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A B S T R A C T

Active distribution networks (ADNs) are capable of mitigating phase imbalance caused by various operational
conditions, including uneven growth of single-phase and intermittent distributed energy resources (DERs),
incurring financial losses or costly infrastructure reinforcements. In this paper, the research gap for a flexible
phase imbalance mitigating solution is addressed by proposing a multi-terminal phase-changing soft open point
(PC-SOP). It is explored in detail on balancing the power flows and compared with other different types and
ways of connection (including two-terminal and conventional). Then operational strategies based on different
cases are presented for imbalance mitigation. Semidefinite programming (SDP) relaxation is utilized to convert
the original non-convex nonlinear model into an SDP model which can be solved efficiently by commercial
solvers. Two case studies demonstrations are conducted on IEEE 13-node and 123-node three-phase networks.
It is found that multi-terminal PC-SOPs can minimize power losses by between 5.56 % and 28.98% and have
better voltage control (all buses operate in the allowed voltage range [0.94, 1.10]) and less PV curtailment
(reduced by at least 6.31 MW/24 h and 0.63 MW/24 h for the two test networks separately) when compared
to conventional SOP technologies.
1. Introduction

Low-voltage power distribution networks commonly experience
three-phase imbalance [1]. In modern active distribution networks
(ADNs), various single-phase distributed energy resources (DERs) are
being stochastically integrated, such as intermittent renewable dis-
tributed generation (DG), random charging/discharging of plug-in elec-
tric vehicles (PEVs) [2,3] and energy storage systems (ESSs). They
bring not only integration benefits but also challenges that make the
phase imbalance more complex. Unbalanced resource/load components
can be identified and swapped (when applicable) across phases as a
direct way of mitigation [4]. There have been many techniques and
measures to mitigate the three-phase imbalance of the distribution
network. From an optimizing operations aspect, these include hier-
archical power oscillations optimization [5], Bacterial Foraging with
Spiral Dynamic (BF-SD) for re-phasing simultaneously optimization,
stochastic optimization for DG sizing and rephasing strategy [6] and
reconfiguration with tie switches [7]. However, network reconfigu-
ration with tie switches is with a response time typically between 1
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and 100 s [8]. Conversely, conventional two-terminal soft open points
(SOPs) [9], which are designed and installed to replace traditional
tie switches with much shorter response time (20 ms), are proven
to reduce power losses and simultaneously mitigate the three-phase
imbalance [10]. Meanwhile, the short response time make SOPs have
better adaptability to DG uncertainties than traditional tie switches,
considering the system attains a steady state after DG synchronization
within 0.2 s which is much shorter than network reconfiguration time
1 s to 100 s [11].

1.1. Literature about conventional SOP and OPF modeling

There are four basic topologies of SOPs: back-to-back voltage-
source converters (B2B VSCs), multi-terminal voltage-source converters
(multi-terminal VSCs), unified power flow controller (UPFC), and static
synchronous series compensator (SSSC). The SOPs based on multi-
terminal VSCs tend to provide the offer the greater flexibility to the
network than other three topologies of SOPs when considering a
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Nomenclature

Parameters

𝛾𝑉 𝑆𝐶 Loss index of voltage-source converters
(VSCs)

𝑣𝑖 Upper limit for second-order decision vari-
able of voltage at node 𝑖

𝑣𝑖 Lower limit for second-order decision vari-
able of voltage at node 𝑖

𝑆𝑉 𝑆𝐶𝑥 Capacity of VSCx
𝑦𝑖 Nodal shunt capacitance of node 𝑖
𝑧𝑖𝑗 Branch resistance from node 𝑖 to node 𝑗

Variables

𝑑+𝑖,𝑡 Positive penalty variable at node 𝑖 at time 𝑡
𝑑−𝑖,𝑡 Negative penalty variable at node 𝑖 at time

𝑡
𝐼𝑖𝑗,𝑡 Branch current vector from node 𝑖 to node

𝑗 at time 𝑡
𝑙𝑖𝑗,𝑡 Second-order decision variable of current

from node 𝑖 to node 𝑗 at time 𝑡
𝑃 𝑉 𝑆𝐶𝑥,𝜑,𝑙𝑜𝑠𝑠
𝑡 Active power loss of VSCx at phase 𝜑 at time

𝑡
𝑃 𝑉 𝑆𝐶𝑥,𝜑
𝑡 Active power of VSCx at phase 𝜑 at time 𝑡

𝑄𝑉 𝑆𝐶𝑥,𝜑
𝑡 Reactive power of VSCx at phase 𝜑 at time

𝑡
𝑠𝑖 Nodal injection at node 𝑖, i.e. either loads

or the net injection of a distributed energy
resource

𝑆𝑖𝑗,𝑡 Second-order decision variable of power
from node 𝑖 to node 𝑗 at time 𝑡

𝑉 𝑟𝑒𝑓
0 Nodal voltage vector at the source node

𝑣𝑟𝑒𝑓0 Second-order decision variable at the source
node

𝑉𝑖,𝑡 Nodal voltage vector at node 𝑖 at time 𝑡
𝑣𝑖,𝑡 Second-order decision variable of voltage at

node 𝑖 at time 𝑡

Indices and sets

𝛺𝑏 Set of all network branches
𝛺𝑛 Set of all network nodes
𝜑 Phase A, B or C (a, b, or c)
𝐻 Hermitian transpose
𝑀 Penalty index
𝑇 Set of time
𝑉 𝑆𝐶𝑥 VSC1, VSC2 or VSC3
012 Symmetrical components
𝑎𝑏𝑐 Phase components

uniform deployment across all networks [12]. In Ref. [13], a multi-
objective optimization approach is adopted for hosting capacity (HC)
maximization via sequential network reconfiguration followed SOP
placement. Ref. [14] proposes a holistic framework for determining the
appropriate system configurations, sizes, and placement of DG units,
as well as the sizes and allocation of SOPs, using a modified particle
swarm optimization (PSO) algorithm. A new Analytical Target Cascad-
ing based (ATC-based) approach is developed for optimal scheduling
of a Multi-Area Active Distribution Network (MA-ADN) with inter-area
SOPs in Ref. [15]. A novel two-stage coordinated optimization method
2

is developed for the network with energy storage integrated soft open
points (E-SOPs) and a battery energy storage system (BESS) to solve
uncertainties of distributed generations and loads in Ref. [16].

In research related to SOPs, convex optimization is widely used.
Especially second-order-cone programming (SOCP) and semidefinite
programming (SDP). There are three main reasons for this. First, the
constraint of SOP, based on the B2B VSCs topology or multi-terminal
VSCs topology, is a circle which is convex [12,17]. Second, although
optimal power flow (OPF) problems, including single-phase OPF and
three-phase OPF, are nonconvex, it has been proved that OPF prob-
lems can be converted into convex problems [18]. The exactness of
converted models has been proved in [19]. Third, the intersection of
any finite number of convex sets is a convex set [20]. Therefore, most of
the planning and service scheduling restoration optimization problems
of ADNs with SOPs can be converted into convex ADN power flow
problems with convex SOP constraints.

Specifically, the SOCP models are used in most research to simu-
late single-phase networks with conventional two-terminal and multi-
terminal SOPs which are compared and shown in Table 1. Advancing
these, our SOP research work has identified three research focuses
summarized below:

• How multi-terminal SOPs are used in three-phase networks.
• How to operate phase-changed SOPs (PC-SOPs).
• How to improve modeling accuracy for three-phase networks with

SOPs.

1.2. Literature about convex optimization of ADN power flows

DC approximations (DC OPF algorithms) are normally used for
transmission systems rather than distribution systems to instruct eco-
nomic dispatch, considering power flows with asset thermal constraints.
However, DC OPF cannot be used for quantifying losses, voltage con-
straints or reactive power flows in most situations which are required
for distribution system optimization [21].

Jabr et al. [22] formulate the single-phase OPF in power distri-
bution networks as a mixed-integer second order cone programming
(MISOCP), for which the global optimal solution up to the desired
accuracy can be found by using available commercial solvers. The
solutions proposed are proved not singular by the convergence of the
Newton–Raphson solving scheme.

The nonconvexity of the single-phase OPF problem is much weaker
than that of the three-phase OPF problem [23]. In Ref. [24], the
authors present a methodology for unbalanced three-phase OPF based
on a quasi-Newton method (iterative method) and OpenDSS (electric
power distribution systems simulator) [25] for Smart Grid distribution
management system. In Ref. [26], the authors applied a bus-injection
SDP to demonstrate the ability to attain the global optimal solution of
the original non-convex OPF problem.

In Ref. [30], a proposed model is enhanced by applying the chordal
extension of a partial matrix which reduces the number of variables,
speeding up the solving process. They found that the branch-flow model
SDP (BFM-SDP) avoids ill-conditioned operations to enhance the nu-
merical stability of the bus-injection model semidefinite programming
(BIM-SDP) when keeping the equivalence in the physical model. Wang,
Zeyu et al. [31] use symmetrical components to reduce the coupling
between the phases in the backbones of the distribution network to
create a new SDP model which is more numerically stable and more
accurate than the existing BFM-SDP model.

1.3. Summary and contributions

In this paper, an optimized operational strategy for unbalanced
ADNs based on SOPs is proposed. It enhances the operation efficiency
and reduces the three-phase imbalance. Different SOPs’ installation
strategies focusing on the optimization modeling are investigated. The

contributions of this study can be summarized as follows:
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Table 1
Comparison of existing research.

Ref. Model Phase SOP type Other resources Objectives

[10] BFM-SDP Three Two-terminal SOP DGs Minimize total power losses, voltage &
current unbalanced conditions

[27] MISOCP Single Two-terminal SOP ESS, DG inverters and
on load tap changers

Determine the locations and energy/
power capacities of distributed ESS

[17] Enhanced SOCP
with tighten relaxation

Single Multi-terminal SOP DGs Mitigate the feeder load imbalance
and reduce power losses

[28] SOCP Single Two-terminal SOP, multi-terminal SOP
and two-terminal SOP with ESS

DGs Improve the DG penetration

[29] Robust SOCP Single Two-terminal SOP DGs with uncertainty Address the uncertainties
of photovoltaics (PVs)
Fig. 1. Illustration and comparison of different SOPs.
• The potential of SOPs is explored by a new way of connection,
i.e. power transferring between phases, so-called phase-changing
SOP (PC-SOP). Compared with state-of-the-art approaches, the
multi-terminal PC-SOPs for unbalanced three-phase networks are
first proposed with unique advantages discussed. A multi-terminal
PC-SOP based optimal operational strategy for unbalanced ADNs
is proposed considering power losses and voltage deviation as a
penalty.

• The OPF of three-phase unbalanced networks with SOPs is math-
ematically a non-convex nonlinear problem. Therefore, the sym-
metrical SDP formulation is used for the transformation of the
original non-convex nonlinear model, for the OPF problem of
three-phase unbalanced networks with SOPs. This approach can
ensure the global optimum is obtained with an improved compu-
tational efficiency.

• Two case studies are conducted to optimize the regulations of
SOPs and PV curtailment. Compared with other alternative SOP
solutions, multi-terminal PC-SOP can reduce power losses by
between 5.56% and 28.98%. This is a significant improvement
simultaneously achieving effective voltage regulation.

The paper is organized as follows: Section 2 details the unbalanced
optimal operation problem formulation. Section 3 details the convert-
ing to a symmetrical SDP model process. Section 4 presents the case
studies with five different scenarios for comparison with result analysis.
Section 5 summarizes the findings and concludes the paper.

2. Unbalanced optimal operation problem formulation

SOPs are power-electronic devices that are used to replace tie
switches for network reconfiguration and offer further capabilities of
accurate and flexible power flow control [32]. SOPs can transfer active
power, supply reactive power and achieve real-time control of voltage
between the connected feeders. Thereby cable power losses and risks
caused by frequent switching actions in ADNs can be reduced.
3

2.1. Definition and configuration of different SOPs

2.1.1. Definition and configuration of two-terminal and multi-terminal con-
ventional SOPs

B2B VSCs are the most commonly used SOP devices. Therefore
normally they are used to analyze the optimization model for both
the two-terminal [27,33] and multi-terminal SOPs [17] in steady-state
operations. B2B VSCs can control three-phase active power and reactive
power outputs independently [10]. One VSC of them operates in 𝑉𝑑𝑐𝑓
control mode; the other VSC(s) operate in 𝑃𝑄 control mode. The loss
index of each VSC can be 0.002 [17]. In a balanced system, three-phase
feeders would be connected as balanced, i.e. corresponding phases
(ABC to ABC) or (ABC to ABC to ABC) as shown in Fig. 1.

2.1.2. Definition and configuration two- and multi-terminal PC-SOPs
As the local DG outputs and electricity demand have inherent

randomness, there is always a mismatch between them. Considering the
B2B VSC implementation principle of employing a DC link to connect
AC feeders, energy is transferred from AC to DC and then back to AC.
As a result of connecting with PC-SOP, different phases of different
feeders can be connected, which is advantageous in flexible operations
of unbalanced systems. When DG outputs and electricity demand are
distributed unevenly in different feeder phases, the whole network
can achieve improved operating performances when phases can be
indirectly connected by two-terminal PC-SOPs [34] marked by the
dotted rectangle in Fig. 1. Therefore, compared with the traditional SOP
structure, PC-SOPs can handle the mismatch caused by the intrinsic
unpredictability of DG outputs and electricity demand.

In practical applications, insulated gate bipolar transistor (IGBT)-
based VSCs with pulse width modulation can achieve the desired
phase-changing function. Because IGBT-based VSCs are linked in par-
allel via a common DC link capacitor, complete control over the active
power flowing across within its capacity limits, as well as independent
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reactive power supply or absorption at both feeder terminals can be
achieved [35].

New ways of connection of multi-terminal SOPs, called multi-
terminal PC-SOPs (ABC to CAB to BCA, as a three-terminal example). In
a multi-terminal PC-SOP, three-phase wires can be connected together
between at least three buses, which means energy can be transferred
amongst three phases of at least three feeders/buses marked by the
solid line rectangle in Fig. 1. Operational constraints are expressed
mathematically below.

Two-terminal PC-SOP operational constraints (e.g. ABC to CAB
two-terminal PC-SOP):

⎧

⎪

⎨

⎪

⎩

𝑃 𝑉 𝑆𝐶1,𝑎
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑐

𝑡 + 𝑃 𝑉 𝑆𝐶1,𝑎,𝑙𝑜𝑠𝑠
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑐,𝑙𝑜𝑠𝑠

𝑡 = 0

𝑃 𝑉 𝑆𝐶1,𝑏
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑎

𝑡 + 𝑃 𝑉 𝑆𝐶1,𝑏,𝑙𝑜𝑠𝑠
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑎,𝑙𝑜𝑠𝑠

𝑡 = 0

𝑃 𝑉 𝑆𝐶1,𝑐
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑏

𝑡 + 𝑃 𝑉 𝑆𝐶1,𝑐,𝑙𝑜𝑠𝑠
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑏,𝑙𝑜𝑠𝑠

𝑡 = 0

(1)

Multi-terminal PC-SOP operational constraints (e.g. ABC to CAB to
BCA three-terminal PC-SOP):

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑃 𝑉 𝑆𝐶1,𝑎
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑐

𝑡 + 𝑃 𝑉 𝑆𝐶3,𝑏
𝑡 + 𝑃 𝑉 𝑆𝐶1,𝑎,𝑙𝑜𝑠𝑠

𝑡

+𝑃 𝑉 𝑆𝐶2,𝑐,𝑙𝑜𝑠𝑠
𝑡 + 𝑃 𝑉 𝑆𝐶3,𝑏,𝑙𝑜𝑠𝑠

𝑡 = 0

𝑃 𝑉 𝑆𝐶1,𝑏
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑎

𝑡 + 𝑃 𝑉 𝑆𝐶3,𝑐
𝑡 + 𝑃 𝑉 𝑆𝐶1,𝑏,𝑙𝑜𝑠𝑠

𝑡

+𝑃 𝑉 𝑆𝐶2,𝑎,𝑙𝑜𝑠𝑠
𝑡 + 𝑃 𝑉 𝑆𝐶3,𝑐,𝑙𝑜𝑠𝑠

𝑡 = 0

𝑃 𝑉 𝑆𝐶1,𝑐
𝑡 + 𝑃 𝑉 𝑆𝐶2,𝑏

𝑡 + 𝑃 𝑉 𝑆𝐶3,𝑎
𝑡 + 𝑃 𝑉 𝑆𝐶1,𝑐,𝑙𝑜𝑠𝑠

𝑡

+𝑃 𝑉 𝑆𝐶2,𝑏,𝑙𝑜𝑠𝑠
𝑡 + 𝑃 𝑉 𝑆𝐶3,𝑎,𝑙𝑜𝑠𝑠

𝑡 = 0

(2)

PC-SOP capacity and loss constraints:
√

𝑃 𝑉 𝑆𝐶𝑥,𝜑
𝑡

2
+𝑄𝑉 𝑆𝐶𝑥,𝜑

𝑡
2
≤ 𝑆𝑉 𝑆𝐶𝑥2 (3)

𝑉 𝑆𝐶𝑥,𝜑,𝑙𝑜𝑠𝑠
𝑡 = 𝛾𝑉 𝑆𝐶

√

𝑃 𝑉 𝑆𝐶𝑥,𝜑
𝑡

2
+𝑄𝑉 𝑆𝐶𝑥,𝜑

𝑡
2

(4)

The PC-SOP capacity and loss constraints can be transferred into
an SDP model for optimization (⪰ means ‘at least as good as’ in SDP
models [20]):
[

𝑆𝑉 𝑆𝐶𝑥 𝑃 𝑉 𝑆𝐶𝑥,𝜑
𝑡 + 𝑗𝑄𝑉 𝑆𝐶𝑥,𝜑

𝑡

𝑃 𝑉 𝑆𝐶𝑥,𝜑
𝑡 − 𝑗𝑄𝑉 𝑆𝐶𝑥,𝜑

𝑡 𝑆𝑉 𝑆𝐶𝑥

]

⪰ 0 (5)

[

𝑃 𝑉 𝑆𝐶𝑥,𝜑,𝑙𝑜𝑠𝑠
𝑡 𝛾𝑉 𝑆𝐶 𝑃 𝑉 𝑆𝐶𝑥,𝜑

𝑡 + 𝑗𝑄𝑉 𝑆𝐶𝑥,𝜑
𝑡

𝑃 𝑉 𝑆𝐶𝑥,𝜑
𝑡 − 𝑗𝑄𝑉 𝑆𝐶𝑥,𝜑

𝑡 𝑃 𝑉 𝑆𝐶𝑥,𝜑,𝑙𝑜𝑠𝑠
𝑡 ∕𝛾𝑉 𝑆𝐶

]

⪰ 0 (6)

.2. Optimization modeling of three-phase ADNs with PVs, SOPs and volt-
ge regulators

.2.1. Objective function
This work aims to minimize an objective function comprising total

ower losses and voltage deviation penalties.

𝑖𝑛 𝑓 = 𝑓 𝑙𝑜𝑠𝑠 +𝑀 ×
𝑇
∑

𝑡=1

𝛺𝑛
∑

𝑖=1
(𝑑+𝑖,𝑡 + 𝑑−𝑖,𝑡) (7)

𝑙𝑜𝑠𝑠 =
𝑇
∑

𝑡=1
(
∑

𝑖𝑗∈𝛺𝑏

𝑑𝑖𝑎𝑔(𝑙𝑖𝑗,𝑡𝑧𝑖𝑗 ) +
∑

𝑥=1,2,3
𝜑=𝑎,𝑏,𝑐

𝑃 𝑉 𝑆𝐶𝑥,𝜑,𝑙𝑜𝑠𝑠
𝑡 ) (8)

.2.2. Three-phase system operational constraints
Power flow balance constraint at time t:

∑

𝑗∈𝛺𝑏

𝑑𝑖𝑎𝑔(𝑆𝑖𝑗,𝑡 − 𝑧𝑖𝑗 𝑙𝑖𝑗,𝑡) + 𝑠𝑗,𝑡 + 𝑦𝑗,𝑡𝑣𝑗,𝑡 =
∑

𝑗𝑘∈𝛺𝑏

𝑑𝑖𝑎𝑔(𝑆𝑗𝑘,𝑡) (9)

Kirchhoff’s voltage constraints along line ij at time t:

𝑗,𝑡 = 𝑣𝑖,𝑡 − (𝑆𝑖𝑗,𝑡𝑧
𝐻
𝑖𝑗 + 𝑆𝐻

𝑖𝑗,𝑡𝑧𝑖𝑗 ) + 𝑧𝑖𝑗 𝑙𝑖𝑗,𝑡𝑧
𝐻
𝑖𝑗 𝑖 → 𝑗 (10)

≤ 𝑑𝑖𝑎𝑔(𝑣 ) ≤ 𝑣 (11)
4

𝑖 𝑖,𝑡 𝑖 𝑉
𝑣0 = 𝑉 𝑟𝑒𝑓
0 (𝑉 𝑟𝑒𝑓

0 )𝐻 (12)

Eq. (13) expresses the positive semidefinite constraint where pos-
tive semidefinite matrix should have rank one, as enforces in (14).

𝑣𝑖,𝑡 𝑆𝑖𝑗,𝑡

𝑆𝐻
𝑖𝑗,𝑡 𝑙𝑖𝑗,𝑡

]

⪰ 0 𝑖 → 𝑗 (13)

𝑎𝑛𝑘

[

𝑣𝑖,𝑡 𝑆𝑖𝑗,𝑡

𝑆𝐻
𝑖𝑗,𝑡 𝑙𝑖𝑗,𝑡

]

= 1 𝑖 → 𝑗 (14)

Node voltage, branch current and related second-order decision
ariables are defined as:

𝑉𝑖,𝑡 =
[

𝑉 𝑎
𝑖,𝑡 𝑉 𝑏

𝑖,𝑡 𝑉 𝑐
𝑖,𝑡

]

𝑣𝑖,𝑡 = 𝑉𝑖,𝑡𝑉 𝐻
𝑖,𝑡

𝐼𝑖𝑗,𝑡 =
[

𝐼𝑎𝑖𝑗,𝑡 𝐼𝑏𝑖𝑗,𝑡 𝐼𝑐𝑖𝑗,𝑡
]

𝑙𝑖𝑗,𝑡 = 𝐼𝑖𝑗,𝑡𝐼𝐻𝑖𝑗,𝑡
𝑆𝑖𝑗 = 𝑉𝑖,𝑡𝐼𝐻𝑖𝑗,𝑡

(15)

.2.3. Modeling of voltage regulators
Ratios between the primary and secondary voltages are expressed

s (𝑇 𝑎𝑝𝜑 is integer between [−16, 16].):

𝑎𝑡𝑖𝑜 =
[

𝑟𝑎𝑡 𝑟𝑏𝑡 𝑟𝑐𝑡
]

𝑉 𝑇
𝑠𝑒𝑐,𝑡 =

[

𝑉 𝑎
𝑠𝑒𝑐,𝑡 𝑉

𝑏
𝑠𝑒𝑐,𝑡 𝑉

𝑐
𝑠𝑒𝑐,𝑡

]𝑇
=
[

𝑟𝑎𝑡 𝑉
𝑎
𝑝𝑟𝑖 𝑟

𝑏
𝑡 𝑉

𝑏
𝑝𝑟𝑖 𝑟

𝑐
𝑡 𝑉

𝑐
𝑝𝑟𝑖

]

𝑟𝜑𝑡 = 1 + 0.00625 × 𝑇 𝑎𝑝𝜑 ∃ 𝜑 = 𝑎, 𝑏, 𝑐

(16)

The voltages on the two sides of a regulator are linked as follows:

𝑣𝑎𝑏𝑐𝑠𝑒𝑐,𝑡 = (𝑣𝑖,𝑡 − (𝑆𝑟𝑒𝑔,𝑡𝑧
𝐻
𝑟𝑒𝑔 + 𝑆𝐻

𝑟𝑒𝑔,𝑡𝑧𝑟𝑒𝑔) + 𝑧𝑟𝑒𝑔𝑙𝑟𝑒𝑔𝑧
𝐻
𝑟𝑒𝑔) ⋅ 𝑟𝑎𝑡𝑖𝑜 (17)

Converted into symmetrical components, (27) becomes:

𝐴𝑣012𝑠𝑒𝑐,𝑡𝐴
𝐻 = 𝐴[(𝑣012𝑖,𝑡 −(𝑆012

𝑟𝑒𝑔,𝑡𝑧
012,𝐻
𝑟𝑒𝑔 +𝑆012,𝐻

𝑟𝑒𝑔,𝑡 𝑧012𝑟𝑒𝑔 )+𝑧
012
𝑟𝑒𝑔 𝑙

012
𝑟𝑒𝑔,𝑡𝑧

012,𝐻
𝑟𝑒𝑔 )]𝐴𝐻 ⋅𝑟𝑎𝑡𝑖𝑜

(18)

where 𝑉 𝜑
𝑝𝑟𝑖,𝑡 and 𝑉 𝜑

𝑠𝑒𝑐,𝑡 are voltages of the regulator’s primary side and
secondary side at time 𝑡. 𝑣𝑠𝑒𝑐,𝑡 is the second-order decision variable of
𝑠𝑒𝑐,𝑡. 𝑆𝑟𝑒𝑔,𝑡 is the second-order decision variable of power for regulators
t time 𝑡. 𝑧𝑟𝑒𝑔 is the regulator’s resistance. 𝑙𝑟𝑒𝑔,𝑡 is the regulator’s branch
urrent vector.

.2.4. Modeling of loads
Different models of loads are considered in this paper including con-

tant impedance, constant current and constant power characteristics,
lso known as ZIP models [31].

Following the input of data such as network parameters, load pro-
iles and SOP locations and sizes, the SDP problem is relaxed for SOP
nd power flow constraints. Then the optimization can be solved as an
DP OPF problem with power flows and variables considered for a 24-
simulation period, solved by MOSEK (commercial SDP solver) [36].

f all output voltages are within 0.2% deviation after multiple itera-
ions, the solution achieves convergence and can be the final output.
therwise the OPF results are used to update data until convergence is
chieved.

. Methodology: Converting to a symmetrical SDP model

The symmetrical components transformation reduces the phase cou-
ling in three-phase systems [37]. Voltages in phase components are
ransformed into symmetrical components as follows:
𝑎𝑏𝑐 012

𝑖,𝑡 = 𝐴𝑉𝑖,𝑡 (19)
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Table 2
Optimization result comparison of the IEEE 13-node test feeder network.

Case 0 Case 1 Case 2 Case 3 Case 4

Objective 189 470.00 17.51 15.45 16.09 13.30
Network losses (MW/24 h) 1488.80 16.01 13.70 14.52 11.37
Penalty function value 187 980.00 0.01 0.01 0.02 0.01
SOP losses (MW/24 h) – 1.49 1.75 1.55 1.92
SOP transmit active power (MW/24 h) – 7.90 17.36 8.81 21.34
SOP supply reactive power (MVAr/24 h) – 69.31 70.32 74.21 75.36
PV active power (MW/24 h) 54.15 22.94 29.23 23.54 35.54
PV reactive power (MVAr/24 h) 15.63 6.01 7.16 6.20 6.67
Network imbalance index 19.58 15.82 15.08 15.92 14.80
Voltage deviation 10%/

−45.16%
6.14%/
−6.00%

6.40%/
−6.00%

10.00%/
−6.00%

10.00%/
−6.00%
4
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⎥

⎥

⎥

⎦

𝐴𝐻 = 𝐴−1 (20)

here 𝑎 = 1∠120◦. Hence, the three-phase variables in the BFM-SDP
ethod and the impedance parameters are related to the equivalent

ariables in symmetrical components:

𝑣𝑎𝑏𝑐𝑖,𝑡 = 𝑉 𝑎𝑏𝑐
𝑖,𝑡 × 𝑉 𝑎𝑏𝑐,𝐻

𝑖,𝑡 = 𝐴𝑉 012
𝑖,𝑡 × (𝐴𝑉 012

𝑖,𝑡 )𝐻 = 𝐴𝑉 012𝐴𝐻

𝑙𝑎𝑏𝑐𝑖,𝑡 = 𝐴𝑙012𝑖,𝑡 𝐴𝐻

𝑆𝑎𝑏𝑐
𝑖,𝑡 = 𝐴𝑆012

𝑖,𝑡 𝐴𝐻

𝑧𝑎𝑏𝑐𝑖,𝑡 = 𝐴𝑧012𝑖,𝑡 𝐴−1 = 𝐴𝑧012𝑖,𝑡 𝐴𝐻

𝑦𝑎𝑏𝑐𝑖,𝑡 = 𝐴𝑦012𝑖,𝑡 𝐴−1 = 𝐴𝑦012𝑖,𝑡 𝐴𝐻

(21)

Objective function (8) and constraints (9)–(13) are transformed as
ollows (22)–(28). Penalty factors are introduced in voltage constraints
28):

𝑙𝑜𝑠𝑠 =
𝑇
∑

𝑡=1
(
∑

𝑖𝑗∈𝛺𝑏

𝑑𝑖𝑎𝑔(𝐴(𝑙012𝑖𝑗,𝑡 𝑧
012
𝑖𝑗 )𝐴𝐻 ) +

∑

𝑥=1,2,3
𝜑=𝑎,𝑏,𝑐

𝑃 𝑉 𝑆𝐶𝑥,𝑙𝑜𝑠𝑠
𝜑,𝑡 ) (22)

∑

𝑗∈𝛺𝑏

𝑑𝑖𝑎𝑔(𝐴(𝑆012
𝑖𝑗,𝑡 − 𝑧012𝑖𝑗 𝑙012𝑖𝑗,𝑡 )𝐴

𝐻 ) + 𝑠𝑗,𝑡 + 𝑦012𝑗,𝑡 𝑣
012
𝑗,𝑡 =

∑

𝑗𝑘∈𝛺𝑏

𝑑𝑖𝑎𝑔(𝐴𝑆012
𝑗𝑘,𝑡𝐴

𝐻 )

(23)

012
𝑗,𝑡 = 𝑣012𝑖,𝑡 − (𝑆012

𝑖𝑗,𝑡 𝑧
012,𝐻
𝑖𝑗 + 𝑆012,𝐻

𝑖𝑗,𝑡 𝑧𝑖𝑗 ) + 𝑧012𝑖𝑗 𝑙012𝑖𝑗,𝑡 𝑧
012,𝐻
𝑖𝑗 (24)

𝑖,𝑡 ≤ 𝑑𝑖𝑎𝑔(𝐴𝑣012𝑖,𝑡 𝐴𝐻 ) ≤ 𝑣𝑖,𝑡 (25)

𝑣0120 = 𝑉 012,𝑟𝑒𝑓
0 (𝑉 012,𝑟𝑒𝑓

0 )𝐻 (26)

[

𝑣012𝑖 𝑆012
𝑖𝑗

𝑆012,𝐻
𝑖𝑗 𝑙012𝑖𝑗

]

⪰ 0 𝑖 → 𝑗 (27)

𝑑𝑖𝑎𝑔(𝐴𝑣012𝑖,𝑡 𝐴𝐻 ) + 𝑑+𝑖,𝑡 ≥ 𝑣𝑖,𝑡,

𝑖𝑎𝑔(𝐴𝑣012𝑖,𝑡 𝐴𝐻 ) − 𝑑−𝑖,𝑡 ≤ 𝑣𝑖,𝑡,
+
𝑖,𝑡, 𝑑

−
𝑖,𝑡 ≥ 0

(28)

. Case studies, simulation results and discussion

The symmetrical SDP approach proposed in this paper is coded with
ALMIP [38], and solved by MOSEK. The operating environment is

ntel i7-10850H 2.7 GHz CPU, 32 GB RAM. Penalty index 𝑀 in the
enalty function is set to 1000.
5

.1. Case study of IEEE 13-node test feeder with three-terminal PC-SOP

In this section, the IEEE 13-node test feeder [39], as shown in Fig. 2,
s used as the test network to implement and validate the proposed
odel. The total capacity of the SOP is 2 MVA. SOPs are normally

onnected with end terminal buses. The SOP is located between buses
34, 675 and 680 which are three-phase. Conversely, lines 645–646,
84–652 and 684–611 are two-phase, single-phase and single-phase
eparately which cannot connect three-phase SOP. For the original IEEE
3-node test feeder, there is an imbalance problem caused by single-
hase loads (1158 kW + 606 kVAr in Phase A, 973 kW + 672 kVAr

in phase B, and 1135 kW + 753 kVAr in phase C, 3.827 times of
standard total load at peaking time, shown in Fig. 2). Single-phase PV
installations worsen this situation. 2 MVA capacity is used not only
for the imbalance caused by the 10 MVA PV but also the maximum
904.28 kVA (707.99 kW & 562.56 kVAr) imbalance in the system. This
test feeder illustrates particularly on advantages of the Phase-Changing
technique in avoiding PV curtailment. Therefore, enough SOP capacity
can promise clear demonstration results. It can be two 1 MVA two-
terminal SOPs (SOP1 and SOP2) or one 2 MVA three-terminal SOP
(SOP3). There are two 5 MVA PV installations located at buses 634
(phase B) and 646 (phases B and C). The power factor of PV generation
is 0.95. The voltage range of all buses is set to be [0.94, 1.10] as the
statutory limits in the UK [40]. The three-phase regulator between
buses 650 and 632 is set as [𝑟𝑎𝑡 𝑟𝑏𝑡 𝑟𝑐𝑡 ] = [1.05 1.0375 1.04375], same
parameters as the example case in OpenDss.

Five cases are designed to demonstrate the benefits of multi-
terminal PC-SOPs. PC-SOP connection ways (including Case 2 and 4)
are shown in the table of Fig. 2. For Case 2, the connection way
of SOP 1 is ABC to CAB and the connection way of SOP 2 is ABC
to BCA. Therefore three phases are connected by two PC-SOPs. For
Case 4, one three-terminal PC-SOP connects three-phase buses (ABC to
CAB to BCA). It has been proved that the absolute deviations between
the optimal selection of individual PC-SOP phase connections can be
negligible [34].

Case 0: the original network
Case 1: the network with two two-terminal conventional SOPs.
Case 2: the network with two two-terminal PC-SOPs.
Case 3: the network with one three-terminal conventional SOP.
Case 4: the network with one three-terminal PC-SOP.
Network imbalance index for 24 h can be calculated as [10]:

𝜆𝑈𝐼,𝑠𝑦𝑠 =
𝑇
∑

𝑡=1

𝛺𝑛
∑

𝑖=1
(
|𝑉 𝐴

𝑖,𝑡 + 𝑎𝑉 𝐵
𝑖,𝑡 + 𝑎2𝑉 𝐶

𝑖,𝑡 |

|𝑉 𝐴
𝑖,𝑡 + 𝑎2𝑉 𝐵

𝑖,𝑡 + 𝑎𝑉 𝐶
𝑖,𝑡 |

) (29)

4.2. Simulation result and discussion of IEEE 13-node test feeder with
three-terminal PC-SOP

The results in Table 2 show that the three-terminal PC-SOP achieves
the best objective value (13.30) with minimum network losses, the
lowest network imbalance index (11.37 MW/24 h and 14.80 respec-
tively). Without SOP, the original network voltages drop out of the
low bound (−45.16%). Therefore the penalty function value is the
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Fig. 2. Test network with IEEE 13-node topology and profiles.
Fig. 3. Actual PV outputs.
highest (189470.00). That causes the highest network losses (1488.80
MW/24 h), the highest network imbalance index (19.58). All SOP solu-
tions improve the original networks performance. The objective value
shows phase-changing solution (Case 2, 15.45) and multi-terminal
solution (Case 3, 16.09) achieve better performance than two-terminal
conventional SOPs in Case 1. Both Case 2 (17.36 MW/24 h) and
Case 3 (8.81 MW/24 h) can transmit more active power than Case
1 (7.90 MW/24 h). Although PV output is the highest in Cases 0,
it can be ignored because system cannot operate within that voltage
range. Except Case 0, Case 2, 3, 4 can improve PV output compared
with Case 1. Especially, PV active power in Case 4 (35.54 MW/24 h)
is the highest among Cases 1–4. Therefore both phase changing and
multi-terminal solutions for SOPs can achieve better objective values
than the normal solution for SOP considering network losses. In addi-
tion, the combination solution (Case 4, which combines multi-terminal
with phase-changing) can achieve better performance compared with
individual solutions.

In Fig. 3, Case 4 shows maximized PV outputs for all installation
locations; while Case 1 shows the overall minimal among Cases 1–4 .
For two-phase PV 646, there is nearly the same PV curtailment in all
four Cases. This is due to that PV 646 is on the opposite side of SOPs
in the network. PV 634 hardly generates power which ranges from 0 to
0.6 kW in Cases 1 and 3. However, the PC-SOP in Case 2 and Case 4 can
make the network effectively utilize different phase resources — the
outputs of PV 634 in Case 2 exceed 1 MW and PV 634 in Case 4 exceed
2 MW, because the PC-SOP effectively acts as a ‘bridge’ to provide a
path for power transfer between DG and loads from different phases
(between PVs in phase B and the load demand in phases A and C). One
multi-terminal PC-SOP can be more effective in phase connection than
6

two separate two-terminal PC-SOPs with the same total capacity.Also,
PC-SOP ‘bridge’ function enhances the adaptability to DG uncertainties
between different phases for its better usage of power transfer capacity.

4.3. Case study of IEEE 123-node test feeder with four-terminal PC-SOP

In [10], a modified IEEE 123-node distribution network is used
to verify the scalability of the optimal operation of multi-terminal on
large-scale ADNs with severe unbalanced conditions. In [34], PC-SOP
has been proved that it can transmit more active power and utilize
its capacity better than conventional SOP. However, in the original
network, the line segment between bus 93 and 94 is single-phase (A-
N), and bus 94 is single-phase [39], as shown in Fig. 4. The tie switch
between bus 54 and bus 94 is moved to between bus 54 and bus 93
to keep the original line configurations, because bus 93 is three-phase
and SOP normally connects with three-phase buses.

Other DGs’ parameters and total SOP’s capacity are the same as the
data in [10]. PV generation and load profiles are the same as shown in
Fig. 2. The regulators are set as [𝑟𝑎𝑡 𝑟𝑏𝑡 𝑟𝑐𝑡 ] = [1.04375 1.04375 1.04375]
(buses 150 to 149, three-phase regulator), 𝑟𝑎𝑡 = 0.99375 (buses 9 to 14,
single-phase regulator), [𝑟𝑎𝑡 𝑟𝑐𝑡 ] = [0 0.99375] (buses 25 to 26, two-phase
regulator), [𝑟𝑎𝑡 𝑟𝑏𝑡 𝑟𝑐𝑡 ] = [1.5 1.00625 1.3125] (buses 67 to 160, two-phase
regulator), same parameters as the example case in OpenDss. The load
at bus 610 connected to the secondary is directly connect to the primary
bus 61.

Similar to Section 4.1, five cases are designed to show the benefits
of multi-terminal PC-SOPs. The difference with Section 4.1, is that in
this section Cases 3 and 4 aim at proving the benefits of four-terminal
SOPs. Meanwhile, an assumption is made that the physical distances
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Fig. 4. Test network with IEEE 123-node topology.
Table 3
Optimization result comparison of the IEEE 123-Node test feeder network.

Case 0 Case 1 Case 2 Case 3 Case 4

Objective 80 229.00 14.14 13.29 10.33 9.91
Network losses (MW/24 h) 66.85 12.90 11.96 8.85 8.34
Penalty function value 80 162.00 0.14 0.15 0.13 0.14
SOP losses (MW/24 h) – 1.10 1.18 1.35 1.43
SOP transmit active power (MW/24 h) – 12.45 14.08 19.56 21.84
SOP supply reactive power (MVAr/24 h) – 47.08 48.61 52.30 52.83
PV active power (MW/24 h) 4.08 4.71 4.71 4.71 4.71
Network imbalance index 23.05 22.11 15.83 22.99 14.49
Voltage deviation 9.82%/

−13.14%
9.64%/
−6.00%

9.64%/
−6.00%

9.64%/
−6.00%

9.64%/
−6.00%
between buses 54, 93, 151 and 300 are not too far from each other to
be connected with a multi-terminal SOP.

4.4. Simulation results and discussion of IEEE 123-node test feeder with
four-terminal PC-SOP

The results in Table 3 show that the four-terminal PC-SOP achieves
the best objective value (9.91) with minimum network losses, the
lowest network imbalance index (8.34 MW/24 h and 14.49 respec-
tively). Without SOP, the original network voltages drop below the
low bound (−13.14%). Therefore the penalty function value is the
highest (80162.00). That causes the highest network losses (66.85
MW/24 h), the highest network imbalance index (23.05). All SOP
solutions improve the original networks performance. The objective
value shows the phase-changed solution (Case 2, 13.29) and the multi-
terminal solution (Case 3, 10.33) achieve better performance than
two-terminal conventional SOPs in Case 1. However, compared with
Section III-A, here the Case 3’s objective value is better than the Case
2. Therefore, it proves that both multi-terminal and PC-SOP solutions
can improve networks’ performance. The multi-terminal solution has
the advantage in improving load distribution imbalance in the whole
network. While the PC-SOP solution has the advantage in balancing DG
and load distributions in different phases.

The multi-terminal PC-SOP, compared with the conventional SOP,
two-terminal PC-SOP and multi-terminal SOP, can transfer more power
and utilize the network capacity better in unbalanced networks. As
shown in Fig. 5, the differences in the transmitted power between
different cases at hour 18 (peak load hour) are analyzed in detail as
follows:

• In general, power is transferred from the network left side (bus
151 and bus 54) to the network right side (bus 300 and bus 93)
because the substation is installed at the left (bus 150).
7

• The operational power of the multi-terminal PC-SOP is greater
than those of the other 3 cases. The average active power of the
multi-terminal PC-SOP is 423.55 kW. The average active powers
of the other 3 cases are 137.08, 126.85 and 403.70 kW.

• In the Area A (from bus 97 to bus 450), Phase A load is the highest
among three phases (Phase A: 688.92 kW, Phase B:459.28 kW,
Phase C: 535.82 kW at hour 18) and in the Area B (bus 72 to
bus 96), Phase C load is the highest among three phases (Phase
A: 1014.24 kW, Phase B:1109.92 kW, Phase C: 1186.47 kW at
hour 18). In Cases 2 to 4, SOP mainly transmit active power
to Phase A at bus 300 and Phase C at bus 93. However, SOP
cannot achieve this in Case 1. Meanwhile, the multi-terminal PC-
SOP can transmit the highest power (562.27 kW and 644.83 kW).
Therefore, Case 4 achieves the minimum objective value (1.39) at
hour 18.

4.5. Algorithm validation of case studies

The computation information of the Case 4 is shown in Table 4 to
demonstrate the superior numerical stability of the symmetrical SDP
over the BFM-SDP. The results obtained with the BSM-SDP OPF and
the symmetrical SDP OPF are compared with the OpenDSS bench-
mark results based on the absolute percentage errors of the voltages.
The computation efficiency and robustness of the proposed method is
demonstrated by comparing results with the Interior Point OPTimizer
(IPOPT, a software library for large scale nonlinear optimization of
continuous systems) [41].

𝐸𝑟𝑟𝑜𝑟𝜙𝑣 =
|

|

|

|

|

𝑣𝜙𝑆𝐷𝑃 − 𝑣𝜙𝑂𝑝𝑒𝑛𝐷𝑆𝑆
𝜙

|

|

|

|

|

× 100% (30)

|

𝑣𝑂𝑝𝑒𝑛𝐷𝑆𝑆 |
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Fig. 5. SOP power flows outcome (kVA).
Table 4
OPF solution time and voltage error on various test feeders.

Test feeder IEEE 13-node IEEE 123-node

Voltage error% Time (s) Voltage error% Time (s)

Phase A Phase B Phase C Phase A Phase B Phase C

BFM-SDP (Sedumi) 2.103% 1.652% 1.451% 41.72 1.055% 2.422% 1.445% 202.23
BFM-SDP (Mosek) – – – – – – – –
Sym.SDP (Sedumi) 0.037% 0.028% 0.026% 39.59 0.014% 0.029% 0.018% 191.91
Sym.SDP (Mosek) 0.036% 0.028% 0.026% 12.53 0.014% 0.029% 0.018% 60.74
IPOPT 0.036% 0.028% 0.026% 116.09 0.014% 0.029% 0.018% 562.77
It is shown that the symmetrical SDP method achieves a voltage
error of less than 0.2% which is smaller compared with the BFM-
SDP. Based on [31], this paper further proves that symmetrical SDP is
more accurate and efficient compared with BFM-SDP in networks with
multi-terminal SOPs with the SeDuMi (open-source SDP solver) [42]
and MOSEK. Owing to the proper relaxation of the original problem
with convexification, the symmetrical SDP method reduces the solving
complexity (12.53 s for IEEE 13-node test feeder and 60.74 s for IEEE
123-node test feeder — both for 24-h network operation) and obtains
the solution within a reasonable accuracy. This creates possibilities for
modeling larger test feeders (e.g. IEEE 8500-node test feeder). Nodal
voltages for the IEEE 13-node test feeder at hour 1 as an example
are shown in Table 5. When multi-terminal PC-SOP outputs are: Phase
A [0 + 𝑗0; 0 + 𝑗0; 0 + 𝑗0] kVA, Phase B [44.356 + 𝑗78.027; −7.388 +
𝑗0.842; 13.632+𝑗244.930] kVA and Phase C [−15.150+𝑗68.443; −50.163+
𝑗46.362; 4.190 + 𝑗44.788] kVA, all voltage errors are within 2%.

5. Conclusion

This paper compares different SOP configurations for multiple buses
in power distribution networks. An optimized operational strategy
based on various connection ways and a new multi-terminal PC-SOP
connection is proposed to minimize the operational losses considering
the growing penetration levels of DERs for unbalanced three-phase
networks. The optimization results indicate that the multi-terminal and
PC-SOP cases significantly reduce unbalanced loading conditions and
power losses in ADNs. For distribution network operators, it can help
to achieve a 24-h optimal ADN schedule with the addition of flexible
and controllable resources such as conventional SOPs, PC-SOPs and PVs
in smart ADNs.
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Table 5
Nodal voltages for the IEEE 13-node test feeder.

Bus Symmetrical SDP OpenDSS

Phase A Phase B Phase C Phase A Phase B Phase C

SOURCEBUS 1 1 1 1 1 1
650 0.9999 0.9999 0.9999 1 1 1
RG60 1.0499 1.0374 1.0437 1.0498 1.0374 1.0436
633 1.0131 1.02 1.0087 1.0127 1.0202 1.0084
634 0.9963 1.0035 0.9955 0.9959 1.0037 0.9952
671 0.9893 1.0248 0.9871 0.9885 1.0258 0.9876
645 0 1.0127 1.0087 0 1.0128 1.0084
646 0 1.0109 1.0066 0 1.0111 1.0064
692 0.9893 1.0248 0.9871 0.9885 1.0258 0.9876
675 0.9851 1.0261 0.9868 0.9842 1.0271 0.9873
611 0 0 0.9831 0 0 0.9836
652 0.9818 0 0 0.981 0 0
632 1.0156 1.0219 1.0106 1.0153 1.0221 1.0103
680 0.9893 1.0248 0.9871 0.9885 1.0258 0.9876
684 0.9874 0 0.9851 0.9866 0 0.9856

One of the limitations of the current study is that transient opera-
tional performance has not been carried out with hardware design and
simulations which are required for further implementation. Also, the
control and coordination considering time-response between PC-SOPs
and other phase transferring techniques require further research, taking
into account the robustness of the three-phase unbalanced network
optimization and capital investment and operational costs of these new
power-electronic switches.
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