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Abstract
The AIM of this study is to examine and evaluate differences in expenditure and
length of stay between tourists who use low-cost carriers and those who travel with
full service providers. We consider the statistical dependence between these variables
and propose a bivariate distribution that describes tourist expenditure (continuous
variable) and length of stay (discrete variable) in terms of their conditional dis-
tributions. Covariates are included to reflect the factors that simultaneously affect
both variables. In addition, an empirical analysis is made of data obtained by the
Canary Islands Tourist Expenditure Survey. The results obtained show that our model
achieves a reasonably good fit and that there are differences between LCC and FSC
users regarding both expenditure and length of stay, in the use of nonhotel accommo-
dation, as well as differences in expenditure in the case of repeated visits, and in the
length of stay according to the visitors’ age, nationality and travel party size.

Keywords Conditional distributions · Bivariate distributions · Tourism

Introduction

Tourist expenditure and length of stay are the main elements of travellers’ tourism-
related decisions. However, they are also of crucial importance to planners and
managers and to the economies of tourist destination regions or countries. The eco-
nomic impact of tourism is strongly dependent on these factors, and promotional
campaigns need to be matched to tourists’ decisions in this respect. An increase in
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the volume of travellers, for example, could require significant investment to increase
capacity, an issue of major concern to policy makers.

A question of interest in this context is that of how the above variables are affected
by the type of airline used to reach the holiday destination, i.e. whether low-cost
carrier (LCC) passengers have different preferences and patterns of behaviour from
traditional carrier or full-service carrier (FSC) passengers. Moreover, low-cost trav-
ellers are usually less flexible than traditional tourists in organising their vacation,
because they suffer more severe budget restrictions and their decisions about travel
dates, length of stay and trip expenditure are often more subject to external pres-
sures than is the case of FSC users. Accordingly, LCC travellers are expected to
present differences in their sociodemographic, travel and destination characteristics.
Understanding these differences is important to tourist industry managers, and pol-
icymakers in the corresponding regional governments would also benefit from this
information (Raya & Martı́nez-Garcı́a, 2011).

Previous studies conducted in this area have investigated differences in behaviour
patterns between LCC and FSC users using micro-data and studying factors affect-
ing expenditure and length of stay independently. For example, Martı́nez-Garcı́a and
Raya (2008) and Raya and Martı́nez-Garcı́a (2011) considered the impact on length
of tourist stay, while Eugenio-Martin and Inchausti-Sintes (2016) and Ferrer-Rosell
and Coenders (2017), among others, analysed the association between type of car-
rier and tourist expenditure. In the latter respect, empirical research into the relation
between LCC travel and tourist expenditure has produced the following conclusions.
Martı́nez-Garcı́a and Raya (2008), Ferrer-Rosell and Seetaram (2014), and Eugenio-
Martin and Inchausti-Sintes (2016) reported that LCC users spend more at their
destination while Ferrer-Rosell and Coenders (2017) observed that users of LCC and
FSC converge in their allocation of the vacation budget (between transportation and
at-destination expenses, and within at-destination expenses), but diverge with regard
to total trip expenditure. The latter findings provide information about how airline
type convergence can be translated into tourist spending behaviour and about how
the two types of airline users have converged. The authors observe, moreover, that
business model convergence might reduce the differences between different types of
airline users.

On the other hand, Ferrer-Rosell et al. (2014) and Ferrer-Rosell et al. (2015)
recorded only small differences between LCC and FSC users in their respective
analyses of the determinants of length of stay and expenditure allocation (among
transportation, accommodation and other items).

However, in this paper we study both expenditure and length of stay from a
different perspective, seeking to assess differences between LCC and FSC users.
Accordingly, the present study makes two main contributions to the literature on
LCC.

First, our paper focuses on the bidirectional causality between expenditure and
length of stay, in order to analyse differences according to the type of airline (for
example, the varying behaviour patterns of LCC and FSC users). To do so, we
jointly model total tourist expenditure and length of stay, taking into account both
dependence and simultaneity.
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Empirical tourism research has established the existence of bidirectional causality
between these variables, as a statistical finding. For example, duration is a function
of expenditure (Hellström, 2006) and expenditure is determined by duration (Thrane,
2014; Pérez-Rodrı́guez & Ledesma-Rodrı́guez, 2019), among others.1 In fact, it can
be shown empirically that there is a weak positive correlation between aggregate
expenditure and length of stay (Gómez-Déniz & Pérez-Rodrı́guez, 2019).

Our underlying theoretical model for total expenditure and length of stay has
the antecedent of the recent work by Gómez-Déniz and Pérez-Rodrı́guez (2019)
and Gómez-Déniz and Pérez-Rodrı́guez (2020). Gómez-Déniz and Pérez-Rodrı́guez
(2019) proposed a univariate compound model, based on previous studies of mixed
distributions, simultaneously implementing both length of stay and individual expen-
diture in order to determine aggregate tourist expenditure. In another approach,
(Gómez-Déniz & Pérez-Rodrı́guez, 2020) proposed a bivariate model for the two
variables which allowed correlation of any sign between them, but with given
marginals whose means were not mutually dependent. Neither of these previous mod-
els, therefore, took account of dependency or of simultaneity, in contrast to the model
we present, which allows the mean of each of the variables to be conditioned by the
mean of the other.

Specifically, we model dependence by means of a bivariate structural model that
describes tourist expenditure (continuous variable) and length of stay (discrete vari-
able) in terms of their conditional distributions (Arnold & Strauss, 1991; Arnold
et al., 1999). Simultaneity is introduced into the bivariate distribution, by making
two assumptions: the conditional expectation of expenditure with respect to length
of stay, and the conditional expectation of length of stay with respect to expenditure.
By adopting a linear relationship for these conditional expectations, we assume that
more expenditure implies a greater duration, and vice versa.

The idea underlying this approach is that we wish to obtain a bivariate model in
which the mean of each variable depends on the value taken by the other. Although
the statistical literature contains numerous methods for obtaining bivariate distribu-
tions, such as copulas, the conditional specification seems the most appropriate. In
general, the models obtained in this way are based on formulations that incorporate a
large number of parameters, but this requirement can be relaxed, as we show below, to
obtain simple and practical formulations. The major advantage of these formulations,
compared to those obtained by using copulas, is that they incorporate a parameter
that controls the correlation, which is otherwise difficult to estimate because it must
move within a range of allowed values.

The second major contribution of the present study is that the model proposed
enables us to evaluate the effect of covariates on both expenditure and duration. Thus,
we can distinguish between the effects of LCC and FSC and determine which vari-
ables simultaneously affect both expenditure and length of stay. Furthermore, the
proposed model is well suited to marginally capture the skewness that may be present,

1It is noteworthy that the length of stay is considered as an additional argument in the underlying utility
function see, for example, Hellström (2006), and is considered as an endogenous variable. Therefore,
models which employ length of stay as a regressor and estimate the corresponding equation by OLS are
open to question because duration is an ’endogenous’ independent variable see also Thrane (2015).
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as well as the long tail to the right that these two study variables tend to present in
practice.

The model was evaluated empirically, based on data obtained from the 2017
Canary Islands Tourist Expenditure Survey, which provides information on tourists’
sociodemographic, vacation and destination characteristics. Moreover, it enables us
to distinguish LCC from FSC travellers.

Empirical findings show that our model provides a reasonable fit, and that there
are differences between LCC and FSC users regarding both expenditure and length
of stay in terms of non–hotel accommodation, between LCC and FSC users in terms
of total expenditure during a repeated visit, and differences between LCC and FSC
users in terms of length of stay according to the visitors’ age, nationality and travel
party size.

The rest of this paper is organised as follows. Section“Low-cost carriers operating
in the Canary Islands” summarises the characteristics of LCCs flying to the Canary
Islands. Section “Bivariate distribution based on conditional expectation” describes
the proposed model for tourist expenditure and length of stay, together with the prop-
erties of the econometric model with dependence. A bivariate model incorporating
the covariates derived is provided in “Bivariate regression model for (X, N) based
on conditionals”.Section “Empirical analysis” then presents the empirical analysis
performed and the results obtained. Finally, “Conclusions” summarises the main
conclusions drawn.

Low-cost carriers operating in the Canary Islands

Located over 1,100 kilometres south of mainland Spain, the Canary Islands have
long been a popular winter sun destination for Northern European leisure travellers,
especially those from the UK and Germany.

The growth in annual visitors to the Canary Islands, from 12 million in 2010 to
18 million in 2018, has been facilitated by emerging air service markets and by the
use of a new route incentive fund (the Flight Development Fund) to support new air
links in targeted markets, thus promoting the diversification of source markets and
significant growth in arrivals from other origins, such as France, Italy and Poland.

The growing presence of low-cost carriers (LCCs) has given rise to a new business
market model, with lower prices and greater competition among airlines (among full-
service carriers, FSCs, too), facilitated by the advance of the Internet, which enables
tourists to buy flights online, easily, quickly and more economically.

The expansion in LCC activity in the tourism market has had significant, positive
effects, both direct and indirect, on the Spanish economy (Rey et al., 2011).2

The number of passengers at the five airports (Fuerteventura, Lanzarote, Gran
Canaria, Tenerife Sur and Tenerife Norte) serving the seven main islands of the
archipelago has grown considerably in recent years. An important element of this

2For an analysis of LCC effects on air transport demand for tourists visiting Spain, see Aguiló et al. (2007),
and Rey et al. (2011).
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expansion is the advance of specialist charter carriers, whose typically larger capac-
ity aircraft have enabled them to counterbalance the islands’ distance from the main
international travel markets and thus to dominate the market, overtaking the major
LCCs that operate within Europe. Among the 17 Spanish autonomous communi-
ties (i.e., self-governing regions), Catalonia, in mainland Spain, attracted most LCC
passengers in the first two months of 2017, followed by the Canary Islands.

Many carriers, including LCCs, operate more than one daily flight to the Canary
Islands and large numbers of direct flights arrive from all over Europe. Las Palmas,
on the island of Gran Canaria, is the busiest of the Canary Islands airports, and has
handled in excess of ten million passengers in each of the last three years. The next
busiest is Tenerife Sur, where eight to nine million passengers arrive every year.

One of the largest international LCCs operating in the Canary Islands is Ryanair,
which has been among the main drivers of the archipelago’s enhanced connectivity,
together with Monarch, Norwegian, Vueling, easyJet and Germanwings.

Figure 1 shows the year-on-year variation in the volume of passengers flying to the
Canary Islands in the period 1999-2019, including FSCs, LCCs and charter flights,
and both international and mainland Spanish travellers. The figure highlights a sig-
nificant feature of the patterns observed, namely that airline passenger numbers with
FSCs and LCCs increased during the study period, while those of charter passen-
gers fell. It is noteworthy that LCC passenger numbers have continued to rise and,
in some cases, have overtaken those of the FSCs. In 2017, for example, according to
the Tourist Expenditure Survey conducted by the Government of the Canary Islands,
LCCs accounted for around 53% of all flights to the islands. In the first quarter of
2006, this share was only 19.88%, rising to 38.53% by the first quarter in 2014 see
Eugenio-Martin and Inchausti-Sintes (2016). This pattern of growth clearly reflects
the changing market structure and underlines the growing importance of LCCs in the
Canary Islands destination market. The trend appears to be continuing, and estimates
suggest that in 2017 as a whole, LCCs had 59% of the total market.

To our knowledge, only Eugenio-Martin and Inchausti-Sintes (2016) have investi-
gated the factors relevant to tourist travel by LCC passengers to the Canary Islands.
These authors studied tourist expenditure at origin and at destination, but did not con-
sider the length of stay or the relation between length of stay and expenditure, taking
into account differences between the types of airline used.

Bivariate distribution based on conditional expectation

Various econometric methods have been used to analyse tourist expenditure and
length of stay, for example linear regression analysis and ordinary least squares
(OLS)estimates. Length of stay has also been analysed using non-parametric and
parametric duration (survival) analysis (Martı́nez-Garcı́a & Raya 2008, 2011), among
others. In the present paper, however, we focus on bivariate distributions based on
conditional expectations.

In this section, we propose a non-linear bivariate model of tourist expenditure and
length of stay which takes into account positive dependence between these variables.
The model is built using a characterisation by conditional expectations, creating a
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Fig. 1 Time path for airline (regular) and charter (non–regular) passengers to the Canary Islands (1999-
2019). Source: Instituto Canario de Estadı́stica, ISTAC)

class of bivariate distributions such that the conditional distributions belong to a
specified exponential family.

Multivariate distributions can be specified through their conditional distributions
rather than directly.3 These conditional methodologies are comprehensively dis-
cussed in Arnold et al. (2001). If we assume that conditional distributions belong to
certain parametric families of distributions, the joint distribution can be obtained as
described in Arnold et al. (1999).4 To obtain the joint distribution, it is first necessary
to determine the resolution of certain functional equations, which facilitates highly
flexible multiparametric distributions. As Arnold and Strauss (1991) point out, when
we wish to specify a bivariate distribution it is sometimes convenient to visualise con-
ditional distributions rather than marginal or joint distributions. In this context, it is
useful in statistical modelling to have tractable multivariate distributions with given
marginals in order to quantify the dependence effect of the variables in the model.
Therefore we present this possibility, using given conditional distributions.

Accordingly, let us assume that tourist expenditure is represented as a random vari-
able X and that the length of stay is also random, and denoted by N . We now wish
to obtain the more general bivariate distribution (X, N) whose conditional distribu-
tions satisfy the following conditions based on expenditure conditional to the length
of stay and also on the length of stay conditional to expenditure.

On the one hand, the expense incurred by an individual tourist at the destination
depends on the length of stay see for example, Thrane (2014) and Pérez-Rodrı́guez
and Ledesma-Rodrı́guez (2019). That is, if X|N = n is the expenditure conditional

3To do this, the dependence structure can be modelled using bivariate copulas or other mathematical and
statistical methods such as conditional distributions or mixing distributions.
4See also Arnold and Strauss (1991) for an introduction to this topic, and for applied works in this setting,
see Sarabia et al. (2004), Sarabia et al. (2005), and Gómez-Déniz and Calderı́n (2014), among others.
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to N = n days spent at the destination, the expectation of the expenditure is linearly
dependent on the length of stay. Hence,

E(X|N = n) = α1 + α2n, α1 > 0, α2 > 0. (1)

According to expression (1), assuming that n takes values within the set of integer
numbers {1, 2, . . . , n} there is a minimum expense given by α1 + α2 in the case of a
single-day stay. This expense increases as the length of stay increases.

On the other hand, it also seems logical to assume that the number of days spent
at a tourist destination will depend on the amount spent by the tourist. For example,
Hellström (2006) observed that the choice of the total number of nights spent at a des-
tination is conditioned by the financial cost of travel and the financial cost incurred
per day at the destination, among other factors. Hence,

E(N |X = x) = α3x, α3 > 0. (2)

Note that Eq. 1 has an intercept but Eq. 2 does not. Apart from facilitating the
construction of the mathematical model obtained from Eq. 2, it seems obvious that an
initial expenditure of near-zero monetary units implies that the mean length of stay,
and therefore the conditional mean, will also be close to zero.

In the present study, we seek to construct a bivariate distribution that satisfies
the above conditions, taking into account that models constructed in this way are
usually subject to the difficulty that both the marginal distributions and the joint
distribution depend on a normalisation constant that is sometimes impossible to
derive in a closed-form expression. In this respect, see for instance (Moschopoulos
& Staniswalis, 1994). This difficulty is especially acute in the case we consider, in
which one of the two variables is continuous and the other discrete.

A discrete random variable is said to follow a shifted Poisson distribution with
parameter λ > 0 if its probability function (pf) is written as

fN(n) = Pr(N = n) = λn−1 exp(−λ)

Γ (n)
, n = 1, 2, . . . (3)

In the following, N ∼ SPo(λ) denotes a random variable following a shifted
Poisson distribution with a pf as given in Eq. 3. Moreover, a continuous random vari-
able follows a gamma distribution with shape parameter ζ > 0 and scale parameter
β > 0 if its probability density function (pdf) is expressed as

fX(x) = βζ

Γ (ζ )
xζ−1 exp(−βx). (4)

In this case, X ∼ G(ζ, β). More flexible distributions than those given in Eqs. 3
and 4 can also be considered. For example, it can easily be confirmed that the rela-
tionship between the variance and the mean (dispersion index) for the shifted Poisson
distribution is less than 1, which is undesirable for modelling the empirical dis-
tribution of the length of stay variable. In this case, the shifted negative binomial
distribution could be used instead (3). For the distribution given in Eq. 4, the Weibull
could also be used, although the method employed to obtain the bivariate distribution
would have to be modified, since this distribution is not a member of the exponential
family of distributions (see [Chapter 4, p. 88]arnoldetal1999 for details).
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The following result provides the most general bivariate distribution with condi-
tionals as given in Eqs. 5–6.

Theorem 1 Assume that

X|N = n ∼ G(σ (n), η(n)), (5)

N |X = x ∼ SPo(ϕ(x)) (6)

for given functions ϕ(x) : R
+ −→ R

+, σ(n) : N
∗ −→ R

+ and η(n) : N
∗ −→

R
+, being N

∗ = {1, 2, . . . }. Then, the most general bivariate distribution with
conditionals given in Eqs. 5–6 is given by

fX,N(x, n) = 1

xΓ (n)
exp

{
m00 + m10n

∗ − (m01 + m11n
∗)x

+(m02 + m12n
∗) log x

}
, (7)

for x > 0, n = 1, 2, . . . , where n∗ = n − 1, m01 > 0, m02 ≥ 0, m10 ≥ 0, m11 ≥ 0,
m12 ≥ 0 and the parameter m00 is the normalising constant, which is a function of
the remaining parameters.

Proof Observe that the conditional distributions given in Eqs. 5–6 can be rewritten as

fN |X(N |X = x) = 1

Γ (n)
exp {−(n − 1) log ϕ(x) − ϕ(x)} ,

fX|N(X|N = n) = η(n)σ(n)

Γ (σ (n))
exp {−η(n)x + (σ (n) − 1) log x} ,

i.e. as members of the exponential family of distribution. Then the result is a sim-
ple particular case of Theorem 4.1 in Arnold et al. (1999). That is, the bivariate
distribution has the following form,

fX,N(x, n) = 1

xΓ (n)
exp

⎧
⎨

⎩
(1 n − 1)MMM

⎛

⎝
1

−x

log x

⎞

⎠

⎫
⎬

⎭
, (8)

where x > 0, n = 1, 2, . . . and MMM = (mij ) i=0,1
j=0,1,2

is a matrix with dimension 2 × 3

whose elements are constant parameters m01 > 0, m02 ≥ 0, m10 ≥ 0, m11 ≥ 0,
m12 ≥ 0, m00 is the normalising constant given by

m00 = − log
∫ ∞

0

∞∑

n=1

xm02+m12n
∗−1

Γ (n)
exp

{
m10n

∗ − (m01 + m11n
∗)x

}
dx (9)

and

σ(n) = m02 + m12n
∗, (10)

η(n) = m01 + m11n
∗, (11)

ϕ(x) = exp {m10 − m11x + m12 log x} . (12)

Hence the Theorem.
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The normalising constant given in Eq. 9 can also be obtained from one of the
conditional distributions given in Eqs. 5–6.

Thus, the conditional distribution (5) of X given N is gamma with the parame-
ters given in Eq. 10–11 and the conditional distribution (6) of N given X is shifted
Poisson with the parameter (12). The distribution obtained when the conditional
distributions are Poisson and gamma was initially considered by (Arnold et al.,
1999, Chapter 4, p. 98) but the distribution described in Eq. 7, as far as we know, has
not been studied in the statistical literature.

From Eq. 9, it is clear that computing the normalising constant may be difficult
or even impossible. However, a univariate integration rule can sometimes be used to
obtain Eq. 9. In this case, Gauss-Hermite rules see for instance (Davis & Rabinowitz,
1984) could be used to approximate the normalising constant. Nevertheless, an appro-
priate choice of the parameter could enable us to obtain a closed-form expression for
the normalising constant. For example, the case m11 = m12 = 0 corresponds to that
in which N and X are independent and the marginal distributions are shifted Poisson
and gamma as in Eqs. 3 and 4, respectively. The case m10 = m11 = 0, m12 = 1 also
provides a closed model with conditional mean E(X|N = n) in the form of Eq. 1
but with the conditional mean of N given X = x, which results in x. The third sub-
model, which we consider in this analysis, is obtained for m11 = 0 and m12 = 1
from which the conditional means are of the type of Eq. 1 and 2 and thus suitable for
our purpose.

In order to simplify the notation, we take m02 = α, m01 = β and m10 = log(β −
γ ), with β > γ . Then, the bivariate distribution given in Eq. 7 can be rewritten as

fX,N(x, n) = (γ x)α[x(β − γ )]n−1 exp(−βx)

xΓ (n)Γ (α)
, x > 0, n = 1, 2, . . . (13)

Note that the bivariate distribution (13) has marginal distributions, one with
continuous support and the other discrete. This type of bivariate distribution is
uncommon in theoretical and applied statistical literature, allowing us to model phe-
nomena that are not common in practice but which do occur, as in the present case.
See for example, (Kotz et al., 2000), (Spanos, 1999) and (Gómez-Déniz & Calderı́n,
2014). Marginal, conditional distributions and marginal moments are detailed in the
Appendix. The population correlation between the two variables is

�(X, N) =
√

1 − γ

β
,

which is always positive and bounded between 0 (γ ≈ β) and 1 (γ ≈ 0). Thus,
parameter γ controls the dependence or independence of the model.

Observe (see the Appendix) that with the assumption of these two conditional
distributions expressions (1) and (2) are guaranteed.

Both the moment method and the maximum likelihood method appear to be fea-
sible means of estimating the vector of parameters φφφ = (α, β, γ ) of the distribution
through sample observations, as shown in the Appendix.

Using a sample from the bivariate distribution, hypothesis testing can be per-
formed with the parameters α, β and γ . We may also be interested in determining
when the model might depend only on two parameters, i.e. for example when
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β = γ + 1. In this case, (from the equations provided in the Appendix) the vector φφφ

can be estimated with the constraint that β = γ + 1. If we represent the new vector
by φφφ∗, the critical region for the null hypothesis H0 : β = γ + 1 is given by

2
[
(φ̂̂φ̂φ; (x̃, ñ)) − (φ̂∗̂φ∗̂φ∗; (x̃, ñ))

]

which asymptotically has a χ2-squared distribution with one degree of freedom.

Bivariate regressionmodel for (X , N) based on conditionals

In this section, we introduce a more realistic model in which covariates are included.
The linear regression model, which makes no distributional assumptions, is likely to
be unsatisfactory because certain combinations of parameters and regressors could
violate the nonnegative restriction on the mean. To avoid this situation we propose
a parametric model based on using the distributional assumptions presented in the
previous section.

When a regression analysis is to be performed, it is often useful to model the
mean of the response, which in the present case is the marginal mean. In Eq. 13 α is
replaced by γμ1 and β is replaced by γ + (μ2 − 1)/μ1, where μ1 > 0 and μ2 ≥ 1.
Then, the pdf (13) can be rewritten as

f (x, n) = (xγ )γμ1

xΓ (n)Γ (γμ1)

(
x(μ2 − 1)

μ1

)n−1

exp

[
− x

μ1
(μ2 + γμ1 − 1)

]
, (14)

for which E(X) = μ1 and E(N) = μ2. After this reparameterisation we also obtain
the cross moment, the covariance and the correlation, which are given by

E(XN) = μ1μ2 + 1

γ
(μ2 − 1),

cov(X, N) = μ2 − 1

γ
,

�(X, N) =
√

μ2 − 1

γμ1 + μ2 − 1
,

respectively, and therefore the pdf given in Eq. 14 is appropriate for including covari-
ates. We write (X, N) ∼ BGSPoC(γ, μ1, μ2) to denote a bivariate random variable
(X, N) following the pdf given in Eq. 14. This bivariate distribution satisfies the con-
dition that the conditional distributions are gamma and shifted Poisson. Graphs of the
density function for different parameter values and their corresponding contour plots
are shown in Fig. 2, revealing the presence of a wide range of densities.

Now, let yyyi = (y1i , . . . , yki)
′ and zzzi = (z1i , . . . , zki)

′ be two vectors of k covari-
ates associated with the ith observation. These are two vectors of linearly independent
regressors that are thought to determine (x, n). For the ith observation, the model
takes the form

(Xi, Ni) ∼ BGSPoC(γ, μ1i , μ2i ),

log(μ1i ) = yyy′
iδδδ,

log(μ2i − 1) = zzz′
iηηη,
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Fig. 2 Graphs of pdf for the bivariate distribution f (x, n) in Eq. 14 and the corresponding contour plots.
From top to bottom (μ1, μ2, γ ) are given by (25, 15, 0.5), (50, 25, 0.25) and (50, 15, 1), respectively

for i = 1, . . . , t and where t denotes the number of observations and δδδ =
(δ1, . . . , δk)

′ and ηηη = (η1, . . . , ηk)
′ the corresponding vectors of regression coeffi-

cients. In principle, each of the variables, X and N , can be influenced by different
factors, hence the explanatory variables that are taken to explain μκi , κ = 1, 2, are
not the same. Furthermore, observe that the logit link assumed ensures that μ1i falls
within the interval (0, ∞) and μ2i within the interval (1, ∞).
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Under this model the log-likelihood function takes the form given in the Appendix,
in which the normal equations used to provide the estimators of the parameters are
also shown. These are given in almost closed-form expression. The above model
has the advantage of simplicity, in contrast to the normal equations, which require
the use of the digamma function, ψ(z) = d

dz
log(Γ (z)), z > 0, to estimate the

model parameters. Therefore, it is convenient to replace this derivative by using the
approximation given by Eq. 22, shown in the Appendix.

Empirical analysis

Data

The database used was obtained from the 2017 Canary Island Tourist Expenditure
Survey (Encuesta de Gasto Turı́stico). This survey is based on personal interviews
with tourists on departure (i.e., domestic and foreign tourists and day-trippers who
enter the Canaries at the airport) and is carried out by the Canary Islands Insti-
tute of Statistics (ISTAC). It provides information about tourists’ total expenditure
in the Canary Islands (composed of Gran Canaria, Fuerteventura, Lanzarote, Tener-
ife, La Palma, Gomera and Hierro). Many nationalities are represented, including
visitors from mainland Spain, and from Germany, Austria, Belgium, Denmark, Fin-
land, France, Netherlands, Ireland, Italy, Norway, Poland, Portugal, United Kingdom,
Czech Republic, Russia, Sweden, Switzerland, Luxembourg and Others. In this
study, we consider both package and non-package tourists, who stay for at least
one night and for no more than 180 consecutive nights, and travel to the islands by
LCC or FSC.5 After filtering this database to exclude data with missing values and
non-response, 22921 observations remained.

The following variables were included in the analysis:

1. Length of stay (number of days) in the Canary Islands.
2. Expenditure in the country of origin (i.e., flights and accommodation) and at

the destination (e) on items such as restaurants, leisure and transport within the
Canary Islands.

3. Low-cost carrier (LCC). A dummy variable which takes the value 1 if the tourist
visit was made using a low-cost carrier, and 0 otherwise (traditional airlines or
full-service carriers).

4. Household income. Two income variables are considered: High income, which
takes the value 1 for incomes greater than 72001 euros, and medium income, which
takes the value 1 for incomes between 24001 and 72000 euros, and 0 otherwise.

5. Travel party size. The number of persons composing the holiday package paid
for in the country of origin.

6. Repetition. This dummy variable takes the value 1 if the respondent has
previously visited the Canary Islands and 0 otherwise.

7. Age of the survey respondent.

5It is noteworthy that 99.28% of the tourists in the sample stayed for less than 30 nights.
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8. Nationality. A dummy variable which takes the value 1 for the i-th country,
and 0 otherwise. The individual countries considered are Germany, Austria, Bel-
gium, Denmark, mainland Spain, Finland, France, Netherlands, Ireland, Italy,
Norway, Poland, Portugal, United Kingdom, Czech Republic, Russia, Sweden,
Switzerland and Luxembourg. The reference category is Other countries.

9. Non–hotel accommodation. A dummy variable which takes the value 1 if the
tourist accommodation is other types of accommodation, such as the tourists’
own property, or which belongs to friends or family, or campsites or apartments,
and 0 otherwise. The reference category represents a 1 to 5-star hotel/aparthotel.

Table 1 shows descriptive statistics for tourist expenditure and length of stay,
together with several explanatory variables associated with the filtered database, and
distinguishing between FSC and LCC users. LCCs were used by 53% of all respon-
dents. Among these LCC users, the average tourist spent around 1638 euros in the
country of origin, and the travel party was composed of two persons. The respon-
dents’ average age was 43 years, and 72.30% had visited the Canary Islands at least
once before. This Table 1 also includes the bias and kurtosis values for the variables
length of stay and tourist expenditure (origin and destination). The positive value of
the first and the large value of the second for all variables in both cases suggests
an empirical distribution which is highly skewed and has a long right tail. These
properties should be taken into account in the empirical modelling.

To obtain the bivariate models, total expenditure (X) was taken as the total expen-
diture in the country of origin plus total expenditure in the Canary Islands. The total
expenditure is then expressed in natural logarithms. The results obtained indicate
lower total expenditure and shorter stays for LCC passengers.

The equality of the two samples was analysed by non-parametric statistical tests,
taking into account the LCC variable, thus distinguishing between FSCs and LCCs.

We tested the null hypothesis that the samples are equal for X and length of stay
given LCC = 0 and LCC = 1, respectively. The non-parametric tests used (see
Table 2) were the two-sample Kolmogorov-Smirnov (K-S) test for equality of dis-
tribution functions, the Kruskal-Wallis (K-W) equality-of-populations rank test and
the two-sample Wilcoxon (W two sample) rank-sum test. In all cases, the results
obtained lead us to reject the null hypothesis. For example, the W statistic is equal to
26.745 (p-value equal to 0.00). The same test was applied to the length of stay vari-
able, producing a value of 18.420 (p-value equal to 0.00). Therefore, the LCC and
FSC samples are not equal and represent differences between the tourists, according
to all tests. This result is in line, at least for total expenditure, with Ferrer-Rosell and
Coenders (2017), who reported that users of the two airline types diverge with regard
to total trip expenditure. This conclusion was based on a statistical analysis method
termed compositional analysis with a total to determine which variables affected the
total expenditure of LCC users, among others.

Model estimates

In this section, we show the results obtained for two bivariate regression models,
one with covariates and one without. In this study, all estimation procedures were

643Spending and LoS by FSC and LCC users at the Canary Islands...



Ta
bl
e
1

D
es

cr
ip

tiv
e

st
at

is
tic

s
fo

r
al

lt
ou

ri
st

s
di

st
in

gu
is

hi
ng

be
tw

ee
n

L
C

C
an

d
FS

C
pa

ss
en

ge
rs

L
C

C
FS

C

V
ar

ia
bl

es
M

ea
n

St
an

da
rd

de
vi

at
io

n
Sk

ew
ne

ss
K

ur
to

si
s

M
ea

n
St

an
da

rd
de

vi
at

io
n

Sk
ew

ne
ss

K
ur

to
si

s

L
en

gt
h

of
st

ay
8.

25
ni

gh
ts

6.
09

ni
gh

ts
11

.1
8

23
1.

03
9.

08
ni

gh
ts

6.
40

ni
gh

ts
9.

16
15

1.
76

E
xp

en
di

tu
re

:o
ri

gi
n

16
38

.9
5e

13
87

.0
5e

2.
70

18
.7

0
21

68
.3

5e
15

32
.7

9e
2.

29
14

.6
9

E
xp

en
di

tu
re

:C
an

ar
y

Is
la

nd
s

72
8.

53
e

73
6.

24
e

5.
10

80
.8

8
74

2.
59
e

34
71

.5
5e

s
95

.4
4

96
09

.4
6

H
ig

h
in

co
m

e
39

.2
3%

–
–

–
42

.3
5%

–
–

–

M
ed

iu
m

in
co

m
e

20
.3

9%
–

–
–

24
.7

4%
–

–
–

N
on

–h
ot

el
ac

co
m

m
od

at
io

n
11

.8
0%

–
–

–
7.

02
%

–
–

–

R
ep

et
iti

on
72

.3
0%

–
–

–
76

.9
0%

–
–

–

T
ra

ve
lp

ar
ty

si
ze

2.
40

pe
rs

on
s

1.
24

pe
rs

on
s

–
–

2.
40

pe
rs

on
s

1.
14

pe
rs

on
s

–
–

A
ge

of
th

e
re

sp
on

de
nt

(y
ea

rs
)

42
.8

2
13

.6
2

–
–

46
.9

2
13

.9
5

–
–

O
bs

er
va

tio
ns

12
20

3
–

–
–

10
71

8

N
um

be
r

of
to

ur
is

ts
af

te
r

da
ta

cl
ea

ni
ng

22
92

1

Fi
lte

re
d

da
ta

ba
se
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Table 2 Non-parametric test results for length of stay and expenditure at origin and destination

Variable K-S for p-value K-W p-value W for p-value

two-samples two-samples

Length of stay (N ) 0.1158 0.00 311.02 0.00 18.420 0.00

Expenditure at origin 0.1614 0.00 715.28 0.00 26.745 0.00

and destination (X)

conducted using the Wolfram Mathematica (v. 12.0) and RATS (v. 7.00) packages. In
the latter case, the approximation given in Eq. 22 was used, obtaining the same results
as those obtained with Mathematica). For further information on these packages, see
Ruskeepaa (2009) and Brooks (2009).

Distinguishing between LCC and FSC passenger behaviours, in amodel
without covariates

Table 3 shows estimates of μ̂1, μ̂2, γ̂ , �̂(X, N) and p-values for the model estimated
without covariates. The table also shows the maximum value for the logarithm of
likelihood and the number of observations in each case. Total expenditure and length
of stay results are shown for all tourists, and also for LCC and FSC users, separately.

Figures 3 and 4 show the sample (empirical) and estimated bivariate distributions,
respectively. The estimated distribution was obtained from the marginal distributions
with the parameters estimated by maximum likelihood, as shown in Table 3 for all
tourists, and for LCC and FSC users. In general, as can be seen without performing
any test, the curves obtained have similar patterns to those obtained empirically.

All parameters are statistically significant at 1% for all tourists and also for LSC
and FSC users, considered separately.

The parameter γ̂ is statistically different from zero, indicating the existence
of dependence between expenditure and length of stay. The estimated correlation

Table 3 Maximum likelihood estimates under the bivariate model without covariates

All tourists LCC FSC

Parameter Estimate p-value Estimate p-value Estimate p-value

μ̂1 7.642 0.00 7.5263 0.00 7.7742 0.00

μ̂2 8.634 0.00 8.2457 0.00 9.0765 0.00

γ̂ 13.980 0.00 12.7329 0.00 16.9769 0.00

�̂(X,N) 0.2582 0.2652 0.2401

max -97096.30 -51485.56 -45013.99

Sample correlation 0.2810 0.2714 0.2819

Observations 22921 12203 10718
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Fig. 3 Empirical smooth distribution (left) and fitted distribution (right) for N and X. All tourists

between the two variables, �̂(X, N), is low and very similar in all cases. This esti-
mated correlation is close to the empirical Pearson correlation, found to be 0.2714
for LCC users and 0.2819 for FSC users.

The mean values for expenditure and length of stay, μ̂1 and μ̂2, are higher for FSC
than for LCC users. This was expected because, as shown in Table 1, the estimated
mean for these variables presents the same characteristic.

The main conclusion drawn from these data is that, on average, FSC users spend
longer in the Canary Islands than LCC users, and that our model replicates this
empirical finding reasonably well. We also recorded statistically significant differ-
ences between FSC and LSC users, in that the null hypothesis for the tests of equality
was rejected in all three cases, indicating that both the mean and the dependence
parameters differ according to the type of airline used. This result corroborates the
divergence found by Ferrer-Rosell and Coenders (2017) in the case of expenditure in

Fig. 4 Empirical smooth distribution (left) and fitted distribution (right) for N and X corresponding to
LCC users (above) and FSC (below), respectively
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Spain, extending it to the length of stay in the Canary Islands. Policy makers are able
to implement policies focused on LCC users because FSC visitors spend more and
make longer stays in the archipelago. Accordingly, if we wish to promote more visits
by LCC tourists, perhaps a larger share of the marketing budget should be dedicated
to this segment of the market.

Impact of the LCC variable onmean expenditure and duration

In this section we evaluate the validity of the bivariate regression model when covari-
ates are included. In this case, instead of estimating a bivariate regression taking into
account two models, one for LCC users and the other for FSC users, we estimate
a single model including the LCC variable between regressors affecting the mean
values of both variables.

Table 4 shows the results obtained for the model with covariates (105 parame-
ters simultaneously estimated), including the LCC dummy variable, together with
other determinants as controls which simultaneously affect both tourist expendi-
ture and length of stay, such as certain individual characteristics (income, age and
nationality) and certain vacation characteristics (repeated visit, travel party size, and
type of accommodation). Most of these variables were also used by Ferrer-Rosell
and Coenders (2017). The table also shows the multiplicative effects (interactions)
of LCC with all other factors, in an approach previously taken by Eugenio-Martin
and Inchausti-Sintes (2016), thus simultaneously analysing the expenditure at ori-
gin and at destination (i.e., total expenditure). This method enables us to distinguish
the effects of LCC and FSC tourists, considered separately, on total expenditure and
length of stay.

The results obtained show that many parameters are statistically significant at 5%.
In particular, the coefficient for the LCC variable is negative and not statistically

significant for total expenditure but positive and statistically significant for length
of stay. These results indicate that LCC users spend longer at their destination than
FSC users, but that there are no differences in total expenditure between LCC and
FSC users. In general, our results are in line with those of recent empirical literature,
according to which there are differences between LCC and FSC users regarding the
determinants of length of stay (Ferrer-Rosell et al., 2014), and Gómez-Déniz and
Pérez-Rodrı́guez (2019), although the latter authors observed a negative effect of
LCC use. However, our results contrast with those of recent literature on expenditure;
for example, Ferrer-Rosell et al. (2015) reported finding differences in this respect
between FSC and LCC passengers.

The following observations were made for the remaining variables representing
controls such as individual and vacation characteristics that may influence tourists’
total expenditure and length of stay. To our knowledge, this study is the first to make
use of this methodology in the field considered, which means that our results cannot
be compared directly with previous findings in this area.

As concerns the individual characteristics addressed, the following points are of
interest. Firstly, income is a key variable in any model of tourist demand. Because our
income variable is categorical, we include two categories: high and medium income,
for which the reference category is low income. In our results, high income had a
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stronger positive effect on total expenditure than medium income. For FSC users, this
parameter is positive and statistically significant for total expenditure, and negative
for length of stay. However, the parameters are not statistically significant for LCC
users, except for high income, which is positive in the length of stay equation, indi-
cating that these tourists stay for longer at their destination. In general, we conclude
that significant differences are only observed between FSC and LCC users for high
income and for length of stay, not for total expenditure.

Another significant factor is that of the tourists’ age, which has a positive and
statistically significant effect on both variables for FSC users, while for LCC users it
is negative and significant for length of stay. Therefore, there are differences between
FSC and LCC users for length of stay, with a greater impact being observed among
FSC users than LCC users. In other words, LCC users stay for longer in the Canary
Islands than do FSC users.

In general, the coefficients for the nationality dummy variables reflect a negative
and statistically significant effect for FSC users both for total expenditure and for
length of stay, with the exception of Russian tourists, for whom it is positive in both
cases. However, in most cases the effect of nationality is not statistically significant
at the 5% level for LCC users, with the exception of tourists from Germany, Austria,
Denmark, Finland, Norway and Russia for length of stay, and from Norway and
the Czech Republic for total expenditure. Overall, these results show that for most
nationalities there are no differences between FSC and LCC in total expenditure, but
there are some for length of stay.

As regards vacation characteristics, the following results were obtained.
The non–hotel accommodation variable represents the availability of second

homes and/or the free accommodation provided by relatives and friends. This vari-
able is included in our analysis in order to control for this type of accommodation,
taking into account that 0.072% of the observations in our sample reflect stays of
more than 30 nights and therefore are potentially distorting (see Figure 3). The moti-
vations and characteristics of these visitors differ sharply from those of tourists in
paid-for accommodation (the majority), who mainly stay for one or two weeks.
Their inclusion, therefore, could lead to misleading results in the comparison of pat-
terns of total expenditure and length of stay between LCC and FSC passengers. The
parameters of this variable are negative for FSC users for total expenditure and neg-
ative for length of stay, and are statistically significant at 5%. However, for LCC
users, the negative parameters for expenditure and length of stay are only statistically
significant at 5% and 10%, respectively. For LCC users, this corresponds to a reduc-
tion in total expenditure and length of stay, in both cases. In summary, this type of
accommodation decreases the total expenditure of both FSC and LCC users, but the
length of stay is increased for FSC users and decreased for LCC users. Accordingly,
differences exist between the two types of visitors with respect to this variable.

The ‘repeated visit’ variable is included in the view that it exerts a crucial influence
on the visitors’ image of the destination. Our study results indicate that repeated visits
produce a positive and statistically significant impact on the length of stay of FSC
users. However, the same variable has a negative and statistically significant effect
(at 10%) on the expenditure of LCC users. This finding highlights the existence of a
difference in this respect between FSC and LCC users.
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Finally, the travel party size has a positive and statistically significant effect on the
total expenditure and length of stay of FSC users. For LCC users, however, the same
variable has a negative impact in both respects. This result is in line with our expec-
tations, since LCC passengers normally face more severe budgetary restrictions. In
summary, the size of the travel group produces differences between LCC and FSC
users regarding length of stay (shorter by LCC users) but not for total expenditure.

Conclusions

In this study, a simultaneous analysis is performed of the differences between LCC
and FSC users with respect to the impact produced on total expenditure and length
of stay by visitors to the Canary Isles. To do so, we created a bivariate model based
on the conditional distributions technique described by Arnold et al. (1999) to simul-
taneously model expenditure and length of stay and to account for dependence. In
addition, we formulated a bivariate regression model based on conditionals, which
allowed us to consider covariates.

These models were validated and the differences between LCC and FSC users analysed
by reference to data obtained from the 2017 Canary Islands Tourist Expenditure Survey.

Our results for the model without covariates indicate that FSC users visiting the
Canary Islands spend more and stay longer than LCC users. Our model replicates the
empirical data reasonably well.

However, when covariates are included in the bivariate regression model, the
results also reflect other interesting aspects. In general, our results do not reveal
the type of convergence between FSC and LCC users that Ferrer-Rosell and Coen-
ders (2017) observed using a different statistical methodology. In fact, we found
tangible differences between the behaviour patterns of the two groups. In our view,
these differences arise from the existence of interactions between the LCC vari-
able and the explanatory factors of total expenditure and length of stay, for which
many coefficients are statistically significant. For example, we recorded clear dif-
ferences between LCC and FSC users when they stay in non–hotel accommodation,
with the first group of visitors spending less in total total and staying less time at
their destination. For the other factors considered, the results obtained are mixed.
For example, in terms of personal income, only the visitors classed as ‘high income’
present significant differences between LCC and FSC users, with the former spend-
ing longer at their destination. LCC users who make repeated visits to the Canary
Isles spend less in these repeated visits, in comparison with FSC users. This is so
because the coefficient of the “repeated visit” variable is statistically significant at
10% in the expenditure equation for LCC users. However, there are no statistically
significant effects for LCC users in terms of the length of stay equation (because the
coefficient is not statistically significant). Moreover, there are differences (at 10%
significance)between LCC and FSC users in terms of the relation between travel
party size and length of stay. These differences arise from the fact that the larger the
group size, the shorter the length of stay. However, no such difference is observed
with respect to the relation between travel party size and expenditure. A similar pat-
tern is apparent as concerns the impact of LCC vs. FSC use, in that this difference
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impacts on the relation between age and length of stay, but not on that between age
and expenditure. Finally, regarding nationality, in general, there are no significant
differences between LCC and FSC users in terms of the relation between this factor
and total expenditure, although differences exist for some nationalities with respect
to the length of stay.

The study results we present have certain policy implications, suggesting that hotel
managers and policy makers should focus on the profile of airline users in order to
target their marketing policies more effectively, and thus increase tourist spending
and length of stay in the Canary Islands. For example, it should be taken into account
that some high-income tourists travel by LCC and stay for longer than FSC users. In
other words, LCC users are not necessarily low-income visitors.

Furthermore, when the age is increased by one year, LCC tourists are more likely
to reduce the length of their stay than are FSC users. This finding suggests that older
LCC tourists should not be a priority target for tourism marketing policies.

Finally, hotel managers and policy makers should also consider marketing policies
focused on the visitors’ country of origin, aimed at increasing the average length of stay.

In summary, although the model presented reflects the expenditure and length-
of-stay patterns of low-cost tourists reasonably well, it does have an important
limitation, concerning the linear formulations corresponding to the conditioned
means, which should perhaps be relaxed to make the model more flexible. However,
if this were done, it would not be possible to obtain the normalisation constant cor-
responding to the bivariate distribution in a closed form. To do so, the model would
have to be estimated using methods other than those discussed in this paper, possi-
bly based on the pseudolikelihood approach or on Bayesian methods using Monte
Carlo and WinBugs techniques. For a more detailed analysis of these questions, see
for instance (Arnold et al., 2001) and (Arnold & Strauss, 1988).
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Appendix A

A.1 Marginal, conditional distributions andmarginal moments

The marginal distributions of X and N are given by

X ∼ G(α, γ ), α > 0, β > γ, γ > 0, (15)

N ∼ SNB
(

α, p = γ

β

)
, α > 0, β > γ, γ > 0, (16)
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where SNB refers to the shifted negative binomial distribution. That is,

fX(x) = γ α

Γ (α)
xα−1 exp(−γ x), x > 0, (17)

fN(n) =
(

α + n − 2

n − 1

) (
γ

β

)α (
1 − γ

β

)n−1

, n = 1, 2, . . . (18)

The marginal distribution of N is obtained by integrating (13) with respect to x

in the support (0, +∞) and the marginal distribution of X is calculated by summing
(13) with respect to n in the support {1, 2, . . . }.

Furthermore, it is readily apparent that the marginal means and variances are given
by

E(X) = α

γ
, var(X) = α

γ 2
,

E(N) = 1 + α

γ
(β − γ ), var(N) = αβ(β − γ )

γ 2
,

while the cross moment of X and N is

E(XN) = α

γ 2
[β + α(β − γ )].

Simple calculations provide the covariance, given by

cov(X, N) = α(β − γ )

γ 2
,

which is always positive.
The conditional distribution of X given N = n is G(σ (n), η(n)), where

σ(n) = α + n − 1,

η(n) = β

and the conditional distribution of N given X = x is SPo(ϕ(x)), with ϕ(x) =
(β − γ )x. Observe that with the assumption of these two conditional distributions
expressions (1) and (2) are guaranteed.

A.2 Estimation of the parameters

Here, we derive estimators based on the moments method and on maximum like-
lihood for the model with and without covariates, and also provide closed-form
expressions for the Fisher information matrix.

A.3 Estimation of the model without covariates

Let us first consider the case of the model with no covariates. If

(x̃, ñ) = {(x1, n1), (x2, n2), . . . , (xt , nt )}
is a sample obtained from the distribution (14) and x̄ = (1/t)

∑t
i=1 xi , n̄ =

(1/t)
∑t

i=1 ni and μ12 = (1/t)
∑t

i=1 xini are the corresponding sample moments,
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some computation provides the estimators based on these sample moments, which
are given by

μ̂1 = x̄, μ̂2 = n̄, γ̂ = μ̂2 − 1

μ̂12 − μ̂1μ̂2
.

A.4 The score vector and Fisher informationmatrix

We now consider the maximum likelihood method. Let Θ = (γ, μ1, μ2) be the
vector of parameters to be estimated. The log-likelihood function is proportional to

((x̃, ñ); Θ) ∝ t
[
γμ1(x̄

∗ + log γ ) − x̄∗ − log Γ (γμ1)
] +

t∑

i=1

ni log xi

+t (n̄ − 1)
[
log(μ2 − 1) − log μ1

] − t x̄(μ2 + γμ1 − 1)

μ1
,

where x̄∗ = (1/t)
∑t

i=1 log xi .
Thus, the normal equations which provide the estimators of the parameters are

given by

x̄∗ + log γ + 1 − ψ(γμ1) − x̄

μ1
= 0, (19)

μ2
1γ

[
x̄∗ + log γ − ψ(γμ1)

] − μ1(n̄ − 1) + x̄(μ2 − 1) = 0, (20)

μ1(n̄ − 1) − x̄(μ2 − 1) = 0, (21)

where ψ(z) is the digamma function, the logarithmic derivative of the Euler gamma
function. Some algebra manipulation provides the maximum likelihood estimators
of μ1 and μ2, which are given by μ̂1 = x̄ and μ̂2 = n̄. Finally, the estimator of the
parameter γ is the solution of the equation

log γ − ψ(γμ1) + x̄∗ = 0,

which can be solved numerically.
The second partial derivatives are as follows:

∂2((x̃, ñ); Θ)

∂γ 2
= tμ1

γ
− tμ2

1ψ1(γμ1),

∂2((x̃, ñ); Θ)

∂γ ∂μ1
= t

[
1̄ + x∗ + log γ − ψ(γμ1) − γμ1ψ1(γμ1)

]
,

∂2((x̃, ñ); Θ)

∂γμ2
= 0,

∂2((x̃, ñ); Θ)

∂μ2
1

= t (n̄ − 1)

μ2
1

− tγ 2ψ1(γμ1) − 2t x̄

μ3
1

(μ2 − 1),

∂2((x̃, ñ); Θ)

∂μ1μ2
= t x̄

μ2
1

,
∂2((x̃, ñ); Θ)

∂μ2
2

= − t (n̄ − 1)

(μ2 − 1)2
,
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where ψ1(·) is the first derivative of the digamma function.
The elements of the Fisher information matrix, J (Θ̂), are therefore

J11(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂γ 2

)∣∣∣∣
Θ=Θ̂

= − tμ̂1

γ̂
+ tμ̂2

1ψ1(γ̂ μ̂1),

J12(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂γ̂ ∂μ̂1

)∣∣∣∣
Θ=Θ̂

= −
t∑

i=1

log xi − t
[
(1 + log γ̂ − ψ(γ̂ μ̂1)

−γ̂ μ̂1ψ1(γ̂ μ̂1)] ,

J13(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂γ̂ μ̂2

)∣∣∣∣
Θ=Θ̂

= 0,

J22(Θ̂) = E

(

−∂2((x̃, ñ); Θ)

∂μ̂2
1

)∣∣∣∣∣
Θ=Θ̂

= − t (μ̂2 − 1)

μ̂2
1

+ t γ̂ 2ψ1(γ̂ μ̂1)

+ 2t

μ̂2
1

(μ̂2 − 1),

J23(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂μ̂1μ̂2

)∣∣∣∣
Θ=Θ̂

= − t

μ̂1
,

J33(Θ̂) = E

(

−∂2((x̃, ñ); Θ)

∂μ̂2
2

)∣∣∣∣∣
Θ=Θ̂

= t

(μ̂2 − 1)
.

Here, Θ̂ represents the maximum likelihood of Θ . Observe that the analytic
expression for E(

∑t
i=1 log xi) is not feasible. For large t , for computational pur-

poses, this is evaluated by ignoring the expectation operator and replacing it
by

∑t
i=1 log xi . The asymptotic variance-covariance matrix of Θ̂ is obtained by

inverting the information matrix.

A.5 Estimation of themodel with covariates

For the sake of simplicity, we assume ηηη = δδδ and write μ1i = μ1i (δδδ) and μ2i =
μ2i (δδδ). Let Θ = (γ, δδδ). The log-likelihood is then proportional to

((x̃, ñ); Θ) ∝ γ

t∑

i=1

μ1i log(γ xi) −
t∑

i=1

log Γ (γμ1i )

+
t∑

i=1

(ni − 1)
[
log xi + log(μ2i − 1) − log μ1i

]

−
t∑

i=1

xi

μ1i

(μ2i + γμ1i − 1).
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Thus, the normal equations, for i = 1, . . . , t , are given by

∂((x̃, ñ); Θ)

∂γ
=

t∑

i=1

μ1i

[
1 + log(γ xi) − ψ(γμ1i )

] − t x̄ = 0,

∂((x̃, ñ); Θ)

∂δj

= γ

t∑

i=1

yijμ1i

[
log(γ xi) − ψ(γμ1i )

]

+
t∑

i=1

(ni − 1)

[
1

μ2i − 1

∂μ2i

∂δj

− 1

μ1i

∂μ1i

∂δj

]

−
t∑

i=1

xi

μ2
1i

[
μ1i

∂μ2i

∂δj

+ (1 − μ2i )
∂μ1i

∂δj

]
= 0,

where j = 1, . . . , k, ∂μ1i

∂δj
= yijμ1i and ∂μ2i

∂δj
= zij (μ2i −1). Finally, after computing

the second partial derivatives we obtain the elements of the Fisher information matrix,
as follows:

J11(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂γ 2

)∣∣∣∣
Θ=Θ̂

= −
t∑

i=1

μ̂1i

[
1

γ̂
− μ̂1iψ1(γ̂ μ̂1i )

]
,

J12(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂γ ∂δj

)∣∣∣∣
Θ=Θ̂

= −
t∑

i=1

yij μ̂1i

[
1 + log(γ̂ xi)

−ψ(γ̂ μ̂1i ) − γ̂ μ̂1iψ1(γ̂ μ̂1i )] ,

J22(Θ̂) = E

(

−∂2((x̃, ñ); Θ)

∂δ2
j

)∣∣∣∣∣
Θ=Θ̂

= −
t∑

i=1

y2
ijμ1i γ̂

[
log(γ̂ xi)

−ψ(γ̂ μ̂1i )] + y2
ij μ̂

2
1i

[
−γ̂ 2ψ1(γ̂ μ̂1i ) + 1 − μ2i

μ1i

]
+ y2

ij (μ2i − 1),

J23(Θ̂) = E

(
−∂2((x̃, ñ); Θ)

∂δj ∂δl

)∣∣∣∣
Θ=Θ̂

= −
t∑

i=1

yij zil γ̂ μ̂1i

[
log(γ̂ xi) − ψ(γ̂ μ̂1i )

]

+yij zilμ̂
2
1i

[

−γ̂ 2ψ1(γ̂ μ̂1i ) + 1 − μ̂2i

μ̂2
1i

]

+ z2
il(μ̂2i − 1), j 
= l.

Standard errors can be obtained conventionally from the inverse of the matrix.

A.6 Approximation of the digamma function

A practical approach to the digamma function is given by the following expression,
which is well known in the statistical literature,

log (Γ (z)) ≈ 1

2
log(2π) +

(
z − 1

2

)
log(z) − z + z

2
log

(
z sinh

(
1

z

))
. (22)
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