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1. Metivation and significance

The Boundary Element Method (BEM) is a numerical technique
especially suited to solve problems that involve domains that
can be considered unbounded such as, the open air around a
noise source, or the soil beneath a structure’s foundation. On the
other hand, the Finite Element Method (FEM) is a widely adopted
numerical technique due to its versatility and adaptability. Some
codes recently published involving these methodologies are, for
instance, those in [1-6]. There exist many kinds of problems
whose analysis can benefit from coupling both methods. In such
cases, coupling can even be performed between models of dif-
ferent dimensionality. For instance, mixed-dimensional coupling
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between BEM and FEM are particularly interesting for the dy-
namic analysis of structures interacting with the surrounding
media because it combines the best of both approaches: BEM
intrinsic fulfillment of the Sommerfeld radiation condition (for
unbounded domains), and FEM'’s ability to model structural ele-
ments. In this case, a three-dimensional BEM model of the ground
could be coupled, for instance, to a three- (solid), two- (shell) or
one-dimensional (beam) model of a foundation.

Many different methods and models have been developed over
the years with these ideas in mind. Thus, the code presented
in this paper gathers and integrates different contributions that
have been developed in this field within the research group
over the years involving BEM-BEM [7-13] and BEM-FEM [14-18]
models, including most of the latests developments for coupling
3D BEM media with 1D FEM structural elements and 2D FEM
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structural elements, and 2D BEM media with 1D FEM struc-
tural elements, where BEM regions can be of fluid, viscoelastic
and poroelastic nature. These latter coupling strategies [19-21]
require the use of hypersingular and dual-BEM formulations for
each of the different types of media (fluid, elastic solid, poroelas-
tic medium), which are both analytically and numerically chal-
lenging [22].

The code presented here is especially suited to tackle prob-
lems in the field of computational mechanics. For this reason,
an application example to the problem of the dynamic response
of the support structure of an offshore wind turbine is given at
the end of the paper, after the underlying governing equations
and numerical techniques, and the description of the software
arquitecture, are briefly presented.

2. Model description
2.1. Governing equations

Within the context of computational mechanics, different mo-
dels can be used to describe the mechanical response of con-
tinuum media. Three different models are considered: inviscid
fluid, elastic solid, and poroelastic medium. All these models are
subjected to the following hypotheses: (1) material properties
are isotropic and homogeneous within each region, (2) loads are
small enough to consider a linear elastic response (small displace-
ments and linear stress-strain law hypotheses). The governing
equations of such models are:

o Inviscid fluid. Under the mentioned hypotheses, the fluid
is at rest and it suffers small vibrations around the rest-
ing position, i.e. it conveys acoustic wave propagation. The
governing equation is the Helmholtz equation [23,24]. This
model is available for regions modeled by the BEM in time
harmonic analyses.

o Elastic solid. It corresponds to the usual linear viscoelastic
solid whose response is governed by Navier equations [23].
This model is available for regions modeled both by the FEM
and the BEM in static and in time harmonic analyses.

e Poroelastic medium. The considered porous medium con-
sists of an elastic solid frame saturated by a compressible
viscous fluid, whose response in the frequency domain can
be represented by Biot’s poroelasticity equations [25]. This
model is available for regions modeled by the BEM in time
harmonic analyses.

The three-dimensional governing equations of these models
are general, and can be applied to any domain shape. However,
they can be simplified via degeneration (under proper hypothe-
ses) or via a direct Strength of Materials approach when the
geometry has certain simplifying regularities. This leads to the
usual two-dimensional continuum models (plane strain, plane
stress and axisymmetric), and structural models (bar, beam/arch,
plate/shell). These simplified models are advantageous because
they are simple to define, computationally more efficient, and
their results are easy to analyze. Thus, MultiFEBE also includes
the following types of structural elements (see, e.g., Bathe [26]
and Ofate [27,28]):

e Discrete translational and translational-rotational springs
and dashpots,

e Straight bars, Euler-Bernoulli beams and Timoshenko beams,

e Curved Timoshenko beams based on the degeneration of the
solid, and

e Reissner-Mindlin shell elements based on the degeneration
of the solid.
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2.2. Numerical methods

The static and dynamic response of any given problem that
can be represented using the above models and a set of loads
and boundary conditions are solved herein using the Boundary
Element Method and the Finite Element Method. In both cases,
the governing equations are transformed, via different strategies,
into a set of algebraic equations that can be solved to find the
solution:

The Boundary Element Method The BEM requires the compu-
tation of the different terms involved in the corresponding
Boundary Integral Equations (BIEs), that can be obtained
from a weighted residual formulation of governing equa-
tions or directly from reciprocity relationships. They relate
the value of a field variable (displacements, stresses, etc.)
at a given point (collocation point x') with the value of
primary and secondary field variables along the boundary
I' of the domain £2. If body loads are present, domain
integrals also appear in them. For example, for an elastic
solid domain, the BIE can be written using indicial notation
as:

u}+/ tre dI =/u}“ktk dF—i—/ uy by ds2 (1)
r r 2

where u} and t,i are displacements and tractions at a given
collocation point X' € £2, and O* denotes a term of the
fundamental solution or Green'’s function considered.

Most of the advantages and disadvantages of this method
lie on the requirement of the knowledge of the funda-
mental solution or a Green’s function. On the one hand, it
allows to reduce by one the dimensionality of the problem
(thus requiring the discretization of only the boundary, and
not the domain, in general) and it also intrinsically fulfill
Sommerfeld’s radiation condition, handling unbounded re-
gions very efficiently, which allows to deal, rigorously and
elegantly, with wave propagation phenomena through soil,
water and air. On the other hand, it reduces the versatility
and flexibility of the method because it makes more dif-
ficult to address non-linear aspects, and it produces fully
populated matrices in the final system of equations. This
system of equations is built by writing the BIEs for each
node of the boundary element mesh, and reorganizing the
resulting set of algebraic equations after applying loads
and boundary conditions. A complete description of the
BEM can be found for example in [29,30]. Hypersingular
and dual-BEM formulations for each of the different types
of media (fluid, elastic solid, poroelastic medium) are also
implemented in the present work [19-21,31-33].

The Finite Element Method In the case of the FEM, the transfor-
mation is performed through a weighted residual approach
or via the use of the principle of virtual work, and partition-
ing the domain into a set of subdomains (finite elements),
where it is assumed that field variables vary according to
some function (typically polynomials). On an element level,
algebraic equations appear in the form of an equilibrium
equation:

(K(e) _ wZM(e)) .al® — Q(e) e — q(e) (2)

where K© and M respectively are the element stiffness
and mass matrices, a® is the vector of element degrees
of freedom (displacements, rotations, etc., of each element
node), Q© is the matrix which transforms distributed
forces f® into equivalent nodal loads, and q'© is the el-
ement equilibrating load vector. All element equilibrium
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(g) Ordinary BE-FE-BE (h) Body load BE-FE

Fig. 1. Type of Boundary Element (BE) and Finite Element (FE) situations, including coupling between them. BE region material models are denoted as: inviscid fluid

(F), elastic solid (E), poroelastic medium (P).

equations are assembled using compatibility and equilib-
rium conditions to form the global equilibrium equation,
which together with the boundary conditions allow build-
ing a global algebraic system of equations. A complete
description of the FEM can be found, for instance, in [26,
27,34].

2.3. BEM-BEM and BEM-FEM coupling

One of the main distinctive features of the presented software
is the integration of many types of coupling between BEM re-
gions (BEM-BEM coupling), and BEM and FEM regions (BEM-FEM
coupling). A summary of these are shown in Fig. 1.

BEM-BEM coupling. When two BEM regions §2; — £2; of different
material models: inviscid fluid (F), elastic solid (E) or poroelastic
medium (P); are interacting each other through an interface I5,
up to six different interfaces are possible: F-F, F-E, F-P, E-E, E-P
and P-P. A complete description of such interface conditions are
described in Aznarez et al. [12].

BEM-FEM coupling. The following cases have been implemented:

e Beam finite elements embedded in 3D viscoelastic regions
modeled by BEM, as described for instance in [14].

e Beam finite elements embedded in 2D fluid regions modeled
by BEM, and using crack boundary elements [ 19] for acoustic
analyses.

e Beam finite elements embedded in 2D viscoelastic, poroe-
lastic regions modeled by BEM, using crack boundary ele-
ments [20].

e Shell finite elements embedded in 3D fluid, viscoelastic or
poroelastic regions modeled by BEM, using crack boundary
elements [21].

o Shell finite elements embedded in 3D viscoelastic regions
modeled by BEM, using body surface load elements.

e Other types of coupling such as the coupling one side of
shell finite elements with ordinary boundary elements, or
the coupling of solid finite elements with ordinary boundary
elements, are more widespread in the literature.

Fig. 1 presents an overview the possible situations. In all cases,
the coupling is performed on a node-by-node basis, i.e. the so-
called engineering direct approach, so finite element mesh and
boundary element mesh must be conforming.

3. Software description
3.1. Software architecture

Fig. 2 presents an overview of the overall arquitecture of Mul-
tiFEBE. The programming paradigm is mainly procedural, though
some object-oriented features are also used (Fortran modules
and derived types). Intrinsic modules are used as much as possi-
ble (e.g. iso_fortran_env). Implicit variables are not allowed,
i.e. implicit none must be used everywhere, and the following
naming convention is used for identifiers in variables, derived
types, modules and functions:

o Identifiers must reflect their function to improve code read-
ability without requiring comments.

e Use short identifiers where possible.

o Identifiers with several words must be delimited by under-
score, e.g. write_file.

MultiFEBE has a two-layer design:

Application layer This layer contains the main program (see
Fig. 2), a module with the case data, and the high-level sub-
routines which read command line arguments and input
files, perform case main computations (allocation, assem-
bling, solving), and write output files.

Computational layer This layer mainly contains a library of in-
terdependent modules called FBEM, which implements the
core derived types (data structures) and computational
subroutines. Fig. 3 depicts the functionality and relation-
ship between modules.

The resulting BEM-FEM models lead to a partially dense (due
to BEM equations) and partially sparse (due to FEM equations)
linear system of equations. To take full advantage of the current
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Linear algebra library: OpenBLAS

/

program multifebe
module problem_variables

subroutine process_command_line_options

v

subroutine read_input_file

/ input files // >

v

subroutine build_data

Y

subroutine build_auxiliary_variables_*

v

problem%type

laplace subroutine build_Ise_*

mechanics

problem%analysis

/_

v

subroutine solve_lse_*

v

subroutine assign_solution_*

v

subroutine calculate_stresses_*

e Y

harmonic subroutine calculate_internal_points_*

v
[

f output files ,;{

l subroutine export_solution_*

Fig. 2. Overview of the general arquitecture of the MultiFEBE code. Application layer.

shared memory multiprocessor systems, parallelization is used at
the two main computational stages: (a) When building the linear
system of equations, for-loops over elements are parallelized
using OpenMP with dynamic scheduling; and (b) For solving the
linear system of equations, OpenBLAS implementation of LAPACK
APIs is used.

3.2, Software functionalities

MultiFEBE is a solver for performing linear elastic static and
time harmonic analyses of continuum and structural mechan-
ics problems comprising multiple interacting regions. The re-
gions and structural models available are those described in Sec-
tion 2.1. Two fundamental solutions are implemented in Multi-
FEBE: the full-space point load fundamental solution is available
in all cases; and the half-space point load Green’s function is
also available for elastostatics and inviscid fluids. These half-space
Green’s functions do not require the discretization of the free-
surface, which greatly reduces computational time. For further
reading, see Brebbia and Dominguez [29,30], and Bordén [35].

MultiFEBE’s input and output is provided via plain text files.
Meshes can be defined in different formats, including Gmsh for-
mat, and it also produces post-processing files for Gmsh’s pre-
and post-processor [36]. It also accepts GiD mesh files through a
template file. Tables 1 and 2 summarize the finite and boundary
element types implemented in MultiFEBE.

The material models, numerical methods and coupling strate-
gies available are all briefly described in Section 2. Finite elements
can be coupled to ordinary boundary, crack boundary and body
load elements in order to study, for instance, soil-structure, fluid-
structure and soil-fluid-structure interaction and wave propaga-
tion problems. Vertical and inclined incident seismic planar wave

fields, together with the usual loading and boundary conditions,
have also been implemented. More details are provided in the
documentation of the code, that can be found in the repository.

4. Illustrative example: Dynamic response of an OWT

In this application example, the dynamic response of an off-
shore wind turbine fixed to the seabed through a jacket structure
and three suction caissons is analyzed. To this end, a seismic
input (vertically incident S-wave) is considered. Fig. 4 shows an
exploded view of the mesh, where each part is indicated.

DTU 10 MW Reference Wind Turbine [37] is taken as the
base wind turbine. Some simplifications are made in order to
capture the basic physics. The Rotor-Nacelle Assembly (RNA) is
modeled simply as an equivalent mass matrix at the tower top.
The tower is modeled using beam finite elements (Timoshenko
theory). Other details about it can be found at [37]. The jacket
is a structure of tubular members modeled with beam finite
elements. The jacket design comes from a preliminary design
based on basic requirements for a mean sea level of 20 m. The
tower and the jacket are connected through the so-called transi-
tion piece, which consists of a base plate and diagonal members
connected to the legs. The foundation consists of three suction
caissons (tripod configuration). Each suction caisson has a lid
(plate), whose center is connected to a leg, and a cylindrical skirt
(shell), and their length to diameter ratio is 1. All the structure is
made of steel.

The soil is considered to be an elastic solid half-space with
shear wave velocity of 180 m/s. The soil region is modeled using
the BEM with the elastodynamic full-space Green’s function (fun-
damental solution), so the free-surface and the soil-lid require
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Finite and boundary element modules: FBEM

Core

fbem_sting_handling

fbem_numerical

fbem_quad_rules

fbem_shape_functions

fbem_data_structures

fbem_geometry

fbem_symmetry

fbem_mesh_module

A A4

Finite elements

fbem_fem_beams

fbem_fem_shells

fbem_fem_solids

Boundary elements

fbem_quasisingular_integration

fbem_telles_transformation

fbem_polar_transformation

Incident wave fields

fbem_harpot_incident_field

fbem_harela_incident_field

fbem_harpor_incident_field

fbem_bem_general

fbem_bem_stapot2D (and 3D)

fbem_bem_staela2d (and 3D)

fbem_bem_harpot2D (and 3D)

1/0 interfaces

fbem_gmsh

fbem_bem_harela2D (and 3D)

fbem_bem_harpor2D (and 3D)

Fig. 3. FBEM library of modules corresponding to the computational layer of MultiFEBE.

boundary elements, since these are the domain boundaries. The
soil-skirt interface is modeled with body surface load elements.
Note that the soil-lid and soil-skirt meshes are conforming to
the corresponding parts of the structure modeled with finite
elements.

Fig. 5 shows the horizontal displacement response at the
tower top (RNA) normalized by the horizontal displacement of
the S-wave at the seabed. Two different results are superimposed:
first the flexible base model (the coupled model including soil-
structure interaction), and second the rigid base model (the finite
element mesh with fixed legs at the seabed). This response func-
tion allows to indirectly observe the vibration modes. The peaks
indicate some of the natural frequencies (those which moves
the RNA significantly). Fig. 6 shows the deformed shapes at the
previously mentioned peak frequencies. The first peak is clearly
related to the fundamental mode, which is the first mode of the
tower (basically a cantilever beam fixed at the transition piece

base). The second peak is also related to the second mode of the
tower, although there is some extra flexibility introduced by the
jacket. Third to fifth peaks correspond to coupled modes of tower
and jacket bracing.

From the comparison between flexible base and rigid base,
beneficial soil-structure effects are observed. First, peak frequen-
cies decrease in value, indicating the obvious loss of stiffness
introduced by the foundation. Secondly, a much more relevant
increase of damping is observed. This reduces by an important
amount the displacement magnitude (note that displacement axis
is in logarithmic scale).

5. Conclusions
This paper presents MultiFEBE, a code aimed at the effi-

cient analysis of continuum mechanics problems using the finite
element method, the boundary element method and, especially,
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Table 1
Finite elements implemented in MultiFEBE.

Solid (or continuum) finite elements

3 or 6 nodes triangular elements for two-dimensional plane strain problems
4, 8 or 9 nodes quadrilateral elements for two-dimensional plane strain problems

0D Structural elements

Discrete mass and inertia elements

1D Structural finite elements (bars and beams)

2 nodes bar elements

2 or 3 nodes Euler-Bernoulli or Timoshenko straight beam elements (doubly symmetric cross-section)

3 or 4 nodes curved element based on the degeneration from solid (Timoshenko theory, doubly symmetric
cross-section)

Spring and dashpots finite elements

Translational and translational-rotational spring/dashpot 2 nodes elements.

2D Structural finite elements (shells). Reissner-Mindlin theory

3 or 6 nodes triangular and 4, 8 or 6 nodes quadrilateral shell element based on the degeneration from
solid (full/selective/reduced integration)
9 nodes quadrilateral MITC element (locking-free)

Rotor-Nacelle Assembly (RNA): mass matrix

i Soil-lid: bound 1
011-114: boun« elements
s = ”

Soil free-surface: boundary elements
Tower: beam finite elements

Transition piece: shell and beam finite elements

« Soil-skirt: body surface load elements
L

: s ; Vertical S-wave
1 Suction caissons: shell finite elements ‘%’

Jacket: beam finite elements

Finite Element Mesh Boundary Element Mesh

Fig. 4. Exploded view of a coupled model of finite elements and boundary elements for the dynamic analysis of an offshore wind turbine.

different types of couplings between them, including mixed- The code is especially suited to soil-structure, soil-fluid-
dimensional situations in which structural beams and shells are structure and acoustic fluid-structure problems, and includes
embedded in continuum regions. Inviscid fluid, viscoelastic and coupling features that are not available in common commercial

poroelastic regions can be modeled, together with bars, Euler- software due to the advantages of the singular, hypersingular and
Bernoulli beams, Timoshenko beams and Reissner-Mindlin shells. dual boundary element methodologies in combination with the
Crack and stress concentration problems can also be addressed. different coupling options with structural finite elements. The
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Fig. 5. Normalized horizontal displacement response at the tower top.

ﬁ

(b) f=1.6 Hz

(c) f = 3.26 Hz

(e) f =6.81 Hz

(d) f =547 Hz

Fig. 6. Deformed shapes of the offshore wind turbine structure at different frequencies.

Table 2
Boundary elements implemented in MultiFEBE.

Two-dimensional plane strain problems

2, 3 or 4 line ordinary or crack boundary elements.
2, 3 or 4 line body load elements.

Three-dimensional problems

3 or 6 triangular and 4, 8 or 9 quadrilateral ordinary or crack
boundary elements.

2, 3 or 4 line body load elements (only in elastic solid BE regions).

3 or 6 triangular and 4, 8 or 9 quadrilateral body load elements.

analysis of problems related to the dynamic response of caisson
foundations or pipe piles in viscoelastic and poroelastic soils are
some of the most relevant possible applications.
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