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The Kinematic Theory of rapid movements, and its associated Sigma-Lognormal, model 2D spatiotempo-
ral trajectories. It is constructed mainly as a temporal overlap of curves between virtual target points.
Specifically, it uses an arc and a lognormal as primitives for the representation of the trajectory and
velocity, respectively. This paper proposes developing this model, in what we call the Kinematic Theory
Transform, which establishes a mathematical framework that allows further primitives to be used. Mainly,
we evaluate Euler curves to link virtual target points and Gaussian, Beta, Gamma, Double-bounded log-
normal, and Generalized Extreme Value functions to model the bell-shaped velocity profile. Using these
primitives, we report reconstruction results with spatiotemporal trajectories executed by human beings,
animals, and anthropomorphic robots.
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1. Introduction

There exist many theories that have tried to describe the veloc-
ity profile of the movements of human beings in general and hand-
writing in particular [1]. Specifically, [2] mentions models relying
on neural networks, equilibrium point models, behavioral models,
coupled oscillator models, differential equation models, kinematic
models, and models exploiting minimization principles such as the
minimization of the acceleration, or the energy, or the time, or
the jerk, or the snap, or the torque changes or the sensory-motor
noise. Many models exploit the properties of various mathematical
functions to reproduce human movements: exponentials, second-
order systems, Gaussians, beta functions, splines and trigonometri-
cal functions.

Among the models which provide analytical representations,
the kinematic theory of rapid human movements [3] and its asso-
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ciated Sigma-Lognormal model have been extensively used to ex-
plain most of the basic phenomena reported in classical studies on
human motor control and to study several factors involved in fine
motricity [4-6].

To work out the Sigma-Lognormal parameters, a spatiotemporal
trajectory is transformed as a sequence of circumference arcs be-
tween virtual target points. A starting and an ending angle define
each arc between virtual target points. Each ending virtual target
point is the starting virtual target point of the next arc. Further-
more, each arc has a starting and ending time, but the finishing
time of an arc is not the same as the starting time of the next arc.
As a consequence, the arcs are temporally overlapped. Each arc is
executed following a lognormal-shaped velocity curve and all the
samples corresponding to a given time are vectorially summed to
reconstruct the trajectory.

As a result, the spatiotemporal trajectory can be analytically en-
coded into a sequence of virtual target points along with their
starting and ending angles and their velocity parameters. As ve-
locity and trajectory primitives, this process has traditionally used
lognormal functions and arcs of circumference between virtual tar-
get points, respectively. From a purely mathematical point of view,
such primitives can be changed, that is to say, the lognormal func-
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tions or the arcs can be substituted by other bell-shaped functions
or other curves respectively. Insofar as a spatiotemporal trajectory
is represented as a linear combination of weighted and shifted
curves and bell-shaped functions, we propose as a further devel-
opment a mathematical transform which also follows the paradigm
of the Kinematic Theory of rapid movements.

Hence, this paper defines what we call the Kinematic Theory
Transform (KTT) for spatiotemporal trajectories with a bell-shaped
velocity profile, which is often found in biological applications.
More specifically, a mathematical framework is proposed to calcu-
late their parameters and study the reach and range of KTT by pro-
cessing signals produced by human, animal and even robot arms.

With this purpose in mind, the Sigma-Lognormal model is com-
pletely reformulated to incorporate these extensions. In this way,
Euler curves are added to improve the trajectory between virtual
target points and additional bell-shaped functions are included
to enhance the fitting of the bell-shaped velocity profile such as
Gaussian, Beta, Gamma, Double-bounded lognormals and General-
ized Extreme Value functions.

The paper is organized as follows: Section 2 establishes the
mathematical framework to modify the arc between virtual tar-
get points by other analytical trajectories, while Section 3 intro-
duces several bell-shaped functions that can be used instead of
lognormals. The evaluation and related discussions are described
in Section 4, while Section 5 concludes the article.

2. Kinematic theory transform

The Kinematic Theory Transform! (KTT) is proposed as a
useful tool for analyzing a wide range of spatiotemporal se-
quences, thus extending and extrapolating the applications of the
Sigma-Lognormal model. The KTT is integrated into the iDeLog
method [7]. This section presents the mathematical framework
which enables the inclusion and use of new primitives in the KTT.

2.1. Generalizing the trajectory between virtual target points

The arcs of circumference that link virtual points exhibit sev-
eral limitations in the reconstruction of complex spatiotemporal
trajectories. Several cases cannot be accurately reproduced by link-
ing virtual target points with an arc of a circumference, for in-
stance strokes that include inflexion points. This case is illustrated
in Fig. 1, in which the trajectory between spy and sp; includes
an inflexion point which happens to correspond to the maximum
of the stroke in the bell-shaped velocity curve. The similarity be-
tween such a trajectory and an arc is poor, as can be seen in Fig. 1.

The solution proposed by the KTT is to allow different ballistic
trajectories between target points that include inflexion points, but
without changing the stroke parameters which are the virtual tar-
get points tp;_; and tp; and the tangent angles 6;; and 6,;. In this
way we keep the biological meaning of the KTT.

To include a generalized trajectory in the KTT, let us define the
trajectory by a general parametric curve:

Xp = f](u) (1)
yp=gj(u)

so that tp] 1= [f](uﬂ) g](uﬂ)] tp_] [f](ujz) g](u_)z)] its deriva-
tive in u=uj; is tan(f;;) and its derivate in u = ujp, tan(8;). The
length of the curve between the virtual targets points can be ob-

tained as follows:
2
< ) du

D, _/ \/ 3fj(u)

1 For a more detailed introduction to this section, we refer readers to the brief
review the Sigma-Lognormal model and iDeLog method, provided in the Supple-
mental file.

0g;(u)
ou

(2)
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Fig. 1. Example of a spatiotemporal sequence with an inflection point between spg
and sp; and just one stroke reconstructed with arcs.

Then, the trajectory can be reconstructed as:

§i(t) = XN]: [£i(u;()): g (u;(t))] (3)
where u]j_(r) is the value that solves the equation:
/u,a)\/ afj(u) <8g5£u)>2du=

Dj/O vi(t: toj. Pajs - .. pij) dt (4)

and where v;(t; toj, pyj. ..., pj) is the bell-shaped velocity func-
tion of stroke j, ¢ the time, ty; the time of stroke occurrence, p;;
the parameter [ of the velocity function and D; the amplitude of
the stroke.

The solution to this equation holds for uj; < u;(t) < uj,. In this
case, instead of using the Sigma-Lognormal model equations to re-
construct a trajectory (see Supplemental file), the iDeLog method
uses Eqgs. (2), (3) and (4). Figure 2 illustrates the underlying idea
of this procedure.

The introduction of new trajectories between virtual target
points which differ from arcs, implies a modification in the method
that works out 6;; and 6,;. Now, these two values are defined as
follows:

1. The angle 6; is obtained as the angle at sp;_; of the circum-
ference that traverses the points sp;_;, mp;; and mp;, mp ;. Where
mp; denotes the midpoints of the circular arcs, which are identi-
fied in the middle of the trajectory between sp;_; and mp;.

2. The angle 6,; is obtained as the angle at sp; of the circumfer-
ence that traverses the points mp;, mp;, and sp;, mpj,, being the
point in the middle of the trajectory between mp; and sp;.

This new procedure offers the possibility of linking the virtual
target points with any curve, when it is defined by its parametric
equations. Obviously, its use can be also extended to arcs of cir-
cumferences. In the next section we particularize this general pro-
cedure for clothoid curves because they can be defined by virtual
points and tangent angles and can include inflexion points.

2.2. Clothoids as curves that link virtual target points

Clothoids are an example of curves that can link virtual target
points in the KTT. They represent a useful option because of the
parameters required for their definition: their starting and end-
ing points, as well as their starting and ending angles, fit perfectly
with the KTT.
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Procedure of the Kinematic Theory of rapid movements

Arc of circumference sampled with a lognormal function
sj(t3)
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Procedure of the Kinematic Theory Transform
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Fig. 2. Procedure to sample the generalized link between virtual target points of a primitive. Example particularized for the case of Clothoid and Lognormal.
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Fig. 3. Same example as Fig. 1 but reconstructing the trajectory with clothoids.

A clothoid is a curve whose shape changes linearly with its
curve length; however, the shape of a circular arc is equal to the
reciprocal of the radius. Thus, the transition from 6;; and 6; can
be smoother than in the case of a circumference and may include
an inflection point.

In addition to its use for modelling handwriting graffiti [8], this
kind of curve optimizes the acceleration and jerk of ballistic tra-
jectories, which are a characteristic of biological trajectories [9].
Clothoids are also commonly referred to as Spiros, Euler spirals,
or Cornu spirals.

Clothoids are defined by the following system of ordinary dif-
ferential equations [10] for each primitive:

u u
xpzf cos(mv?/2) dv; ypz/ sin(v?/2) dv (5)
0 0

The process of obtaining a clothoid, given two consecutive vir-
tual target points tp;_; and tp; and the corresponding two angles
6; and 6,;, can be conducted using a software package.?

As an example, Fig. 3 illustrates a better reconstruction of the
trajectory when clothoids are used when compared to Fig. 1, where
only arcs of circumferences were used. The reconstruction of the
velocity profile is not as good as with circle arcs though.

3. Generalization of the velocity bell shaped curve
The musculoskeletal system is responsible for the movement

of mammals, which is produced by the contraction of the skele-
tal muscles as a response to an action potential or electrical im-

2 https://es.mathworks.com/matlabcentral/fileexchange/
42113-ebertolazzi-glfitting. Accessed 23 Aug. 2022.
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pulses from the nervous system. A skeletal muscle refers to multi-
ple bundles of cells joined together called muscle fibers. The coor-
dinated action of each muscle fiber produces the necessary strain
to shorten the muscle and produce movement with a bell-shaped
velocity profile.

In motor control theory, various computational models have
been developed to describe these velocity profiles [11]. Although it
has been demonstrated that the Kinematic Theory and its Sigma-
Lognormal model could be seen as the ultimate minimization
model for human movement, several other analytical models might
be of interest in some biological applications and in various fields.
Most of these alternative models, by following the biological pro-
cedure of action potentials which excite muscular fibers, consider
the muscular fiber as a subsystem of the skeleton muscle, which
is considered as a system in itself. Thus, the movement is modeled
as the impulse response to a set of L combined subsystems to the
sequence of motoneuron commands [12]. If these subsystems are
considered as independent, a symmetric bell-shaped velocity pro-
file emerges. If the synergetic coupling of numerous neuromuscu-
lar subsystems is taken into account, then asymmetric lognormal
profiles emerge [13].

Given the number of different proposed shapes for the velocity
profile [11] and the similarity among them, we have implemented
and tested the following bell-shaped functions.

3.1. Gaussian function

Whether all the subsystems are considered independent and
the number of subsystem tends toward the infinite, based on the
Central Limit Theorem, the bell-shaped velocity profile of a move-
ment can be approximated by a symmetric Gaussian function de-
fined as:

(6)

vi(t: pwj, 07) =

2

j exp{—(t—u]) }
Gj«/ﬁ 20'].2

where D; denoted the area under the velocity bell curve, u; the

mean and o2 the variance. It could be expected that the mean of

the Gaussian function would be around the peak of the velocity

bell. This function is supported in (—oo, +00) and it is symmetric.

3.2. Gamma function

Although the Gaussian function is a good approximation of the
bell-shaped velocity peaks for biological movements, it is well-
known that the velocity peaks are asymmetric: they start at the
time fy; and there are not infinite subsystems. As such, the min-
imum time theory model represents the velocity response of the
neuromuscular system by the convolution product of a large num-
ber of first-order low-pass filters. In this case, the response tends
to a special case of the Gamma function [13] which is asymmetric.
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Specifically, the Gamma function used here to fit the velocity bell
is defined by:

t—t')a_] —(t —tp;
Uj(t; toj, o, /3) = Dj ( ﬂijfooo tz)ff’e{x;(—t)oég/ﬂ}

where o and B are called the shape and scale parameter, respec-
tively. This function is defined for ty; <t < oo and «, 8 > 0. From
the computational point of view, it adds a new parameter or de-
gree of freedom for fitting the velocity bell curve.

(7)

3.3. Beta function

The minimum jerk theory generalizes the expression for the ve-
locity bell curve as a smooth Beta model, which is itself a particu-
lar case of the Gamma function [13]. In this case, the velocity bell
shape is double bounded, i.e. it starts at to; and ends at t,;. The
beta function is defined by:

(t—to)* (1 = (t — tg;))P1
vj(t; toj. ¢, B) = D; (1” a1 ﬁ—loj
Jo et —wyP~tdu

where o and B are the first and second shape parameters. This
function is defined for ty; <t <ty;+1, and «, B > 0. Because of
the inherent finite time length of the beta velocity bell shape
curve, tyipj —toj < 1, is required to hold, which is not a practical
solution if tyn j_1 —toj = 0.5 [7].

(8)

3.4. Lognormal function

In the real world, neuromuscular subsystems are physically con-
nected and system dependency cannot be neglected. The Central
Limit Theorem can be used to show that the velocity shape tends
to a lognormal impulse response when the number of subsys-
tems tends towards the infinite. The lognormal function span is
foj <t < oo.

3.5. Double-bounded lognormal

This function introduces an extension to the lognormal infinite
length response to allow for both a lower and an upper bound
to the values of the lognormal. This extension is called the four-
parameter distribution in [14], or the double bounded lognormal
in [11] and confines the lognormal to the range tp; <t < t,; by as-
suming that the rate (t — to;)/(t,; —t) is lognormal. As a result, the
double bounded lognormal is defined as:

(Ffns b 1L 2 _ Dj(te; —to)) —[lrlé'(t)—//,j]2
Vj(t: foj. Lejo g ) = on(OV21 EXP{ 207 9)

where ¢ (t) = (t —tpj)/(t;; —t) and n(t) = (t —to;) - (tej —t). The
variables Dj, tyj, ptj and aj2 are the same as for the lognormal and
tej is the end time of the lognormal. In this case, we have to es-
timate an additional parameter, i.e. Loje This is, therefore, an addi-
tional degree of freedom which can lead to a better adjustment of
the velocity bell curve.

3.6. Generalized extreme value function (GEV)

Different velocity profile models are needed when the number
of the subsystems (i.e. the number of muscle fibers involved in the
human action) is large, specifically when they tend to the infinite.
As a result, it could be said that the velocity bell shape tends to
the lognormal, but there could be some deviations, depending on
the finite number of muscle fibers involved in the movement and
their correlation.

In this context, the KTT method provides the possibility of fit-
ting the velocity bell shape with a Generalized Extreme Value
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(GEV) function. GEV had been successfully applied to model physi-
cal and biological phenomena. This is a particular case of the Cen-
tral Limit Theorem for sums of strongly correlated systems [15].
GEV combines three simple distributions into a single form, giving
a continuous range of possible shapes. As a consequence, the GEV
leads to “let the data decide” which distribution is most appropriate
for each primitive. The GEV is defined as:

D.
vi(t; toj, &j, 14 gj2) = ;{s(t _ toj)5j+1e—5(t—toj) (10)
j
where
—1/§;
E—Wj .
exp[—(t — u;j)/o;jl, if&=0

mu; is the location parameter, o; the scale parameter and §; the
shape parameter. This governs the tail behavior and identifies the
bell shape as belonging to one of the three sub-families of distri-
butions:

1. If & =0, then the GEV is a Gumbel distribution, which is un-
bounded.

2. If &; > 0, then the GEV is a Fréchet distribution, with its lower
tail bounded and with a large upper tail.

3. If & < 0, then the GEV is a Weibull distribution, with its upper
tail bounded and short.

As can be seen, the GEV has the same number of parameters as
the double bounded lognormal.

An example of velocity profiles reconstructed with each of these
velocity bell models can be seen in Fig. 4. Evidently, the clothoid
reconstruction is better than the arc for the trajectory but worse
for the velocity, except with double bounded lognormal and GEV,
both of which have a supplementary degree of freedom.

4. KTT evaluation in complex movements

In this section, we first introduce the database used for the
experiments. Next, we analyze the reconstruction performances
with arcs and clothoids by using the different bell-shapes for ve-
locity curve modelling to assess the strengths and weaknesses of
each KTT configuration. Finally, confirmatory data analysis was per-
formed for assessing the meaningful statistical relationships be-
tween the different approaches for reconstructing both the trajec-
tory and velocity.

4.1. Database collection of different movements

We evaluated the KTT in human, animal and robotic move-
ments. All data were acquired by entirely different sensors, such
as tablet styli, interactive whiteboards and inertial systems.

In the case of human movements, we used two handwrit-
ten signatures databases (BiosecurelD [16] and MCYT100 [17]) and
handwriting on a whiteboard database (IAM On-Line Handwriting
Database [18]).

For animals, eleven dogs, when walking without any constraints
during more than 40 min of recording, were used. A harness, at-
tached to the dog’s back, was used to retain a wireless Neuron MO-
CAP sensor.

Finally, we recorded the movement of an anthropomorphic
robotic arm when writing. The robot wrote 100 doodles on a Wa-
com Intuos Pro-A4 tablet with an attached WACOM ballpoint pen.

4.2. Experimental performance and statistical study

Both SNR, and SNR; were used to evaluate the capacity of the
KTT implemented in iDeLog for reconstructing a particular move-
ment. Better results in SNR, and SNR; indicate that the movement
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Fig. 4. Comparison between the original velocity and the reconstructed velocity
with Script Studio and iDeLog with the KTT.

was better approximated by the bell-shaped function and trajec-
tory curves used in the reconstruction. We also computed the ra-
tio SNRy/N and SNR;/N, N being the number of peaks in the bell-
shaped velocity functions. This ratio measures the efficiency of
the KTT, that is to say, how many bell-shaped velocity functions
are required to reach the obtained SNR, and SNR;. In this case,
the greater this ratio, the more efficient is the KTT representa-
tion [19]. We consider that the KTT provides a good approximation
to the spatiotemporal sequence if the SNR, and SNR; are individu-
ally greater than 15dB [20].

Table 1 shows the averaged SNR, and SNR; results with all the
databases as well as the ratio of SNR,/N and SNR;/N and their
standard deviations. It is worth pointing out that the results pro-
vided compare the reconstructed spatiotemporal sequence with
the original one, i.e. the raw signal provided by the devices with-
out smoothing them.
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Fig. 5. P-values results of the non-parametric Mann-Whitney U-test. Comparison in
terms of SNR; and SNR, between arc of circumference and clothoid across all the
databases and bell-shaped functions.

Also, a statistical study was carried out to confirm these find-
ings. Firstly, a Jarque-Bera test at 5% significance was applied. The
null hypothesis of this test assesses whether a distribution is nor-
mally distributed by working out the upper tail probability of the
chi-squared distribution, defined by the skewness and kurtosis of
the raw data. For SNR,, the null hypotheses were rejected in all
cases. For SNR;, the hypothesis was rejected in the majority of the
cases. Consequently, non-parametric tests were applied for a fair
comparison.

As we compared pairs of sequences, the statistical similarity
was assessed through the non-parametric Mann-Whitney U-test.
The null hypothesis is that two different parameter distributions
have no relationship between them. This can be rejected by ob-
serving that the p-value is greater than p > 0.05. Also, we observe
how strong the statistical relationship is in the pair of studied pa-
rameters.

In the case of using clothoid curves instead of circumference
arcs, excellent improvements can be observed in SNR; and SNR;/N
while SNR, and SNR,/N barely changes. Thus, a slightly higher
standard deviation can be found in SNR;, as compared to SNR,, for
handwriting and signatures. However, the SNR;/N or SNR,/N ratios
are very similar when arcs or clothoids are used. These findings
are confirmed in the statistical analysis in Fig. 5. We observe that
changing from arcs of circumference to clothoids affects SNR;, but
barely changes SNR,.

Furthermore, we can compare how the SNR; and SNR; vary for
each dataset. We got similar performances on all functions for sig-
natures (MCYT100, and BiosecurelD). However, slightly better av-
erages were noted for velocity and trajectory reconstructions with
the Gaussian and Beta functions. As can be seen in Fig. 6, the func-
tions are not significantly different. In all cases, the standard devi-
ation was relatively stable across all functions. Moreover, we ob-
tained 19.24(1.22)dB and 17.94(1.20)dB in the SNR, for MCYT100
and BiosecurelD databases with the Gaussian function and using
arcs and clothoids, respectively. These performances improve the
previous results obtained with ScriptStudio and iDeLog [7] using
lognormals.

In the case of handwriting, the beta function reported
slightly better SNR averages, with higher standard deviations for
both the trajectory (23.89(7.25)dB) and velocity reconstructions
(17.48(6.05)dB), using clothoids. Regarding the SNR;, significant
statistical differences were observed when comparing the Gaussian
function to the Double-bounded lognormal or to the Generalized
extreme value (p < 0.05). Furthermore, Fig. 6 reveals that signifi-
cant differences were also detected between the lognormal func-
tion and the Double-bounded lognormal or Generalized extreme
value.



M.A. Ferrer, M. Diaz, JJ. Quintana et al.

Table 1

Pattern Recognition Letters 167 (2023) 181-188

Comparison between different KTT configurations for all database in terms of Average (STD).

Using Circumferences

Using Clothoids

Database Velocity Bell

SNR:(dB) SNR¢/N SNR,(dB) SNRy/N SNRe(dB) SNR¢/N SNR,(dB) SNRy/N

BiosecurelD Gaussian 21.10(5.63) 0.82(0.65) 19.22(1.16)  0.73(0.37) 22.71(6.27) 0.88(0.73)  19.24(1.22)  0.73(0.38)
Lognormal 21.10(5.67) 0.82(0.65) 18.94(1.19) 0.72(0.38) 22.64(6.25) 0.88(0.73)  18.92(1.23)  0.72(0.39)

Gamma 21.15(5.68)  0.82(0.65) 19.07(1.19)  0.73(0.38)  22.69(6.20) 0.88(0.73)  19.07(1.21)  0.73(0.39)

Beta 21.09(5.63) 0.81(0.65) 19.17(1.09) 0.73(0.39) 22.53(6.20) 0.87(0.73)  19.20(1.10)  0.73(0.40)

DBL 20.49(5.66) 0.79(0.64) 18.80(1.37) 0.71(0.42) 22.14(6.26) 0.86(0.73)  18.90(1.40)  0.72(0.43)

GEV 21.08(5.66) 0.81(0.65) 18.73(1.66) 0.71(0.44) 22.66(6.27) 0.87(0.73)  18.77(1.70)  0.71(0.46)

MCYT Gaussian 20.00(5.31)  0.79(0.93) 17.94(1.20) 0.69(0.57) 21.38(6.18)  0.84(1.03)  17.86(1.24)  0.69(0.59)
Lognormal 19.96(5.30)  0.79(0.93)  17.74(121) 0.68(0.57) 21.36(6.22) 0.84(1.02)  17.66(1.27)  0.68(0.58)

Gamma 19.88(5.30)  0.78(0.93)  17.82(1.25)  0.69(0.58) 21.37(6.20) 0.85(1.02)  17.72(1.28)  0.68(0.59)

Beta 19.93(529)  0.79(0.93) 17.94(1.15)  0.69(0.60) 21.34(6.21)  0.84(1.03)  17.88(1.18)  0.69(0.61)

DBL 19.70(5.36)  1.04(0.94) 17.78(1.46) 091(0.67) 21.10(6.18) 1.15(1.02)  17.81(1.47) 0.93(0.67)

GEV 19.44(524) 0.77(0.93) 17.35(1.77)  0.66(0.68)  20.89(6.20) 0.83(1.02)  17.30(1.74)  0.66(0.70)

Handwriting  Gaussian 23.02(6.76)  9.63(7.98) 17.68(5.83)  7.80(7.56)  23.82(7.09)  10.15(8.73)  17.45(5.93)  7.76(7.69)
Lognormal 23.03(6.80) 9.65(8.06) 17.66(5.71) 7.81(7.48) 23.75(7.09) 10.14(8.76) 17.39(5.73)  7.74(7.51)

Gamma 23.03(6.71)  9.63(7.92) 17.64(5.58)  7.79(7.34)  23.74(6.99)  10.11(8.62)  17.40(5.59)  7.72(7.38)

Beta 23.11(7.58)  9.71(8.70)  17.76(7.01)  7.88(8.48) 23.89(7.25) 10.18(8.80)  17.48(6.05)  7.77(7.68)

DBL 22.95(6.88) 9.64(8.11) 17.57(5.79) 7.73(7.48) 23.83(7.23) 10.17(8.83) 17.40(5.88)  7.70(7.60)

GEV 22.85(7.38) 9.61(8.53) 17.22(632) 7.59(8.00)  23.49(7.31)  10.02(8.66) 16.94(5.60)  7.47(7.12)

Robot Gaussian 25.69(3.94) 3.07(1.16) 21.47(1.63) 2.55(0.82) 2627(3.71) 3.15(1.18)  21.57(1.54)  2.56(0.81)
Lognormal 26.98(3.61) 3.23(1.16) 21.50(1.58) 2.56(0.81)  26.65(3.72) 3.19(1.17)  21.54(1.69)  2.55(0.79)

Gamma 26.42(3.73) 3.16(1.16) 21.60(1.76) 2.56(0.81) 26.27(3.88) 3.16(123)  21.65(1.57)  2.57(0.80)

Beta 26.53(3.77) 3.16(1.12) 21.42(1.63) 2.54(0.80) 26.13(3.66) 3.14(1.16)  21.47(1.52)  2.55(0.79)

DBL 25.83(4.39)  3.12(1.29) 20.76(1.71) 247(0.79)  2624(4.33) 3.17(1.30)  20.92(1.54)  2.49(0.80)

GEV 26.69(3.99) 3.21(1.20) 20.14(1.67) 239(0.77) 2622(3.73) 3.13(1.11)  20.15(1.40)  2.39(0.75)

Dogs Gaussian 26.09(5.72)  1.44(0.45) 18.84(2.57) 1.02(0.20) 28.00(5.27) 1.55(0.45)  18.93(2.60)  1.03(0.20)
Lognormal 26.26(5.64) 1.45(0.46) 18.97(2.38) 1.03(0.21) 28.18(5.37) 1.56(0.45)  19.03(2.47)  1.04(0.21)

Gamma 26.36(5.65) 1.45(046) 19.02(242)  1.04(0.20) 28.08(5.40) 1.56(0.46)  19.15(2.54)  1.05(0.20)

Beta 25.94(5.61) 1.43(0.44) 18.93(2.61) 1.03(0.19) 28.04(526) 1.55(0.43)  19.07(2.56)  1.04(0.19)

DBL 25.46(547) 1.40(0.43) 18.46(2.27) 1.00(0.18) 27.54(5.30) 1.52(0.43)  18.63(2.26)  1.02(0.18)

GEV 26.16(5.65)  1.44(0.46) 19.10(2.13)  1.04(0.21) 27.92(546) 1.55(0.46)  19.14(2.09)  1.05(0.21)

*N denotes the number of peaks in the bell-shaped velocity profiles.
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Fig. 6. P-values results of the non-parametric Mann-Whitney U-test. SNR, and SNR;
parameter comparison across all pair combination of bell-shaped functions and
databases.

No clear preference regarding a given function was observed
when analyzing robotic arm data in Table 1. The best result was
seen with the Gamma function, and was very similar to that ob-
tained with Lognormal, Gaussian and Beta functions. In all cases,
the robotic data had a lower standard deviation compared to the
other datasets. One of the main factors contributing to this was the
consistent output generated by the robots. While a common rela-
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tionship was found in the functions when SNR; was studied, al-
most all function combinations suggested no significant statistical
relationship (< 0.05).

On dogs, the performances were very similar across the func-
tions (SNRy ~ 19.00dB, SNR; ~ 28.00dB), with the gamma and GEV
functions achieving the best results. These latter functions reported
statistical differences in the case of SNR;, but no differences for
SNRy. Once again, the standard deviation was similar in all cases
for the trajectory and reconstructed velocity parameters.

5. Conclusion and discussion

We propose a generalization of the Kinematic Theory of Rapid
Movement which we call the Kinematic Theory Transform (KTT).
The KTT models the spatial and temporal information jointly in
terms of trajectory and velocity. Beyond reproducing rapid move-
ment as an overlapped combination of arc traversed at lognormal
velocity, the KTT permits the use of any trajectory and bell-shaped
functions to represent the velocity. As a proof of concept, we have
studied the application of clothoids for the trajectory that links the
virtual target points, along with six possible functions for the ve-
locity: Gaussian, Lognormal, Gamma, Beta, Double Bounded Log-
normal and GEV.

This paper raises two points. The first is the biological justifica-
tion and utility of the new primitives, while the second one con-
cerns the biological meaning of the parameters of the new primi-
tives.

Regarding the justification of the new primitives, we agree with
the kinematic theory that has been proposed to study and ana-
lyze rapid human movements. We are aware that it is based on
the central limit theorem, which predicts a lognormal impulse as a
response to the behavior of a large number of interdependent neu-
romuscular networks. However, realistic human movements come
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Relation between parameters and first and second moment in the used bell-shaped functions.

Name Mean, variance and parameters
Gaussian my= M;
0% = V]
J
M; =exp (i + UJ?/Z)
T 2y _ ) 2
Lognormal Vi= [EXP(UJ ) —1lexp (2 + oj )
wj=log(M;/, [V + M%)
gjz = log(Vj/MJz. +1)
M; = a;/B;
Gamma Vi = ajéﬂf
oj = Mj /Vj
Bj =M;/V;
Mj=a;/(a;+B))
Beta Vi =a;Bi/l(aj+ Bj)*(aj + B+ 1]

o) = [M;(1 - M)V, — 1]M;
Bj =[M;(1 —M;)/v; —1](1 - Mj)

M= ’U'j +0j(g —1)/§;

Hj+ o5y

Generalized extreme value =
J 0].2712/6
ajz =/6V;/m
Wj=M;—oly

£ #0.§& <1

Sj:

07 (g2 —87)/&} & #0,6 <05

§=0
g =T(1—-k&;) and y is Euler’s constant

Then &; is adjusted by hill-climbing starting &; =0 and &; < 0.5

M; ~ exp (u; +aj2/2)

Double-bounded lognormal

Vi~ [exp (07) — 1]exp 2u; +0}?)

Obtained by hill-climbing starting 1 ; = 0.6, ajz =0.2 and te = to; + (tminj — tmin.j-1)

from a limited number of joints, and not all of them are perfectly
learned and synchronized. This concurs with our observation of
imperfect lognormals in the databases analyzed. The new primi-
tives constitute a tool for analytically analyzing the deviations due
to these non-perfect fits of the conditions of the central limit the-
orem.

Regarding the biological meaning of the parameters, SNRy, SNR;,
Number of Lognormals (NbLog), SNR,/Nblog, and SNR;/NbLog ex-
plain the quality of the neuromotor control. These parameters have
the same meaning across all functions and help to study the devi-
ation of the movement carried out from a rapid and well-learned
movement. Regarding the Neuromotor action plan parameters, to,
and D; have similar numerical values in all proposed functions, and
therefore maintain the same biological meaning. The parameters of
the new bell-shaped function, such as «; and B; for the gamma
and beta functions, or ¢;, n;, and ojz, which are related to the log-
normal u; and ojz through the first and second moments [21] of
the functions. These parameters explains the Motor program exe-
cution. These relationships, shown in Table 2, establish the biolog-
ical meaning of the new parameters. Additionally, we have been
careful to maintain the same parameters in almost all proposed
functions (See Egs. (6)-(9)).

Our experiments improve the state-of-the-art performance in
terms of SNR, and SNR; when several biological movements such
as on-line signatures, handwriting on an interactive whiteboard,
the movement of dogs along with the movement of robotic arms,
are reconstructed with the KTT. Confirmatory data analysis was
carried out to assess the statistical differences between the so-
lutions generated by multiple primitives. The KTT mathematical
framework has been integrated into an improved version of iDe-
Log [7]. The extended iDelLog is freely distributed as a Matlab tool-
box under a non-commercial research license agreement. This is
a further advance in techniques for modelling spatiotemporal se-
quences when the velocity curve is bell-shaped. In addition to en-
riching the iDeLog method with new trajectories and bell-shaped
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functions in the present work, future efforts will be oriented to ex-
tend this framework to reconstruct 3D movements [22,23].
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