THE FIBONACCI QUARTERLY

Solution by Jason L. Smith, Richland Community College, Decatur, IL.

Let v represent either o or 5. Consider the sum

n

> <Z>’yk(:c + )P = +y@+ D))"= (y+1+7yz)"
k=1

Since v2 = v + 1, we obtain
n
n
(Y+1472)" =P +y2)" =9"(v+z)" =" < >7n_k$k'

Therefore,
n n

Z (Z) ’)/m+k(l' + 1)k — Z <Z> 7m+2n—kxk'

k=1 k=0
Because this identity is satisfied using v = « or v = [, it is also satisfied by any generalized
Fibonacci sequence expressible as G, = aa” + b5". Thus, we can claim in general that

i <Z) Gz +1)F = i (Z) Gonion_ikz*,

k=0 k=0
which proves both identities.

Editor’s Notes: Based on Frontczak’s observation, it is easy to further extend the result to
>ieo (D) Gmak(@ +p)* =30 () Gmian—k(z + p — 1)* for any real number p.

Also solved by Ulrich Abel, Michel Bataille, Khristo N. Boyadzhiev, Brian Bradie,
I. V. Fedak, Dmitry Fleischman, Robert Frontczak, Hideyuki Ohtsuka, Raphael
Schumacher (student), Albert Stadler, David Terr, and the proposer.

Catalan and an Old Elementary Problem

B-1252 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 57.3, August 2019)

For integers n > 0 and r > 0, prove that

n+1
FoRE = _ Fypp0+1 2
n—rtntnir + E Fk—rFka+r——+(_1) Fr-
k=1

Solution by Steve Edwards, Roswell, GA.

We use two identities from [1]: the Catalan identity (page 106)
Frrblyr = Fk2 + (_1)k+r+lFr27

and
n+1
D (VMR =14 (-1)"Fy,
k=1
We also use the identity from Problem B-1211 from this Quarterly [4]
n+1
E: 1
S FE = % _F.
k=1
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We have
n+1 n+1
N FerFiFryr = Y F[F+ (=)
k=1 k=1
n+1 n+1
= Zsz + (-1)F? Z(—D’““Fk
k=1 k=1
Fipio+ 1
— % —F} 4 (“1)F2[1 4 (=1)"Fy)
F 1
= S (L FR - By [FE 4 (1)
Fapio+1
— % + (=1)"F? - F_FpFp .

This completes the proof.

Editor’s Notes: Using the following identities [2, 3]
LypyrLp_r— L2 = 5(=1)"""F2

2> Li+2L3 | = 5Lgp1+19,
k=0

n+1
S(-1FLy = ()L, + 1.
k=1
Koshy derived the Lucas analog
n+1
5L +3
Ln—anLn-l—r + Z karLkLkJrr = % + 5(_1>TFT2
k=1
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Also solved by Michel Bataille, Brian Bradie, Steve Edwards (second solution),
I. V. Fedak, Dmitry Fleischman, Robert Fontczak, Thomas Koshy, Angel Plaza,
Raphael Schumacher (student), Jason L. Smith, and the proposer.

A Trigonometric Inequality

B-1253 D. M. Batinetu-Giurgiu, Matei Basarab National College, Bucharest,
Romania and Neculai Stanciu, George Emil Palade School, Buzau, Ro-
mania.

(Vol. 57.3, August 2019)

Prove that
sin Fo,49 + sin Fg + cos Fﬁﬂ <

N W
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