THE FIBONACCI QUARTERLY

H-862 Proposed by Angel Plaza, Gran Canaria, Spain

Let (Fi.n)nez and (Ly, , )nez denote the k-Fibonacci and k-Lucas numbers given by Fj, ;41 =
ka,rJ, + Fk,n—la Lk;,'n,—l—l = kLk,n + Lk:,n—l for n > 1 with Fk,O = 07 Fk,l = 17 Lk,O = 27 Lk,l =k.
Prove that for integers m > 1 and j > 0 we have

R _ Fromy1 —1 0, if m=0 (mod 2);
(i) ZlF kot Loy = = ——F {(-1)]‘F,§¢2j, it m=1 (mod 2).
S Fy ams2/k — 1 —mLy 4
(11) nz::l Fk,n—|—jFk‘,n—ij,n—l—ij,n—j = K2+ 4 3
SOLUTIONS

A circular inequality

H-825 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania (Vol. 56, No. 3, August 2018)
If a,b,c > 0 and n is a positive integer, prove that

3 3 3
a b c
o (—2—) 4 (— ) ([ —
((bFn+Fn+1c) (Fnc-l-FnHa,) (Fna+Fn+1b> )

abe 9
> .
(Fha+ Fup1b)(Epb+ Fyyic)(Fhe+ Fopa) — FSJFQ

+ 3

Solution by Wei-Kai Lai, University of South Carolina Salkehatchie, Walterboro,
SC

Let
a b c

xTr = — = = =7
b+ Fneic. 0 ¢Fy + aFpi aFy + bFni1
According to Surdnyi’s inequality ([1], Theorem 4.4):
2 (933 + 3+ z3) + 3zyz > (z +y + 2)(2? + % + 22).

Because the quadratic mean is greater than or equal to the arithmetic mean, it is easy to check
that

242> (e +y+2)2

W=

So, we only need to prove that

1 . 9
_(:L'<'»y<kz)(5 > 3
3 Fo

or equivalently

3
r+ytz= :
Fn+2

282 VOLUME 58, NUMBER 3



ADVANCED PROBLEMS AND SOLUTIONS

According to Radon’s inequality,
a’ b? c?
Fhab+ Fyiqac + Fobe + Friqab * Fhac+ Fpy1bc
(a+b+c)?
Fhab+ F,i1ac) + (Epbe + Fp1qab) + (Fhac + Fp11bc)
(a+b+c)? < 3(ab+ac+bc) 3

(Fy + Foi1)(ab+ac+be) = Fupiolab+ac+bc)  Fuio
hence proving the claimed inequality. The equality holds when a = b = c.

r+y+z=

o

[1] Z. Cvetkovski, Inequalities, Theorems, Techniques and Selected Problems, Springer, New
York, 2012, p. 35.

Also solved by Brian Bradie, Dmitry Fleischman, Angel Plaza, Nicusor Zlota,
and the proposers.

Powers of 2 and powers of 3

H-826 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 56, No. 3, August 2018)
For an integer n > 0, prove that

Z ]. F3n+1_2n+1
a+b:n L2a36F2a3b+1 F3'n,+1 F27L+1 '

a,b>0

Solution by the proposer

We use the identities
(1) Fo—p = (—=1)"(Fr41Fs — FiFyy1) (see [1] (9));
(2) Fos = FsLg (see [1] (13)).
We have
Foat136q B Foagps1,q . Foatig0 1 Fhagp+1 — Foat1gp Fhago+1,q

F2a+13b F2a3b+1 F2a+13bF2a3b+1
F2a3b+1 —9a+1 3b

F2a3b 1
= Fnghpan Y V=B R " Ly P
2a+13b 2a3b+1 2a+13b 2a3b+1 2a3b 2a3b+1

(by (2)).

Therefore, we have

Z 1 _ Z <F2a+13b+1 _ F2a3b+1+1>

atben L2u3b F2u.3b+1 atb=n F2u+13b F2a3b+]
a,b>0 a,b>0

n
_ Z <F2a+13na+1 . F2a3na+l+1> . F2n+1+1 . F3n+1+1

F2a+13n—a, F2a3n—n,+1 FQn,+1 F377,+1

a=0
F2n+1+1F3n+1 - F2n+1F3n+1+1 F3n+1_2n+1
F2n+l F3n+1 F2n+1 F3n+1

(by (1)).

[1] S. Vajda, Fibonacci and Lucas numbers and the Golden Section, Dover, 2008.
Also solved by Brian Bradie and Dmitry Fleischman.
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