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Abstract

Two populations of objects are considered in such way that on each one a random
signal can be evaluated. This signal generally is a realization of a stationary process.
In each population, the signal is generated by a same pattern. The aim of this paper
consists of comparing both patterns. A sequential statistical test is proposed and its
distribution of propability is investigated under the null and alternative hypothesis.

Introduction

Let us consider two populations of objects on which a certain signal can be
evaluated and this one can be modeled by a stationary process. We will
suppose that in each population a same pattern which generates such signals exists.

The aim of this paper is to compare two different patterns corresponding to two
populations in order to determine if the considered signal has predictive value.

In practical applications, one of such populations can be constituted by subjects
with a certain pathology (cases) and the other one, by people without ihat pathology
(controls). The signal can consist of the realization of electroencephalogram in a certain
cerebral zone. Then it analyzes its discriminant character. With that aim we propose a
sequential statistical test based on the spectrum of the signals.

The Statistical Test

Let {X,(r); =12 i=l--»n r=1--,N} be a set of time series evaluated on
random samples of r, objects, chosen from population C, with I = 1,2, in the same N times.
Each of such time series can represent in practical applications the evaluation of a certain
signal or a set of replicated measures over the subjects of the populations aforementioned.
The periodogram of each time serie, for which the jth Fourier frequency, is defined by:

1 il —im t :
I,,(a)j) =0 Y X, (e (1)

il 1=1

Let us suppose that each periodogram satisfies the relation 1,,.(wj) = f,(wj)~U,f.f,
being f,{w) the spectral density corresponding to the /th population and {U) }, for each !
! P! lif

= 1,2 and i=1,---,r, are independent random variables in j=l,-~-,v:[N/2] with
exponential distribution of parameter [. Such a model is based on known results for the
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periodogram of Gaussian linear processes [4]. To test H,: fi(w)= f,(w), we propose a
sequential test, as follows:
Let ¥, :y,(w,)+§,,-j -C, being ¥, = loglu(wj)~C, w(w)=log f,(w), C the

1

Euler constant and &,; = logU,, .

Y — 2 > n
i Let J, =12(Yu —Yz,j) be the statistical test, with ¥, =(1/v)) ' K.
v . s
il. Let define the sequential test as follows: Choose two numbers a,b> 0, then accept
H, if J, <a, take m new time series of each group if a < J, £b, and reject H, if
J,>b.

Distribution of the sequential statistical test under the null and alternative hypothesis.

Under the null hypothesis, H, , the statistical test can be expressed by:
I 2 2
Jzz—Z(él.j_éz.j) @
v
where E,,j =(1/r,)2i§ j - By means of elementary numerical methods, we obtain that
E[§I,7]=C=—0.57721 (C is called the Euler constant) and var(é,,.j)=02 =1648124.
Obviusly, under H, E[Jz]zo. For larger values of r, and r,, we can consider the

aproximation El,,—Ez,ij(o,e), being 6=0,/(1/r)+(Yr,). Given that &, are

- N
independent random variables for j, then it follows that 2/(6,,/.—62,,.) /02 = x*(v),
“where this last notation represents the chi-square distribution with v degrees of freedom.

0*-7

Let J,= ,being Z= x*(v).

For an specificied difference H,:d(w) = i, (w)— p,(w), we can obtain in analogous

way an approximate distribution for J, under H,. In fact,

17,,,.—172,j=d(w,.)+31_,—32,,zN(d(a)j),e) 3)
50,
1 G = 2
g2l -Fy-dw) ~2') @
From this formula, we can find:
0°-7Z 1¢ 1 2% =
Sy = -=Yd(o)) +—2()’,,].—Y2,j)-d(wj) )
v v v
being Z = xz(v)‘ But, since )7,,, —Z,j is an unbiased estimator of d(a)].) , it results in the
approximation:
0>z 1Y 2
== +;§d(mj) (6)
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Fixed a and B, the Type I and Type II errors respectively, we can determine the
critical values a and b solving the ecuations &= P(J, >b2|H,) and = P(J, < ald(w)).

In fact,
— _ 2 5
a=P(J,>b2|H,)= P(Zj(gl,, -&.) /9~ >b-v/92) ™
5o we can obtain b=6"- x%(v)/v, being x%(v) the quantil 1-a of the distribution x*(v).
Analogously, we can obtain: ’

1 & 2 92-)(]2_ (V)
a=;j2=}d(wj) +——V—B— - (®

Estimation of the parameter d

The natural estimation of the parameter d(w) is obtained by estimating each u,(w)
parameter, for [ = 1, 2. Such estimation can be carried out, efficiently, from the model
Y, = ,u(a)j)+e,,.j, where ¢, =&, —~C=logU, - C and considering that Uy, I=1,2; i = 1,
... r; j=1,...,v are independent e identically distributed random variables with exp(l).
It is easy to see that E[el!j] =0. By using the principle of the local likelihood of [2], we
consider for each @ €[-7,7] the local likelihood:

5311t ~0)-oult, v rifo, ol A{252) o

i=1 j=1

where K(z) is a kernel function and & the corresponding bandwidth. Notice that the

parameter u,(a) j) has been aproximated linearly on a neighbourhood of w. Finally, we

consider the estimate d(®) = i, ()~ L, (0).
Simulation

We have considered, for the Ith population, that the signals are generated by the
stationary moving average process:
X,(t)=by-&,(1)+b,-6(t-1)+b,-¢(t); =12 (10

being {,(r)} i.i.d. random variables N(0,5 (). Its spectral density function is:

o (1)
fi(w)= ;(n) |b,(,+b”-exp(iw)+b,2~exp(2i(z))]2 (n

Figure 1 shows the parameter p,(w)=logf(w), for [=1, o (1)=1,
b,=3, b, =2 and b, =1. It is shown jointly with its Jocal polynomial estimator of
degree 1, for N =120, and , =r, =50.
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Now let us suppose that in population 2, the stationary moving average process has
the same coeficients than that in population 1, but being 0'5(2) = L1. Figure 2 show us the
log-spectrals of both populations. For the values N, 7 and r,, specified above, the test
detects diferences, in the initial step, 88 times from 100 simulations. ’
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Fig. 2
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