 7Q` i?2 aBKmH�iBQM Q7 SH�bK� JB@
+`Qb+QTv S`QT2`iB2b �M/ AQM "2�K@SH�bK� AMi2`�+iBQM BM >B;? 1M2`;v
.2MbBiv SH�bK�bXǴ S`Q+22/BM;b Q7 i?2 AMi2`M�iBQM�H *QM72`2M+2 QM *QK@
Tmi�iBQM�H J2i?Q/b oQH, 8- T�;b, 989@9eeX a+B2Mi2+? Sm#HBb?2` GG*X
AaaL,kjd9@jN93

*QM72`2M+2b
Ç SX _X "2Hi`�M- CXJX :BH- _X _Q/`ő;m2x �M/ :X 1bTBMQb�X 1z2+ib Q7 BKTm`B@

iB2b BM .h TH�bK�b QM #m`MBM; ;�BMb �M/ b2H7@?2�iBM; �M/ B;MBiBQM +m`p2b
BM BQM 7�bi B;MBiBQM b+?2K2X SQbi2`X AMi2`M�iBQM�H avKTQbBmK QM 7mbBQM
Mm+H2�` i2+?MQHQ;v UAa6LhR8VX G�b S�HK�b /2 :`�M *�M�`B�X Ry@R8-
a2Ti2K#2`- kykjX

Ç CXJX :BH- SX _X "2Hi`�M- _X _Q/`ő;m2x �M/ :X 1bTBMQb�X *?�`�+i2`Bx�iBQM
Q7 ?Qi bTQib ;2M2`�i2/ BM .h TH�bK�b #v 7�bi [m�bB@KQMQ2M2`;2iB+ BQM
#2�Kb, b2H7@?2�iBM;fB;MBiQM +m`p2b �M/ #m`MBM;X SQbi2`X AMi2`M�iBQM�H
avKTQbBmK QM 7mbBQM Mm+H2�` i2+?MQHQ;v UAa6LhR8VX G�b S�HK�b /2 :`�M
*�M�`B�X Ry@R8- a2Ti2K#2`- kykjX

Ç SX _X "2Hi`�M- CXJX :BH- _X _Q/`ő;m2x �M/ :X 1bTBMQb�X "2�K@TH�bK�
BMi2`�+iBQM BM 7�bi B;MBiBQM Mm+H2�` 7mbBQM, ?Qi@bTQi ;�BMb 7Q` /Bz2`2Mi
BMBiB�H +QM/BiBQMbX SQbi2`X A*�*a � a>AJ kykkX >2HbBMFB- 6BMH�M/B�X
RN@k9- CmM2- kykkX



RNR

Ç 1bTBMQb� oBp�b- :m�/�HmT2- :BH /2 H� 62- Cm�M JB;m2H- _Q/`ő;m2x Sû`2x-
_�7�2H- _Q/`ő;m2x "2Hi`�M- S�#HQX �M�HviB+�H KQ/2H 7Q` i?2 i2KT2`�im`2
}2H/ Q7 � TH�bK� ?2�i2/ #v 7�bi �M/ KQMQ2M2`;2iB+ BQM #2�KbX SQbi2`X
A*�*a � a>AJ kykkX >2HbBMFB- 6BMH�M/B�X RN@k9- CmM2- kykkX

Ç Cm�M JB;m2H :BH /2 H� 62- _�7�2H _Q/`ő;m2x Sû`2x- :m�/�HmT2 1bTBMQb�
oBp�b- S�#HQ _Q/`ő;m2x "2Hi`�MX JAsEASfahPSS, �M �iQKB+ FBM2i@
B+b �M/ BQM i`�MbTQ`i +QKTmi�iBQM�H T�+F�;2 7Q` i?2 bBKmH�iBQM Q7 i?2
BQM #2�K@TH�bK� BMi2`�+iBQM T`Q+2bb2b BM ?B;? 2M2`;v /2MbBiv TH�bK�bX
SQbi2`X h?2 kdi? AMi2`M�iBQM�H *QM72`2M+2 QM �iQKB+ S?vbB+bX hQ`QMiQ-
*�M�/�X Rd@kk- CmHv- kykkX

Ç SX _X "2Hi`�M- CXJX :BH- _X _Q/`ő;m2x �M/ :X 1bTBMQb�X aBKmH�iBQM Q7
BQM #2�K@TH�bK� BMi2`�+iBQM T`Q+2bb2b 7Q` TQBMi@HBF2 BQMb BM T�`iB�HHv BQM@
Bx2/ TH�bK�bX SQbi2`X RNi? AMi2`M�iBQM�H *QM72`2M+2 S?vbB+b Q7 >B;?Hv
*?�`;2/ AQMb U>*A@kyR3VX LPo� a+?QQH Q7 a+B2M+2 �M/ h2+?MQHQ;v U6*h
LPo�V- GBb#Q�- SQ`im;�HX j@d- a2Ti2K#2`- kyR3X

Ç CXJX :BH- SX _X "2Hi`�M- _X _Q/`ő;m2x �M/ :X 1bTBMQb�X *�H+mH�iBQMb
Q7 biQTTBM; TQr2` Q7 T�`iB�HHv bi`BTT2/ BQMb BM T�`iB�HHv BQMBx2/ TH�bK�bX
SQbi2`X RNi? AMi2`M�iBQM�H *QM72`2M+2 S?vbB+b Q7 >B;?Hv *?�`;2/ AQMb
U>*A@kyR3VX LPo� a+?QQH Q7 a+B2M+2 �M/ h2+?MQHQ;v U6*h LPo�V-
GBb#Q�- SQ`im;�HX j@d- a2Ti2K#2`- kyR3X

Ç _X _Q/`ő;m2x- :X 1bTBMQb�- CXJX :BH �M/ SX _X "2Hi`�MX JQMQ+?`QK�iB+
�M/ K2�M `�/B�iBp2 T`QT2`iB2b Q7 �bi`QT?vbB+�H TH�bK� KBtim`2b BM MQM@
HQ+�H i?2`KQ/vM�KB+ 2[mBHB#`BmK `2;BK2X SQbi2`X RNi? AMi2`M�iBQM�H *QM@
72`2M+2 S?vbB+b Q7 >B;?Hv *?�`;2/ AQMb U>*A@ kyR3VX LPo� a+?QQH Q7 a+B@
2M+2 �M/ h2+?MQHQ;v U6*h LPo�V- GBb#Q�- SQ`im;�HX j@d- a2Ti2K#2`-
kyR3X





_272`2M+2b

�7b?�`B- JX- >Q`MmM;- CX- EH2BMb+?KB/i- �X- 2i �HX kyky- �AS �/p�M+2b-
Ry

�H�K- JX aX kyRj- .mbi@AQM@�+QmbiB+ q�p2b BM .mbiv SH�bK�b rBi? am@
T2`i?2`K�H 1H2+i`QMb

�`BbiQiH2- �X � �`BbiQiH2X RNjj- J2i�T?vbB+b- oQHX R U>�`p�`/ lMBp2`bBiv
S`2bb *�K#`B/;2- J�V

�ix2MB- aX RNNN- S?vbB+b Q7 TH�bK�b- e- jjRe
�ix2MB- aX � *�`mbQ- �X RN39- LmQpQ *BKX- "- 3y- dR
�ix2MB- aX � J2v2`@h2`@o2?M- CX kyy9- h?2 S?vbB+b Q7 AM2`iB�H 6mbBQM,

"2�K@SH�bK� AMi2`�+iBQM- >v/`Q/vM�KB+b- >Qi .2Mb2 J�ii2` UPt@
7Q`/, Pt7Q`/ lMBp2`bBiv S`2bbV

�ix2MB- aX � h�#�F- JX kyy8- SH�bK� S?vb *QMi`QH 6mbBQM- 9d- "deN
�ix2MB- aX- h2KTQ`�H- JX- � >QM`m#B�- CX kyyk- Lm+H2�` 7mbBQM- 9k- GR
"�/xB�F- CX � .QK�ƖbFB- CX kyRN- G�b2` �M/ S�`iB+H2 "2�Kb- jd- k33
"�/xB�F- CX � .QK�ƖbFB- CX kykR- Lm+H2�` 6mbBQM- eR- y9eyRR
"�`#�`BMQ- JX kyky- L�im`2 S?vbB+b- Re- 3Ny
"2Hi`�M- SX- :BH- CX- _Q/`B;m2x- _X- 1bTBMQb�- :X- � "�``B;�@*�``�b+Q- JX

kyky- s@_�v a2T+i`QK- 9N- Rdj
"2i?2- >X RNjy- �MM�H2M /2` S?vbBF- 8- jk8
"2iiB- _X � w?Qm- *X kyy8- S?vbB+b Q7 TH�bK�b- Rk
"2iiB- _X- w?Qm- *X- �M/2`bQM- EX- 2i �HX kyyd- S?vbB+�H `2pB2r H2ii2`b- N3-

R88yyR
"Q/�MbFv- .X kyyd- Lm+H2�` 2M2`;v, T`BM+BTH2b- T`�+iB+2b- �M/ T`QbT2+ib

UaT`BM;2` a+B2M+2 � "mbBM2bb J2/B�V

RNj



RN9

"Q?K- .X � SBM2b- .X RN8R- S?vbB+�H _2pB2r- 3k- ek8
"Q?K- .X � SBM2b- .X RN8j- S?vbB+�H _2pB2r- Nk- eyN
"Qb+?- >X � >�H2- :X RNNk- Lm+H 6mbBQM- jk- eRR
"`QrM- GX aX- S`2biQM- .X GX- � aBM;H2iQM C`- _X GX kyy8- S?vbB+b _2TQ`ib-

9Ry- kjd
*�KT#2HH- 1X- a�M;bi2`- hX- :QM+?�`Qp- oX- 2i �HX kykR- S?BHQbQT?B+�H

h`�Mb�+iBQMb Q7 i?2 _Qv�H aQ+B2iv �- jdN- kykyyyRR
*�vx�+- qX kyRj- S?. i?2bBb- lMBp2`bBiû a+B2M+2b 2i h2+?MQHQ;B2b@

"Q`/2�mt A
*?�/rB+F- CX RNjk- L�im`2- RkN- jRk
*?�`- LX � *bBF- "X RN3d- A�1� #mHH2iBM- j- RN3d
*?m- SX EX � Gm- sX kyRj- GQr i2KT2`�im`2 TH�bK� i2+?MQHQ;v, K2i?Q/b

�M/ �TTHB+�iBQMb U*_* T`2bbV
*QKKBii22- SX aX- *QmM+BH- LX _X- 2i �HX RNN8- SH�bK� b+B2M+2, 7`QK 7mM@

/�K2Mi�H `2b2�`+? iQ i2+?MQHQ;B+�H �TTHB+�iBQMb UL�iBQM�H �+�/2KB2b
S`2bbV

*Q`M7Q`/- 6X JX kyR9- SH�iQǶb +QbKQHQ;v, i?2 hBK�2mb Q7 SH�iQ U_Qmi@
H2/;2V

*`�tiQM- _X- �M/2`bQM- EX- "Q2?Hv- hX- 2i �HX kyR8- S?vbB+b Q7 SH�bK�b-
kk

*`QQF2b- qX R3dN- �K2`B+�M CQm`M�H Q7 a+B2M+2- j- k9R
.�HiQM- CX R3Rd- � M2r bvbi2K Q7 +?2KB+�H T?BHQbQT?v- oQHX R Uq2�H2V
.�pBb- CX- S2i`Qp- :X- � J2?H?Q`M- hX kyRR- SH�bK� S?vbB+b �M/ *QM@

i`QHH2/ 6mbBQM- 8j- y98yRj
.2#�vH2- �X- >QM`m#B�- CX- .?mKb2`2b- 1X- � hBF?QM+?mF- oX kyRy- S?vb

_2p 1- 3k- yje9y8
.2M�pBi- CX RNNk- S?vbB+�H _2pB2r G2ii2`b- eN- jy8k
.2M;- >X- a?�Q- 6X- wQm- .X- 2i �HX kykR- S?vbB+b Q7 SH�bK�b- k3
.2bi`û2- SX kyyj- GǶ�MiB[mBiû *H�bbB[m2- dk- jR3
.m/2`bi�/i- CX CX � JQb2b- :X �X RN3k
.m`�Mi- qX kyRR- Pm` P`B2Mi�H >2`Bi�;2, h?2 aiQ`v Q7 *BpBHBx�iBQM- oQH@

mK2 A- oQHX R UaBKQM �M/ a+?mbi2`V



RN8

1//BM;iQM- �X aX RNdN- BM � aQm`+2 "QQF BM �bi`QMQKv �M/ �bi`QT?vbB+b-
RNyyĜRNd8 U>�`p�`/ lMBp2`bBiv S`2bbV- k3RĜkNy

1bB`F2TQp- hX wX- "mH�MQp- aX- LBb?B?�`�- EX- 2i �HX kyyk- S?vbB+�H `2pB2r
H2ii2`b- 3N- Rd8yyj

1bTBMQb�- :X- _Q/`B;m2x- _X- :BH- CX- 2i �HX kyRd- S?vb _2p 1- N8- yjjkyR
1bTBMQb�@oBp�b- :X- :BH- CX- _Q/`B;m2x- _X- � _Q/`B;m2x@"2Hi`�M- SX kykj-

Lm+H AMbi` J2i? "- 89k- kjy
62`M�M/2x- C* �H#`B;?i- "X- "2;- 6X- 6QQ`/- J1 >2;2HB+?- "X- 2i �HX kyR9-

Lm+H 6mbBQM- 89- y89yye
62`M�M/2x- CX- >QM`m#B�- CX- �H#`B;?i- "X- 2i �HX kyyN- Lm+H 6mbBQM- 9N-

ye8yy9
62ib+?- >X � 6Bb+?- LX CX kykj- S?vbB+�H _2pB2r 1- Ry3- y98kye
6`�H2v- :X- GBMM2#m`- 1X- J�bQM- _X- � JQ`b2- _X RNd9- S?vb 6HmB/b- Rd-

9d9
6`�MF 6H2b+?M2`X kykj- q2M/2Hbi2BM d@s `2�+?2b KBH2biQM2, SQr2` TH�bK�

rBi? ;B;�DQmH2 2M2`;v im`MQp2` ;2M2`�i2/ 7Q` 2B;?i KBMmi2b- ?iiTb,
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