
Di�erential Geometry and Its Applications ���
Proc� Conf� Opava �Czechoslovakia�� August 	
�	�� ��	
Silesian University� Opava� ���� �������
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Abstract

In this paper� we study a particular class of hermitian manifolds which we call special
c
��hyperbolic hermitian manifolds with c

� � IR� c� �� �� As main result� we prove that the
universal covering space of a special c

��hyperbolic hermitian manifold is the product of a
c�sasakian manifold with a hyperbolic space of odd dimension and of constant sectional
curvature ��c����

A�M�S� Classi�cation� ��C�� ��C	�� ��C���
Keywords� Hermitian manifolds� sasakian manifolds� kenmotsu manifolds� hyperbolic space�

I Introduction

An almost hermitian manifold V is called locally conformal K�ahler if its metric is
conformally related to a K�ahler metric in some neighbourhood of every point of V �see
�V���� Examples of locally conformal K�ahler manifolds are provided by the generalized
Hopf manifolds which are locally conformal K�ahler manifolds with parallel Lee form
�see �V	��� The main non
K�ahler examples of such manifolds are the Hopf manifolds
�see �KN� and �V���� which are de�ned as the quotients

Hn
o 

�Cn � f�g�

��

�

being �� a cyclic group of transformations� and the nilmanifold N�r� ��� S�� where
N�r� ��  ��r� �� n H�r� �� is a compact quotient of the generalized Heisenberg group
H�r� �� by a discrete subgroup ��r� �� �see �CFL��� The product of a c
sasakian manifold
N with the �	m���
dimensional hyperbolic spaceH�m��

c of constant sectional curvature
�c� also admits a locally conformal K�ahler structure �J� g�� where g is the product metric
�see �MR��� In �MR� we have studied a particular class of locally conformal K�ahler
manifolds with similar properties to the locally conformal K�ahler manifold N �H�m��

c �
On the other hand if c and c� are arbitrary constants� c� c� � �� then the almost

hermitian structure �J� g� on the manifold N � H�m��
c�

is hermitian but� in general� it
is not locally conformal K�ahler �see corollary III���� In this paper we study a particular
class of hermitian manifolds which we call special c�
hyperbolic hermitian manifolds�
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with c� � IR� c� � �� These manifolds have similar properties to the product N �
H�m��
c�

� We generalize some facts obtained in �MR� and� as main result� we prove that
the universal covering space of a special c�
hyperbolic hermitian manifold is almost
complex isometric to the product of a c
sasakian manifold with a hyperbolic space of
odd dimension and of constant sectional curvature ��c��� �see theorem VI����

II Preliminaries

Let V be a C� almost hermitian manifold with metric g and almost complex structure

J � Denote by X�V � the Lie algebra of C� vector �elds on V � The almost hermitian
manifold �V� J� g� is said to be� Hermitian if NJ  �� where NJ denotes the Nijenhuis

tensor of J � Locally conformal K�ahler if it is hermitian� d�  � and d�  � ��� where �
and � are the Lee ��form and the K�ahler ��form respectively of V �see �KN� and �V����

On the other hand if M is an almost contact metric manifold with metric g and
almost contact structure ��� �� �� then it is said to be c��kenmotsu� where c� � IR� c� � ��
if N��	d�� �  �� d�  �	c���� and d�  � being N� the Nijenhuis tensor of � and
� the fundamental ��form of M �see �JV���

Let �H�m��
c�

� �ds��c�� be the �	m� ��
dimensional hyperbolic space� i�e��

H�m��
c�

 f�x�� � � � � x�m��� � IR
�m�� � x�m�� 	 �g

and �ds��c� is the Riemannian metric on H�m��
c�

given by

�ds��c� 
�

�c�x�m����

�m��X
i��

�dxi�
�� �c� � ��


�H�m��
c�

� �ds��c�� is a complete simply connected Riemannian manifold with constant
sectional curvature ��c���� Moreover� if ��

H
�m��

c�
� �
H
�m��

c�
� �

H
�m��

c�
� �ds��c�� is the almost

contact metric structure on H�m��
c� de�ned by

�
H
�m��

c�
 �c�x�m���

mX
i��

� �

�xi
� �m�i �

�

�xm�i
� �i

�
�

�
H
�m��

c�
 �c�x�m���

�

�x�m��
� �

H
�m��

c�


dx�m��
�c�x�m���

�

�II
��

where �i� i � f�� � � � � 	mg� are the �
forms on H�m��
c�

given by

�i 
dxi

�c�x�m���
� �II
	�

then ��
H
�m��

c�
� �
H
�m��

c�
� �

H
�m��

c�
� �ds��c�� is a c

�
kenmotsu structure on H�m��
c�

�see �ChG���

An almost contact metric manifold �N��� �� �� g� is said to be c�sasakian �see �JV���
with c � IR� c � � if N� � 	d� � �  � and d�  c�� In �MR� we have proved that if
�N��� �� �� g� and �N �� ��� ��� ��� g�� are �	n� ��
dimensional complete simply connected
c
sasakian manifolds of constant �
sectional curvature k then� N is almost contact
isometric to N �� In fact� the unit sphere S�n�� has a c
sasakian structure of constant
�
sectional curvature k� for all k 	 ��c�� the �	n � ��
dimensional real number space



On a special class of hermitian manifolds ���

IR
�n�� is a c
sasakian manifold of constant �
sectional curvature ��c� and the product

manifold IR�CDn��� where CDn�� is a simply connected bounded complex domain in
Cn�� with negative constant holomorphic sectional curvature� has a c
sasakian structure
of constant �
sectional curvature k� for all k  ��c� �see �MR��� We shall denote by
S�n���c� k� �k 	 ��c��� IR�n���c� and �IR � CDn����c� k� �k  ��c�� respectively the
c
sasakian manifolds with these structures�

III c��Hyperbolic hermitian structures

In this section� we study a particular class of structures on an almost hermitian
manifold which we call c�
hyperbolic hermitian structures�

Let �N��N � �N � �N � gN� be a �	n � ��
dimensional c
sasakian manifold and
�M��M � �M � �M � gM� a �	m � ��
dimensional c�
kenmotsu manifold� with c� c� � IR�
c � �� and c� � �� Let us consider the product manifold V  N �M with the almost
hermitian structure �J� g� de�ned by�

J�X�X �� 
�
�NX � �M�X �� �N � �MX � � �N�X� �M

�
g��X�X ��� �Y� Y ���  gN�X� Y � � gM�X �� Y ��

�
�III
��

where X� Y � X�N� and X � � Y � � X�M��

Proposition III�� The almost hermitian manifold �V� J� g� is a hermitian manifold
with Lee ��form

�  �	
�
c� �

n � �

n�m� �
�c� c��

�
��M�M

where �M � N �M ��M is the canonical projection onto the second factor�

We remark that if c  c� then �V� J� g� is a locally conformal K�ahler manifold �MR��
Denote by l  �	�c� � n��

n�m��
�c � c���
 Suppose that l 	 �� Thus we deduce that

l  kwk
 Moreover� using theorem 	
� of �M� �see also �MR�� we have

Proposition III�� Let �J� g� be the almost hermitian structure given by �III��� on the
product manifold N �M � Then� for every point �p� q� � N �M there exists an open
neighbourhood U of q in M and 	m independent ��forms ��� � � � � ��m on U � such that�

��U�j �J  ��U�m�j � ��U�m�j �J  ���U�j � j � f�� � � � � mg

d���U�i� 
c�

l
��U�i � �� ���U�i��B�  �� i � f�� � � � � 	mg

��	
�
 �III
	�

where �U � N � U �� U is the projection onto the second factor and �� B are the Lee
��form and the Lee vector 	eld respectively of N �M


The above result suggests us to consider the following particular class of hermitian
structure�

De�nition III�� Let �V� J� g� be a �	n�	m��dimensional hermitian manifold with Lee
��form � � � at every point and Lee vector 	eld B and let ��� 

� ��m be independent
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��forms on V � with m � �� We say that �J� g� ��� � � � � ��m� is a c��hyperbolic hermitian

structure on V if

�j �J  �m�j � �m�j �J  ��j � j � f�� � � � � mg�

d�i  c��i � u� i � f�� 	� � � � � 	mg

�i�B�  �� i � f�� 	� � � � � 	mg

�III
��

where c� is a constant� c� � � and u is the unit Lee ��form�

Remark If �N��N � �N � �N � gN� is a �	n � ��
dimensional c
sasakian manifold and
�M��M � �M � �M � gM� is a �	m � ��
dimensional c�
kenmotsu manifold� with c� c� �
IR� c � �� c� � � and c�m � c�n � ��  �� then� from proposition III�	� we deduce
that for every point �p� q� � N �M � there exists an open neighbourhood U of q in M

and 	m �
forms ��� � � � � ��m on U � such that �J� g� ��U��� � � � � �
�
U��m� is a c

�
hyperbolic
hermitian structure on N � U � where �J� g� is the almost hermitian structure given by
�III��� on the manifold N �M and �U � N �U �� U is the projection onto the second
factor�

Now� letH�m��
c�

be the �	m���
dimensional hyperbolic space� Denote by ��� � � � � ��m
the �
forms on H�m��

c�
given by �II�	� and by ��

H
�m��

c�
� �
H
�m��

c�
� �

H
�m��

c�
� �ds��c�� the c

�


kenmotsu structure on H�m��
c�

given by �II���� Then� if N is a c
sasakian manifold�
�
H
�m��

c�
� N �H�m��

c�
�� H�m��

c�
is the projection onto the second factor� �J� g� is the

almost hermitian structure on N �H�m��
c�

given by �III��� and mc� � �n � ��c  �� we
obtain that

Corollary III�� �J� g� ��
H�m��

c�

��� � � � � �
�

H�m��

c�

��m� is a c
��hyperbolic hermitian structure

on the hermitian manifold N �H�m��
c�

and we have that

d�  �
	c

l
� � ��

��c� � c�

l

mX
j��

� � ��
H
�m��

c�
�j � �

�

H
�m��

c�
�m�j �

r�  �l c�
�mX
j��

���
H
�m��

c�

�j�� ���
H
�m��

c�

�j��

r��
H
�m��

c�

�i 
c�

l
���

H
�m��

c�

�i�� ��

�III
��

for i � f�� � � � � 	mg� where r is the Levi�Civita connection of the Riemannian metric g�
� is the K
ahler 	�form of N �H�m��

c�
and � is the Lee ��form�

IV Special c��hyperbolic hermitian manifolds

The results obtained in section III suggest us to introduce the following de�nition�

De�nition IV�� Let �J� g� ��� � � � � ��m� be a c
��hyperbolic hermitian structure on a ma�

nifold V �n��m of dimension �	n�	m�� such that ��� � � � � ��m are unit ��forms� We say
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that V �n��m is a special c��hyperbolic hermitian manifold if

d�  �
	c

l
� � ��

��c� � c�

l

mX
i��

� � �i � �m�i

r�  �l c�
�mX
j��

�j � �j

r�i 
c�

l
�i � �

���������	
��������


�IV
��

for i � f�� � � � � 	mg� where � is the Lee form of V �n��m� r is the Levi�Civita connection
of the metric g� l  k�k � � at every point� c� is a constant� c� � � and c  c� �
�

�
�n�m��

n�� ��l� 	c���

Remark From �IV��� we deduce that � is a closed �
form�

Let �V �n��m� J� g� ��� 

� ��m� be a special c�
hyperbolic hermitian manifold and de

note by Ai� with � 	 i 	 	m� the vector �elds on V �n��m given by

�i�X�  g�X�Ai� �IV
	�

for all X � X�V �n��m�� From �III��� and �IV�	�� we obtain that

JAi  �Am�i� JAm�i  Ai �IV
��

for i � f�� � � � � mg� Moreover� using �IV��� we have that the vector �elds Ai and Aj �

with i � j� are orthogonal and that the Lee �
form has constant norm�
We also remark that if c�  � l

�
then �V �n��m� J� g� ��� � � ���m� is an m
hyperbolic

locally conformal K�ahler manifold �see �MR���
Let �V �n��m� J� g� ��� � � � � ��m� be a special c�
hyperbolic hermitian manifold with

Lee vector �eld B and Lee form �� Then� in the rest of this paper� we shall use the
following notation

l  k�k� u 
�

l
� U 

B

l
� v  �u �J� V  JU
 �IV
��

From �III���� �IV��� and �IV��� we obtain that

u�V �  v�U�  u�Ai�  v�Ai�  �

�i�U�  �i�V �  �
�IV
��

for i � f�� � � � � 	mg� Moreover� if � is the K�ahler 	
form of V �n��m then� using that �
is non
degenerate and �IV���� we deduce that

Proposition IV�� On a special c��hyperbolic hermitian manifold V �n��m

�  � � 	
� mX
j��

��j � �m�j� � v � u
�
�

where � is a 	�form of rank �	n� 	� such that�

�n�� � u � v � �� � � � �� ��m � ��

��X�Ai�  ��X�U�  ��X� V �  �

for i � f�� � � � � 	mg�
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From �IV��� and by a well
known result �see �KN�� pg� ���� we have

Proposition IV�� On a special c��hyperbolic hermitian manifold V �n��m

�rXJ�Y  �
�c
l
���JY �X � ��Y �JX � g�X� JY �B � g�X� Y �JB� �

�
�c� � c

l

� mX
j��

�
���JY ��m�j�X� � ��Y ��j�X��Am�j � �IV���

����JY ��j�X�� ��Y ��m�j�X��Aj �

���j�X��j�Y � � �m�j�X��m�j�Y ��JB � 	��j � �m�j��X� Y �B
��



From �IV��� and �IV��� we obtain some characterizations of special c�
hyperbolic
hermitian manifolds�

Proposition IV�� Let �J� g� ��� 

� ��m� be a c��hyperbolic hermitian structure on a
�	n�	m��dimensional manifold V �n��m such that ��� � � � � ��m are unit ��forms� Then�
�V �n��m� J� g� ��� � � � � ��m� is a special c��hyperbolic hermitian manifold if and only if
l  k�k is constant� d� is given as in �IV��� and one of the four following relations
holds

�
 ru  �c�
�mX
j��

�j � �j � r�i  c��i � u�

	
 rU  �c�
�mX
j��

�j �Aj � rAi  c��i � U�

�
 rV  c
�
J � v � U � u� V�

mX
j��

��j � Am�j � �m�j � Aj�
�
�

rAi  c��i � U�

�
 rv  �c�� r�i  c��i � u

for i � f�� � � � � 	mg�

Next� using proposition IV��� we deduce another results for a special c�
hyperbolic
hermitian manifold V �n��m
 Denote by L the Lie derivative on V �n��m


Proposition IV�� Let �V �n��m� J� g� ��� � � � � ��m� be a special c��hyperbolic hermitian
manifold� Then� V is a Killing vector 	eld for the metric g� Moreover� the following
relations hold

�U� V �  �� �V�Ai�  �� �Ai� Aj �  �� �U�Ai�  c�Ai� �IV���

LUJ  �� LV J  �� �IV���

LAk
J  c��v � Ak � u�Am�k�� �IV���

LAm�k
J  c��v �Am�k � u�Ak�� �IV����

LUv  �� LAi
v  �� dv  �c � �IV����
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for i� j � f�� � � � � 	mg and k � f�� � � � � mg�

If �V �n��m� J� g� �� � � ���m� is a special c
�
hyperbolic hermitian manifold with m � �

then� from �III��� and �IV����� we obtain that the volume element � on V �n��m given by
�  ��� � � ����m�u�v��

n�� is exact� In fact� �  d�� �

��c�m
���� � � ����m�v��

n���

Therefore�

Corollary IV�� A compact manifold cannot admit a special c��hyperbolic hermitian
structure �J� g� ��� 

� ��m�with m � ��

V The curvature tensor on a special c��hyperbolic her�

mitian manifold

In this section� we shall obtain some results about the Riemann curvature tensor
and the sectional curvature of a special c�
hyperbolic hermitian manifold�

Let �V �n��m� J� g� ��� � � � � ��m� be a �	n�	m�
dimensional special c�
hyperbolic her

mitian manifold and let Ai be as in �IV�	� and l� u� U� v and V as in �IV���� Then�
using �III��� and proposition IV��� we have

Proposition V�� On a special c��hyperbolic hermitian manifold V �n��m

R�X� Y �U  �	�c���
�mX
i��

��i � u��X� Y �Ai� �V���

R�X� Y �Ai  	�c���
n
��i � u��X� Y �U �

�mX
j��

��i � �j��X� Y �Aj

o
� �V�	�

where R is the Riemann curvature tensor of V �n��m� i � f�� � � � � 	mg� X� Y �
X�V �n��m�


Let x be a point of V �n��m� Denote by KXY the sectional curvature for the plane
section in TxM with orthonormal basis fX� Y g� Then� by using �V��� and �V�	�� we
deduce

Corollary V�� On a special c��hyperbolic hermitian manifold V �n��m

KXU  ��c���
�mX
i��

��i�X����

KXAi
 ��c���

n
�u�X����

�mX
j���j ��i

��j�X���
o
�

KUAi
 KAiAj

 ��c���

for i� j � f�� � � � � 	mg�

---
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VI The universal covering space of a special c��hyper�

bolic hermitian manifold

In this section we shall study the universal covering space of a special c�
hyperbolic
hermitian manifold�

Let �V �n��m� J� g� ��� � � � � ��m� be a special c�
hyperbolic hermitian manifold and
let Ai be �� 	 i 	 	m� as in �IV�	� and l� u� U� v� V as in �IV���� Denote by
c  c�� �

�
�n�m��

n��
��l�	c�� and by F the foliation given by u  �� �i  �� � 	 i 	 	m� F

de�nes on V �n��m a foliation of dimension �	n���� which we call the canonical foliation
of V �n��m� Using �IV���� proposition IV�� and corollary V��� we deduce

Proposition VI�� The canonical foliation F of a special c��hyperbolic hermitian ma�
nifold is totally geodesic with integrable normal bundle� Moreover� if F� is the foliation
determined by the normal bundle of F� then F� also is totally geodesic and its leaves are
of constant sectional curvature ��c����

Let i � N �� V �n��m be the immersion of a generic leaf N of the canonical foliation
F� We de�ne an almost contact metric structure ��N � �N � �N � gN� on N by

�NX  JX � �i�v��X�U jN � �N  �V jN � �N  ��i�v�� gN  i�g �VI
��

for all X � X�N�� Then� from �IV���� �IV���� and since NJ  �� we have

Proposition VI�� If c � � the almost contact metric structure ��N � �N � �N � gN� on N

is c�sasakian�

Now� we consider the immersion j � M �� V �n��m of a generic leaf M of the
foliation F� on V �n��m� We de�ne an almost contact metric structure ��M � �M � �M � gM�
on M by

�M�Y �  JY � �j�u��Y �V jM � �M  U jM � �M  �j�u�� gM  j�g� �VI
	�

for all Y � X�M�� Then� using �IV���� �IV��� and since NJ  �� we obtain

Proposition VI�� The almost contact metric structure ��M � �M � �M � gM� on M is c��
kenmotsu�

Next� we give the following de�nition

De�nition VI�� A special c��hyperbolic hermitian manifold �V �n��m� J� g� ��� � � � � ��m�
of dimension �	n � 	m�� with c  c� � �

�
�n�m��

n�� ��l � 	c�� � � is called k�special c��

hyperbolic hermitian manifold �k � IR� if every leaf N of the canonical foliation F is
of constant �N �sectional curvature k� where ��N � �N � �N � gN� is the induced c�sasakian
structure on N given by �VI����

If �V �n��m� J� g� ��� � � � � ��m� is a k
special c�
hyperbolic hermitian manifold then
V �n��m is said to have a k�special c��hyperbolic hermitian structure �J� g� ��� � � � � ��m��

Now� we introduce a de�nition which will be useful in the sequel� Let N � k be a
�	n� ��
dimensional manifold and a real number respectively and let �H�m��

c�
� �ds��c��

be the �	m� ��
dimensional hyperbolic space�



On a special class of hermitian manifolds ���

De�nition VI�� A distinguished special c��hyperbolic hermitian �respectively distin�

guished k�special c��hyperbolic hermitian� structure on V �n��m  N � H�m��
c�

is a
special c��hyperbolic hermitian �respectively k�special c��hyperbolic hermitian� structu�
re �J� g� ��� � � � � ��m� on V �n��m with c  c� � �

�
�n�m��

n�� ��l� 	c�� � � and such that�

�� The metric g is of the form g  d�� � �ds��c� where d�
� is a Riemann metric on

N and

�� The unit Lee ��form u and the ��forms �i� � 	 i 	 	m� are given by

u 
dx�m��
c�x�m��

� �i 
dxi

c�x�m��

where �x�� � � � � x�m��� are the usual coordinates on H�m��
c�

�

From �IV��� and propositions IV�� and VI�	 we deduce

Proposition VI�� If �J� g� ��� � � � � ��m� is a distinguished special c��hyperbolic hermi�
tian structure on V �n��m  N � H�m��

c�
� then the manifold N carries an induced c�

sasakian structure ��N � �N � �N � gN�� where c  c� � �

�
�n�m��

n��
��l � 	c��� and the almost

hermitian structure �J� g� on V �n��m is given by �III���� Moreover� if �J� g� ��� � � � � ��m�
is a distinguished k�special c��hyperbolic hermitian structure on V �n��m� then N is of
constant �N �sectional curvature k�

Next� we shall describe the universal covering space of a special c�
hyperbolic her

mitian manifold�

Theorem VI�� The universal covering space of a complete special c��hyperbolic her�
mitian manifold �V �n��m� J� g� ��� � � � � ��m� of dimension 	n�	m with Lee form � and

such that c  c� � �

�
�n�m��

n�� ��l � 	c�� � �� is a product space V
�n��m

 N � H�m��
c� �

where N is the universal covering space of an arbitrary leaf of the canonical foliation of
V �n��m and H�m��

c�
is the �	m����dimensional hyperbolic space� The lift of the special

c��hyperbolic hermitian structure to V
�n��m

gives a distinguished special c��hyperbolic

hermitian structure on V
�n��m

� Moreover� if the structure of V �n��m is a k�special
c��hyperbolic hermitian structure we have�

�� If k 	 ��c�� then V
�n��m

is almost complex isometric to S�n���c� k��H�m��
c� �

�� If k  ��c�� then V
�n��m

is almost complex isometric to IR
�n���c��H�m��

c�
and�

�� If k  ��c�� then V
�n��m

is almost complex isometric to �IR � CDn����c� k��
H�m��
c�

�

Proof This result follows using propositions VI�� and VI��� theorem A of �BH� and the
following lemma VI���

Lemma VI�� Let M be a �	m� ���dimensional complete� simply connected� Rieman�
nian manifold of constant negative curvature ��c��� �c� � �� and U� Ai vector 	elds
on M such that fU�A�� � � � � A�mg form an orthonormal basis for M and �U�Ai�  c�Ai�
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�Ai� Aj�  � for i� j � f�� � � � � 	mg� Then� there is an isometry F of M to the �	m� ���
dimensional hyperbolic space H�m��

c�
� satisfying

F�U  �c�x�m���
�

�x�m��
� F�Ai  �c�x�m���

�

�xi
�

for i � f�� � � � � 	mg� where �x�� � � � � x�m��� are the usual coordinates on H�m��
c�

�
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